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2D ROTATIONS
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2D Rotations

® Transformation matrices contain the new base vectors in
their columns (or rows, depending on the convention)

® For example: counter clockwise rotation around angle a

CoOSax —-Siha
) M-

SN COSc
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Complex Numbers

e The equation x?+1=0 has no solution in R
e \\Vith the definition 1=v—1 we get the solutions x=4i

@ Besides the “real” dimension, an imaginary dimension
extends the 1d real space to the 2d complex space

e By definition, the real dimension and the imaginary
dimension are orthogonal ((,) ; imaginary
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Complex Numbers

e Different equivalent notions exist to describe a point in
the complex plane

component form trigonometric form
z=a+1i-b z=|z|-(cosp +1i-sinp)
: imaginary : imaginary

(»)
b
vector with length |z
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e product is defined by distribution law and the basic
products1-1=1,1-i=i,i-1=1i,i-i=-—1:
(a+ib)(c+id) = ac—bd +i(bc + ad)
@ complex product iIs commutative:
Zq1 " Zy = Zy " Zq
@ conjugation: z* =(a+ib)* =a—ib
@ norm: |z|? =z - z*= a® + b*?

e inverse: z71 = z*/|z|?

® any polynomial ;¢ , @; - xJ has n zero crossings in C

S. Gumhold, CG2, SS24 - Rotations & Articulated Objects 7



y “(/7?‘&\ omputer Graphics
Euler’'s Formula Vo' Sommer craon

e Euler published in 1748 the formula
exp(i-p)=cosp+i-sinp
that shows exp(i - p) repeatedly traces out the unit circle.

@ The proof Is given by Taylor series expansions:

=1+ +1 2+1 3+1 *+ - > +
exp(x) = X+ oxt+ox+ oo X+ oax

@ plugging In x = ia yields

eXp(ia)=1+i(:(——0(2—i1a3+ia4+iia5+---
2 6 24 120
1 1 1 1
=1 —— 2 — 4 ] — —_ 3 5
Za +24a + +l(a 6a: +120a + )

=cosa+1i-sina

e the trigonometric form of a complex number becomes
z = |z| - exp(ip) = |z| - e
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2D Rotation with complex numbers

e multiplication of a complex number z = a + ib from left or
right with e'* corresponds to 2D rotation of z around
origin iIn complex plane

@ proof by reduction to matrix form:
z-e'*=(a+ib)-e'®
(a+ib) - -(cosa+i-sina)
=a-cosa+i-a-sina+i-b-cosa—b>b-sina
a-cosa—b-sinp+i-(a-sina+b-cosa)
:(Cosa —sina) (a)
sina  cosa /\b ,
(cosa +i-sina) - (a + ib)

e'® .z
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3D ROTATIONS
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Properties of rotations in 3D
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e Rotations retain the length of
vectors, which means

(V,V)=(RV, RV
:(Rv)T RV
V' RTRV
@ Thisis true for all V thus
R'R=1 = R‘l
— detR= +1

e |f detR=—1 the matrix contains a
reflection. Rotations must have
detR=+1

e Rotations form the special
orthonormal group:

VR,,R, € SO(3): R,R, € SO(3)

e 3D rotations do not commute:

’%
‘ A

/
S /

=3
=

3

Y 2

Rotation um Achsen 3. 2

Rotation um Achsen 2, 3

| 2 & /_/} _23
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Forward Euler Angle

e A 3D rotation in the 123-convention
of Euler angles as used in navigation
for roll, pitch, yaw can be written in
the form:

1 0 0\ /c; 0 -5 cz S3 0
R,(01) R, (0;) R,(03) = (0 Cq 51) (0 1 0 ) (—53 C3 0)
0 =53 ¢/ \s2 0 ¢ 0O 0 1

C2C3 €253 —S2
= (515‘263 — (1S3 $15283+C1C3 5162)
C1SpC3 + S1S3 (€1S9S3 — S1C3 (C1Cy
with ¢; = cos 64, s1 = sin 84, etc.
e The Euler angles can be computed from a given rotation

matrix R according to the Pseudo code on next slide. We
define the vector w of Euler angles as

Z)) — (911 02; HB)T — R1_213 (R)
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Euler Angles Inversion - 2 Approaches

