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Abstract—This paper proposes the derivation of a physics-
based model of an analog memristive device realized as a bi-layer
Al2O3/Nb2O5 stack. Memristive crossbar arrays implementing
matrix-vector multiplications are a central building block of novel
computing-in-memory architectures for artificial neural network
and neuromorphic computing applications. The presented mem-
ristor shows analog, multi-level switching at high resistances
without electroforming and is suitable for crossbar operations
with low energy consumption. By including a graphical analysis
method of the I-V curves obtained in a quasi-static approach, the
dynamic behavior is analyzed with regard to ohmic and Poole-
Frenkel behavior. Finally, a compact model, represented by an
algebraic differential equation, is proposed and verified by fitting
calculated solutions to experimental data.

Index Terms—Physics-based compact model, bi-layer
Al2O3/Nb2O5 stack, analog memristive device, Poole-Frenkel
emission, crossbar array for neuromorphic computing

I. INTRODUCTION

Analog memristive devices are potential candidates for
implementing brain-inspired computing, also known as neu-
romorphic computing, including artificial neural networks [1],
[2]. Memristive crossbar arrays can perform computational
intensive matrix-vector multiplications applying Kirchhoff’s
law for the weighted summation of currents with high energy
efficiency [3], [4]. Various redox-based resistive switching
memories have been studied in literature to fulfill the require-
ments for crossbar application [5], where nanodevices with
two oxide layers can provide high nonlinearity while limiting
the current through the device [6]–[9]. A metal-insulator-
insulator-metal (MIIM) device with a bi-layer Al2O3/Nb2O5

stack was introduced in [10], [11], where the analog resistive
switching is attributed to charge trapping and detrapping. This
type of memristor has been integrated in a crossbar array,
can be activated without electroforming and shows favorable
multi-level switching behavior at high resistances of several
MΩ [11]. Different from previously presented NbO memristors
manufactured at NaMLab gGmbH [12], [13], the presented
device does not feature negative differential resistance for the
operating voltage range. Endurance with resistive switchings
of more than 100 cycles with a switching speed in range
of µs to ms have been demonstrated in [10], while state
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retention is within hours up to days [14]. The simulation of
the memristive crossbar performance requires an appropriate
compact modeling of the devices. The modeling also helps to
understand and further optimize the device behavior.

We propose a physics-based modeling by applying a graphi-
cal analysis [15] of the measurements and using Poole-Frenkel
emission as main conduction mechanism. Furthermore, the
dynamic route map (DRM) [16] of the state equation, which
is part of the proposed voltage-controlled extended memristor
model, is analyzed.

The paper is organized as follows: Section II describes the
fabrication of the memristor. Section III and IV present the
modeling methodology, applying a graphical analysis resulting
in a compact physics-based model in sec. V. The results are
discussed in sec. VI with respect to the crossbar application
and finally the conclusion is given in sec. VII.

II. FABRICATION

The memristive bi-layer stacks were fabricated at NaMLab
gGmbH on 2 × 1 cm Si coupons with 1.5 nm SiO2. For
the MIIM stack processing following steps were carried out:
firstly, 300 nm aluminum stripes were thermally evaporated
for the secure contacting of the device after fabrication. A
20 nm Ti bottom electrode was deposited using DC magnetron
sputtering which was followed by a reactive ion sputtering
of 2 nm Al2O3 tunneling barrier, as illustrated in Fig. 2a.
In order to process 10 nm of stoichiometric Nb2O5, metallic
Nb target was DC sputtered at the constant pressure of
1.1 × 10−3 mbar and the mass flow ratio of Ar to O2 of
0.67. Finally, circular top electrodes made of 30 nm Ti and
30 nm Pt were deposited by electron beam evaporation. The
top electrodes were structured using a shadow mask where
contact diameters were ranging from 20 to 100 µm. All the
processing steps were performed at room temperature. The X-
Ray reflectometry and ellipsometer were used for the exact
monitoring of metallic and oxide layer thickness. The electri-
cal characterization was performed on a probe station using
parameter analyzer (Keithley 4200, Tektronix Inc., US) at
room temperature. On the MIIM stack the voltage was always
applied to the top electrode (TE) and the bottom electrode
(BE) was kept grounded.
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III. GRAPHICAL ANALYSIS

The memristor is characterized by quasi-static current-
voltage (I-V) measurements with 10 mV steps shown Fig. 1a.
First a negative voltage up to −4 V is applied to activate the
device, which switches the resistance from several hundred
MΩ down to the range of 5 up to 9 MΩ. The activation step
shows a smooth I-V characteristic like interfacial switching,
which is different to the electro-forming in filamentary switch-
ing devices [12]. Then, the device is reset with consecutive
gradual voltage sweeps (cf. regions I to V in Fig. 4a). Solid
(dashed) lines in Fig. 1a indicate increasing (decreasing)
voltage sweeps for both the set and reset switching transitions.
Afterwards a full sequence of set, reset and set operations with
intermediate readings up to 1 V (cf. regions VI, VIII, X and
XII for readings in Fig. 4a) are performed.

