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A b s t r a c t

A g e n e r a liz e d le n s e q u a tio n f o r w e a k g r a v ita tio n a l fi e ld s o f Sc h w a r z s c h ild

m e tr ic a n d v a lid f o r fi n ite d is ta n c e s o f s o u r c e a n d o b s e r v e r f r o m th e

lig h t d e fl e c tin g b o d y is s u g g e s te d . Th e m a g n itu d e o f n e g le c te d te r m s in

th e g e n e r a liz e d le n s e q u a tio n is e s tim a te d to b e s m a lle r th a n o r e q u a l to
1 5 π

4
m2

d ′2 , w h e r e m is th e Sc h w a r z s c h ild r a d iu s o f th e m a s s iv e b o d y a n d d ′ is

Ch a n d r a s e k h a r ’s im p a c t p a r a m e te r. Th e m a in a p p lic a tio n s o f th is g e n e r a liz e d

le n s e q u a tio n a r e e x tr e m e a s tr o m e tr ic a l c o n fi g u r a tio n s , w h e r e th e standard

post-Newtonian approach a s w e ll a s the classical lens equation c a n n o t b e

a p p lie d . It is s h o w n th a t in th e a p p r o p r ia te lim its , th e p r o p o s e d le n s e q u a tio n

y ie ld s th e k n o w n p o s t-Ne w to n ia n te r m s , ‘ e n h a n c e d ’ p o s t- p o s t-Ne w to n ia n

te r m s a n d th e c la s s ic a l le n s e q u a tio n , th u s p r o v id in g a lin k b e tw e e n b o th th e s e

e s s e n tia l a p p r o a c h e s f o r d e te r m in in g th e lig h t d e fl e c tio n .

PACS n u m b e r s : 9 5 .1 0 .J k , 9 5 .1 0 .Ce , 9 5 .3 0 .Sf, 0 4.25 .Nx , 0 4.8 0 .Cc

1 . I n t r o d u c t io n

To d a y ’s a s tr o m e tr y n e c e s s ita te s th e o r e tic a l p r e d ic tio n s o f lig h t d e fl e c tio n b y m a s s iv e b o d ie s

o n m ic r o a r c s e c o n d (µa s ) le v e l, e .g . a s tr o m e tr ic m is s io n s SIM (NASA) o r GAIA (E SA). In

p r in c ip le , a n a s tr o m e tr ic p r e c is io n o n m ic r o a r c s e c o n d le v e l c a n b e a c h ie v e d b y th e n u m e r ic a l

in te g r a tio n o f th e g e o d e s ic e q u a tio n o f lig h t p r o p a g a tio n . On th e o th e r s id e , m o d e r n a s tr o m e tr ic

m is s io n s lik e GAIA d e te r m in e th e p o s itio n s a n d p r o p e r m o tio n s o f a p p r o x im a te ly 1 b illio n

o b je c ts , e a c h o f w h ic h is o b s e r v e d a b o u t 1 0 0 tim e s . Th e d a ta r e d u c tio n o f s u c h a h u g e a m o u n t

o f o b s e r v a tio n s im p lie s th e n e e d o f a n a ly tic a l s o lu tio n s , b e c a u s e th e n u m e r ic a l in v e s tig a tio n

o f th e g e o d e s ic e q u a tio n is b y fa r to o tim e c o n s u m in g .

Th e m e tr ic o f a m a s s iv e b o d y c a n b e e x p a n d e d in te r m s o f m u ltip o le s , i.e . m o n o p o le

te r m , q u a d r u p o le te r m a n d h ig h e r m u ltip o le s [2, 1 7 ] . Us u a lly , th e la rg e s t c o n tr ib u tio n s o f lig h t

d e fl e c tio n o r ig in a te f r o m th e s p h e r ic a lly s y m m e tr ic p a r t (Sc h w a r z s c h ild ) o f th e m a s s iv e b o d y

u n d e r c o n s id e r a tio n . Th e e x a c t a n a ly tic a l s o lu tio n o f lig h t p r o p a g a tio n in th e Sc h w a r z s c h ild
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metric [7] inherits ellip tic integ rals, b ut their evaluation b ecomes comp arab le w ith the time

effort need ed for the numerical integ ration of the g eod esic eq uation. T hus, ap p rox imative

analy tical solutions valid on the microarcsecond level of accuracy are ind isp ensib le for hig hly

time-effi cient d ata red uction.

