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Abstract. The second-order electron self-energy is evaluated to all orders in the in-
teraction with the Coulomb field of the nucleus for the ground state of hydrogen-like
uranium ions. This completes the nonperturbative calculation of radiative corrections
of order α2. The major theoretical uncertainty is eliminated which provides predictions
of the ground-state energy with a relative accuracy of about 10−6 for the uranium sys-
tem. This allows for high-precision tests of QED in the strong field of the nucleus that
are expected to be available experimentally in the near future.

1 Introduction

Heavy few-electron ions provide a unique testing ground for quantum electrody-
namics (QED) in strong field of the nucleus. At SIS/ESR facilities in Darmstadt
one is aiming at an accuracy of about 1eV in measurements of the ground-state
Lamb shift for hydrogen-like uranium in the near future [1]. Theoretical eval-
uations on the same level of accuracy require calculations of the complete set
of radiative corrections of the order α2 but to all orders in the coupling con-
stant Zα to the Coulomb field of nucleus. In this paper we report the recent
status of this challenging theoretical problem for the most interesting cases of
the hydrogen-like uranium and lead ions.

The complete set of second-order radiative corrections are displayed in Fig.
1. These diagrams are naturally divided into separately gauge invariant subsets:
SESE a),b),c), VPVP d),e),f), SEVP g),h),i) and S(VP)E k). The abbreviation
SE stands for self energy and VP denotes vacuum polarization. Most of these
corrections have been already calculated numerically for 238U91+ and 208Pb81+

ions (see the latest reviews in [2,3]).
The VPVP contributions e) and f) (also known as Källén-Sabry corrections)

have been investigated in Uehling approximation [4,5]. Calculating the dominat
Uehling part of the lowest order VP correction leaves us with the accuracy of
about 5% for the ground state of hydrogen-like U and Pb ions. Here one restricts
to the first term in Zα expansion of the bound electron propagator in the electron
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loop. This corresponds also to the expansion of the bound propagator in terms of
the nuclear potential (see Fig. 2). Recently the VPVP e) contribution has been
determined to all orders in Zα in [6]. In this case the inaccuracy of the Uehling
approximation turned out to be about 25%. The exact VPVP d) contribution was
tabulated in Refs. [7,8,4]. The SEVP g), h) and i) contributions were evaluated
in Ref. [9] employing the Uehling approximation and in the exact form in Ref. [8].
The inaccuracy of Uehling approximation for hydrogen-like U reduces in this case
to 2%. The S(VP)E contribution is known only in the Uehling approximation
[9,10].

SESE

a) b) c)

d) e) f)

g)

k)

h) i)

VPVP

SEVP

S(VP)E

Fig. 1. Feynman diagrams corresponding to the second-order radiative corrections in
H-like ions. The double solid line denotes the bound electron and the wavy line indicates
the photon
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Fig. 2. Feynman graphs corresponding to VPVP and SEVP corrections in the Uehling
approximation. The ordinary solid line denotes the free electron propagator. The line
with the cross at the end denotes the nuclear potential. The other notations are the
same as in Figure 1

2 Loop after loop irreducible SESE contribution

The diagram SESE a), that is called also “loop-after-loop”, consists of irreducible
and reducible parts (see Fig. 3). We consider first of all the irreducible contri-
bution, which can be renormalized and evaluated separately since it does not
contain infrared divergencies in the Feynman gauge. The renormalized expres-
sion for this contribution can be written as

�E(irred)
a =

∑
n�=a

〈a|γ0Σ̂
(1)ren
bou (Ea)|n〉〈n|γ0Σ̂

(1)ren
bou (Ea)|a〉

Ea − En
, (1)

where γ0 is the Dirac matrix and Σ̂(1)ren
bou is the renormalized lowest-order self

energy operator for the bound electron. The notations |n〉, En refer to the Dirac
atomic states and eigenvalues, the sum in Eq. (1) extends over the total Dirac
spectrum for the electron in the field of the nucleus. The case n = a corresponds
to the reference state (later in this paper we will consider a as the ground state).

