
IOP PUBLISHING CLASSICAL AND QUANTUM GRAVITY

Cla s s . Qu a n tu m Gra v . 28 (20 11) 0 150 0 9 (11p p ) d o i:10 .10 88/0 264-9 3 81/28/1/0 150 0 9

O n t h e e f fi c ie n t c o m p u t a t io n o f t h e q u a d r u p o le lig h t

d e fl e c t io n

S v e n Z s c h o c k e a n d S e r g e i A K lio n e r

Lo h r m a n n Ob s e r v a to r iu m , Te c h n is c h e Un iv e r s itä t Dre s d e n , In s titu t f ü r Pla n e ta r e Ge o d ä s ie ,
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A b s t r a c t

Alth o u g h th e f o r m u la s f o r th e lig h t d e fl e c tio n d u e to th e q u a d r u p o le

g r a v ita tio n a l fi e ld o f d e fl e c tin g b o d ie s a r e w e ll k n o w n , th e f o r m u la s a r e r a th e r

c o m p lic a te d , s o th a t m a s s iv e c o m p u ta tio n s o f q u a d r u p o le lig h t d e fl e c tio n ( e .g .

in th e f r a m e w o r k o f a s tr o m e tr ic s u r v e y m is s io n s lik e Ga ia ) a r e tim e - c o n s u m in g .

Co n s id e r in g a n o b s e r v e r s itu a te d w ith in a f e w m illio n k ilo m e te r s f r o m th e

E a r th ( c le a r ly th e m o s t p r a c tic a l c a s e ) , w e d e r iv e th e s im p le s t p o s s ib le f o r m

o f th e r e le v a n t f o r m u la s s till h a v in g a n u m e r ic a l a c c u r a c y o f 1 µa s . Th is f o r m

le a d s to s im p le u p p e r e s tim a te s f o r th e q u a d r u p o le lig h t d e fl e c tio n in v a r io u s

c a s e s a llo w in g o n e to r e la te th e m a g n itu d e o f th e a c tu a l q u a d r u p o le d e fl e c tio n

w ith th e c o r r e s p o n d in g m o n o p o le d e fl e c tio n d u e to th e s a m e b o d y . Th e s e

u p p e r e s tim a te s c a n b e u s e d to d e c id e if , f o r a g iv e n c o n fi g u r a tio n , th e a c tu a l

q u a d r u p o le d e fl e c tio n s h o u ld b e c o m p u te d f o r a g iv e n a c c u r a c y g o a l.

PACS n u m b e r s : 9 5.10 .−a , 9 5.10 .J k , 9 8.62.Tc , 9 8.62.Sb

1 . I n t r o d u c t io n

In th e n e a r f u tu r e a s tr o m e tr ic o b s e r v a tio n s w ill r e a c h a n a c c u r a c y o f 1 m ic r o a r c s e c o n d (µa s )

le v e l. Th is le v e l o f a c c u r a c y r e q u ir e s a p r e c is e m o d e llin g o f lig h t p r o p a g a tio n . In p a r tic u la r,

th e lig h t d e fl e c tio n d u e to th e q u a d r u p o le g r a v ita tio n a l fi e ld o f d e fl e c tin g b o d ie s s h o u ld b e

ta k e n in to a c c o u n t [5]. On th e o th e r h a n d , th e a c c u r a c y o f r a d io a n d la s e r r a d a r lin k s o f f u tu r e

m is s io n s lik e Be p iCo lo m b o o r J u n o r e q u ir e s m o d e llin g o f th e lig h t tr a v e l tim e a t th e le v e l o f

m illim e te r s . Th e r e f o r e , a ls o th e Sh a p ir o d e la y d u e to q u a d r u p o le fi e ld s is o f p r a c tic a l in te r e s t.

