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Methods for Extracting the Temperature and Power
Dependent Thermal Resistance for SiGe and III-V

HBTs from DC Measurements:
A Review and Comparison Across Technologies

Markus Müller, Vincenzo d’Alessandro, Sophia Falk, Christoph Weimer, Xiaodi Jin, Mario Krattenmacher,
Pascal Kuthe, Martin Claus and Michael Schröter

Abstract—Many different methods have been proposed in
the literature for the extraction of the thermal resistance of
heterojunction bipolar transistors (HBTs). This review presents
a detailed evaluation and discussion of several widely used
methods. Special emphasis is put on a generalized analysis of
the underlying assumptions, suitable operating point range and
necessary measurement effort of each method. The accuracy of
each method is determined by applying it to data based on
circuit simulations of advanced SiGe and III-V HBT techno-
logies. Experimental data from those technologies are used to
highlight practical issues. A guideline for the selection of the
most suitable method in practice is also given.

Index Terms—compact modeling, heterojunction bipolar
transistor, HBT, parameter extraction, self-heating, thermal
resistance

I. Introduction

THE continuous demand for faster and more power-
efficient devices and applications has led to shrinking

dimensions of HBTs and, therefore, increasing current
densities. At the same time lateral heat-spreading in SiGe
HBTs has been restricted by the use of shallow and deep
trenches or, in HBTs based on III-V semiconductors, by
their mesa structure. In combination, these effects lead
to severe self-heating in all modern technologies. The
corresponding junction temperature rise impacts the ter-
minal characteristics of HBTs. For this reason, self-heating
needs to be consistently taken into account for both
circuit design and compact model parameter extraction.
Furthermore, predicting the safe-operating-area (SOA) of
HBT technologies which are highly susceptible to thermal
breakdown, like III-V HBTs, requires accurate modeling
of self-heating.

The widely used compact models HICUM/L2 [1], MEX-
TRAM 504 [2], and VBIC [3, 4] take self-heating into
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account via an adjunct thermal network that contains a
thermal resistance. Therefore, it is important to under-
stand the underlying assumptions and resulting accuracy
of the thermal resistance extraction methods. In this
work, only methods for determining the thermal resistance
from DC measurements are reviewed. In contrast to low-
frequency AC or pulsed transient methods, DC measure-
ments are easier to perform and require less expensive
equipment. DC methods are thus attractive for practical
parameter extraction tasks in an industrial environment.
In the literature, many different methods for extracting the
thermal resistance have been proposed [5–22], which can
yield widely different results. However, a review of these
methods that generalizes, compares and verifies them for
different HBT technologies has not been presented so
far. In particular, the operating point dependence of the
extracted thermal resistance-related model parameters has
rarely been investigated.

This manuscript is organized as follows. In Section II
the thermal resistance models of industry-standard HBT
models are reviewed. The investigated HBT technologies
are introduced in Section III . Section IV highlights the
importance of the Early-effect in the context of thermal
resistance parameter extraction. Section V discusses the
widely used extraction methods in a general way and ap-
plies them to the different technologies. Finally, Section VI
provides a recommendation on selecting a thermal resist-
ance parameter extraction method for practical purposes
and discusses an improved implementation of the thermal
resistance in compact models.

II. Thermal Resistance Modeling
Generally, the thermal resistance depends on the back-

side temperature of the chip TB, and the power PD

dissipated in the transistor [23]. For junction temperatures
in the range of 250...500K, for which the existing standard
compact models are valid, the thermal resistance can be
described with sufficient accuracy by [23]

Rth(TB, PD) = Rth (TB) (1 + αPdPD) , (1)
where [9, 13, 24]

Rth(TB) = Rth,0

(
TB

T0

)ζth

(2)
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and Rth,0 is the thermal resistance at a reference tem-
perature (e.g. T0 = 300K) and for negligible PD. Eq. (2)
models Rth as function of TB only, using the temperature
dependent analytical description of the thermal conductiv-
ity with the exponent factor ζth > 1. The second term in
(1) takes into account a further change of the thermal
conductivity (versus TB) resulting from non-negligible
PD. The corresponding temperature coefficient is then
approximated by

αPd ≈ ζthRth(TB)/ (2TB) > 0 (3)

and results from a linearized representation of an originally
non-linear dependence [23]. The junction temperature,
required for modeling the impact of self-heating on the
electrical device behavior in HBTs, is given by

Tj = TB +Rth(TB, PD)PD . (4)

Compact models contain a simplified version of (1). In
VBIC, Rth is assumed to be independent of temperature
and power [3]. MEXTRAM 504 contains (2) and neglects
the power dependent term of (1) [2] . HICUM/L2 accounts
for the power related term, but in the modified form

Rth = Rth,0

(
Tj

T0

)ζth

[1 + αth (Tj − T0)] (5)

with Rth,0, αth > 0 and ζth > 0 as model parameters.
Note that the multiplicand (Tj/T0)

ζth may cause numerical
stability issues [13].

The compact Rth formulation of HICUM/L2 with ζth =
0 is related to (1), yet neglects an important term [13].
A comparison between TCAD generated reference data
for Rth(PD, TB) to least squares fits of the linearized (5)
with ζth = 0 and the more rigorous model (1) with αPd

as a model parameter is shown in Fig. 1. Evidently, (1)
with αPd as a model parameter enables accurate compact
modeling of Rth(PD, TB).