(a) (b)

Fig. 1: I-V measurement: (a) First an activation step, then five
gradual resets 1 to 5 up to [2.0, 2.25, 2.5, 2.75, 3.0]V (cf. regions
I to V in Fig. 4a), followed by a set 1, full reset 6 and set 2
(cf. regions VII, IX and XI in Fig. 4a), readings not shown; (b)
Exponential derivative γ = d ln(I)/d ln(V ) providing insights to
equivalent circuit as demonstrated in [15]; Solid (dashed) lines are
for increasing (decreasing) voltage. The dotted lines in (b) indicate
the ideal behavior for ohmic and Poole-Frenkel (PF) emission.

To model the I-V characteristic the graphical analysis
approach using exponential derivative proposed in [15] for
memristors having Poole-Frenkel and Schottky emission is
performed. This includes modeling of a nonlinear device
with Poole-Frenkel or Schottky emission Gm with a parallel
resistor Rp and a series resistor Rs as shown in Fig. 2b. The
exponential derivative, shown in Fig. 1b,

γ =
d ln(I)

d ln (V )
(1)

is calculated from the measurement of Fig. 1a. The dotted
lines in Fig. 1b indicate the ideal behavior for ohmic and
Poole-Frenkel emission. For the set as well as for the reset by
looking at increasing voltages, this analysis provides similar
curve shapes as proposed by [15] for nonlinear Poole-Frenkel
conduction element in parallel with an ohmic resistance Rp

and in series with a second resistance Rs. However, two clear
differences to [15] can be observed in Fig. 1b: (i) while
the increasing voltages (solid lines) follow a bow shape, the
decreasing voltages (dashed lines) follow a more linear shape
during reset and (ii) the reset 6 has negative γ values. Due to (i)
the conduction mechanisms might be considered to be different
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Fig. 2: Memristive device: (a) Fabricated stack and (b) equivalent
circuit model

for set and reset. While (ii) is difficult to explain, it may
indicate a strong voltage dependence of the trapped/detrapped
charges.

IV. PHYSICS-BASED MODELING

For niobium oxide devices several conduction mechanism
have been reported, like Poole-Frenkel emission [12], [13],
[17], Schottky emission [6] and also Fowler-Nordheim tun-
neling through the aluminum oxide barrier [8], [18]. The
interfacial analog switching due to trapping and detrapping of
charges at the oxide interface of Al2O3/Nb2O5 is described in
[10]. The derivative curves in Fig. 1b indicate ohmic behavior
because γ starts near one for small voltages. We speculate
that Poole-Frenkel (PF) emission occurs, which also starts for
γ around one. The following inclination in Fig. 1b is assigned
to the parallel and series resistance circuit as described in [15].

Fig. 3 shows plots of the measurement data according to
the physical equations for ohmic conduction I/V = 1/Rp
and Poole-Frenkel emission with

ln

(
JPF

E

)
=

√
q3

πε0ε

kBT

√
E − qφT

kBT
+ ln(qµNC) (2)

relating the current density J = I/A and the electrical field
E = V/d, where is A = πD2/4 the cross-sectional area of
the top electrode with the diameter of D = 50 µm, d the

(a) (b)

Fig. 3: Graphical analysis of the I-V behavior: (a) Double logarithmic
plot to analyze ohmic with slope of linear fit for Rp and (b) Poole-
Frenkel plot with ε from slope of linear fit. Solid/dashed lines indicate
increasing/decreasing voltage. Linear fitting of the data is indicated
for top and bottom line in the gray area plotted as thick dotted lines.
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oxide thickness. In (2) q denotes the elementary charge, µ the
electron mobility, NC the density of states in the conduction
band of the dielectric, φT the trap barrier height, ε0ε the
dielectric permittivity, kB the Boltzmann constant and T the
ambient temperature of 25 °C if not noted otherwise.