In Ref. [11] the corresponding energy shift has been calculated in the Feyn-
man gauge for selected values of nuclear charge number Z = 70, 80, 90 and 92 and
for the ground and few excited states for hydrogen-like ions. Here the covariant
renormalization scheme based on the potential expansion was employed. This
approach was first applied to bound electron calculations by Brown, Langer and
Schaefer [12] and later developed and applied to the heavy hydrogen-like ions in
[13]. The potential expansion for the lowest order SE is depicted in Fig. 4. With
the use of this expansion one can cast the matrix elements in Eq. (1) into

〈a|γ0Σ̂
(1)ren
bou (Ea)|n〉 = 〈a|γ0Σ̂

ZP,ren
bou (Ea)|n〉+ 〈a|γ0Σ̂

OP,ren
bou (Ea)|n〉

+〈a|γ0Σ̂
MP
bou (Ea)|n〉 . (2)
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E = Ea
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aa
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Fig. 3. The separation of the diagram SESE a) into irredcible and reducible parts. Here
double solid line with the bar in the SESE a)-irred. part denotes the bound electron
propagator with the excluded reference state a. The double solid line with the subscript
E in the SESE a)-red. part denotes the bound electron propagator with the arbitrary
energy parameter E

= + +

Fig. 4. The potential expansion of the lowest order self energy. Three terms of this
expansion usually are denoted as zero-potential (ZP), one-potential (OP) and many-
potential (MP). The notations are the same as in Figures 1, 2

Only the ZP and OP terms are divergent and therefore subject to renormal-
ization. The MP term is finite, though most laborous in numerical evaluations.
The renormalized expressions are

Σ̂ZP,ren
bou = Σ̂(1)(p/)−Σ(1) −Σ(1)′(p/−m) , (3)

Σ̂OP,ren
bou = Λ̂(1)

µ Vµ − γµVµΛ(1) , (4)

where Σ̂(1)(p/) is the first-order SE operator for the free electron

Σ̂(1)(p/) = −4πiα
∫

d4k

(2π)4
γµ

1
p/− k/−mγ

µ 1
k2

(5)

and Λ̂(1)
µ is the lowest-order vertex function for the free electron

Λ̂(1)
µ (p/, p/′) = −4πiα

∫
d4k

(2π)4
γν

1
p/− k/ −mγµ

1
p/− k/−mγ

ν 1
k2
. (6)

Here we introduced the standard mass counterterm

δm(1) ≡ Σ(1) ≡ Σ̂(1)(p/)|p/=m
, (7)
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the charge counterterm

γµΣ
(1′) =

(
∂

∂pµ
Σ̂(1)(p/)

)
|p/=m

(8)

and vertex counterterm

γµΛ
(1) ≡ Λ̂(1)

µ (p/, p/′)|p/=p/
′
=m

. (9)

In Eqs. (5)–(9) Vµ stands for the external potential, the electric external potential
corresponds to V0 ≡ V , p/ ≡ γµpµ, m is the electron mass and α denotes the fine
structure constant. We use the natural units � = c = 1.

Eq. (2) presents the basis for the covariant renormalization approach. The
explicit expressions are known for Σ̂ZP,ren

bou (E), Σ̂OP,ren
bou in momentum space. For

obtaining these expressions the standard Feynman approach [11,12] or dimen-
sional regularization [13] can be used. They are free from ultraviolet divergencies
but acquire infrared divergencies after the renormalization. However, these in-
frared divergencies, contained in Σ(1)′ and Λ(1), cancel due to the Ward identity
Σ(1)′ = −Λ(1) and the use of the Dirac equation for the atomic electron in the
reference state |a〉:

γ0(p/−m)|a〉 = V̂ |a〉 . (10)

Using Eqs. (2)–(10) one can rewrite the matrix element for Σ̂ren
bou also in the

form:
〈a|γ0Σ̂

(1)ren
bou (Ea)|n〉 = 〈a|γ0Σ̂

(1)
bou(Ea)|n〉 − δm(1)〈a|γ0|n〉 , (11)

where Σ̂(1)
bou is the unrenormalized expression for the first-order SE operator. Eq.

(11) presents the basis for another popular renormalization approach, proposed
in [14,15]. Within this approach Eq. (11) is replaced by the equation

〈a|γ0Σ̂
(1)ren
bou (Ea)|n〉 = 〈a|γ0Σ̂

(1)
bou(Ea)|n〉 − 〈a|γ0Σ̂

(1)
free|n〉 . (12)

In order to write down explicitely the matrix element 〈|aγ0Σ̂
(1)
freen|〉 the bound-

state wave functions are expanded in terms of free-electron wave functions. The
result is shown in Fig. 5. This renormalization approach can be called “direct”.
The next step gave the name to the approach described: this is the partial wave
expansion (PWE). Both terms on the right-hand side of Eq. (12) are expanded
in partial waves. Then each term of this expansion both for Σ̂(1)

bou and Σ̂(1)
free is

finite but the sum over partial waves is divergent. Combining both expansions
one can write

〈a|γ0Σ̂
(1)ren
bou (Ea)|n〉 =

∞∑
l=0

(
〈a|γ0Σ̂

(1)l
bou(Ea)|n〉 − 〈a|γ0Σ̂

(1)l
free |n〉

)
. (13)