Mop Moy My C2C3 C2S3 —S52
M=|Myp M1 My | = | S1S,03 —C1S3 S1S283+C1C3 S1Cy

mz{] m21 m22 5152 Cg + 5133 C15253 - 51C3 Clﬁ'z

Ken Shoemake. "Euler angle e Mike Day. "Extracting euler

conversion." Graphics gems V. angles from a rotation matrix,

1994. 222-229. 2012

e® checks for gimble lock case e avoids check by accounting for
where ¢, becomes very small instable 6; in computation of 65
with epsilon check on m00 and g this allows for restriction to
mO1 and assumes 63 = 0. single precision floats

6, = atan2(my,, Mmy5)

Cy = \/mooz +mg,
92 = atan2(—m{]2: Cz)
65 = atan2(my;, Myp) s; = sin(6;), ¢; = cos (6,)

= atan2(c;S3, €2C3) 65 = atan2(s;myo — €1Myp, €;My1 — S1Myq)
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Rotation around Axis

e Every rotation can be described
by an axis N and an angle o

e Notion of this rotation matrix R(A,«) A

. . N \ .
e [For every rotation exist two Y,
axis-angle combinations:

R(A,a)= R(-A,—a)

Yo
V' = (A" A+ (V —(A7V )i Jcosar + (A xV)sin o
o ~ J/ o ~ J |
Components X-component y-component
along N are perpendicular perpendicular,
preserved to N to Nand V
e Matrix notation
R(A,a)=P, +(1-P,)cosa +h*sina
—_
Cross yO
] A AT product
using P, =nNn matrix X,
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QUATERNIONS
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Derivation of Euler Parameters

sin2x = 2sinx cosx

V' =(V-A)A+(V—(V-A)d)cosa +(AxV)sina
cos2x =1 — 2sin’x

.
'y
Py
----
-
e
s ®

V' =vcosa+(V-A)A(L—cosa )+ (AXV)SING | oers = cosx — sin?x

22 1 2(AxV)sin % cos4

V' =v(cos® £ —sin® £ )+ 2(v - A)Asin

v =62 — 6| o +2(7 - )6 + 26, (6 xV)

Eulerparameter
e, =Ccos%< (&)
€=Nnsin%=|¢,

=D %

3
1=0

[N

16
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Quaternion Definition

@ comparison with complex numbers suggests definition of
guaternions:

Z=Co0Sa+ISina < (Q=¢,+lie + Je, +Ke

e with complex roots i, and k whose direct products define
the rule of multiplying two quaternions

@ when reducing to 2D rotations, the complex numbers
should result. This iImplies

i“=j°=k*=ijk=-1 ksl
@ This results in the following —-
product table: Lt |Jj|k
(ij= ji would result in a commutative e I )
product, but rotations in 3D don't j | —k|-1] i
commute) k| j|—-i|-1
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Quaternion Definition

e Note the similarity between i,j,k and cross products of

the orthogonal unit vectors %, y, z:

ix]

e detailed explanation of quaternions can be found at:
http://3dgep.com/?’p=1815
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More on Quaternions

e conjugation:  =¢€,—eji—¢€,j—ek

2 *
® norm: la|" =agq” =e; +ef +e; +e;
- a1 g - e Al
e inverse: - =-=—+ forunit quaternions: G =4
d qg

e scalar+vector-interpretation q =(g,,&)=(s,v)=(s,x,y,2)

e multiplication 4,4, :(5152 Vi V5,8V, +8,V; +V XV,

e unit quaternions G =(cos<,Asin%) can be interpreted as
rotation by a around N. To rotate a 3d-vectorp construct
quaternion p = (O, D) and compute

p' =qprq’
e efficient concatenation of rotations:g,, = 4145
@ \When interpolating rotations with quaternions one has to

ensure that result is a proper rotation. Then one can
normalize the result quaternion or use SLERP.