In the same w ay , ex act lens eq uations of lig ht d efl ection have b een ob tained in

[8, 9, 14]. H ow ever, these ex act lens eq uations are also g iven in terms of ellip tic integ rals.

T herefore, ap p rox imations of these ex act solutions are also need ed for a time-effi cient d ata

red uction. A n ex cellent overview of such ap p rox imative lens eq uations has recently b een

p resented in [4].

B asically , tw o essential ap p rox imative ap p roaches are know n in ord er to d etermine the

lig ht d efl ection in w eak g ravitational fi eld s:

T he fi rst one is the stand ard p arameteriz ed p ost- N ew tonian ap p roach (P P N ) [6, 13 ] w hich

is of the ord er O(m). O ver the last few d ecad es, it has b een the common und erstand ing

that the hig her ord er terms O(m2) are neg lig ib le even on microarcsecond level, ex cep t for

ob servations in the vicinity of the Sun. H ow ever, recent investig ations [1, 11, 15, 16] have

revealed that the p ost- p ost- N ew tonian ap p rox imation [5, 6], w hich is of the ord er O(m2), is

need ed for such hig h accuracy . B oth ap p rox imations are ap p licab le for d À m, w here d is the

imp act p arameter of the unp erturb ed lig ht ray .

T he second one is the stand ard w eak-fi eld ap p rox imative lens eq uation, w hich usually is

called the classical lens eq uation, see eq uation (67) in [9] or eq uation (24) in [4]. O ne d ecisive

ad vantag e of the classical lens eq uation is its valid ity for arb itrarily small values of the imp act

vector d. T he classical lens eq uation is valid for astrometrical confi g urations w here the source

and the ob server are far enoug h from the lens, esp ecially in the case of a À d and b À d,

w here a = k ·x1 and b = −k ·x0, w here x0 and x1 are the three-vectors from the center of the

massive b od y to the source and ob server, resp ectively , and k is the unit vector from the source

to the ob server. H ow ever, the classical lens eq uation is not ap p licab le for d etermining the lig ht

d efl ection of moons of g iant p lanets in the solar sy stem, b ecause astrometrical confi g urations

w ith b = 0 are p ossib le.

M oreover, there are astrometric confi g urations w here neither the stand ard p ost- N ew tonian

ap p roach nor the classical lens eq uation is ap p licab le, for instance, b inary sy stems. In ord er

to investig ate the lig ht d efl ection in such sy stems, a link b etw een b oth these ap p roaches is

need ed . Such a link can b e p rovid ed b y a g eneraliz ed lens eq uation w hich, in the ap p rop riate

limits, coincid es w ith the stand ard p ost- N ew tonian ap p roach and the classical lens eq uation.

A ccord ing ly , the aim of our investig ation is an analy tical ex p ression for the g eneraliz ed lens

eq uation having a form very similar to the classical lens eq uation. W e formulate the follow ing

cond itions und er w hich our g eneraliz ed lens eq uation should b e ap p licab le:

(1) valid for d = 0, a = x1 À m, b = x0 À m;

(2) valid for a = 0, d À m, b 6= 0;

(3 ) valid for b = 0, d À m, a 6= 0.

T hese cond itions imp ly that the lig ht p ath is alw ay s far enoug h from the lens, and thus

inherit w eak g ravitational fi eld s, i.e. small lig ht- d efl ection ang les. In ord er to control the

numerical accuracy , the g eneraliz ed lens eq uation is comp ared w ith the numerical solution of

the ex act g eod esic eq uation in the Schw arz schild metric (throug hout the p ap er, w e w ork in

harmonic g aug e):

g00 = −
1 − a

1 + a
, gi0 = 0,

gij = (1 + a)2 δij +
a2

x2

1 + a

1 − a
xi xj .

(1)
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ob server

d eflecting b od y

source

light p ath

k

n
d

σ

light at
t =−∞

x
1

x
0

F ig u r e 1 . A g eometrical rep resentation of the b ound ary p rob lem und er consid eration for lig ht

p rop ag ation from the source to the ob server.