The dissipated power is typically approximated by

PD = ICVCE , (6)

where VCE is the collector-emitter terminal voltage, and
IC is the collector terminal current. Since the actual
power density is spatially distributed, one may question
the accuracy of (6) as it represents the total externally
applied power to the HBT structure. A somewhat im-
proved expression that accounts for the power density
just in the internal transistor has been employed in
[7]. Since the calculation of the power relevant to the
temperature increase is approximate in any way and (6)
is computationally more efficient, it will be used herein.
There has been evidence of the Peltier effect occurring in
HBTs [20]. However, if existing, its impact on the junction
temperature is small and included in the extracted value
of Rth. The goal of this work is to evaluate widely used
methods in terms of their accuracy for extracting the
thermal resistance-related model parameters Rth,0, ζth and
αpD of (1).
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Figure 1: Least squares fit of linearized HICUM/L2
formulation (5) with ζth = 0 (solid lines) and (1) with
αPd as a model parameter (dashed lines) to TCAD data
(symbols) for Rth(PD, TB) from (a) [25, Fig. 5(b)] at TB =
[300, 333, 373]K, (b) [23, Fig. 5] at TB = [200, 300, 400]K,
(c) [13, Fig. 52(f)] at TB = [300, 325, 350]K and (d) [26,
Fig. 6(b)] at TB = [233, 273, 300, 333, 373]K.

III. Investigated HBT Technologies
Including different process technologies enables to draw

more general conclusions w.r.t. the practical suitability
of the evaluated extraction methods. Table 1 provides
an overview of the technologies investigated in this work,
including 0.13µm and 0.18µm production SiGe BiCMOS
technologies (from Infineon, IHP, Tower Semiconductor)
as well as a 0.25µm InP HBT process (Teledyne). For
Infineon’s B11 technology, both a high-speed (HS) and
a medium-speed (MS) transistor flavor were considered.
For each technology, a reference device has been selected
with the corresponding parameters listed in Table 1.
The model parameters have been extracted and verified
using measurement data and a parameter extraction flow
similar to the ones discussed in [27–29]. As no method
for extracting αPd yielded reasonable results, this model
parameter was tuned on output characteristics at very-
high injection. Subsequently, only the technology names
will be used.

IV. On the Influence of the Early-effect
Most of the investigated Rth extraction methods do not

explicitly take a VCB dependence of the collector current
IC into account. It is therefore important to understand
under which conditions this assumption holds. For an
HBT biased in forward active mode the collector current
(without a possible contribution from the avalanche effect)
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Technology fT@VBC = 0V
(GHz)

fmax@VBC = 0V
(GHz)

Rth,0

(K/mW)
αPd(
W−1

) ζth
VA

(V)

IFX B11HS 250 370 3.6 4.2 0.92 >100
IFX B11MS 80 250 3.0 4.2 0.92 >100
IHP SG13G2 300 500 3.2 6.3 0.71 390
TJ SBC18H5 300 345 5.4 5.1 0.76 18
TSC250 370 650 1.7 2.1 0.88 40

Table I: Overview of the different technologies including
their thermal resistance model parameters, transit fre-
quencies fT, maximum oscillation frequencies fmax and
forward Early voltages VA.

is given by the generalized integral charge-control relation
[1]

IC =
c10 (Tj)

QpT (VB′E′ , VB′C′ , Tj)
exp

(
VB′E′

VTj

)
. (7)

Here c10 is only a function of Tj, QpT is the bias and
temperature-dependent weighted transport-related hole
charge in the transistor, VTj = kBTj/q the thermal
voltage, and the primed nodes denote the terminals of
the internal transistor. At low to medium injection, the
VCB dependence of IC is caused by the Early-effect that
enters (7) via the BC depletion charge within QpT. In the
high injection region a modulation of the mobile charge
in the collector leads to a VCB dependence of IC that can
generally not be neglected. For large reverse BC voltages,
a possible avalanche effect increases the dependence of IC
on VCB. Therefore, Rth extraction methods should always
be employed in the low to medium injection region, where
the modulation of the mobile charge and the avalanche
effect does not cause a VCB dependence of IC.

In the low- to medium-injection region, a reasonably
accurate approximation of (7) is

IC = IS (Tj)

(
1 +

VCE

VA

)
exp

(
VBE

mCVTj

)
, (8)

where IS (Tj) is the collector saturation current, VA the
forward Early-voltage, mC a temperature independent
non-ideality-factor, and VBE the voltage between the
external B and E terminal [30]. Therefore, the output
conductance go can be approximated by

go
IC

=
1

VA + VCE
+

dIC
dTj

∣∣∣∣
VBE,VCE

Rth . (9)

If the first term of (9) is negligible compared to the second
one, the impact of a VCE change on IC is dominated
by self-heating and neglecting the Early-effect is justified.
The second term of (9) is proportional to IC, hence the
accuracy of methods that neglect the Early-effect will
improve with higher IC. However, when IC becomes too
large, high-current effects set in and (8) is no longer
valid. Methods that do not consider a VCB dependence
of IC must therefore have a sweet spot in the medium
injection region, where the relative importance of the
Early-effect is minimal compared to self-heating, while
high-current effects are not yet relevant. Medium-speed
transistor flavors have an earlier onset of high-current
effects compared to their HS counterparts due to a lower

collector doping. Their sweet spot must therefore be more
narrow.

The output conductance go has been calculated from
measurement data and is plotted in Fig. 2(a) to provide
a feel for the relevance of the Early-effect in advanced
technologies. Its importance can be estimated as follows:
First one plots the normalized output conductance go/IC
versus IC at constant VCE. Then, if the y-axis intercept
of a line fitted to the data at low to medium current
densities (i.e. before the drop of the transit frequency) is
small compared to the value of go/IC in the operating
range of interest for Rth extraction, the Early-effect can
safely be neglected.