S. Gumhold, CG2, SS24 - Rotations & Articulated Objects 19
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Example

@ concatenation of rotation by a around x followed by
rotation by B around y

oqx=(cos% sin% 0 0)

®q, = (cosg 0 sing O) 0
o quat prOdUCt:qqu — (5152 v1 'Uz,S.l;vz + §2v1 + v1 X vZ)
S S S T S
yx 2 2 Sin > COS > COS > Sin > Sin > Sin >

@ this corresponds to rotation around new axis n and new
angle y with

i = (sin a_ i sin)
— |SInN-COS— COS—SInN—- —SIn—SIn—J,
2 2 2 2 2 2
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a 15 . a 5 a . B .. a . B

o qux — |COS—COS— SIN—CoS— COS—SIn— —SsIn—SIn-—
2 2 2 2 2 2 2 2

@ this corresponds to rotation around new axis 11 and new
angle y with

n= <Sm§COS§ cos—sin=  —sinzsin §>,
|7]|? = sin? % cos? > + cos? %sin2 g + sin? %sin2 g = sin? % cos? > + sin? >
=1- c052£+ sinzgcoszﬁ =1- cosz—(l — sinzg) — 1 — cos?t cos?=
2 2 2 2 2 2 2
n= . (singcos— cos—sine  — sinzsin—) ,
2 2 2 2 2 2

2P a
\/1 COS 2cos 7

e and angle

o a
y = arctan2 \/1 — cos?2 Ecos2 -1 €0S 7 CoS 7
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Conversions from and to matrix

® conversion to rotation matrix can be derived by transforming
the base vectors X, ¥, Z with the quaternion and writing result
in columns of rotation matrix:

; s+ x% —y?—z2 2(xy — sz) 2(xz + sy)
R| q = v 1= 2(xy + sz) s?—x?+y?—z? 2(yz — sx)
Z 2(xz — sy) 2(yz + sx) s2—x%—y?+ 272

@ conversion back to quaternion from diagonal elements of R and
normalization constraint:

1 1 -1 -1 S2 Rxx S2 1 1 1 1 Rxx
1 -1 1 =1\ (2| _[Ryy | (** |1 1 -1 -1 1)[Ryy
1 -1 =1 1 |\y?]| \Ry, y ] 4l-1 1 -1 1][|R,
1 1 1 1 22 1 22 -1 -1 1 1/ \1

e® The signs of the components can be derived from (see)
s=1;x= sgn(RZy — Ryz); y =sgn(R,, — R,,); z = sgn(Ryx — ny);

S. Gumhold, CG2, SS24 - Rotations & Articulated Objects 22
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Conversions from and to matrix

@ Example of derivation of x-column of rotation matrix:

X —X
q= (s, <y>) q1qz = (51S; — V1 - Uy, $1V, + S,V + V3 XV,)  §° = (5, (-}/))
A —Z

0

A

’

—xs — (—xs — zy + yz),

S EENENHE

N J
~ N ~ J
62 _ 42 y2 — 72
=1 0,| xy+sz|+|xy+sz
XZ — Sy XZ — Sy

s?—x?+y%—z

=10, 2(xy + sz)
2(xz — sy)

2
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Double Cover of Rotations

@ The axis-angle representation of rotations with
a € |—m, m]is not unique, as
R(N,a) = R(—n, —a)
e Each rotation has two representations. We call this a
double cover of the group of rotations
@ The quaternions are also a double cover as
| qrq” = (—)p(—q")
with
a . a ~
—q = (—cos7 —sin_f) =
a : a ~\\ _
COS (n — E) sin (n — E) (—n)) =
cos 2% ginZZ“ (—ﬁ))
2 2
@ On the 3-unit sphere in 4D space the

unit quaternions that are related by point
reflection at origin represent same rotation

S. Gumhold, CG2, SS24 - Rotations & Articulated Objects 24
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Vergleich von Rotationsreprasentationen

2D 3D

Pktrep. Rotrep.  Transf. Pktrep.  Rotrep. Transt.
B 2x2 Matrix ® 3x3 Matrix

o st _ X 1 0 0 _
EZ(X] (:)nsa CSOI:OJ Trotp p=|y 0 cosa -sina TfOTp
y Z 0 sina cosa

® komplexe Zahlen @ Quaternionen
2= "= ga_ga; p=(0,p)  a=(costfsing)  gpg?=
X+1y COSa +1SIn« =Xi+Y]+2zk =C0S5 + qpq*

sin %(nxi +n, | +nzk)
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ARTICULATED OBJECTS
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Fabricating Articulated Characters