An a ly tic a l f o r m u la s f o r q u a d r u p o le lig h t d e fl e c tio n a r e w e ll k n o w n . An a ly tic a l s o lu tio n s

o f lig h t d e fl e c tio n in a q u a d r u p o le g r a v ita tio n a l fi e ld h a v e b e e n in v e s tig a te d b y m a n y a u th o r s

[1, 2, 4–8, 14]. F o r th e fi r s t tim e th e f u ll a n a ly tic a l s o lu tio n f o r th e lig h t tr a je c to r y in a

q u a d r u p o le fi e ld h a s b e e n o b ta in e d in [6]. Th e s e r e s u lts w e r e c o n fi r m e d b y a d iff e r e n t a p p r o a c h

in [13 ] . Va rio u s g e n e r a liz a tio n ( h ig h e r- o r d e r m u ltip o le m o m e n ts , tim e d e p e n d e n c e , e tc ) w e r e
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derived in [10–12]. T he formulas suitab le for hig h-accuracy data reduction are g iven e.g . in

[5]. T hese formulas are rather comp licated, so that massive comp utations of q uadrup ole lig ht

defl ection are time-consuming . T his rep resents a p rob lem for data p rocessing of astrometric

survey s. F or instance, the E SA mission Gaia (to b e launched in 2012) w ill have to p rocess

ab out 1012 individual ob servations of ab out 109 distinct celestial ob jects. It is, therefore,

ob vious that effi cient analy tical alg orithms to comp ute the q uadrup ole lig ht defl ection are

mandatory . F urthermore, for ob servations in the solar sy stem, the q uadrup ole lig ht defl ection

reaches the microarcsecond level only for ob jects at a relatively small ang ular distance from

g iant p lanets. According ly , it is hig hly useful to fi nd simp le analy tical formulas b y means of

w hich one can decide w hether or not the q uadrup ole fi eld needs to b e taken into account for a

g iven accuracy and a g iven g eometrical confi g uration.

In this p ap er w e assume that the ob server is located w ithin a few million kilometers from

the E arth’s orb it w hich is clearly the most p ractical case (e.g . Gaia w ill have a L issajous-like

orb it around the L ag rang e p oint L2 of the sy stem E arth–Sun). T his allow s one to simp lif y the

formulas for the q uadrup ole lig ht defl ection considerab ly . B esides these simp lifi ed formulas

w e derive simp le analy tical estimates of the q uadrup ole defl ection allow ing one to decide if

the effect should b e comp uted and taken into account for a g iven accuracy . W e also g ive a

strict up p er estimate for the q uadrup ole Shap iro delay .

T he p ap er is org aniz ed as follow s. In section 2 w e summariz e some b asics ab out lig ht

defl ection and introduce the notation. In section 3 the full q uadrup ole formula in the p ost-

N ew tonian order, the simp lest p ossib le ex p ression for stars and q uasars still having an accuracy

of 1 µas and simp le up p er estimates of the latter are p resented. In section 4 the full q uadrup ole

formula in the p ost- N ew tonian order, the simp lest p ossib le ex p ression for solar sy stem ob jects

still having an accuracy of 1 µas and criteria are p resented. An imp roved estimation of

the q uadrup ole Shap iro effect is g iven in section 5. T he effi ciency and correctness of the

up p er estimates and simp lifi ed q uadrup ole formulas have b een investig ated numerically and

analy tically , and the results are discussed in section 6. A summary of the fi nding s is g iven in

section 7.

2. S o m e b a s ic fo r m u la s o f lig h t p r o p a g a t io n

L et us summariz e some b asic formulas of lig ht p rop ag ation in the p ost- N ew tonian

ap p rox imation. T he g eodetic eq uations in the p ost- N ew tonian order are linear w ith resp ect

to the metric comp onents and, therefore, the coordinates of a p hoton and the derivative w ith

resp ect to coordinate time t are g iven b y [5]

x(t) = x(t0) + c σ (t − t0) +
∑

i

1xi(t) + O(c−4), (1)

ẋ(t) = c σ +
∑

i

1ẋi(t) + O(c−4). (2)

T he sum runs over individual terms in the metric of various p hy sical orig ins (e.g . the monop ole

g ravitational fi eld of various b odies, q uadrup ole fi elds, hig her-order multip ole fi elds, etc).

H ere, t0 is the moment of emission, x0 = x(t0) is the p osition of source and σ = limt→−∞

ẋ(t)

c

is the unit tang ent vector of the lig ht p ath at infi nitely p ast. T he p osition of the ob server is

x1 = x(t1) and t1 is the moment of ob servation. T he unit coordinate direction of the lig ht
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p rop ag ation at the moment of ob servation reads n =
ẋ(t1)

|ẋ(t1)|
. In the p ost- N ew tonian order the

transformation σ to n reads [5, 6]

n = σ +
∑

i

δσi + O(c−4), δσi = σ × (c−11ẋi(t1) × σ). (3)

T he sp herical sy mmetric p art (monop ole contrib ution) due to one massive b ody A and its

ab solute value are g iven b y (cf eq uation (102) in [9])

δσA
p N = − (1 + γ )

G

c2
MA

dA

d2
A

(

1 +
σ · rA

1

rA
1

)

,
∣

∣δσA
p N

∣

∣ = (1 + γ )
G

c2

MA

dA

(

1 +
σ · rA

1

rA
1

)

.