Further insight is obtained by plotting the ratio gel/go,
where gel = dIC

dVCE

∣∣∣
Tj

. Based on accurate HICUM/L2
models gel has been calculated, the results are shown in
Fig. 2(b). For B11HS and SG13G2, the Early-effect can be
neglected for a wide JC range. For the other technologies,
this is generally not the case.
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Figure 2: (a) Measured normalized output conductance
go as function of collector current density JC (solid)
and extrapolated lines as described in the text (dashed)
at VCE = 1V. (b) Relative contribution of the output
conductance gel due to the modulation of the charge
to the total output conductance go at VCE = 1V from
HICUM/L2 simulations.

V. Methods and Verification
Methods for obtaining the thermal resistance paramet-

ers from measured device characteristics are verified in
this section using circuit-simulator-generated data based
on scalable HICUM/L2 models. The models have been
verified for a number of device geometries and are be-
lieved to accurately represent the physical properties of
each technology. A similar methodology has also been
successfully applied in previous works (e.g. [13, 31]).

Working with such synthetic “measurement” data allows
evaluating the accuracy of parameter extraction methods
since the target model parameters are known, which is
not the case when working with measurement data. In
principle, TCAD simulations could yield more insight
compared to synthetic data because differential equations
that describe carrier- and heat-transport are solved rigor-
ously. However, representative TCAD simulations require
extensive calibration of semiconductor transport equations
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[32, 33] and the generation of a 3D simulation grid [16],
owing to the fact that self-heating is a 3D effect. For the
relatively large number of technologies investigated herein,
a TCAD based approach is therefore not realistically feas-
ible. Certain issues that arise in practice are exemplified
using measured data.

When using synthetic data, the results can only be
representative of reality if physical relations are employed
for data generation. Hence, for generating the reference
data herein, version 2.4.0 of the physics-based compact
model HICUM/L2 has been employed, but using the more
rigorous formulation (1) instead of (5) for ensuring as
physical as possible synthetic data, see Section II. The
circuit simulator ADS from Keysight has been employed
for circuit simulation.

Some Rth extraction methods merely differ by using
different measured device characteristics (e.g. [10, 12]),
optimization approaches (e.g. [5, 7]) or model equations for
the thermal resistance (e.g. [14, 15]). Hence, similar meth-
ods are grouped and analyzed together. The differences
between such similar methods are briefly highlighted and
only a carefully selected sub-set of the methods from each
group is discussed. All methods have been implemented
into the in-house parameter extraction tool DMT [34]
that uses VerilogAE as a backend for accessing Verilog-
A model equations [35]. The methods in [21, 22] are not
considered here as they require a large measurement effort
as well as time-consuming graphical solution methods that
are difficult to implement into a parameter extraction
program.

A. Intersection Method

a) Description: Methods for extracting the Rth

model parameters from intersection points of the IC vs.
VBE [8, 11, 12] or the IC vs. VCE characteristics [10]
at different TB have been proposed in the literature. A
generalization for arbitrary thermal resistance models has
been given in [13]. The fundamental assumption of these
methods is that the collector current can be modeled as

IC (VBE, Tj) = IS exp

(
VBE

mCVTj

)
. (10)

Since (10) only depends on VBE and Tj, operating points
with different combinations of (TB, PD) but identical
(IC, VBE, Tj) exist. Each of those intersection points yields

TB,1 +Rth(TB,1, PD,1)PD,1 = TB,2 +Rth(TB,2, PD,2)PD,2 .
(11)

For n intersection points one obtains n such equations
that can be solved for the Rth model parameters either
analytically [10, 12] or, depending on the size of the
equation system, its conditioning, and the number of
model parameters to be solved for, by numerical methods.
It is noteworthy that, in principle, intersection points can
be determined from any electrical quantity that depends
only on VBE and Tj.

b) Validity: The validity conditions for (10), being a
function of VBE and Tj only, can be found by comparing
(10) to (7):
(i) Early- and high-injection effects need to be negligible.
(ii) The internal BE voltage needs to equal the external

one.
Condition (i) has been discussed in Section IV. Condition
(ii) is fulfilled if the voltage drop across the base resistance
RB and emitter resistance RE is negligible, e.g. IBRB �
VTj and (IC + IB)RE � VTj, with IB as base current.

Condition (ii) may be relaxed by using

VB′E′ = VBE − (IC + IB)RE − IBRB (12)

instead of VBE in (10). For applying (11) it is sufficient that
the difference between internal and external BE voltage,
∆VBE, does not vary significantly between TB,1 and TB,2.

c) Application: In [12] IC (VBE) characteristics at
different VCE are used to determine intersection points.
The work in [10] employs output characteristics at forced
IB. Here, IC (VBE) characteristics at different VCB are
used instead. It does not matter from which curves
intersection points are determined as long as the tran-
sistor is operated in forward active mode. Hence, when
using IC (VBE) characteristics at forced VCE or VCB one
must pay attention that exp(VBE/VT) � exp(VBC/VT)
at the intersection point. Depending on the selected
bias and temperature range, there may exist different
intersection points. For B11HS Fig. 3 (a) depicts examples
for unsuitable intersection points as they occur at current
densities in the high-injection region, that is around and
beyond JC(fT,peak), where (10) is not valid. For III-V
and MS HBTs, intersection points are more difficult to
measure due to an earlier onset of high-current effects
and a smaller SOA as compared to HS SiGe HBTs. For
TSC250 and B11MS, the measured backside temperatures
for determining intersection points should differ by no
more than 5K, as depicted in Fig. 3 (b) for TSC250.
For the HS SiGe HBT technologies investigated herein,
a temperature difference of 10K suffices to find useful
intersection points.