H ere, a = m
x

w here m = G M
c2 is the Schw arz schild rad ius and M is the mass of the lig ht

d efl ecting b od y , G is the N ew tonian constant of g ravitation and c is the sp eed of lig ht. L atin

ind ices take values 1, 2, 3, and the E uclid ean metric δij = 1(0) for i = j (i 6= j ). T he ab solute

value of a three-vector is d enoted b y x = |x| =

√

x2
1 + x2

2 + x2
3 . T he ex act g eod esic eq uation

in the Schw arz schild metric read s, cf [11],

ẍ =
a

x2

[

−c2 1 − a

(1 + a)3
− ẋ · ẋ + a

2 − a

1 − a2

(

x · ẋ

x

)2
]

x + 2
a

x2

2 − a

1 − a2
(x · ẋ) ẋ, (2)

w here the d ot d enotes the time d erivative w ith resp ect to the coord inate time t, and x is the

three-vector p ointing from the center of mass of the massive b od y to the p hoton trajectory

at the time moment t. T he scalar p rod uct of tw o three-vectors w ith resp ect to the E uclid ean

metric δij is a · b = δij aibj . T he numerical solution of this eq uation w ill b e used in ord er

to d etermine the accuracy of ap p rox imative solutions. W e ab b reviate the ang le b etw een tw o

three-vectors a and b b y δ(a, b), w hich can b e comp uted b y means of δ(a, b) = arccos a·b
a b

.

O ur p ap er is org aniz ed as follow s. In section 2, the stand ard p ost- N ew tonian ap p roach

is d iscussed . In section 3, the step s of the p ost- p ost- N ew tonian ap p roach relevant for this

investig ation are show n, and I w ill b riefl y summariz e the main results of our article [11]. T he

g eneraliz ed lens eq uation is ob tained in section 4 and d iscussed in section 5. A summary is

g iven in section 6.

2. P o s t - N e w t o n ia n a p p r o x im a t io n

L et us consid er the trajectory of a lig ht sig nal in the p ost- N ew tonian Schw arz schild metric:

g00 = −1 + 2a + O(c−4), gi0 = 0,

gij = δij + 2 γ a δij + O(c−4).
(3)

H ere, γ is the p arameter of the P P N formalism, w hich characteriz es the p ossib le d eviation of

the p hy sical reality from g eneral relativity theory w here γ = 1. T he lig ht ray is b eing emitted

at a p osition x0 at the time moment t0 and received at the p osition x1 at the time moment t1,

see fi g ure 1.

L ig ht p rop ag ation is g overned b y the g eod esic eq uation, in p ost- N ew tonian ord er g iven

b y

ẍ = −(1 + γ ) c2 a x

x2
+ 2 (1 + γ )

a ẋ (ẋ · x)

x2
+ O(c−2) . (4)

3
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T he unit tang ent vector at the p oint of ob servation is n =
ẋ(t1)

|ẋ(t1)|
, and the unit tang ent vector

k = R

R
, w here R = x1 − x0 and the ab solute value is R = |R|. F urthermore, w e d efi ne the

unit tang ent vector at remote p ast: σ = lim t→ −∞
ẋ(t)

c
.

U p to p ost- N ew tonian ord er, the d ifferential eq uation (4) can b e solved analy tically . T he

solution for the transformation b etw een n and k read s

n = k − (1 + γ )
m

d ′

d
′

d ′

x0 x1 − x0 · x1

R x1

+ O(m2), (5)

in terms of the coord inate-ind ep end ent imp act vector d
′, cf eq uation (57) of [11]:

d
′
= lim

t→ −∞
σ × (x(t) × σ) . (6)

T his imp act p arameter is id entical to Chand rasekhar’s imp act p arameter [11, 12], w hich means

that in vectorial form, d
′ = L

E
, w here L is the orb ital three-momentum and E is the energ y of

the p hoton on the lig ht trajectory ; cf eq uation (215) in chap ter 20 of [7].