The sum over partial waves in Eq. (13) should be convergent in principle.
The general explicit proof of this convergence is absent, but it can be justified
in every particular case by observing the convergence in numerical calculations.
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Fig. 5. The graphical representation of the “direct” renormalization approach. The
triangle with the letter n inside means the expansion of the wave function for the
bound electron state n in terms of free electron wave functions

For the diagonal matrix element n = a (which corresponds to the lowest order
SE contribution to the Lamb shift) this convergence was observed quite well
in several calculations [14,15,16]. In [14] the numerical approach called “space
discretization” (the solution of the radial Dirac equation on the grid) was em-
ployed. The comparision with the most accurate first-order bound-electron self
energy calculations by Mohr [16] where the numerical treatment was based on
the use of the radial Green function for the bound-state Dirac equation indicates
that taking about 30 partial waves into account is sufficient to reach an accuracy
better than 0.1% for high Z values. The convergence with the number of partial
waves l corresponding to the law l−3 was also observed [17]. Unfortunately, the
PWE approach is unapplicable for lower Z values since it loses its accuracy due
to the cancellations that occur between different terms.

This PWE renormalization method was also called “noncovariant” contrary
to the “covariant” approach described above where the covariant procedure in 4-
dimensional momentum space was used to separate out and cancel the divergent
terms. In principle, the noncovariant procedure should not lead to any differences
provided that both “bound”-term and counterterm are described in the same
way. Such a difference may arise only if the counterterm, unlike the “bound”-
term is written in covariant form [12].

The difficulty with low Z values can be avoided in another version of the
noncovariant renormalization method, developed in [18,19]. Within this approach
an explicit expression for the matrix element 〈a|γ0Σ̂bou(Ea)|n〉 is used:

〈a|γ0Σ̂bou(Ea)|n〉 =
α

2πi

∑
n′

〈an′|
γµγ

µ

r12
I(r12 βn′a)|n′n〉 , (14)

where the Dirac matrices γµ and γµ correspond to different variables |n′(1)n(2)〉,
βn′a = En′ − Ea, r12 = |r1 − r2| and I(r12 βn′a) is defined as

I(r12 βn′a) =

∞∫
−∞

dω
e−i|ω|r12

En′(1 − i0)− Ea + ω
. (15)

Using the multiple commutator approach [20] where I(r12 βn′a) is expanded
in terms of r12 βn′a and the powers of r12 βn′a are replaced by the multiple
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commutators with the Dirac one-electron Hamiltonian, one can show that most
of the commutators are canceled between “bound” and “free” terms in Eq. (12).
The remaining “bound” expression is given by [18,19]

〈a|γ0Σ̂bou(Ea)|n〉 =
α

π

∑
n′

〈an|
γµγ

µ

r12

(
ln|Ea − Ea′ |sin((Ea − Ea′)r12)

+
π

2
sgn(En′)cos((Ea − Ea′)r12)

)
|n′n〉 . (16)

In the “free” electron counterterm the bound state wave functions |a〉 and |n〉
are expanded in terms of free electron states. Unlike [14,15,17] where the plane-
wave-type functions were used for this purpose, the spherical-wave-type functions
were employed in [18]. The summation over n′ in Eq. (16) is replaced by the in-
tegration over the continuous quantum number p, defining the energy of the free
electron Ep = ±

√
p2 +m2, and the summation over the standard angular quan-

tum numbers j, l,m. An important difference between the standard numerical
PWE procedure [14,15,16,17] and the version used in [18] is that in [18] only
terms diagonal in p, j, l,m are retained in the counterterm after expansion of
the bound states 〈a| and |n〉. The motivation is that the interaction with the
vacuum cannot change the exact free-electron quantum numbers.

This PWE was used in [18] to obtain the numerical results. For the numeri-
cal implementation the B-spline approximation [21] was chosen that represents
actually the refined version of the “space discretization” approach. In Table 1
the convergence of the PWE approach with the multicommutator expansion is
presented for the lowest-order SE correction for the ground state of hydrogen-
like ions with Z = 10. The minimal set of parameters for the numerical spline
calcuations was chosen to be: the number of grid points N = 20, the number
of splines k = 9. This minimal set allowed to keep a controlled inaccuracy be-
low 10%. What is most important for the further generalization of the PWE
approach to the second-order SESE calculation is that with lmax = 3 the inac-
curacy is already below 10% (see Table 1). The same picture holds with even
higher accuracy for larger Z values. The “direct” renormalization approach is
not necessarily connected with the PWE. In [19] this approach in the form of
the multicommutator expansion (Eq. (16)) was employed in combination with
the Taylor expansion in powers of (Ea−En′)r12. The numerical procedure with
the use of B-splines and 3 terms of Taylor series yielded an accuracy comparable
with the PWE-expansion with lmax = 3.