(4)

H ere γ is the P P N p arameter, MA is the mass of b ody A, c is the sp eed of lig ht, G is

the g ravitational constant and dA = σ ×
(

rA
1 × σ

)

is the imp act p arameter, dA = |dA|,

rA
1 = x(t1) − xA, rA

1 =
∣

∣rA
1

∣

∣ and xA is the p osition of massive b ody A.

In order to consider lig ht p rop ag ation b etw een tw o g iven p oints x0 and x1 (as it is needed

for the data p rocessing for solar sy stem ob jects) let us defi ne vectors rA
0 = x(t0) − xA and

R = x1 − x0 = rA
1 − rA

0 w ith ab solute values R = |R| and rA
0 =

∣

∣rA
0

∣

∣, and unit vector

k = R/R. In the p ost- N ew tonian ap p rox imation, the transformation k to n reads [5]

n = k +
∑

i

δki + O(c−4), δki = k × ([c−11ẋi(t1) − R−11xi(t1)] × k). (5)

T he imp act p arameter dA can b e comp uted as dA = k ×
(

rA
1 × k

)

+ O(c−2) = k ×
(

rA
0 ×

k
)

+ O(c−2). T he sp herical sy mmetric p art (monop ole contrib ution) due to one massive b ody

A and its ab solute value are g iven b y (cf eq uation (70) in [5] or eq uation (24) in [9])

δkA
p N = − (1 + γ )

G

c2

MA

rA
1

k ×
(

rA
0 × rA

1

)

rA
0 rA

1 + rA
0 · rA

1

,
∣

∣δkA
p N

∣

∣ = (1 + γ )
G

c2

MA

rA
1

∣

∣rA
0 × rA

1

∣

∣

rA
0 rA

1 + rA
0 · rA

1

.

(6)

3 . T h e q u a d r u p o le lig h t d e fl e c t io n fo r s t a r s a n d q u a s a r s

U sing the ex p ression 1ẋQ (t1) g iven b y eq uation (44) of [5] one g ets [8, 17]

δσQ =
∑

A

δσA
Q, δσA

Q =
1 + γ

2

G

c2

[

α′
A

U̇A

c
+ β′

A

ĖA

c
+ γ ′

A

ḞA

c
+ δ′

A

V̇A

c

]

. (7)

T he scalar functions and vectorial coeffi cients are g iven b y eq uations (A.1)– (A.8) of

ap p endix A.1. T he last three terms in eq uation (7) can b e estimated as

T A
1 =

1 + γ

2

G

c2

∣

∣

∣

∣

β′
A

ĖA

c
+ γ ′

A

ḞA

c
+ δ′

A

V̇A

c

∣

∣

∣

∣

6 13
G

c2

MA

∣

∣JA
2

∣

∣P 2
A

(

rA min
1

)3
. (8)

H ere, PA is the eq uatorial radius, JA
2 is the second z onal harmonics of a massive b ody A

and rA min
1 is the minimal distance b etw een the massive b ody and ob server. T he p roof of this

estimation is g iven in [17].

It is w ell know n (see tab le 1 of [5]) that the q uadrup ole lig ht defl ection in the solar

sy stem can achieve the level of 1µas only for the g iant p lanets (and, p ossib ly , the Sun).

U sing the p arameters in tab le 1 w e ob tain from (8) that T A
1 6 10−6 µas for all these b odies.

F urthermore, numerical simulations have confi rmed the correctness of the values g iven in

tab le 2. According ly , these terms in (8) can safely b e neg lected at the level of a microarcsecond.

According ly , the simp lest p ossib le ex p ression of q uadrup ole lig ht defl ection for stars and

3
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T a b le 1 . N umerical p arameters of the g iant p lanets taken from [16]. In this tab le the values of

rA min
1 are g iven under assump tion that the ob server is in the vicinity of the E arth’s orb it. T he value

J2 for the Sun is taken from [3].

