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Motivation 1-1

Simple AC over time
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Figure 1: Estimated copula dependence parameter §t with the Local
Change Point method for 6-dimensional data: DC, VW, Bayer, BASF,
Allianz and Miinchener Riickversicherung. Clayton Copula.

Giacomini et. al (2009)
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Motivation 1-2

Time Varying Structures
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Figure 2: Film of changing structures over time.
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Motivation 1-3

Main ldea

combine interpretability with flexibility of copulae
determine the structure of HAC for a given time series
identify time varying dependencies

apply to risk pattern analysis

OO0 O

reduce dimension of dependency
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Hierarchical Archimedean Copulae 2-1

Copula

For a distribution function F with marginals Fx, ..., Fx,. There
exists a copula C : [0,1]9 — [0, 1], such that

F(xi,...,xq) = C{Fx,(x1), ..., Fx,(xq4)} (1)

forall x; e R, i=1,...,d. If Fx,,...,Fx, are cts, then C is
unique. If Cis a copula and Fx,..., Fx, are cdfs, then the
function F defined in (1) is a joint cdf with marginals Fx,,..., Fx,.
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Hierarchical Archimedean Copulae 2-2

Archimedean Copulae

Multivariate Archimedean copula C : [0,1]¢ — [0, 1] defined as

Clut, - ug) = d{o () + - + ¢ (ua)}, (2)
where ¢ : [0,00) — [0, 1] is continuous and strictly decreasing with
#(0) =1, ¢(c0) = 0 and ¢! its pseudo-inverse.

Example
Deumper(u,0) = exp{—u'/?}, where 1 < 0 < o
Gciayton(u0) = (Ou+1)""", where 6 € [-1,00)\{0}

Disadvantages: too restrictive, single parameter, exchangeable
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Hierarchical Archimedean Copulae

2-3

Hierarchical Archimedean Copulae

Simple AC with s=(1234)

Clur, u2, u3,us) = G (v, U2, U3, ug)

Vg

(1234)

X1

Fully nested AC with s=(((12)3)4)
C(ur, uz, u3,u3) = G[C{ G (w1, u2), uz}, ug]

X1 X2 X3
NS
Z12
AN

Z((12)3)4
HALOC

Xq

AC with s=((123)4)
C(ur, vz, u3,u3) = G {Co(u1, vz, u3), ug}

X1 X2 X3 Xq
Z(123)
Partially Nested AC with s=((12)(34))
Clur, w2, uz, us) = G{C(u1, u2), G3(uz, ua)}

N/ N/

z 34
\ Z(mK

Z((12)3)4




Hierarchical Archimedean Copulae

Hierarchical Archimedean Copulae

Advantages of HAC:

[ flexibility and wide range of dependencies:
for d = 10 more than 2.8 - 108 structures

(] dimension reduction:
d — 1 parameters to be estimated

(] subcopulae are also HAC
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Hierarchical Archimedean Copulae 2-5

Criteria for grouping based on @'s

)({\/Z)Q\/3)q\/4)(<\/3)(2\/4)q\/4
Z12 Z13 Z14 33 Z24 Z34
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Hierarchical Archimedean Copulae

Criteria for grouping based on @'s

X1 X2 X1 X3 X1 Xa X2 X3 X2 X4
212 Z13 Z14 223 224

max{012, 013, 014,623,024, 034} = 613 =
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Hierarchical Archimedean Copulae 2-7
Criteria for grouping based on 0’s

Xi\/)(2)(1\/)(3)(1\/)(4)%\/)(3)(2\/)(4)(3\/)(4
Z12 213 Z14 33 Z24 Z34

max{012, 013, 014,623,024, 034} = 613 =

NS

Z(13)4 224
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Hierarchical Archimedean Copulae 2-8
Criteria for grouping based on 0’s

Xi\/)(2)(1\/)(3)(1\/)(4)%\/)(3)(2\/)(4)(3\/)(4
Z12 213 Z14 33 Z24 Z34

max {012, 013, 014, 023,004,034} = 013 =

NS

max{§(13)27§(13)47é\24} = §(13)4 =
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Hierarchical Archimedean Copulae 2-9