We now return to the loop-after-loop SESE calculations in [11]. The first two
terms of the potential expansion Eq. (2), ZP and OP terms were evaluated in
momentum space. For this purpose the Fourier transform was performed for the
bound state wave functions |n〉 in coordinate space. The latter were evaluated
by the “space discretization” method. The MP term was calculated entirely in
coordinate space.

An investigation devoted to the evaluation of SESE a) irreducible contribu-
tion was accomplished by S. Mallampalli and J. Sapirstein [22]. Using the same
covariant renormalization approach with the potential expansion and employing
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Table 1. Convergence of PWE approach with the multicommutator expansion (Eq.
16) for the lowest-order SE correction for the ground-state of H-like ion with Z = 10.

The accumulated sums �E(l)
1s =

lP

l′=0

〈1s|γ0Σ̂
(1)ren(l′)
bou |1s〉 are given for 7 partial waves.

The extrapolation formula was �E(1)
1s ex = 1

2
(�E1s(lmax)+�E1s(lmax +1)) for different

lmax. All the values in eV

l �E(l)
1s �E(1)

1s,ex �E(1)
1s [16] Deviation

0 0.1269 0.1566

1 0.1769

2 0.1615 0.1692

3 0.1715 8.0%

4 0.1659

5 0.1702

6 0.1672 0.1688 7.8%

a more refined numerical B-spline approach the authors were able to continue
their results to the lower Z values up to Z = 1. For large Z their results coincided
with [11].

In the low Z limit the results of [22] for the SESE a) irreducible contribution
disagree with the results of the perturbation theory in Zα [23,24]. Actually
the disagreement concerns the coefficient −8/27 of the ln3(Zα)−2 term found
analytically by Karshenboim [25]. This disagreement became a subject of several
controversal statements made in a series of subsequent papers [26,27,28]. The
Mallampalli and Sapirstein result [22] would imply that PT in αZ is in principle
inapplicable even for Z = 1.

The work [26] was devoted to the application of the PWE renormalization
approach to the evaluation of the SESE a) irreducible contribution. In this work
the multicommutator expansion version of the PWE [18] and the numerical
B-spline approach was used. The results disagree strongly with Mallampalli
and Sapirstein calculations for low and intermediate Z values but agree with
[23,24,25].

In the publication by Yerokhin [27] the results of Mallampalli and Sapirstein
[22] were confirmed. The analysis performed in [27] for the low-Z region, con-
firmed, that the graph shown in Fig. 6a) provides the Karshenboim ln3(αZ)−2

term. Moreover, it was found that the cubic logarithmic term arises also from
the graph Fig. 6b). The latter was never observed by an analytic analysis in
[25,28]. Yerokhin’s analysis was based on the numerical fit. Recently a new ana-
lytic analysis in terms of the renormalization group [29] has been presented that
contradicts to Yerokhin’s conclusions.
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Fig. 6. Feynman graphs responsible for the ln3(2Z)−2 contribution to the irreducible
SESE a) graph in the low Z region. The graph a) yields the Karshenboim term, the
graph b) corresponds to the additional Yerokhin term

Summarizing, we can say that while the discrepancy between the different
calculations of the SESE a) irreducible contribution for low and intermediate Z
values is still to be resolved, there are no reasons to doubt the applicability of the
PWE method for high Z regions where all the methods give stable coincident
results.

3 Other SESE contributions

In this section we will calculate the reducible contributions to the graph Fig. 1
a) and the total contributions to the graphs Figs. 1b),1c). The general renor-
malization scheme for these graphs was presented in [30]. This scheme exploits
the potential expansion for separating out the divergent terms and is suitable
for the application of the PWE approach. Later these results were rederived in
[31] by a different method.

The renormalized expression for the two-photon self energy �E(z)ren
a (with-

out the irreducible SESE a) term) for the bound-electron state |a〉 reads [30]:

�E(2)ren
a = �E(red)ren

a +�E(in)ren
a +�E(cr)ren

a +�E(ac)ren
a , (17)

�E(red)ren
a = 〈a|γ0Σ̂

(1)ren
bou (Ea)|a〉

[
∂

∂E
〈a|γ0Σ̂

(1)ren
bou (E)|a〉

]
E=Ea

, (18)

�E(in)ren
a = �E(in)

a − δm(in)〈a|γ0|a〉 , (19)
�E(cr)ren

a = �E(cr)
a − δm(cr)〈a|γ0|a〉 , (20)

�E(ac)ren
a = −δm(1)

[
〈a|γ0

ˆ̃Σ
(1)

bou(Ea)|a〉 − δm̃(1)〈a|γ0|a〉
]
. (21)