P arameter Sun J up iter Saturn U ranus N ep tune

GM A/ c2 (m) 147 6 1.40987 0.42215 0.064 47 3 0.07 6 067

J A
2 (10−3) 0.0002 14.697 16.331 3.516 3.538

PA (106 m) 696 7 1.492 60.268 25.559 24.7 64

rA min
1 (1012 m) 0.147 0.59 1.20 2.59 4.31

GM A J A
2 P 2

A/ c2 (1015 m3) 0.143 0.106 0.025 0.000 148 0.000 165

T a b le 2. M ax imal numerical values of the neg lected terms as g iven b y (8) and (15).

P arameter Sun J up iter Saturn U ranus N ep tune

T A
1 (µas) <10−6 for Sun and g iant p lanets

T A
2 (µas) 1.86 × 10−3 3.26 × 10−2 5.32 × 10−3 8.11 × 10−4 5.7 9 × 10−5

q uasars still having an accuracy of 1 µas and valid for an ob server situated w ithin a few

million kilometers of the E arth’s orb it reads

δσA
Q =

1 + γ

2

G

c2
α

′
A

U̇A

c
. (9)

T he simp lifi ed formula of q uadrup ole lig ht defl ection (9) is still a comp licated ex p ression. In

order to avoid evaluation of this term for each ob ject in the data reduction, a simp le criterion is

needed allow ing one to decide w hether or not it is necessary to comp ute the q uadrup ole lig ht

defl ection for a source. T he ab solute value of lig ht defl ection due to the q uadrup ole fi eld of

ob jects A can b e estimated as [17 ]

∣

∣δσA
Q

∣

∣ 6
9

4

1 + γ

2

GM A

c2

∣

∣JA
2

∣

∣

P 2
A

d3
A

(

1 +
σ · r

A
1

rA
1

)

. (10)

A comp arison of (10) w ith the ab solute value of the monop ole defl ection g iven b y (4) g ives

∣

∣ δσA
Q

∣

∣ 6
9

8

∣

∣JA
2

∣

∣

P 2
A

d2
A

∣

∣ δσA
p N

∣

∣. (11)

T his estimate relates the q uadrup ole lig ht defl ection for stars and q uasars to the corresp onding

monop ole defl ection. T he latter is relatively larg e, defi ned b y a simp le formula and usually

comp uted for each source and each defl ecting b ody . In this case the estimate (11) can b e

comp uted at the cost of tw o multip lications (note that dA is know n since it is used for δσA
p N ).

In the case w hen
∣

∣ δσp N

∣

∣ is not readily availab le, one can use [17 ]

∣

∣δσA
Q

∣

∣ 6 2 (1 + γ )
GM A

c2

∣

∣JA
2

∣

∣

P 2
A

d3
A

(12)

6 2 (1 + γ )
GM A

c2

∣

∣JA
2

∣

∣

1

PA

, (13)

w here w e use dA > PA and (A.1) is estimated b y |2 + 3 cos α − cos3 α| 6 4 for α b eing the

ang le b etw een vectors σ and r
A
1 . E stimate (13) coincides w ith eq uation (41) of [6].
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4 . T h e q u a d r u p o le lig h t d e fl e c t io n fo r s o la r s y s t e m o b j e c t s

T he q uadrup ole lig ht defl ection for solar sy stem ob jects δkQ is defi ned b y eq uations (36)–

(4 7 ) and (69) of [5] and can b e w ritten as [8, 17 ]

δkQ =
∑

A

δkA
Q , δkA

Q =
1 + γ

2

G

c2

[

α′′
A

AA

c
+ β′′

A

BA

c
+ γ′′

A

CA

c
+ δ′′

A

DA

c

]

. (14 )

T he scalar functions and vectorial coeffi cients are g iven in eq uations (A.10)– (A.17 ) in

ap p endix A.2. In [17 ] it has b een show n that the last three terms in (14 ) can b e estimated b y

T A
2 =

1 + γ

2

G

c2

∣

∣

∣

∣

β′′
A

BA

c
+ γ′′

A

CA

c
+ δ′′

A

DA

c

∣

∣

∣

∣

6

(

9

2

1

P 2
ArA min

1

+
1

PA

(

rA min
1

)2
+

19

2

1
(

rA min
1

)3

)

GM A

c2

∣

∣JA
2

∣

∣P 2
A. (15)

U sing the p arameters g iven in tab le 1 w e ob tain the numerical estimates of T A
2 g iven in tab le 2.