For determining the best operating point range
of the intersection method, the following experiment
is performed on synthetic data. With αpD and ζth
fixed to their reference values, Rth,0 is extracted from
the intersection points of two IC (VBE) characteristics
at (TB,1, VCB,1 = −∆VCB/2) and (TB,2, VCB,2 = ∆VCB/2)
while ∆VCB is varied. The results of this experiment are
displayed in Fig. 4. For small ∆VCB values the current
density at the intersection point may be quite large and
(10) becomes invalid, as discussed in Section IV. For
large ∆VCB values, the avalanche effect and saturation
may invalidate condition (i). It can be concluded that the
intersection points used for parameter extraction should
be selected such that the point at the lower TB has
the highest possible VCB that does not cause impact
ionization. The point at the higher TB should have the
lowest possible VCB that does not cause the transistor to
enter saturation.
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Figure 3: Example for intersection points (red circles) from
measurement data of (a) B11HS and (b) TSC250. In (a)
TB is swept from 298K to 423K in 25K steps and in
(b) from 298K to 308K in 5K steps. For each TB, two
VCB voltages equal to (a) 0.3V (dashed lines), −0.3V
(dashed lines) and (b) 0.5V (solid lines), −0.3V (solid
lines) are shown. In (a) JC(fT,peak) is indicated by black
crosses. All intersection points in (a) are not suitable for
the intersection method as discussed in the text.
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Figure 4: Relative error of the extracted thermal resistance
Rth of B11HS (left y-axis, solid lines) and normalized
collector current density at the intersection point (right
axis, dashed lines) from two IC (VBE) characteristics with
VCB,2 = −∆VCB/2, VCB,1 = ∆VCB/2 and TB,1 = 300K as
described in the text. The current density is normalized
to the current density JC,peak = JC (fT = fT,peak) at
VCB = 0V.

As can be seen in Fig. 3 and Fig. 4, the difference
in TB between the characteristics used for determining
intersection points influences the maximum VCB for the
characteristics at the higher TB. The difference between
TB,1 and TB,2 does not have a direct impact on the
method’s accuracy as long as conditions (i) and (ii) are
met. This insight is beneficial because in practice TB is not
known exactly due to the limited temperature stability of
the thermochuck.

The method has been applied to synthetic data of all
technologies, Fig. 5 summarizes the determined accuracy.
IC (VBE) characteristics at two different TB, as docu-
mented in the caption of Fig. 5, were used to determine
intersection points.

For B11HS and SG13G2 the accuracy for Rth,0 and
ζth is better than 10%. The accuracy is, in general,

10−1 100 101 102 103
B11HS
B11MS

SG13G2
SBC18H5

TSC250

rel. error(%)

Figure 5: Relative error (in %) of Rth,0 (open symbols),
ζth (filled symbols) and αpD (half filled symbols) from
the intersection method for different technologies as de-
scribed in the text. The parameters were extracted using
intersection points at [(300, 310) , (310, 320) , (300, 320)] K
(circles), and [(300, 310) , (340, 350) , (370, 380)] K (dia-
monds). VCB,1 = 0.2V and VCB,2 = −0.2V.

significantly worse for B11MS, SBC18H5 and TSC250. For
these technologies the intersection points for the chosen
TB grid occur at current densities where (10) does not hold
and the VCB dependence of the transfer current cannot be
neglected (see Table 1 and Fig. 2(b)). In particular, both
TSC250 and B11MS require a finer TB grid for finding
useful intersection points. Generally, ζth can be extracted
quite accurately, however this is not the case for αpD. Even
slight inaccuracies of (10) lead to large extraction errors
for this parameter.

In summary, the intersection method offers excellent
accuracy for determining Rth,0 and ζth, provided that
assumptions (i)-(ii) are met. Also, the intersection method
is insensitive to the emitter resistance. However, several
problems may occur in practice. For some III-V technolo-
gies, the current densities at the intersection points may
be difficult to reach due to the SOA limits. Obtaining
sufficiently accurate Rth model parameters requires meas-
urements for at least four, better six, different TB.

B. Methods Based on a Linearized Electrical Quantity
a) Description: Several methods have been proposed

that employ a linearized electrical quantity as a tem-
perature sensor [14–17]. These methods assume that a
specific electrical quantity can, under certain operating
conditions, be modeled as a linear function of the junction
temperature. For example, choosing VBE results, according
to [14], in

VBE (Tj) = VBE,0 +
dVBE

dTj

∣∣∣∣
IE

(Tj − Tj,0) . (13)

Here, VBE,0 is the value of VBE at the reference junction
temperature Tj,0 = TB,0 + PD,0Rth(Tj,0, PD,0) with PD,0

as the power dissipation at the reference operating point.
(13) is a model equation for the sensor with the unknowns
VBE,0, dVBE

dTj
and the model parameters of the employed

Rth(Tj, PD) relation. The unknowns can be found by fit-
ting (13) to experimental data at several (TB, PD) around
(TB,0, PD,0). The work in [14] uses Rth(Tj, PD) = Rth,00

and either IC or VBE as temperature sensor at fixed IB
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or fixed IE. The data in [14] indicate that choosing VBE

as a sensor is most accurate. The method from [15] builds
upon [14] by including a linear temperature dependence
Rth = Rth,00 [1 + αth,0 (Tj − Tj,0)] with IC as the sensor.
This results in (see (9) in [15])

IC (TB, PD) = IC,0+
dIC
dTj

[
TB − TB,0 +Rth,00 (PD − PD,0)

1− αth,0Rth,00PD

]
,

(14)
which is adjusted to measurements by optimization,
thereby allowing to determine Rth,00 = Rth(TB,0, PD,0).
The method in [14] has been slightly modified in [9]
by using a quadratic instead of a linear temperature
dependence of VBE on Tj and an improved Rth(Tj, PD)
relation.