As indicated by subscripts the various terms here denote the reducible loop-
after-loop (red), the loop-inside-loop (in), the crossed-loops (cr) contributions
and an additional counter term (ac) to the SESE b) graph, respectively. The
subscript ren always signifies the renormalized expression, though the expres-
sions �E(red)ren

a , E(in)ren
a , E(cr)ren

a and E(ac)ren
a are individually still ultraviolet

divergent. This happens since some of the counterterms cancel each other in Eq.
(17). Furthermore, all these expressions also contain infrared divergencies, that
arise in the process of renormalization. However, all ultraviolet and infrared di-
vergencies are going to vanish in the combination they appear in Eq. (17) [30].
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The terms �E(in)
a , �E(cr)

a represent the unrenormalized bound-electron expres-
sions and δm(in), δm(cr) are the corresponding counterterms. The additional
counterterm �E(ac)ren has been derived in [30] and later confirmed in [31]. It

contains the first-order bound-electron self energy operator ˜̂
Σbou with quadratic

denominator (see an explicit expression) and the corresponding first-order coun-
terterm δm̃(1).
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Fig. 7. The graphical represantation of the “direct” PWE renormalization approach.
The double and ordinary solid lines with the cross denote the quadratic denominators
in the bound and free electron propagators. The other notations are the same as in
Figure 5. The graphs a)–c) correspond to Eqs. (18)–(20) and the additional counterterm
correspond to Eq. (21), respectively

Eq. (17) is an analogy of the first-order diagonal (n = a) equation (11).
In Fig. 7 an analogy of Fig. 5, i.e., the graphical representation of the PWE
renormalization approach to �E(2)ren

a is depicted. Below we give the explicit
expressions for all contributions from the graphs with double electron lines in
Fig. 7, i.e., “bound” electron terms:

[
∂

∂E
〈a|γ0Σ̂

(1)
bou(E)|a〉

]
E=Ea

=
iα

2π

∑
n

∞∫
−∞

dω
〈an|γµγµ

exp(i|ω|r)
r |na〉

(Ea − Ẽn − ω)2
, (22)

�E(in)
a = − α

2

4π2

∑
p,q,r

∞∫
−∞

dω

∞∫
−∞

dω′
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×
〈ar|γµγµ

exp(i|ω|r)
r |pa〉〈pq|γµγµ

exp(i|ω′|r)
r |qr〉

(Ea − Ẽp − ω)(Ea − Ẽq − ω − ω′)(Ea − Ẽr − ω)
, (23)

�E(cr)
a = − α

2

4π2

∑
p,q,r

∞∫
−∞

dω

∞∫
−∞

dω′ ,

×
〈aq|γµγµ

exp(i|ω|r)
r |pr〉〈pr|γµγµ

exp(i|ω′|r)
r |qa〉

(Ea − Ẽp − ω′)(Ea − Ẽq − ω − ω′)(Ea − Ẽr − ω)
, (24)

〈a|γ0
ˆ̃Σ

(1)

bou(Ea)|a〉 =
iα

2π

∑
p,q

∞∫
−∞

dω
〈ap|γµγµ

exp(i|ω|r)
r |qa〉〈q|γ0|p〉

(Ea − Ẽp − ω)(Ea − Ẽa − ω)
. (25)

Here r = r12 and Ẽn = En(1− i0), so that the Feynman rules for the integration
over ω variables are assumed. All sums run over the complete Dirac spectrum
for the electron in the field of the nucleus. The expressions for the counterterms
are:

δm(in) = 4πiα
∫

d4k

(2π)4
γµ

1
p/− k/−mΣ̂

(1)(p/ − k/) 1
p/ − k/−mγ

µ 1
k2
|p/=m

, (26)

δm(cr) = 4πiα
∫

d4k

(2π)4
Λ̂(1)
µ (p/, p/− k/) 1

p/− k/−mγ
µ 1
k2
|p/=m

, (27)

δ̃m(in) = 4πiα
∫

d4k

(2π)4
γµ

1
(p/− k/ −m)2

γµ
1
k2
|p/=m

. (28)

In this paper we adopt the PWE renormalization scheme. Accordingly, all “bound”
terms in Eqs. (18)–(21) appear as double sums over partial waves. These double
sums arise from the product of two matrix elements containing exp(i|ω|r). Each
individual partial wave contribution is finite and only the sum over partial waves
diverges. In our calculation this divergency is removed by term-by-term subtrac-
tion of the corresponding counterterms. The PWE for the sum of all terms in
Eq. (17) thus ensures a correct cancellation.

