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Complex Numbers

Complex number are introduces in the similar way as the fractions (- € Q, Vn,m € Z). Let us
consider the set of pairs of numbers n, m € Z with two operations {"+', -} on it. This operations
fulfills following properties

L. V(n,m),(p,q) € Q: (n,m)+ (p,q) = (ng +pm,mq)

2. ¥(n,m),(p,q) € Q: (n,m) - (p,q) = (np,mq)
Subtraction are defined based on the multiplication. Two rational numbers are to be equal if
ng = pm. If the second number in the pair is replaced by the 1, then these pair behaves like the
integer numbers

L (n,1)+(1)=(nl+pl,1-1)=(n+p,1)=n+p, Vn,peZ

2. (n,1)-(p,1)=m-p,1)=np, Vn,peZ
This pair are also denoted as (n,m) = = € Q. In the similar way we introduce the complex
numbers.
Definition 1. The set of pair of the real numbers (z,y), Yo,y € R is called the field of complex
numbers if there are introduced two operations {'+') '} with following properties

1. Y(z,y), (u,v) € C: (z,y) + (u,v) = (z +u,y +v)

2. V(z,y), (u,v) € C: (2,y) - (u,v) = (zu — yv, 2v + yu)
Subtraction are defined based on the multiplication. If the second number in the pair is replaced
by the 0, then these pair behaves like the real numbers

1. (,0)+ (4,0) = (x +u,0+0) = (r+u,0) =2+ u, Vo,u e R

2. (z,0) - (v,0)=(z-u—0-0,z-04+0-u) =zu, Vr,u € R
Notice following relationship between real and complex numbers if z,u,v € R then x(u,v) =

(u,v)z = (x,0)(u,v) = (zu, xv). Based on this every complex number z = (z,y), z,y € R could
be written in the form

z=(z,y) = (2,0) + (0,y) = (,0) + y(0,1) = 2 + y(0,1)

When we denote ¢ = (0, 1), then z = x+iy. That is classical representation of complex numbers.
It is very important to know what this number ¢ means. For that et us look on the i?

i =(0,1)(0,1) = (=1,0) = —1



And we write that z € C. Let us have a look on the properties of the operation we put on that
space. Let z = (z,y) € C,w = (u,v) € C than

Z=wW & T=UuNYy="v

z = & =0Ay=0
z+w = (x+iy)+ (utiv) =
= (z4u)+ilv+y) =a] +iy]
2w = (x+4idy)(u+iv) =

T + ivx + iyu + iyv

(zu — yv) + i(ve + yu)
= x5+iys

z Tty

w o utiv

TH+y u—w

U+ U —1w

(zu + yv) + i(yu — zv)
u? + v?

U+ Yyv = Yyu + v

W2t 1o

= x3+iy;3

the fraction is fine except when u? 4+ v? = 0, that is when u = v = 0. So this means, that we
may divide by any complex number except (0,0). From the calculations above, we may see,
that the set of complex numbers is closed under the given operations. Neutral complex number
under the operation of '+’ is zero

24 0=(z,9) +(0,0) = (z,y) = =
And neutral number under the operation '~ is (1,0)
z-1= (Jf,y) : (170) = ($7y) =z

And for each number z € C exists an inverse for both operations {'+',/ '}

—z = —(z,9) = (~z,~y) = —r —iy =
z24+(—=2) = z+iy+(—z—iy)=0
2l =1
1 1 T — 1y T —y

°T x+iy:x2+y2:x2+y2+zm2+y2

The part = in the complex number z = x + iy is called Real part and could be get by Re(z) = x.
The part y is then called as the imaginary part and Im(z) = y. In the lies above we often used
complex number x — iy that is based on the x +4y. This number is called conjugate to z = x+1iy
and is denoted by Z = x — 1y. The product between the z and z

27 = (z +iy)(z — iy) = 2> + o*
is called the square of the length of the complex number.

:z§:x2—|—y2



We have taken the notation from the modulus | - |, just because |(x,0)] = Va? = |z|. Having
notation of the conjugate complex number and the length of the complex number the operation
of subtraction is now much more easy

z zutyv Yu — U
wo o fwf? |w]?
1 x =Y
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Length and the conjugate of the complex number have several interesting properties. Assume
z=x+1iy € C and w = u 4 iv € C then holds

(z4+w) = (z+u)—ily+wv)
(x —iy) + (u —iv)

Z+w
w = (v41iy)- (u+iv)

= U+ 2V + 1Yy — Yyv = U — 1TV — YU — Yv
= (x—iy)(u—1iv) =zw

lz+w? = (z+w)(z+w) = (z+w)(Z+w)

2Z + (wz + wz) + ww

12|*2Re(wZ) + |w|?

|22 + 22 |w] + [w]? = (2] + |w])* =
[z +w| < [z] + |w]

IA

As the complex number is represented by the pair of the real numbers it is natural to present
the complex number on the Decart plane (Euclidean space), where on the OX axis we present
the Real part of the complex number, and on the OY axis the imaginary part. The sum of two
complex numbers on the plane is calculated similarly as the sum of the vectors, and is the the
last vertex on the parallelogram (0,0); (x,y); (u,v). Geometrically, the conjugate of z is simply
the reflection of z on the horizontal axes. The length of the complex number is just a length of
the vector (0,0), (z,y).