Another enriched variant of the method in [14] has been
proposed in [16], where VBE is used as sensor at fixed IE.
It is shown that in the absence of Early, high-injection
and avalanche effects the change of VBE with Tj at fixed
IE can be modeled by

dVBE

dTj

∣∣∣∣
IE

= −φ0 +mcf
kB
q

ln

[
IC

IS (TB,0)

]
, (15)

where φ0 is a model parameter, mcf is the collector current
non-ideality-factor and IS (TB,0) is the saturation current
at the reference backside temperature of the chip [16]. For
extracting the parameters of Rth the method proceeds as
follows.

First, the parameters mcf and IS (TB,0) are extracted
from transfer characteristics at low injection and TB,0.
Second, forced IE measurements at low injection (Tj ≈ TB)
but different TB are performed for extracting φ0. Finally,
measurements at forced IE and swept VCB are performed
at TB,0 in the medium injection region, where self-heating
is relevant, but (15) still holds. Rth can then be extracted
from the slope of the VBE-VCB characteristics as

Rth(TB0) =
|γ|

(|γ| − 1) IE
dVBE

dTj

∣∣∣
IE

, (16)

where
γ =

dVBE

dVCB

∣∣∣∣
IE

(17)

and (15) is used to calculate dVBE

dTj

∣∣∣
IE

.
By repeating the procedure for several TB,0 the para-

meter ζth can be extracted from the obtained Rth(TB)
data. However, the parameter αPd cannot be extracted
using this approach. The unique advantage of this method
is that the temperature coefficient of the sensor is extrac-
ted using a physics-based equation at low-injection levels
(see section III. D of [16]).

b) Validity: It is implicitly assumed that the selected
sensor variable
(i) can be well approximated as a linear function of Tj

and
(ii) does not depend on VCB via electrical feedback.
For IC and IB the validity of (i) is difficult to evaluate due
to the involved physics necessary to accurately model them

as a function of Tj. In [15] it is suggested to measure the
sensor variable as a function of TB at low PD for validating
(i). However, a linear dependence of the sensor variable on
TB in the low- injection region does not prove the validity
of (i) at higher injection and PD. Based on synthetic data,
assumption (i) is tested in Fig. 6 by directly plotting the
sensor as a function of Tj at different TB. Clearly VBE (Tj)
is more linear than IC (Tj).

A physics-based explanation for the linearity of VBE has
been given in [16], which was also discussed in [36, 37] for
silicon-on-glass BJTs. Regardless of the technology, VBE

is always more linear and has a lower dynamic range than
IC. Assumption (ii) has been discussed in Section IV.
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Figure 6: Dependence of (a) IC and (b) VBE at fixed IB
on Tj for different TB for B11HS and TSC250. Black solid
lines resemble a linear fit of (13) to the simulated sensor
variable vs. Tj; JB = 17.7µAµm−2 for B11HFC and JB =
124µAµm−2 for TSC250.

c) Application: The application of the method is
described in detail in [15]. Eq. (13) is adjusted to several
groups of measurement data of the sensor for extracting
a value Rth,00 at several (TB,0, PD,0). This can be done
by either graphical or numerical methods. Finally, the
Rth model parameters are determined by fitting (1) to
the obtained Rth,00 (TB,0, Tj,0, PD,0) data. Figure 7 depicts
typical results of fitting the sensor variable VBE for two
TB values at fixed IE.
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VCB (V)

V
B
E
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)

TB = 380.0 K
TB = 360.0 K

Figure 7: Fit of (13) (solid lines) with VBE as sensor to
measurement data (symbols) of B11HS at different TB and
JE = 1.8mA µm−2.

To investigate the operating point dependence of the
extraction result, Rth,0 is extracted while αpD and ζth
are fixed to their reference values from Table I and IB
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is varied. The results in Fig. 8 show that the accuracy
of the method is strongly operating point dependent. A
sweet spot as described earlier exists. Again, the method
should not be applied too far in the high-current region,
namely beyond JC (fT,peak).

The method has been applied to all reference techno-
logies using different combinations of sensor and fixed
variables, Fig. 9 summarizes the results. Here, (13) has
been separately optimized for TB = [300, 310] K and
TB = [370, 380] K and several PD,0 to obtain Rth(Tj, PD)
from five extracted Rth(Tj,0, PD,0) points. The method has
also been applied as described in the previous section and
in [16], corresponding results are shown in Fig. 10. The
average collector current density of the operating points
in Fig. 9 and Fig. 10 is in the range JC = 1...5mA µm−2

for all technologies.
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Figure 8: Relative error of the extracted thermal resistance
Rth for B11HS and SBC18H5 (left y-axis, solid lines) and
normalized mean collector current density at TB = 300K
in the operating point range used for optimizing (13) (right
y-axis, dashed lines) with VBE as temperature sensor at
constant JB and (a) TB = [300, 320, 340] K , (b) TB =
[300, 305, 310] K.