M oreover, numerical simulations have confi rmed the correctness of the values for T A
2 g iven

in tab le 2. In view of these numerical values, the simp lest p ossib le form of q uadrup ole lig ht

defl ection (14 ) for solar sy stem ob jects w ith an accuracy of 1 µas and valid for an ob server

situated w ithin a few million kilometers of the E arth’s orb it is g iven b y

δkA
Q =

1 + γ

2

G

c2
α′′

A

AA

c
. (16)

Ag ain, in order to avoid unnecessary comp utations, one needs an effi cient w ay to estimate the

mag nitude of δkA
Q. T his can b e done using the follow ing ineq uality [17 ]:

∣

∣δkA
Q

∣

∣ 6
3(1 + γ )

2

GM A

c2

1

d2
A

1

rA
1

∣

∣JA
2

∣

∣ P 2
A

∣

∣rA
0 × rA

1

∣

∣

rA
0 rA

1 + rA
0 · rA

1

. (17 )

A comp arison w ith (6) y ields

∣

∣δkA
Q

∣

∣ 6
3

2

P 2
A

d2
A

∣

∣JA
2

∣

∣

∣

∣δkA
p N

∣

∣. (18)

T his estimate allow s one to estimate the mag nitude of the q uadrup ole lig ht defl ection in

ob servations of solar sy stem ob jects using the monop ole defl ection. As w as mentioned ab ove,

the monop ole defl ection is sig nifi cantly larg er and should b e usually calculated for each source

and each g ravitating b ody (at least for those b odies, for w hich the q uadrup ole defl ection could

b e suffi ciently larg e). I f |δkp N | has b een calculated, the mag nitude of δkA
Q can b e estimated

at cost of three multip lications (w e note that dA is req uired to comp ute |δkp N | and can b e

considered as know n). I f |δkp N | is not readily availab le, w e can use [17 ]

∣

∣δkA
Q

∣

∣ 6 2(1 + γ )
GM A

c2

∣

∣JA
2

∣

∣

P 2
A

d3
A

(19)

6 2(1 + γ )
GM A

c2

∣

∣JA
2

∣

∣

1

PA

, (20)

w here in the last estimate w e have used PA 6 dA.

5
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T a b le 3 . N umerical values of estimate (26).

P arameter Sun J up iter Saturn U ranus N ep tune

3
∣

∣J A
2

∣

∣

G MA

c2 (mm) 0.8 9 62.16 20.68 0.68 0.8 1

5 . S h a p ir o e f f e c t fo r s o la r s y s t e m o b j e c t s

According to eq uation (1), the p rop ag ation time cτ = c (t1 − t0) is g iven b y [6]

cτ = R + c
∑

i

δτ i + O(c−4), cδτ i = −k · 1xi(t1). (21)

T he formula for the Shap iro delay due to one mass monop ole w ith mass MA is w ell know n:

cδτ A
p N = (1 + γ )

GMA

c2
log

rA
0 + rA

1 + R

rA
0 + rA

1 − R
. (22)

T his monop ole Shap iro delay b ecomes unb oundedly larg e for the g row ing distance R b etw een

the p oints of emission and ob servations (althoug h it is g row ing log arithmically w ith R). T he

q uadrup ole Shap iro effect cδτQ = −k · 1xQ(t1) is g iven b y [6]

cδτQ =
∑

A

cδτ A
Q , cδτ A

Q =
1 + γ

2

G

c2
(δAVA + γAFA + βAEA) , (23)

w here the scalar functions and scalar coeffi cients are g iven in eq uations (A.18 )– (A.23) in

ap p endix A.3. T his ex p ression for the q uadrup ole Shap iro delay cannot b e reasonab ly

simp lifi ed. H ow ever, one can g ive a strict up p er b ound for the q uadrup ole effect in the

Shap iro delay . O ne can demonstrate [17 ] that

G

c2
|δAVA| 6

GMA

c2

∣

∣JA
2

∣

∣

P 2
A

d2
A

, (24)

G

c2
|γAFA + βAEA| 6

GMA

c2

∣

∣JA
2

∣

∣

(

P 2
A

(

rA
0

)2
+

P 2
A

(

rA
1

)2

)

. (25)

N ow since dA > PA, rA
0 > PA and rA

1 > PA, w e conclude that

∣

∣cδτ A
Q

∣

∣ 6 3
∣

∣JA
2

∣

∣

GMA

c2
, (26)

w hich rep resents a strict up p er b ound of q uadrup ole Shap iro delay and slig htly imp roves the

estimate g iven in eq uation (47 ) in [6]. T his estimate imp lies that the q uadrup ole Shap iro delay

has an up p er b ound that dep ends only on p hy sical p arameters of the massive b ody . T ab le 3

g ives max imal p ossib le q uadrup ole effects in the Shap iro delay for a n y p ositions of the source

and ob server.