B y means of sin ϕ = |n × k|, w e fi nd the lig ht- d efl ection ang le ϕ = δ(n,k) in the

p ost- N ew tonian ap p rox imation:

ϕ = (1 + γ )
m

d ′

x0 x1 − x0 · x1

R x1

+ O(m2). (7)

N ote that x0 x1−x0·x1

R x1
6 2, and therefore ϕ 6

4 m
d ′ . O ne p rob lem of the p ost- N ew tonian solution

(5) or (7) is that one can only state that the neg lected terms are of ord er O(m2), b ut their

mag nitud e remains unclear. In ord er to make a statement ab out the up p er estimate of the

hig her ord er terms, one need s to consid er the g eod esic eq uation in the p ost- p ost- N ew tonian

ap p rox imation.

3 . P o s t - p o s t N e w t o n ia n a p p r o x im a t io n

N ow w e w ill consid er the trajectory of a lig ht sig nal in the p ost- p ost- N ew tonian Schw arz schild

metric:

g00 = −1 + 2 a − 2 β a2 + O(c−6) , gi0 = 0,

gij = δij + 2 γ a δij + ε

(

δij +
xi xj

x2

)

a2 + O(c−6).
(8 )

T he g eod esic eq uation of lig ht p rop ag ation in the p ost- p ost- N ew tonian ap p rox imation is g iven

b y [11]

ẍ = −(1 + γ ) c2 a x

x2
+ 2 (1 + γ )

a ẋ (ẋ · x)

x2
+ 2 c2 (β − ε + 2 γ (1 + γ ))

a2
x

x2

+ 2 ε
a2

x (ẋ · x)2

x4
+ 2 (2(1 − β) + ε − 2 γ 2)

a2
ẋ (ẋ · x)

x2
+ O(c−4). (9)

T he p arameters β, γ and ε characteriz e the p ossib le d eviation of p hy sical reality from g eneral

relativity theory (in g eneral relativity β = γ = ε = 1). T he solution of (9) and the

transformation b etw een the unit vectors n and k in p ost- p ost- N ew tonian ord er have b een

g iven in [11], cf eq uations (108 ) and (109) ib id ., and read

n = k − (1 + γ )
m

d ′

d
′

d ′

x0 x1 − x0 · x1

R x1

+ O

(

m2

d ′2

)

. (10)

T he terms of the ord er O
(

m2

d ′2

)

can b e estimated to b e smaller than or eq ual to 15 π
4

m2

d ′2
. F rom

eq uation (10) w e ob tain the ex p ression

ϕ = (1 + γ )
m

d ′

x0 x1 − x0 · x1

R x1

+ O

(

m2

d ′2

)

. (11)

4
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Solutions (10) and (11) are id entical to the p ost- N ew tonian solutions (5) and (7), resp ectively .

T his fact means that the p ost- p ost- N ew tonian terms in metric (8) and also the p ost- p ost-

N ew tonian terms in the g eod esic eq uation (9) contrib ute only terms w hich can b e estimated to

b e smaller than or eq ual to 15 π
4

m2

d ′2
. T herefore, the only d ifference b etw een (11) and (7) here

is that the p ost- p ost- N ew tonian ap p rox imation allow s us to make a statement ab out the up p er

mag nitud e of the reg ular p ost- p ost- N ew tonian terms.

4 . G e n e r a liz e d le n s e q u a t io n

U sually , in p ractical astrometry the p osition of the ob server x1 and the p osition of the lig ht-

d efl ecting b od y are know n (here, the center of the massive b od y coincid es w ith the coord inate

center), b ut the imp act p arameter d ′ is not accessib le. T herefore, solutions (10) or (11) are

not ap p licab le in the form p resented . Instead , one has to rew rite these solutions in terms of

the imp act vector of the unp erturb ed lig ht ray

d = k × (x1 × k) . (12)

F or that one need s a relation b etw een the imp act vector d
′ d efi ned in eq uation (6) and the

imp act vector d d efi ned in eq uation (12). Such a relation has b een g iven in [11], cf (62) ib id .,

and read s (note d ′
= d + O (m))

d ′
= d + (1 + γ )

m

d ′

x0 + x1

R

x0 x1 − x0 · x1

R
+ O(m2). (13 )

E q uation (13 ) rep resents a q uad ratic eq uation for d ′, and b oth these solutions corresp ond to

the tw o p ossib le lig ht trajectories. A comp arison of (13 ) w ith (11) y ield s the relation

d ′
= d + x1 ϕ +

x0 + x1 − R

R
x1 ϕ + O(m2), (14)

w here ϕ is g iven b y eq uation (11) and w e have sep arated a term x0+x1−R

R
x1 ϕ w hich can b e

show n to contrib ute to the lig ht d efl ection ϕ only to ord er O
(

m2

d ′2

)