Criteria for grouping based on @'s

Xi\/)(2)(1\/)(3)(1\/)(4)%\/)(3)(2\/)(4)(3\/)(4
Z12 213 Z14 33 Z24 Z34

max {012, 013, 014, 023,004,034} = 013 =

X1 X3 X2
NI / N /
Z13 X2 X4
AN NS
Z(13)2 Z(13)4 E2%)
max{§(13)27§(13)47é\24} = §(13)4 =
X1 X3 X2
NS
Z13
Z(13)4

Z((13)4)2
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Hierarchical Archimedean Copulae 2-10

Criteria for grouping based on @'s

Xi\/)(2)(1\/)(3)(1\/)(4)%\/)(3)(2\/)(4)(3\/)(4
Z12 213 Z14 33 Z24 Z34

max {012, 013, 014, 023,004,034} = 013 =

NS

max {01312, Ouzya. 024} = Ouzye =

X2

X1 X3
Z13

Z(13)4

)

X2
<

5(13) ((13)4) =

Z((13)4)2
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Hierarchical Archimedean Copulae 2-11
Criteria for grouping based on @'s
X1 X2 X1 X3 X1 Xa X2 X3 X2 X4 X3 X4
NSNS NSNS NS NS
Z12 213 Z14 Z23 Z24 Z34
max {012, 013, 014, 023,004,034} = 013 =
X1 X3 X2
N / N4 /
Z13 X2 X4
AN NS
Z(13)2 Z(13)4 E2%)

max{gl.’. 27513 47524} = §13 . =

0(13) 13)4 \ /
Z 13)4 Z 134

Z((13)4)2 ((134)2)
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Local Parametric Modeling by HAC 3-1

Local Change Point Detection

1.2 T

L L L L
G0 100 200 t=m* 300 t

Figure 3: Dependence over time for DaimlerChrysler, Volkswagen, Bayer,
BASF, Allianz and Miinchener Riickversicherung, 20000101-20041231.
Giacomini et. al (2009)
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Local Parametric Modeling by HAC 3-2

Adaptive Copula Estimation

[J adaptively estimate largest interval where homogeneity
hypothesis is accepted
(] Local Change Point detection (LCP): sequentially test 6;, s;

are constants (i.e. 6y =0, s; = s) within some interval /
(local parametric assumption).
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Local Parametric Modeling by HAC 3-3

() “Oracle” choice: largest interval | = [ty — my«, tg] where small
modelling bias condition (SMB)

= "K{C(5t,0:),C(55,0)} < A

tel

holds for some A > 0. my- is the ideal scale, (s, 0)' is ideally
estimated from | = [ty — my~, tp] and K(-,-) is the
Kullback-Leibler divergence

( Stve)

KAC(i5.60). C15.0)} = E,, g, log = 5
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Local Parametric Modeling by HAC 3-4

Under the SMB condition on /i« and assuming that
max<k+ E, g|L(Sk, Ok) — L(s,0)|" < R.(s,0), we obtain

£(3;,0;) — L(s,0)|"
<
E.o.log {1 + R (s,0) Si+4,

|L(57, 5A) — L(s;, §A)|’
E [ 1+ k’ k k "k <p+ A
5t,0¢ og{ R:(s,0) p ’

where 3; is an adaptive estimator on / and 3, is any other
parametric estimator on /.
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Local Parametric Modeling by HAC

Local Change Point Detection

1. define family of nested intervals
hchchcC...Clk=1Iku with |ength my as
Ik = [to — my, to]

2. define T = [to — My, ty — mk_l]

to — Mkt to — mg to — Mk_1
1 1 1
' N N
Thr1 Tk k-1
N
I
N
Iya
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Local Parametric Modeling by HAC 3-6

Local Change Point Detection

1. test homogeneity Hg x against the change point alternative in
Tk using Iy

2. if no change points in Ty, accept /. Take Ty ;1 and repeat
previous step until Hg x is rejected or largest possible interval
Ik is accepted

3. if Hy is rejected in T, homogeneity interval is the last
accepted [ = I,

4. if largest possible interval Ik is accepted 1= I
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Local Parametric Modeling by HAC 3-7
Test of homogeneity