Linear fitting for the ohmic conduction for voltages between
10 mV and 30 mV (cf. slopes in gray area in Fig. 3a are
between 0.96 and 1.12) results in resistances Rp between 5
and 9 MΩ. Linear fitting using ln (JPF/E) = SPF

√
E − yoff

for the PF emission for voltages between 0.3 V and 1.5 V
(gray area in Fig. 3b) results in permittivities ε between 11.6
and 44.3, calculated with ε = q3/πε0(kBTSPF)2 by using the
slope SPF of the linear fit, which is in the range of reports
from literature [19]. The normalized fit offset yoff/kBT which
is referring to the trap barrier height varies only little between
0.40 eV and 0.45 eV. For voltages above 1.5 V we therefore
assume the main effect by the memristor state change of charge
trapping and detrapping in the following.

V. COMPACT PHYSICS-BASED STATE MODEL

The memristor in the MIIM device is modeled as extended
generic memristor with

Im = Gm(x, Vm) · Vm, and
dx

dt
= f(x, Vm). (3)

For the compact physics-based state model, the different
effects need to be combined into one equation. Therefore
we apply ohmic and Poole-Frenkel-like equations. The ohmic
behavior is represented by the parallel resistor Rp, while
the Poole-Frenkel behavior is represented by a nonlinear
memristor Gm(x, Vm).

Assuming the equivalent circuit (cf. Fig. 2b) with a series
resistor Rs and a parallel resistance Rp to a nonlinear mem-
ristive device Gm(x, Vm), the total current I and the MIIM
voltage V and the memristor voltage Vm are given with

I = Gm(x, Vm) · Vm +
Vm

Rp
, and Vm = V − IRs. (4)

In agreement with the experimental data in Fig. 3b a Poole-
Frenkel-like behavior is assumed [18]

GPF(Vm) =
qµNCA

d
exp



−q
(
φT −

√
q Vm

πε0εd

)

kBT


 (5)

with a square root dependency on the memristor voltage Vm

in the exponent

GPF(Vm) = B exp
(
C
√
Vm

)
where (6)

B =
qµNCA

d
exp

(−qφT

kBT

)
, C =

√
q3

πε0εd

kBT
. (7)

In order to cover the whole range of the I-V-characteristic,
we design our model using two exponential terms - one de-
scribing the on-switching (set) at negative applied voltages and

TABLE I: Conduction model parameter

Bset Breset Cset Creset Rp Rs

7.5 nS 10.7 nS 8.7 V−1/2 4.5 V−1/2 11.86 MΩ 266 Ω

TABLE II: State model parameter

c1 c2 c3 x0

0.011 5.54 0.25 0.34

one for off-switching (reset) under positive applied voltages.
Using (6) the nonlinear memristor conductance is designed as:

Gm(x, Vm) = Breset exp

(
Creset sign(Vm)

√
|Vm|
x

)

+Bset x exp
(
−Cset sign(Vm)

√
|Vm|

)
. (8)

The state x dependency in (8) can be understood as a per-
mittivity change for positive voltages (RESET) and a change
in the barrier height of trapped charges for negative voltages
(SET). The state in the second term of (8) emulates the
decrease of the memristor conductivity during SET while
decreasing the state as indicated in Fig. 5a with arrows. The
fitted model parameters for (8) are given in Table I. For the
state equation a generic approach with exponential dependency
on current and voltage is analyzed (similar to [20]) and the
fitting matches well with c1, c2, c3 as follows:

dx

dt
= c1

[
exp(c2I)− exp(c3|V |)

]
· w(x), (9)

where w(x) is a window function limiting the state between 0
and 1. As window function w(x) = 1− (2x− 1)20 from [21]
is applied, but it hardly affects the state and is not limited
to use other window functions. Equation (9) represents the
extended generic memristor (3) when inserting the current
function (4) and the state parameter from Table II. Since
(4) is an implicit function, the extended generic memristor
cannot be written in a closed form. The dynamic route map
(DRM) of (9), illustrated in Fig. 4b, implies the non-volatile
device behavior, i.e. no state change for zero input voltage also
known as power-off plot (POP) (cf. dashed line in Fig. 4b).
For positive voltages stable crossing points (see x1, x2, x3 in
Fig. 4b) can be observed, which means, that the input voltage
highly influences the programmed state. Eq. (9) is mainly
current dependent by the first term exp(c2I), while the second
term − exp(c3|V |) leads to a state decrease for small currents,
which is in accordance with the measurement, cf. Fig. 4.