As we could represent the complex number on the plane, we also can introduce another pair
of coordinates: polar system. That is based on the angle of the vector (¢) and on the length
(r) of the number. So changed the system (z,y) — (r,60). The 6 is called the argument of
the z, and of course there are a lot of possibilities of 6, where 0 is called the argument, and
one writes Arg(z) = 61. In this new parametrization the complex number is that written by
z = r(cos(#) + isin(f)). The very important formula of this trigonometrical representation of
the complex numbers is Moivre-Laplace Formula.

Suppose, that z = r(cos(d) + isin(f)) and w = s(cos(?) + isin(J)) than
zw = r(cos(f) +isin(f))s(cos(¥) + isin(d))

= rs[(cosfcos? — sinfsind) + i(sin O cos ¥ + sin ¥ cos 0)]
= rs(cos(f + ) + isin(f + 0))



That is nice result of the product of two complex numbers. It is also we often in use in the
calculation of the powers of the complex numbers

2" = r"(cos(nb) + isin(nd)) (1)

Graphically the result of the product of two complex numbers is the complex number which
length is the product of two lengths and an argument is the sum of those two arguments. The
last, but also very important parametrization of the complex numbers is the exponential form.

re® = r(cosf + isin )

This parametrization leads to the same results as trigonometrical form, but in much easier way

ro= |z
qw = relse” = rsel®+?)
1 1 1 _.
I - = *6_10
z ret T
z re?? r i(6—9)
- = . —e
w set? s
Examples
1. get powers of i.
=1
i4n+3 = 3
2. Simplify

VTi+24i = VT+2-3-4-i=+V7+2-3-4-i+16—16
= V2.3:4-i4+42-9=1/2-3-4-i+42+ (3i)2

= V(Bi+4)?2=3i+4

3. Simplify
T+i  14d 7T+i  (1+)(T+1i)
T—i  T—i T+i 49— {2
T Hi+Ti+i® 6+8i
N 49 +1 50
3 4
= 25 '

Characteristic Functions

Definition 2. The characteristic function of a random variable X is defined for real t as

B(t) = /OO e dFy (z) = 7 cos(tz) dFx (z) + i 70 sin(tz) dFx ()



All properties for the expectation of the complex variable stays the same as are for the real
variable. The characteristic function is the inverse Fourier transform of the distribution function.

Definition 3. The Fourier Transform is the transformation of the function over orthogonal
basis functions (imaginarial exponential of functions). Under the Fourier transform we think of
different transformations of infinite dimensional vector from one basis to another

flx) = % / e " F(x) dx

There is also an Fourier inversion theorem that says

Theorem 1. Suppose g,¢ € L and

o) = [ (o) ds
then
( )—-:ljfe”x¢<x>dx
g o
everywhere.

The characteristic function always exist, because distribution function is always integrable.

Properties of the characteristic function

1. Characteristic function completely characterize the distribution function (uniquely deter-
mines). Based on the Fourier inversion theorem

flz) = % / eiit’”d)(@ dx

2. The characteristic function of X; + X5 is the product of characteristic functions ¢, (t) and

P2(1).
Let Xq ~ I7 and X5 ~ Fy from the definition of the distribution function that means that

Fi(x) = P(X; <)
Fo(z) = P(Xa<a)
Friax(s) = P+ Xa<s)= [ Fndha)
= Fy x Fy(s)
¢F1*F2 (t) — E(eit(xl-i-xz)) — E<eitxleit$2) — Eeitz‘1 Eeitl‘z
= ¢F1 (t)¢F2 (t)

Fy x F5(s) is called convolution of two distribution functions. The convolution look the
same for the density functions.



3. ¢ is uniformly continuous

Definition 4. A function f(x) is uniformly continuous in A if Ve > 035 > 0

sup [f(z) = fly)l <e

{(z,y)€A2:|z—y|<d}

4. $(0) =1 and |$(€)] < 1€

5. aX + b has a characteristic function
E(eit(aX-H))) — EeitaXEeib _ eiqu(at)

where ¢(t) is the characteristic function of X

Some explicit forms of the characteristic functions

distribution f(t) o(t)
1 —1ia? —12
Normal oriE e ,2 1
. . 1 iat—
Uniformal on [0; a] o ST
Cauchy %w% e ¢l