. B y inserting (14) into (11),

w e ob tain a q uad ratic eq uation w hich has the solution

ϕ1,2 =
1

2

(
√

d2

x2
1

+ 4 (1 + γ )
m

x1

x0 x1 − x0 · x1

R x1

∓
d

x1

)

+ O

(

m2

d ′2

)

. (15)

T he solution w ith the up p er (low er) sig n is d enoted b y ϕ1 (ϕ2). F or astrometry the solution ϕ1

can b e consid ered to b e the more relevant solution, b ecause ϕ2 rep resents the second imag e

of one and the same source. O ne can show that the terms O
(

m2

d ′2

)

are smaller than or eq ual to

15 π
4

m2

d ′2
. E q uation (15) rep resents the g eneraliz ed lens eq uation. T his eq uation is ap p licab le

not only for any confi g urations w here the p ost- N ew tonian ap p roach, the p ost- p ost- N ew tonian

ap p roach, or the classical lens eq uation is valid , b ut also for all those ex treme confi g urations

g iven b y p oints (1)– (3 ) in the introd uctory section. In p articular, it allow s an analy tical

investig ation of lig ht d efl ection in b inary sy stems [20]. In the follow ing section, w e show

that formula (15) rep resents a link b etw een the stand ard p ost- N ew tonian ap p roach and the

classical lens eq uation.

5 . D is c u s s io n o f t h e g e n e r a liz e d le n s e q u a t io n

5.1. Comparison with standard post-Newtonian and post-post-Newtonian approach

In this section, w e comp are the g eneraliz ed lens eq uation (15) w ith the stand ard p ost-

N ew tonian and p ost- p ost- N ew tonian ap p roach of lig ht d efl ection. A series ex p ansion of

5
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the solution ϕ1 in eq uation (15) for d À m y ield s

ϕ1 = ϕp N + ϕp p N + O(m3) + O

(

m2

d ′2

)

, (16)

w ith

ϕp N = (1 + γ )
m

d

x0 x1 − x0 · x1

R x1

6 4
m

d
, (17 )

ϕp p N = −(1 + γ )2 m2

d2

(x0 x1 − x0 · x1)
2

R2 d x1

6 16
m2

d2

x1

d
. (18 )

E x p ression (17 ) is called the standard post-Newtonian solution, cf eq uation (24) in [11].

E x p ression (18 ) is just the ‘enhanced ’ p ost- p ost- N ew tonian term, cf eq uations (3) and (4)

in [19]. T he ‘enhanced term’ can b e arb itrarily larg e for small d and larg e x1. T hat is the

reason w hy the stand ard p ost- N ew tonian and p ost- p ost- N ew tonian solution is not ap p licab le

for ex treme confi g urations like b inary stars. T he term O(m3) w ill b e d iscussed b elow , see

eq uation (27 ); here it is only essential to realiz e that this term can b e larg er than the neg lected

terms O
(

m2

d ′2

)

.

5 .2 . C om parison of th e g eneraliz ed lens eq uation and th e c lassic al lens eq uation

T he stand ard w eak-fi eld lens eq uation is usually called a c lassic al lens eq uation and g iven, for

instance, in eq uation (67 ) in [9] or eq uation (24) in [4]. L et us b riefl y reconsid er the classical

lens eq uation. A ccord ing to the scheme in fi g ure 2, w e ob tain the follow ing g eometrical

relations:

ϕ + ψ = δ, (19)

a tan ϕ = b tan ψ. (20)

H ere, the ang les are ψ = δ(µ,k) and δ = δ(n, µ), w here µ =
ẋ(t0)

|ẋ(t0)|
is the unit tang ent vector

at the p osition of the source in the d irection of the p rop ag ation of the lig ht sig nal.