The complete MIIM model, defined with (4) and (8), is
fitted in MATLAB solving the implicit current function to the
measurement data set of (I,V ) with

min
Bset,Breset,Cset,Creset
Rs,Rp,c1,c2,c3,x0

∥∥∥∥
V − IRs

Rp
(RpGm(x,V , I) + 1)− I

∥∥∥∥
2

2

(10)
by solving the state equation (9) for every time step with

x = x0 + c1

∫ [
exp(c2I)− exp(c3|V |)

]
· w(x) dt. (11)
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Fig. 4: State model: (a) time evolution of voltage, current and state for
gradual RESET followed by a full SET, RESET and SET (activation
omitted); (b) Dynamic route map (DRM) of state evolution (9) for
positive/negative input voltages (upper/lower) showing stable states
for positive input voltage at x1=0.29, x2=0.58, x3=0.87 for [1, 2, 3]V

The time plots in Fig. 4a prove a distinct state change of the
model for the SET and RESET of the device. The proposed
compact model (4) and (9) shows high agreement with the
experimental data (R2 = 0.996) as demonstrated in Fig. 5a.

(a) (b)

Fig. 5: Model verification: (a) I-V measurement (data from Fig. 1a)
and model with R2 = 0.996; (b) I-V measurements for 150 different
devices (gray lines is data of 150 devices overlapped, black line is
the mean of all curves). Arrows show the direction of the I-V plots
for increasing time.

In addition to the graphical analysis, the I-V curves at
different ambient temperatures in Fig. 6a are measured, which
confirm a clear temperature dependency as expected for Poole-
Frenkel conduction, cf. (5). The trap energy level ΦT is deter-
mined from the slope of the Arrhenius plot to vary between
0.31 and 0.48 eV, see Fig. 6b, indicating a thermal release
of the trapped charges and the activation energy increases for
higher voltages.

VI. DISCUSSION

Modeling of memristive devices can be a difficult task, since
the interaction and impact of multiple physical mechanisms
that occur in these devices cannot easily be separated from
each other. Therefore, this paper proposes a graphical analysis
based on the exponential derivative γ revealing the equivalent
circuit. Then linear fitting in different plots is applied by
assuming possible conduction mechanisms, like ohmic with
ln(J) vs. ln(E) and Poole-Frenkel with ln(J/E) vs.

√
E

in this case. From this linear fitting, the free parameter, e.g.
parallel resistance Rp and permittivity ε, are considered as
to be state dependent. Several approaches for the differential

(a) (b)

Fig. 6: Temperature measurements: (a) I-V measurements varying
ambient temperatures at 25, 45 and 65 °C (data as points and lines
are fitted using the model); (b) Arrhenius plot for voltages up to 1V
(during RESET in section IX cf. Fig. 4a)

state equation have been tested, e.g. exponential terms for
current, voltage, state for set and reset individually, resulting
in the presented state function (9) with high agreement to the
measurement. However, the current still tends to be smaller
than the measurement for high voltages, cf. Fig. 5a, which can
be due to the fact, that the proposed model does not fit negative
γ values like reset 6 in Fig. 1b. One remarkable behavior of
the presented device is the full reset 6 in Fig. 1a, which starts
as reset 1 but returns in overlap with reset 5. A strong voltage
dependency is assumed and covered with the presented model,
which is confirmed by the DRM showing stable state for the
reset.

The measurements are from a device with 50 µm diameter
size of the contact electrode. In any case, scalability by about
3 orders of magnitude would be beneficial for high integration
in a crossbar array. More than 150 different devices have
been measured, showing the similar I-V curve behavior, see
Fig. 5b. Consequently, a small device-to-device variability is
assumed, but more analysis needs to be done in future for full
confidence.

This paper demonstrates a physics-based compact model for
an analog bi-layer Al2O3/Nb2O5 memristive device, which can
be applied for simulation and optimization of the integration
to memristive crossbar arrays for neuromorphic computing
application.

VII. CONCLUSION

Based on quasi-static I-V measurements of a memristive bi-
layer Al2O3/Nb2O5 stack, a physics-based model is derived
for application in neuromorphic computing. It was shown,
that analog multi-level switching at high resistances without
electroforming is performed, which is favorable for crossbar
operations with low energy consumption. Graphical analysis
with the exponential derivative and considering ohmic and
Poole-Frenkel conduction mechanisms lead to a compact
model, represented by an algebraic differential equation. The
model was fitted to experimental I-V data with high agreement
(R2 = 0.996) mapping the overall device behavior. Tempera-
ture measurements confirm the imposed Poole-Frenkel emis-
sion, but further analysis including pulse input measurements
and considering also the memcapacitance behavior are part of
future research.
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