6 . E f fi c ie n c y o f t h e u p p e r e s t im a t e s

As ex p lained ab ove, the p rincip al merit of the simp le up p er estimates for the q uadrup ole lig ht

defl ection (eq uations (11)– (13) for stars and q uasars and eq uations (18 )– (20) for solar sy stem

ob jects) is the p ossib ility of using them, at very low comp utational cost, as criteria to decide

if the q uadrup ole defl ection should b e calculated or not for a g iven confi g uration and a g iven

numerical accuracy . In this section w e investig ate the numerical effi ciency of the criteria

6
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T a b le 4 . Statistical p rop erties of the ratios ri for tw o distrib utions of sources (see the tex t for

further ex p lanations).

R andom Graz ing

R atio M inimum M ean M ax imum M inimum M ean M ax imum

r1 0 40

81
1 0 16

27

8

9

r2 0 1

3
1

}

0
2

3
1

r3 0 1

3

(

PA/rA
1

)2
1

r4 0 10

27
1 0 4

9

2

3

r5 0 1

3
1

}

0
2

3
1

r6 0 1

3

(

PA/rA
1

)2
1

for tw o situations: (1) p urely random homog eneous distrib ution of sources and the p osition

of ob server w ith resp ect to the defl ecting b ody , and (2) lig ht ray s g raz ing the surface of the

defl ecting b ody , b ut w ith directions still randomly distrib uted w ith resp ect to the b ody (note

that the b ody is not sp herically sy mmetric and the orientation does p lay a role). F or b oth

of these situations w e comp ute minimal, max imal and mean values of the ratio b etw een the

q uadrup ole defl ection and its up p er estimate. T he hig her the mean value the more effi cient

the corresp onding estimate as a criterion.

F or stars and q uasars, starting from (11)– (13), w e consider the follow ing ratios:

r1 =

∣

∣δσA
Q

∣

∣

9
8

P 2
A

d2
A

∣

∣JA
2

∣

∣

∣

∣δσA
p N

∣

∣

, r2 =

∣

∣δσA
Q

∣

∣

4 G M A

c2

∣

∣JA
2

∣

∣

P 2
A

d3
A

, r3 =

∣

∣δσA
Q

∣

∣

4 G M A

c2

∣

∣JA
2

∣

∣

1
PA

, (27)

w here δσA
Q and δσA

p N are determined b y eq uations (9) and (4), resp ectively . F or solar sy stem

ob jects, starting from eq uations (18)– (20), w e consider the ratios

r4 =

∣

∣δkA
Q

∣

∣

3
2

P 2
A

d2
A

∣

∣JA
2

∣

∣

∣

∣δkA
p N

∣

∣

, r5 =

∣

∣δkA
Q

∣

∣

4 G M A

c2

∣

∣JA
2

∣

∣

P 2
A

d3
A

, r6 =

∣

∣δkA
Q

∣

∣

4 G M A

c2

∣

∣JA
2

∣

∣

1
PA

, (28)

w here δkA
Q and δkA

p N are determined b y eq uations (16) and (6), resp ectively .

F or all six ratios it is easy to comp ute the minimal and max imal values analy tically .

B esides that, for b oth distrib utions of sources and ob servers, it is p ossib le to comp ute

analy tically the mathematical ex p ectations (i.e. the mean values) of each of six ratios ri.

T hese values are g iven in tab le 4. T he analy tical calculations have also b een confi rmed

b y direct numerical simulations in w hich the ratios ri w ere comp uted for corresp onding ly

distrib uted sources and p ositions of the ob server and statistically analy sed.

T he minimal values of all ri are z ero. T he max imal values of the ratios are 1 ex cep t for

r1 and r4 for g raz ing ray s. In the latter case the max imal values are less than 1. T his refl ects

the fact that for g raz ing ray s the numerical coeffi cients in (11) and (18) can b e imp roved (b ut

only for g raz ing ray s and not for an arb itrary situation). T he fact that no max imal values are

g reater than 1 confi rms the validity of the estimates.