Within the PWE approach, using the expansion of the bound state |a〉 in
terms of the free-electron spherical wave functions, we write the counterterms in
the form:

δm(1) =
iα

2π

∞∫
0

dp 〈a|pjlm〉∗〈pjlm|a〉
∞∫

0

dq
∑

j′,l′,m′

∞∫
−∞

dω

×
〈pjlm, qj′l′m′|γµγµ

exp(i|ω|r)
r |qj′l′m′, pjlm〉

(Ep − Ẽq − ω)
, (29)

δm(in) =
−α2

4π2

∞∫
0

dp 〈a|pjlm〉∗〈pjlm|a〉
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×
∞∫

0

ds
∑

j′,l′,m′

∞∫
0

dq
∑

j′′,l′′,m′′

∞∫
0

dt
∑

j′′,l′′,m′′

∞∫
−∞

dω

∞∫
−∞

dω′

×
〈pjlm, tj′′′l′′′m′′′|γµγµ

exp(i|ω|r)
r |sj′l′m′, pjlm〉

(Ep − Ẽq − ω − ω′)

×
〈pjlm, qj′′l′′m′′|γµγµ

exp(i|ω|r)
r |qj′′l′′m′′, tj′′′l′′′m′′′〉

(Ep − Ẽs − ω)(Ep − Ẽt − ω)
, (30)

δm(cr) =
−α2

4π2

∞∫
0

dp 〈a|pjlm〉∗〈pjlm|a〉

×
∞∫

0

ds
∑

j′,l′,m′

∞∫
0

dq
∑

j′′,l′′,m′′

∞∫
0

dt
∑

j′′,l′′,m′′

∞∫
−∞

dω

∞∫
−∞

dω′

×
〈pjlm, qj′′l′′m′′|γµγµ

exp(i|ω|r)
r |sj′l′m′, tj′′′l′′′m′′′〉

(Ep − Ẽq − ω − ω′)

×
〈s′j′l′m′, tj′′′l′′′m′′′|γµγµ

exp(i|ω|r)
r |qj′l′m′, pjlm〉

(Ep − Ẽs − ω′)(Ep − Ẽt − ω)
, (31)

δm̃(1) =
iα

2π

∞∫
0

dp 〈a|pjlm〉∗〈pjlm|a〉
∞∫

0

ds
∑

j′,l′,m′

∞∫
0

dq
∑

j′′,l′′,m′′

∞∫
−∞

dω

×
〈pjlm, sj′l′m′|γµγµ

exp(i|ω|r)
r |qj′′l′′m′′, pjlm〉

(Ep − Es − ω)(Ep − Ẽq − ω)
×〈qj′′l′′m′′|γ0|sj′l′m′〉 .

(32)

Here |pjlm〉 denotes the spherical-wave free-electron function with the usual
notations for Dirac angular quantum numbers. The numbers jlm are fixed by
the overlap with the bound-electron wave function |a〉 ≡ |njlm〉 where n is the
principal quantum number. Integration over p is interpreted as integration over
energies Ep = ±

√
p2 +m2.

For the evaluation of the sums over the Dirac spectrum the B-spline approxi-
mation has been employed. The number of grid points N and the order of splines
k have been chosen to be N = 23 and k = 4, respectively. This corresponds to
50 different radial Dirac states which are taken into account for a given Dirac
angular-momentum quantum number.
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For the integration over ω, ω′ a following transformation was made in Eq.
(23)

I(in)≡
∞∫
−∞

dω

∞∫
−∞

dω′
exp(i|ω|r)exp(i|ω′|r′)

(�̃ap − ω)(�̃aq − ω − ω′)(�̃ar − ω)

=

∞∫
0

dω

∞∫
0

dω′ sin(ωr) sin(ω′r)

× 1
(�pa + ωsign(Ep))(�qa + (ω + ω′)sign(Eq))(�ra + Ersign(ω))

×




1 +
1
�rp

[
ω(sign(Ep)− sign(Eq))(�ra + ωsign(Er))

�pq − ω′sign(Eq)

−ω(sign(Er)− sign(Eq))(�pa + ωsign(Ep))
�rq − ω′sign(Eq)

]




≡
∞∫

0

dω

∞∫
0

dω′ F (in)(ω, ω′)(1 + S(in)(ω, ω′)) ,

(33)

where �pq = Ep − Eq etc.
The advantage of Eq. (33) is the possibility of neglecting the term containing

S(in)(ω, ω′). This neglect is due to the presence of large denominators of the type
Ep−Eq−ω′sign(Eq). Remembering that this denominator is combined with the
numerator sign(Ep) − sign(Eq) we obtain for Ep > 0, Eq < 0 the behaviour
Ep − Eq − ω′sign(Eq) ≥ 2m and the behaviour Ep − Eq − ω′sign(Eq) ≤ −2 m
for the opposite case. For large ω, ω′ ≥ 10 m the terms with S(in)(ω, ω′) begin
to oscillate strongly what is evidently connected with the numerical instability
and has no physical background since in principle the integral I(in) converges.
We therefore cut off the oscillating part at 10 m. The remainer of S(in)(ω, ω′)
contribution is then negligible compared to 1 in Eq. (33). The same situation
arises also for the integral I(cr).