I f the source and the ob server are infi nitely far from the massive b od y , then the total

lig ht- d efl ection ang le δ = δ (n, µ) in the Schw arz schild metric read s [3]

δ = 2 (1 + γ )
m

d ′
+ O

(

m2

d ′2

)

, (21)

w hich is a coord inate-ind ep end ent result. T he terms of the ord er O
(

m2

d ′2

)

can b e estimated to

b e smaller than or eq ual to 15 π
4

m2

d ′2
, see [3]. In a classical lens ap p roach, the ap p rox imation

d ′ ' d +a tan ϕ is used , see fi g ure 2. Inserting this relation into (21), b y means of g eometrical

relations (19) and (20), and using tan ϕ = ϕ + O(ϕ3) and tan ψ = ψ + O(ϕ3), w e ob tain the

q uad ratic eq uation

ϕ2 +
d

a
ϕ − 2 (1 + γ )

m

a

b

a + b
= 0 . (22)

T he solution of eq uation (22) is the classical lens eq uation

ϕclass
1,2 =

1

2

(
√

d2

a2
+ 8 (1 + γ )

m

a

b

a + b
∓

d

a

)

, (23)

w hich is valid in the case of a, b À d; the solution w ith the up p er (low er) sig n is d enoted b y

ϕclass
1

(

ϕclass
2

)

.

6
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a b

ob server

source

a tan ϕ

δ (
µ

k

n
d

x1 x0

d eflecting b od y

F ig u r e 2. A g eometrical rep resentation of the classical lens.

I t should b e noticed that in (23 ) not only the lig ht d efl ection ang le ϕ is assumed to b e

small, b ut also the source and ob server are assumed to b e far from the massive b od y, i.e.

δ(x0,x1) ' π ; note that d ue to that fact eq uation (23 ) ag rees w ith the classical lens eq uation

(67) in [8]. T herefore, the classical lens eq uation is not ap p licab le for ex treme confi g urations

like b inary systems or lig ht d efl ection of moons at their g iant p lanets of solar system.

It can easily b e show n that the classical lens eq uation (23 ) follow s straig htforw ard from

the g eneraliz ed lens eq uation (15). T hat means, if w e rew rite (15) in terms of a = k · x1

and b = −k · x0 and p erform a corresp ond ing series ex p ansion of the g eneraliz ed lens

eq uation (15), then w e just ob tain the classical lens eq uation (23 ) as the lead ing term in this

series.

F urthermore, in the limit d → 0, know n as the E instein ring solution, the g eneraliz ed lens

eq uation (15) and the classical lens eq uation (23 ) yield the same result:

lim
d→0

ϕ1,2 = lim
d→0

ϕclass
1,2 =

√

2 (1 + γ )
m

x1

x0

x0 + x1

. (24)

F inally, w e note that in the ex treme confi g uration b = 0 (in this limit ϕ2 d oes not ex ist), w e

ob tain from (15) the result

lim
b→0

ϕ1 =

1

2

(
√

d2

x2
1

+ 4 (1 + γ )
m

x1

d a

(x1 + d) x1

−

d

x1

)

6

√

(1 + γ )
m

x1

, (25)

w hile the classical lens eq uation yield s simp ly ϕclass
1 = 0. O b viously, in the limit a → 0,

ex p ression (25) yield s z ero as it has to b e b ecause in this limit the d istance b etw een source

and ob server vanishes, that means no lig ht d efl ection.

5 .3 . C o m p a r is o n w ith th e e x a c t s o lu tio n

T he accuracy of (15) and the stated estimate that the neg lected terms are smaller than or eq ual

to 15 π
4

m2

d ′2
have also b een confi rmed b y a comp arison w ith the ex act numerical solution of (2).

F or that, w e have solved the g eod esic eq uation (2) in the Schw arz schild metric b y the

numerical integ rator O D E X [10] for several ex treme astrometrical confi g urations. U sing forth

and b ack integ ration, a numerical accuracy of at least 10−24 in the comp onents of p osition and

velocity of the p hoton is g uaranteed . T hus, the numerical integ ration can b e consid ered as an

ex act solution of the g eod esic eq uation w hich is d enoted b y ϕnum. T his numerical ap p roach has

b een d escrib ed in some d etail in [11]. In all consid ered ex treme confi g urations, the valid ity

7
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F ig u r e 3 . Comp arison of the solution ϕ1 of the g eneraliz ed lens eq uation (15) w ith the ex act

numerical solution ϕnum for the case of a g raz ing ray at Sun (A) (x1 = (−1.0 a.u., 0, 0), m¯ =

147 6.6 m, d ′
= 69 6.0 × 106 m) and J up iter (B) (x1 = (−6.0 a.u., 0, 0), m = 1.409 87 m,

d ′
= 7 1.49 2 × 106 m), w here a.u. = 1.49 6 × 1011, m d enotes the astronomical unit.

of (15) and the g iven estimate of neg lected terms have b een confi rmed . A s ex amp le, in

fi g ure 3 w e p resent the results for the lig ht d efl ection of a g raz ing ray at Sun and J up iter.