According to Fig. 9 choosing VBE as sensor variable is
the best choice as it yields overall more accurate results
for Rth,0 and ζth for all investigated technologies. This
is attributed to the high linearity of VBE [16]. More
accurate extraction results can be obtained by accounting
for the Early-effect [17]. One should not use (14) to model
measurement data at TB that vary more than ≈ 80K as
the assumed linearity of the sensor decreases for such a
wide TB range. The parameter αpD can not be reliably
extracted with this group of methods.

C. Simultaneous RE and Rth Extraction Methods
a) Description: Several authors have noticed that the

independent extraction of Rth is difficult as it impacts
the terminal characteristics in a similar bias range as RE

[5–7]. The combined extraction of Rth and RE has been
suggested to overcome this issue by employing the base
current formulation

IB = IBEs (Tj)

[
exp

(
VB′E′

mBEVTj

)
− 1

]
(18)

together with

VB′E′ ≈ VBE − ICRE (Tj) . (19)
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Figure 9: Relative error (in %) of Rth,0 (open symbols),
ζth (filled symbols) and αpD (half filled symbols) extracted
from synthetic data using (13) with different combinations
of fixed electrical variable and temperature sensor (“s:...”).
(13) was separately optimized for TB = [300, 310] K and
TB = [370, 380] K to obtain the model parameters as
described in the text.
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Figure 10: Relative error (in %) of Rth,0 (open symbols),
ζth (filled symbols) from the linearized electrical quantity
method after [16] using VBE as sensor at fixed IE for
different technologies as described in the text.

The model parameters for IBEs (Tj) and mBE are determ-
ined from measurements in bias regions with negligible
self-heating and different TB. All published methods as-
sume Rth = Rth,00 [1 + αth,0 (TB − T0)], i.e. no dependence
of Rth on PD. However, as will be explained later, one may
use any Rth(Tj, PD) relation when numerical optimization
is employed.

In [5], (19) is inserted into (18) for deriving a model for
IB as a function of Tj and VBE, and therefore also of RE,
Rth,0 and αth. The latter model parameter is, however,
neglected in older publications. An analytical iterative
procedure for determining Rth,0 and RE is presented in
[5]. In [6] a related method is proposed that uses similar
model equations but, instead of determining Rth,0 and
RE from the base current, the linearized temperature
coefficient of VBE is analyzed. It is claimed that the main
advantage of this method is that this coefficient is device-
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geometry independent. Thus, Rth,0 can be obtained from
measurements at only one temperature, provided that the
temperature coefficient of VBE is known. Most recent work
in this category of methods has been conducted in [7],
where similar assumptions compared to [5] are employed.
In [7] it is recommended to determine the desired model
parameters from output characteristics using a novel
optimization strategy. None of the methods explicitly take
αpD or ζth into account. However, [7] suggests to determine
Rth,0 at several TB and then fit ζth using the extracted
Rth,0 (TB) relation. This procedure is not suitable for
determining αpD.

b) Validity: The simultaneous methods assume that
(i) the base current in forward active operation can be

modeled by (18);
(ii) the voltage drop over the base resistance is negligible;
(iii) the PD dependence of Rth is negligible.
Assumption (i) is technology-dependent and can be veri-
fied in practice by measurements. Several physical effects
may give rise to non-ideal base current behavior and
may invalidate this assumption [1]. Assumption (ii) can
be checked if the base resistance is known. The last
assumption (iii) is valid if the change of Rth with PD is
negligible. This assumption may be ensured by choosing
a bias range with small, but non-negligible, self-heating.
Notice that, in contrast to all other groups, this group of
methods does not require IC to be independent of VCB.

c) Application: Numerical optimization of (18), (19)
and (11) with RE = (Tj/T0)

ζre to fit the measured
base current at different VBE, VCE and TB, yields a set
of self-consistent model parameters.1 Examples for the
application of this method are shown in Fig. 11. The
sensitivity of the method to the selected operating point
range is analyzed in Fig. 12. For low JB, self-heating is not
relevant and the extracted Rth,0 is inaccurate. At too high
JB, the accuracy depends on the impact of the different
base current components. For SG13G2, the perimeter
component starts to play a role, while for SBC18H5 the
BC barrier recombination causes deviations from (18).

Based on synthetic data, different extraction strategies
have been evaluated. First, the strategy proposed in [7]
was used for determining Rth and RE for each TB and
then (2) was fitted to the resulting Rth(TB) and RE (TB)
curve. As alternative, all model parameters were optimized
simultaneously from the base current at different VBE,
VCB and TB, using the full Rth(Tj, PD) relation (1) when
calculating Tj. Here, as opposed to the original formulation
[5, 7], all dependencies of Rth were consistently taken
into account. The results are shown in Fig. 13 for Rth

and in Fig. 14 for RE. Quite accurate values for Rth,0

and ζth are obtained for all technologies, regardless of the
chosen optimization strategy. The accuracy of the results
varies for αpD since it is quite sensitive to inaccuracies of
(18). Provided that the base current is well approximated