Interval | = [tg — m, t], T C I
Hy : VY1€% 0;=80, s; =s,
VteJ=|rt],Vte J =1\J
H : €% 0, =01, st =s1; Vt€ J,
Oy =0 £ 01, st =5 # s,Vt e JS

TN —

to —m
|
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Local Parametric Modeling by HAC 3-8
Test of homogeneity

Likelihood ratio test statistic for fixed change point location:
TI,T = max{LJ(Gl) + LJc(ez)} — max L/(G)
01,02 0
= MLy + MLyc — ML,
Test statistic for unknown change point location:

T/ = max T/ T
TET) ’

Reject Hy if for a critical value (;

Ty > ¢
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Local Parametric Modeling by HAC 3-9

Selection of /, and (;

(] set of numbers my defining the length of /, and ¥, are in the
form of a geometric grid

B my = [mock] for k =1,2,... K, mg € {20, 40}, c = 1.25
and K = 10, where [x] means the integer part of x

Ll = [to —mk,to] and T, = [to — my, by _mk—l] for
k=1,2,....K

(Mystery Parameters)

d
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Simulation Study 4-1

Sequential choice of (

[J after k steps are two cases: change point at some step ¢ < k
and no change points.
(] let By be the event meaning the rejection at step /¢

Bf = {Tl < Clu"'?Tf—l < CZ—l, TZ > CZ})

and (?k,/ék) = (’5571,6671) onByfor{=1,... k.
(] we find sequentially such a minimal value of (; that ensures
following inequality

(1%, Ese 0| £ (e 0,)—L(3-1,001)|"V(Be) < pR,(s*, 6" e
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Simulation Study

lHlustration
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Simulation Study 4-3

Sequential choice of (,
1. pairs of Kendall's 7: V{71, 7} € {0.1,0.3,0.5,0.7,0.9}%, 71 > 7
2. simul. from Cy, g, (u1, U2, u3) = C{C(u1, uz; 01),u3; 02}, 0 = 0(7)

3. run sequential algorithm for each sample

Figure 4: (i éf the 3—dimens4iona| HAC as ; function of kgwith the ﬁxed10
mo =40, p=0.5, r = 0.5, 7 = 0.1 and for different 7. 7 = 0.1 (solid),
79 = 0.3 (solid), 7 = 0.5 (solid), 7 = 0.7 (dashed), 7 = 0.9 (dashed)w
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Simulation Study

Simulation:

Ct(u17 us, U3;$,9) = {

Change in 64, |

C{ul, C(Ug, us; 01 = 333), 92 = 143}
C{u1, C(u2, u3; 61 = 2.00); 0, = 1.43}

1. N =400 and 100 runs

2. LCP based on the same critical values

for 1 <t <200
for 200 < t < 400
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0.4
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Figure 5: 61 and 6, on the intervals of homogeneity (median - dashed line,

mean, - solid line).
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Simulation Study 4-5

Simulation: Change in 6y, Il
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Figure 6: Intervals of homogeneity and ML on these intervals (median -
dashed line, mean - solid line)
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Simulation Study 4-6

Simulation: Change in 6,, |

Cu(tn, s, u5: 5, 0) = C{u, C(up, u3;61 =3.33); 0, = 1.43}  for 1 <t <200
ML I E ST T C{uy, C(uo, uz; 61 = 3.33); 62 = 2.00}  for 200 < t < 400

1. N =400 and 100 runs

2. LCP based on the same critical values
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Figure 7: 61 and 6, on the intervals of homogeneity (median - dashed line,
mean - solid line). -
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Simulation Study 4-7

Simulation: Change in 6,, Il
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Figure 8: Intervals of homogeneity and ML on these intervals (median -
dashed line, mean - solid line)
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Simulation Study 4-8

Simulation: Change in the Structure, |
. - C{Lll7 C(Ug, U3;91 = 333), 0, = 143} for 1 <t <200
Ce(un, 1, U3 5,0) = { C{C(u1, up; 01 = 3.33), uz; 0 = 1.43}  for 200 < t < 400
1. N =400 and 100 runs