For the terms, containing only F (in)(ω, ω′), F (cr)(ω, ω′) functions the inte-
gration is extended up to 465 m.

Within our approach the major source for inaccuracies is the different treat-
ment of the bound-state terms and free-electron counterterms, since the B-spline
representation of the latter terms generates severe numerical difficulties. There-
fore, we prefered to add and subtract zero-potential terms of the potential ex-
pansion Fig. 4 to each individual expression in Eq. (17). Zero-potential terms
differ from the bound-electron terms by the substitution of the bound-state
propagators by the free-electron ones but keeping the bound-state energy Ea
in the energy denominators. Differences between each of the bound-electron
terms and corresponding zero-potential in Eq. (17) can be evaluated equally
well within the B-spline approach. The evaluation of the remaining differences
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between zero-potential terms and counterterms can be accomplished semiana-
lytically. A similar procedure has been already utilized earlier in the calculation
of the first-order electron self energy [17,18]. This diminishes the inaccuracy in
the numerical calculations which in our case still remains rather high: about
40%. This inaccuracy was determined by the unstability of the results with the
change of the number of grid points from N = 23 to N = 46.

The individual terms �El1,l21s of the double partial-wave expansion

�E(2)ren
1s =

∑
l1,l2

�El1,l21s (34)

for uranium (Z = 92) and lead (Z = 82) H-like ions are listed in the Tables 2,3.

Table 2. Partial-wave contributions �E(l1,l2)
1s to �E(2)ren

1s for the H-like U ion (in eV)

l2 = 0 l2 = 1 l2 = 2 l2 = 3

l1 = 0 0.699 0.384 0.106 −0.059

l1 = 1 0.384 −0.188 0.563

l1 = 2 −0.427 −0.376

l1 = 3 0.501

Table 3. Partial-wave contributions �E(l1,l2)
1s to �E(2)ren

1s for the H-like Pb ion (in
eV)

l2 = 0 l2 = 1 l2 = 2 l2 = 3

l1 = 0 0.439 0.158 0.051 −0.04

l1 = 1 0.186 −0.092 0.228

l1 = 2 −0.135 −0.124

l1 = 3 0.172

The inaccuracy of our calculations is determined by the unstability of nu-
merical results with the change of the number of grid points from N = 23 to
N = 46. This unstability can be as large as 38% (SESE b), l1 = 2, l2 = 0,
Z = 82). However, we can consider these errors as statistical, not systematical.
It follows from the Tables 2,3 where nearly one half of the values have the op-
posite signs. Then in the sum Eq. (38) this inaccuracy should decline as 1/

√
n,

where n is the number of terms, in our case n = 10, so that we estimate the
final inaccuracy as 12%. The other argument is that for same reason the final
inaccuracy should not exceed too much the absolute inaccuracy for the one term
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Table 4. Lamb shift contribution for the ground state of 238U91+ ion (in eV). Here
R0 denotes the nuclear radius, M is nuclear mass and a0 is the Bohr radius. The finite
nuclear-size correction is calculated for a Fermi distribution with 〈r2〉1/2 = 5.860±0.002
fm. The corrections VPVP (f) and S(VP)E are known only in Uehling approximation.
The inaccuracies assigned to these rather small corrections are estimated as the average
of the inaccuracies of the Uehling approximation deduced from exact results for the
corrections VPVP (e) and SEVP (g),(h),(i)

Correction Order of magnitude Numerical value Reference

and scaling with Z

Binding energy m(αZ)2 −132279.66

Finite nuclear size m(RZ/a0)2 198.82 ± 0.10 [3]

Electron self energy mα(αZ)4 355.05 [3]

Vacuum polarization mα(αZ)4 −88.60 [3]

Total first-order QED mα(αZ)4 266.45

SESE (a) (irred) mα2(αZ)5 −0.97 [11,22,26]

SESE (a) (red), (b),(c) mα2(αZ)4 1.28± 0.15 This work

VPVP (d) mα2(αZ)5 −0.22 [7,8,35]

VPVP (e) mα2(αZ)4 −0.153 [4,5,6]

VPVP (f) (Uehling) mα2(αZ)4 −0.60± 0.01 [4,5]