1This generalized approach is used here as it allows to employ a
generic numerical optimizer.
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Figure 11: Application of the simultaneous RE and Rth

method to SBC18H5. (a) Comparison between diode
model (18) (dashed lines) and measured IB (symbols)
for VCB = 0V and TB = [300, 320, 340, 360] K in the
low injection region, where self-heating is negligible. (b)
Fit of (18) with (19) (dashed lines) to the measured
IB (symbols) at different VCB and TB = 300K. (c)
Extracted Rth(TB) from optimization at each TB. (d)
Fit of (18) with (19) (dashed lines) to the measured
IB (symbols) simultaneously at different VCB and TB =
[300, 320, 340] K. Solid lines indicate the bias region used
for model parameter extraction. In (b) and (d) only two of
the fixed VCB = [0.3, 0.2, 0.1, 0] V lines used for optimizing
(19) are shown.
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Figure 12: Relative error (in %) of the extracted Rth,0 from
the simultaneous RE and Rth method as a function of the
JB range used for optimization and assuming Rth = Rth,0.
The JB range used for extraction of Rth,0 was taken from
the JB (VBE) characteristics in the range 0.5...1.5 times
a reference value JB,ref and VCB = [0.2, 0.1, 0,−0.1] V at
TB = 300K. At least 12 discrete operating points were
used for the optimization.
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by (18), the simultaneous methods can provide excellent
accuracy and also give very accurate values for RE [31].
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Figure 13: Relative error of Rth,0 (open symbols), ζth
(filled symbols) and αpD (half filled symbols) extrac-
ted with the simultaneous method either using op-
timization separately at each TB or simultaneously
at all TB. Data used for extraction were taken at
TB = [300, 320, 340] K, VCB = [0.3, 0.2, 0.1, 0,−0.1] V
and a JB range of 9...32mA µm−2 (B11HS, B11MS),
15...154mA µm−2 (SG13G2), 4...15mA µm−2 (SBC18H5)
and 40...70mA µm−2 (TSC250).
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Figure 14: Relative error of RE (open symbols) and ζre
(filled symbols) extracted with the simultaneous method
either using optimization separately at each TB or sim-
ultaneously at all TB. Same data as used for obtaining
the results in Fig. 13. For B11MS, B11HS and SBC18H5
ζre ≈ 0 and, therefore, the relative error for this parameter
is not shown.

D. Differential Methods
a) Description: Methods for extracting Rth from a

first-order Taylor expansion of an electrical sensor X have
been proposed in the literature [18, 19]. The underlying
model equation for these methods is (13), i.e. the same
equation as for the methods that rely on a linearized
electrical quantity. In contrast to those methods, the
differential methods apply (13) just in a small region
around each operating point. The thermal resistance can
be directly computed from the derivatives of X as

Rth =

(
dX

dPD

∣∣∣∣
TB

)
/

(
dX

dTB

∣∣∣∣
PD

)
, (20)

which is the generalized version of (4) in [19]. Similarly,
the generalized version of (7) in [18] reads

Rth =

dX
dVCE

∣∣∣
TB

dX
dTB

∣∣∣
VCE

1

IC (1 + VCE/VA)
. (21)

Eqs. (20) and (21) are derived in the Appendix. Derivat-
ives of X w.r.t. to VCE due to electrical feedback, i.e. the
Early-effect, are only partially taken into account.

b) Validity: The differential methods are based on
the same assumptions as the methods that rely on a
linearized quantity. The assumption of a linear Tj depend-
ence is justified if changes in Tj are sufficiently small. In
practice, the minimum change of Tj used to calculate the
derivatives in (20) and (21) is limited by the temperature
stability of the thermal chuck and the justifiable effort for
measurements with a sufficiently fine temperature grid.

c) Application: Eq. (20) is ideally evaluated from
output characteristics. First TB is changed by ∆TB while
PD is kept constant via adjusting VCE. Then, PD is
changed by ∆PD while TB is kept constant. Eq. (21) is
evaluated by first changing TB by ∆TB while VCE is kept
constant. Then, VCE is changed by ∆VCE while TB is kept
constant. By repeating this procedure at several VCE and
TB one obtains Rth(TB, PD) as shown in Fig. 15. From
fitting the data in Fig. 15(b), the model parameters of (1)
are determined.
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Figure 15: Application of the differential Rth extraction
method from [18] to TSC250. (a) Output characteristics
at JB = 40 µAµm−2 for applying (21). (b) Resulting
Rth(TB, PD) from (21).

In [18] X = IB at fixed VBE is proposed, while [19] uses
X = IC or X = VBE at fixed IB. Note that at fixed IB the
choices X = IC or X = β are mathematically equivalent.
The derivation in the Appendix shows that there are no
restrictions w.r.t. to the chosen fixed quantity, i.e. both
fixed VBE and IB can be used.

Eqs. (20) and (21) have been applied to the different
technologies with all combinations of X. The results are
shown in Fig. 16 for fixed IB and in Fig. 17 for fixed
VBE. For the considered technologies, the best results were
obtained using X = VBE with fixed IB; differences between
using (20) or (21) are insignificant. It is recommended to
use (21) in practice since its evaluation does not require
interpolation, provided that the same operating points
are measured at all TB. The operating point dependence
of the extraction result is displayed in Fig. 18. The
method should not be applied far beyond fT,peak. The
differential methods show a high accuracy for Rth,0 and
ζth when applied to simulation data, though αpD can
not be determined reliably. In practice, the accuracy
of the differential methods is significantly impacted by
unavoidable noise in measurement data as visualized in
Fig. 19. Also, they require a high measurement effort.
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Figure 16: Relative error of extracted Rth,0 (open sym-
bols), ζth (filled symbols) and αpD (half filled symbols)
from differential methods at fixed IB. IB has been selected
at all temperatures such that the average JC of the output
characteristics is in the medium injection region. The
temperature pairs used to evaluate the differentials in (20)
and (21) were TB = [300, 310] K and TB = [370, 380] K.
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Figure 17: Relative error of extracted Rth,0 (open sym-
bols), ζth (filled symbols) and αpD (half filled symbols)
from differential methods at fixed IB. IB has been selected
at all temperatures such that the average JC of the output
characteristics is in the medium injection region. The
temperature pairs used to evaluate the differentials in (20)
and (21) were TB = [300, 310] K and TB = [370, 380] K.