N ote that the mean values of r3 and r6 for the random distrib ution dep end on the ratio

PA/rA
1 of the eq uatorial radius PA of the defl ecting b ody and the distance b etw een the b ody

and ob server rA
1 . Althoug h this ratio can b e as larg e as 1, it is small in ty p ical ap p lications

w here the ob server is situated far from the b ody comp ared to the siz e of the latter. F or Gaia

the numerical values for the mean values of r3 and r6 can b e comp uted using PA and rA min
1

from tab le 1. F or ex amp le, for J up iter 1
3

(

PA

/

rA min
1

)2
= 0.49 × 10−8.
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T he effi ciency of the criteria is characteriz ed b y the mean values of the ratios. Considering

that the random distrib ution of sources is a much more realistic situation than the g raz ing ray s

w e can conclude that the trivial estimates (13) and (20) leading to r3 and r6 are ex tremely

ineffi cient: the value of q uadrup ole defl ection is ty p ically many orders of mag nitude low er

than ‘p redicted’ b y those estimates. Criteria (12) and (19) are already b etter: the q uadrup ole

defl ection is ty p ically only three times low er than ‘p redicted’ (the mean value of b oth r2 and

r5 for random sources is 1/3). It is clear, how ever, that the most effi cient criteria are g iven

b y (11) and (18). F or stars and q uasars the value of the q uadrup ole defl ection ‘p redicted’ b y

(11) is only tw o times larg er than the real value. It means that only 50% of the comp utations

b ased on (11) lead to values low er than the desired numerical cut-off value and could b e saved.

E stimates (11) and (18) w ill b e used for the Gaia data p rocessing .

7 . S u m m a r y

In this p ap er w e have develop ed effi cient numerical alg orithms allow ing one to comp ute the

q uadrup ole lig ht defl ection w ith minimal comp utational efforts. T hese alg orithms w ill b e used

for data p rocessing of the E SA astrometric survey mission Gaia and can b e useful in other

cases. In this w ork w e assume that the ob server is situated w ithin a few million kilometers

from the E arth’s orb it. T his is clearly the most p ractical case. O ther situations can b e analy sed

along the lines of our reasoning . T he main results w hich are valid w ith an accuracy of at least

1µas are as follow s.

(1) Quadrup ole lig ht defl ection for stars and q uasars can b e comp uted as (9).

(2) E q uations (11)– (13) can b e used as an a p rio ri criterion if the q uadrup ole lig ht defl ection

(9) has to b e comp uted for a g iven source.

(3) Quadrup ole lig ht defl ection for solar sy stem sources can b e comp uted as (16).

(4) E q uations (18)– (20) can b e used as an a p rio ri criterion if the q uadrup ole lig ht defl ection

(16) has to b e comp uted for a g iven solar sy stem ob ject.

T he effi ciency of the up p er estimates has b een investig ated numerically and analy tically ,

and the results are show n in tab le 4. T hey demonstrate hig h effi ciency and correctness of the

up p er estimates, b oth for randomly distrib uted sources and sources w hich g enerate g raz ing

ray s. According to these investig ation, the most effi cient up p er estimate of q uadrup ole lig ht

defl ection is (11) for stars and q uasars and (18) for solar sy stem ob jects. T he correctness of

simp lifi ed q uadrup ole formulas has also b een show n b y numerical simulations.

Additionally , w e g ive a strict up p er b ound (26) for the q uadrup ole effect in the Shap iro

delay . T his up p er b ound can b e used to decide w hether or not the q uadrup ole Shap iro delay

should b e taken into account if hig h-accuracy rang ing measurements are to b e modelled, e.g .

in the framew ork of missions like B ep iColomb o [15] or J uno.

A c k n o w le d g m e n t s

T his w ork w as p artially sup p orted b y the B M W i g rants 50 QG 0601 and 50 QG 0901 aw arded

b y the D eutsche Zentrum für L uft- und R aumfahrt e.V . (D L R ).