SEVP (g),(h),(i) mα2(αZ)5 1.12 [8,9]

S(VP)E (Uehling) mα2(αZ)5 0.13 [8,10]

Total second-order QED 0.59± 0.16

Relativistic recoil m(m/M)(αZ)2 0.16 [36,37]

Nuclear polarization −0.2± 0.1 [38]

Lamb shift (theory) 465.82 ± 0.26

Lamb shift (experiment) 469± 13 [1]

of the double PWE. In the example given above this absolute inaccuracy is 0.09
eV. The final value�E(2)ren

1s was obtained by an extrapolation from the numbers
given in Tables 2,3. Accordingly, we evaluated the accumulated sums

Sl =
l1+l2=l∑
l1,l2

�E(l1,l2)
1s (35)

for l = 0, 1, 2 and 3. Corresponding values in eV for U and Pb are

U : S0 = 0.70, S1 = 1.47, S2 = 0.96, S3 = 1.59 , (36)
Pb : S0 = 0.439, S1 = 0.783, S2 = 0.607, S3 = 0.843 . (37)
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Table 5. Lamb shift contribution for the ground state of 208Pb81+ ion (in eV). The
notations are the same as in Table 4. The finite nuclear size correction is calculated for
a Fermi distribution with 〈r2〉1/2 = 5.505±0.001 fm. The SESE (a) (irred) correction is
obtained by an interpolation from the known values for Z = 70, 80, 92. The inaccuracy
of the Uehling approximation for VPVP (f) and S(VP)E corrections is neglected. The
zero value presented for the nuclear polarization is due to the cancellation of the usual
nuclear polarization [35] with the mixed nuclear polarization (NP)-vacuum polariza-
tion correction [36]. The latter effect arises when the nucleus interacts with a virtual
electron-positron pair. For lead, due to the collective monopole vibrations, specific for
this nucleus, mixed NP-VP effect becomes rather large. Therefore, the nuclear polar-
ization effects which otherwise limit very precise Lamb shift predictions are almost
completely negligible for 208Pb, making this ion especially suitable for the most precise
theoretical predictions

Correction Order of magnitude Numerical value Reference

and scaling with Z

Binding energy m(αZ)2 −101581.37

Finite nuclear size m(RZ/a0)2 67.25 [3]

Electron self energy mα(αZ)4 226.33 [3]

Vacuum polarization mα(αZ)4 −48.41 [3]

Total first-order QED mα(αZ)4 177.92

SESE (a) (irred) mα2(αZ)5 −0.51 [11]

SESE (a) (red), (b),(c) mα2(αZ)4 0.73± 0.09 This work

VPVP (d) mα2(αZ)5 −0.09 [7,8,35]

VPVP (e) mα2(αZ)4 −0.07 [4,5,6]

VPVP (f) (Uehling) mα2(αZ)4 −0.34 [4,5]

SEVP (g),(h),(i) mα2(αZ)5 0.53 [8,9]

S(VP)E (Uehling) mα2(αZ)5 0.07 [8,10]

Total second-order QED 0.32± 0.09

Relativistic recoil m(m/M)(αZ)2 0.10 [36,37]

Nuclear polarization 0.00 [38,39]

Lamb shift (theory) 245.59 ± 0.09

Lamb shift (experiment) 290± 75 [40]
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The extrapolation formula was the same as for the the first order (see Table 1).
The results are

�E(2)ren
1s (Z = 92) = 1.28± 0.15 eV ,

�E(2)ren
1s (Z = 82) = 0.73± 0.09 eV .

(38)

We should stress that one should not require the convergence of �E(2)ren
a in

both directions along l1or l2 in the two-dimensional space l1, l2. This kind of
convergence would exist only in the case of the weak coupling between the two
partial wave expansions in �E(2)ren

a : e.g. when the two expansions are fully
independent and factorize. The numbers in Tables 2,3 indicate that in our case
the coupling is strong. The limit of the number of partial waves was set by
the extremely large computer time required. The calculations were performed
at the computer center of the Technical University of Dresden on the CRAY-
T3E supercomputer with 32 parallel processors. The inclusion of 4 partial waves
l1, l2 = 0, 1, 2, 3 in both PWE with the limitation lmax ≤ 3, l = l1 + l2 required
more than 20 thousend single-processor CPU hours for each ion (U,Pb).

In Tables 4,5 we summarize all known corrections to the ground-state energy
of hydrogen-like U and Pb ions including the complete set of the SESE correc-
tions obtained in the present paper. The inaccuracy assigned to our results for
SESE a) (red) + SESE b), c) corrections remains the main source of the total
error in the theoretical Lamb shift prediction. We expect that the inaccuracy can
be essentially diminished within the framework of the method described above.
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