VI. Method Selection in Practice and Implementation
into a Compact Model

The results presented above allow to draw the following
conclusions regarding method selection in practice, which
is visualized in Fig. 20. The intersection method offers
excellent accuracy if the Early-effect is negligible, which
can be checked using (9). In particular, these methods
appear to be most suitable to extract αPd.

If the Early-effect is relevant, the simultaneous method
is recommended in case IB can be modeled by a single
diode equation. If this is not the case, a linearized electrical
quantity method using VBE as a sensor may give reason-
able results. Differential methods are not recommended
in practice since the derivatives in (20) and (21) obtained
from measurement data may be too noisy.
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Figure 18: Operating point dependence of the relative
error (in %) of the extracted Rth,0 with ζth and αpD

fixed to their reference values using (21) with X = VBE

(solid lines) and the normalized average collector current
density (dashed lines). Rth,0 has been extracted by fitting
(1) to Rth(PD) calculated from (21) based on output
characteristics at forced JB and TB = 300K.
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Figure 19: Application of the differential method (20) with
fixed IB and VBE as sensor to measurement data for (a)
SBC18H5 and (b) TSC250 at TB = [298, 308] K.

It has to be mentioned that the Rth value obtained from
transistor measurements always contains a non-negligible
contribution from the upward heat-flow across the metal
connection to the pads. Therefore, Rth will be higher in an
actual IC. To remove the pad influence on Rth, a special
set of test structures is required [38].

Need , 

No

Yes

in med. inj. region: 
 ? Intersection Method

No

YesCan  be 

modeled by single 


diode?

linearized quantity method,
fix /  and use  as

sensor

Simultaneous Method

Figure 20: Flowchart including conditions for selecting an
Rth extraction method in practice.

As discussed earlier, all industry-standard compact
models use simplified versions of (1). For minimizing
the computational effort during circuit simulation it is
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required to write Rth as a function of the node voltage
Tj-TB of the thermal adjunct network , because a direct
PD dependence would lead to additional entries in the
circuit Jacobian related to the stamp of Rth.

From (1) and PD = (Tj − TB) /Rth(TB, Tj) one obtains
which is a quadratic equation for Rth(TB, Tj) with the
solution where Rth(TB) is given by (2). This formulation
is computationally efficient since it generates a simple
additional derivative w.r.t. the thermal node voltage only.

As shown before, the model parameter αpD is difficult to
determine with reasonable accuracy, even from synthetic
data. Therefore one may use (3) in practice for estimating
αpD as ζthRth(TB)/2TB. The parameter extraction effort
is then reduced compared to (5).

VII. Conclusion

A comprehensive and detailed study of commonly used
Rth extraction methods has been presented. The methods
have been applied to various SiGe and InP HBT tech-
nologies. It was found that the accuracy of all methods
is strongly bias and technology-dependent. Furthermore,
there existsnone of the investigated methods works under
all possible circumstances. Based on the obtained results,
a guide for method selection in practice has been provided.

Finally, a new computationally efficient and more
rigorous equation for modeling Rth as a function of
backside and junction temperature in a compact model has
been proposed. Its runtime and convergence performance
still needs to be investigated in more detail.

For low and cryogenic temperatures, different model
equations apply and the methods need to be evaluated
again.

Appendix - Differential Methods

From (4), (6) and (8) one can derive the following
relations:

dTj

dTB

∣∣∣∣
VCE

=
1 + dRth

dTB

∣∣∣
VCE

PD

1−RthVCE
dIC
dTj

∣∣∣
VCE

≈ 1

1−RthVCE
dIC
dTj

∣∣∣
VCE

,

(22)
dTj

dVCE

∣∣∣∣
TB

=
RthIC (1 + VCE/VA)

1−RthVCE
dIC
dTj

∣∣∣
TB

, (23)

dTj

dTB

∣∣∣∣
PD

= 1 +
dRth

dTB

∣∣∣∣
PD

PD ≈ 1 , (24)

dTj

dPD

∣∣∣∣
TB

= Rth +
dRth

dPD

∣∣∣∣
TB

PD ≈ Rth (TB, PD) . (25)

Note that the PD and TB related partial derivatives of
the Rth (PD, TB) relation need to be neglected in order to
obtain (22), (24) and (25). Up to this point, the Early-
effect is taken into account.

Let X be the temperature sensor variable that is a
function of Tj and VCE. Then, using (23) and writing
dX

dVCE

∣∣∣∣
TB

=

(
dX

dTj

dTj

dVCE

) ∣∣∣∣
TB

=
dX

dTj

∣∣∣∣
TB

RthIC (1 + VCE/VA)

1−RthVCE
dIC
dTj

∣∣∣
TB

(26)
as well as using (22) and writing
dX

dTB

∣∣∣∣
VCE

=

(
dX

dTj

dTj

dTB

) ∣∣∣∣
VCE

=
dX

dTj

∣∣∣∣
VCE

1

1−RthVCE
dIC
dTj

∣∣∣
VCE

(27)
yields the generalized version of (7) in [18]. Similarly, from
(24), (25) one gets (20), the generalized version of (4) in
[19].
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