T hese ex amp les elucid ate the fact that the accuracy of the g eneraliz ed lens eq uation (15) is

much b ey ond the microarcsecond level of accuracy in the case of lig ht d efl ection at g iant

p lanets. T he reason for this fact is that 15 π
4

m2

d ′2
¿ 1 µas for g iant p lanets of the solar sy stem;

only in the vicinity of the Sun w e have 15 π
4

m2

d ′2
∼ 11 µas.

T he accuracy show n in fi g ure 3(B) is consid erab ly b etter than the p ost- p ost- N ew tonian

solution investig ated in d etail in [11, 18], cf fi g ure 3 w ith fi g ure 2 in [18]. In ord er to und erstand

the numerical d ifference b etw een fi g ure 3 and fi g ure 2 in [18], w e p erform a further series

ex p ansion of eq uation (15) up to the terms of ord er m
4, w hich means

ϕ1 = ϕp N + ϕp p N + ϕp p p N + O(m4) + O

(

m2

d ′2

)

, (26)

w here the ‘enhanced ’ terms b ey ond p ost- p ost- N ew tonian terms are

ϕp p p N = 2 (1 + γ )3 m3

d3

(x0 x1 − x0 · x1)
3

R3 d2 x1

6 128
m3

d3

x2
1

d2
. (27 )

T he g iven estimation in (27 ) show s that for larg e x1, this term can b e consid erab ly larg er than

the neg lected terms of ord er O
(

m2

d ′2

)

. M oreover, the numerical d ifference b etw een fi g ure 3 and

fi g ure 2 in [18] is just g iven b y the term in (27 ).

6 . S u m m a r y

M od ern astrometry has achieved a microarcsecond level of accuracy , e.g . astrometric

missions SIM (N A SA ) or GA IA (E SA ). A time-effi cient d ata red uction imp lies the need

of ap p rox imative and hig hly p recise solutions for lig ht d efl ection at this level of accuracy . In

our investig ation, w e have sug g ested a g eneraliz ed lens eq uation (15) for w eak g ravitational

fi eld s of Schw arz schild metric and valid for fi nite d istances of source and ob server from the

lig ht d efl ecting b od y . T he d erivation is b ased on the solution of the g eod esic eq uation (11)

in the p ost- N ew tonian metric and Chand rasekhar’s coord inate-ind ep end ent imp act p arameter

d ′ (6) and its relation to the lig ht- d efl ection ang le ϕ g iven in (14). T he neg lected terms in

8
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(15) can b e estimated to b e smaller than or eq ual to 15 π

4
m

2

d ′2
. T he accuracy of the g eneraliz ed

lens eq uation (15) is consid erab ly b etter than the stand ard p ost- N ew tonian and p ost- p ost-

N ew tonian ap p roach, w hich has b een investig ated in some d etail in [11, 18 ] and the reason

for this fact has b een p ointed out.

T he g eneraliz ed lens eq uation (15) satisfi es three cond itions formulated in the introd uctory

section. M oreover, w e have show n that in the ap p rop riate limits w e ob tain the p ost- N ew tonian

terms, ‘enhanced ’ p ost- p ost- N ew tonian terms and the classical lens eq uation. T hus, the

g eneraliz ed lens eq uation (15) also p rovid es a link b etw een these essential ap p roaches to

d etermine the lig ht d efl ection. N umerical investig ations have confi rmed the analy tical results

ob tained .

T he g eneraliz ed lens eq uation (15) allow s an analy tical und erstand ing and investig ation of

lig ht d efl ection in ex treme astrometric confi g urations. In p articular, the d etermination of lig ht

d efl ection in b inary sy stems using the g eneraliz ed lens eq uation (15) has b een investig ated in

[20].
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