2. LCP based on the same critical values
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Figure 9: The structure of the est. HAC on the intervals of homogeneity

(median - dashed line, mean - solid line) =2
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Simulation Study 4-9

Simulation: Change in the Structure, Il
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Figure 10: Intervals of homogeneity and ML on these intervals (median -
dashed line, mean - solid line)
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Empirical Part

Data and Copula

daily values for the exchange rates
JPN/EUR, GBP/EUR and USD/EUR

timespan = [4.1.1999; 14.8.2009] (n = 2771)

{6 = exp(—u'/?)} - Gumbel generator
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Empirical Part 5-2

Data and Copula
[J a univariate GARCH(1,1) process on log-returns

Xit = Mj¢+0jiejr with O'J%t =wj + ajsz,tfl + Bj(Xj -1 — Mj7t—1)2
er ~ C{F(x1),...,Fg(xq);:0¢}

[] estimated copula from the whole sample
st = (JPY USD)1.583 GBP1.413

fij @j aj B BL KS

JPY 4.85e-05 2.99e-07 0.06 0.94 0.73 1.70e-05
(1.15e-04) (1.02e-07) (7.49¢-03) (7.64e-03)

GBP 6.34e-05 1.44e-07 0.06 0.93 0.01 2.10e-04
(7.39e-05) (5.11e-08) (8.75e-03) (9.12e-03)

usD 1.76e-04 1.19e-07 0.03 0.97 0.87 1.65e-03
(1.10e-04)  (5.92e-08) (4.14e-03) (4.28e-03)

Table 1: Estimation results univariate time series modelling.
HALOC =50




Empirical Part 5-3

Rolling window

n
ML = Z |0g{f(u,'1./ coey U,'d,g)},
i=1

where f denotes the joint multivariate density function.

AIC = —2ML +2m,  BIC = —2ML + 2log(m)

)

where m is the number of parameters to be estimated.
O:(d x d) - matrix of the pairwise 6 based on the 250 days before t

18— B il = \Ama{(®c — B 1)(Oc — O, 1)T}

Lmersa]
e

HALOC o




-400

-500

Empirical Part 5-4

Copulae over time
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Date

Figure 11: Time-varying HAC: BIC for the AC, Gaussian copula and HAC.
Difference Matrix and points of the changes of the structure.
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Empirical Part 5-5

LCI? for HAC to real Data
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Figure 12: Structure, 71 and 7» of the HAC on the intervals of homogeneity

HALOC




Empirical Part 5-6
LCP for HAC to real Data
£ 8-
s g
3 g
4 &4
E <
g a T T T T T T T T T T
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Figure 13: Intervals of homogeneity and ML on these intervals
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Empirical Part 5-7
Data and Copula

daily returns values for Dow Jones (DJ), DAX and NIKKEI
timespan = [4.1.1999; 14.8.2009] (n = 2771)
{¢ = exp(—u'/?)} - Gumbel generator
estimated copula from the whole sample
s = (DAX DJ)2.954 NlKKE|1‘222

Lij wj ] g BL KS

DAX 6.94e-04 4.17e-06 0.11 0.87 0.23 3.35e-05
(1.39e-04) (5.29¢-07) (0.01) (9.39-03)

DJ 5.96e-04 3.09e-06 0.11 0.87 0.02 1.58e-07
(1.11e-04)  (3.38¢-07) (0.01) (9.40e-03)

NIKKEI 5.62e-04 3.01e-06 0.12 0.88 0.78 2.45e-13
(1.45¢-04) (5.18¢-07) (0.01) (8.71e-03)

Table 2: Estimation results univariate time series modelling.
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BIC
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Empirical Part 5-8

Copulae over time
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Figure 14: Time-varying HAC: BIC for the AC, Gaussian copula and HAC.
Difference Matrix and points of the changes of the structure.
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Empirical Part 5-9

LCI? for HAC to real Data
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Figure 15: Structure, 71 and 7> of the HAC on the intervals of homogeneity
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Empirical Part 5-10

LCP for HAC to real Data
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Figure 16: Intervals of homogeneity and ML on these intervals
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