A p p e n d ix A . E x p lic it fo r m u la s fo r t h e q u a d r u p o le t e r m s

W e g ive the full ex p ressions of coeffi cients and scalar functions of the q uadrup ole lig ht

defl ection and q uadrup ole Shap iro effect in the p ost- N ew tonian order, b ecause so far they

have not b een p resented in a refereed journal.
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A.1. Light deflection for stars and quasars

T he functions in (7) read

U̇A

c
=

1

d3
A

(

2 + 3
σ · r

A
1

rA
1

−

(

σ · r
A
1

)3

(

rA
1

)3

)

, (A.1)

ĖA

c
=

(

rA
1

)2
− 3

(

σ · r
A
1

)2

(

rA
1

)5
, (A.2)

ḞA

c
= −3 dA

σ · r
A
1

(

rA
1

)5
, (A.3)

V̇A

c
= −

1
(

rA
1

)3
, (A.4)

α
′ k
A = −MA

ij σ
iσ j dk

A

dA

+ 2MA
kj

d
j

A

dA

− 2MA
ij σ

iσ k d
j

A

dA

− 4MA
ij

d i
Ad

j

Adk
A

d3
A

, (A.5)

β
′ k
A = 2MA

ij σ
i d

j

Adk
A

d2
A

, (A.6 )

γ
′ k
A = MA

ij

d i
Ad

j

Adk
A

d3
A

− MA
ij σ

iσ j dk
A

dA

, (A.7)

δ
′ k
A = −2MA

ij σ
iσ jσ k + 2MA

kjσ
j
− 4MA

ij σ
i d

j

Adk
A

d2
A

. (A.8 )

H ere MA
ij is the sy mmetric and trace-free q uadrup ole moment of b ody A. F or an ax ial

sy mmetric b ody (this ap p rox imation is suffi cient for the solar sy stem and the accuracy of

1µas) one has

MA
ij =

1
3
MAP 2

AJA
2 RAdiag (1, 1,−2)RT

A, (A.9)

w here RA is the rotational matrix g iving the orientation of the fi g ure ax is of b ody A (see

eq uations (48 )– (53) of [5]).

A.2 . Light deflection for solar sy stem ob jects

T he functions in (14) read

AA

c
=

1

dA

1

R

(

1

rA
0

rA
0 + k · r

A
0

rA
0 − k · r

A
0

−

1

rA
1

rA
1 + k · r

A
1

rA
1 − k · r

A
1

)

+
1

d3
A

(

2 + 3
k · r

A
1

rA
1

−

(

k · r
A
1

)3

(

rA
1

)3

)

,

(A.10)

BA

c
=

1

R

(

k · r
A
0

(

rA
0

)3
−

k · r
A
1

(

rA
1

)3

)

+

(

rA
1

)2
− 3

(

k · r
A
1

)2

(

rA
1

)5
, (A.11)

CA

c
=

dA

R

(

1
(

rA
0

)3
−

1
(

rA
1

)3

)

− 3dA

k · r
A
1

(

rA
1

)5
, (A.12)
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DA

c
= −

1

d2
A

1

R

(

k · r
A
0

rA
0

−

k · r
A
1

rA
1

)

−

1
(

rA
1

)3
, (A.13)

α′′k
A = −MA

ij k
ikj dk

A

dA

+ 2MA
kj

d
j

A

dA

− 2MA
ij k

ikk d
j

A

dA

− 4MA
ij

d i
Ad

j

Adk
A

d3
A

, (A.14)

β′′k
A = 2MA

ij k
i d

j

Adk
A

d2
A

, (A.15)

γ ′′k
A = MA

ij

d i
Ad

j

Adk
A

d3
A

− MA
ij k

ikj dk
A

dA

, (A.16 )

δ′′k
A = −2MA

ij k
ikjkk + 2MA

kjk
j
− 4MA

ij k
i d

j

Adk
A

d2
A

. (A.17 )

A.3. Shapiro delay

T he functions in (23) read

EA =

k · r
A
0

(

rA
0

)3
−

k · r
A
1

(

rA
1

)3
, (A.18 )

FA = dA

(

1
(

rA
0

)3
−

1
(

rA
1

)3

)

, (A.19)

VA = −

1

d2
A

(

k · r
A
0

rA
0

−

k · r
A
1

rA
1

)

, (A.20)

βA = MA
ij kikj − MA

ij

d i
A

dA

d
j

A

dA

, (A.21)

γA = 2MA
ij k

i d
j

A

dA

, (A.22)

δA = MA
ij kikj + 2MA

ij

d i
A

dA

d
j

A

dA

. (A.23)
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