N ‘!

from Skinned Meshes
SIGGRAPH 2012

Moritz Bacher, Harvard University
Bernd Bickel, TU Berlin
Doug L. James, Cornell University
Hanspeter Pfister, Harvard University

Fabricating Articulated Characters
using Skinned Meshes, Siggraph 2012
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X&C3-Axes only Y-Axis needed & Viiis Configaration
) a\}
\‘z \\ 2 2-axis Wedge Design
NWARS - % + X-Axis
- SRRy + Used to compensate for clearance of the
A AV s59 ' moving Y-axis
2 [\\ * Y-AXxis
\ & e i\ * Programmed as perpendicular plane to the
A \A B \ X-axis.
— ; \: C3-Axis
C-Axis Drilling Y-Axis Drilling = W-Axis - . \\ (sub-spindle)

(always points to center) (allowed to move laterally)

X&C3-Axes only flats X&C3-Axes only circle
http://blog.hurco.com/blog/bid/281989/An-Introduction-to-Mill-Turn-Technology
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Motivation - Skeletal Animation

Coll

Shoulderblades

biped body tracking

NEBE EYE_LEFT
EYE_RIGHT G875 EYE_

EAR_RIGHT ® We ¥ @ par LEFT

@ HEAD
HANDTIP_LEFT

HAND_LEFT
WRIST_LEFT

HANDTIP_RIGHT
HAND_RIGHT
WRIST_RIGHT
Yl )4

S O

NECK
CLAVICLE_RIGHT. Q eCLJ\VICLE__LEFT

A~ SHOULDER_RIGHT SHOULDER_LEFT
: ELBOW_RIGHT

THUMB_RIGHT ELBOW_LEFT

@) SPINE CHEST THUMB_LEFT

@) SPINE_NAVAL

~ PELVIS ; \
HIP_RIGHT O+=0O—0 HIP_LEFT {
/ um,m\ N

, e
MIP_CEINTEIR

KNEE_RIGHT @ O KNEE_LEFT

ANKLE_RIGHT @, @) ANKLE_LEFT

FOOT_RIGHT 1@, @) FOOT_LEFT

kinect azure skeleton kinect 1.0 skeleton

/mow_un )

| SHOULDER RIGHT )~ ) sHouLomR LT
- e /

Tailbone

Head
Meck
RightHand _ m LeftArm _ LeftHand
RightForeArm / LeftForeArm
Spine
RightShoulder LeftShoulder
Spine
RightUpLeg LeftUpLeg
RightLeg ’ LeftLeg ‘ u 4
RightFoat t LeftFoot

BVH skeleton
(mocap file format: Biovision

S. Gumhold, CG2, SS24 - Rotations & Articulated Objects
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Middle

hand tracking i

Tip Position

Istal

(D— Bones —\\

Thumb = Intermediate

~ Proximal

¢ Metacarpal )

Palm Position ‘\-\. )

© wikipedia

Wrist Position
Arm

leap motion hand skeleton

Other applications: facial animations

S. Gumhold, CG2, SS24 - Rotations & Articulated Objects 30
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e bone/limb/link corresponds
to a stiff part and a bone ioint
coordinate system
l bone

e® the arm is fixed at the first
bone, which Is called base

e the last bone Is also called &
end effector and used for ’p

example for grabbing

@ joints connect two bones \ L
and often have an own ond effector
coordinate system aligned

with their rotation axis

@ bones and joints form a
kinematic chain

base

Robot arms with Bones and Joints
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@ |n robotics and milling the
most basic joint types are
revolute and prismatic
joints with one axis each

joint, joint azis link;_, link;
® per bone three coordinate [ ——
systems are defined: B i i 0 conric il s
e input joint (subscript I) Is ;
reference coordinate system

of bone

@ bone (subscript B) is used to
place bone geometry

e output joint (subscript 0) Is ik
used to connect next bone

® joint coordinate systems
are aligned with joint axis

lb-cz.s The three coordinate systems associated with each link;: BF, IF;, and OF ;. The origins and
ate axes of the inner-frame /F;, and the outer-frame OF'; are specified in the body-frame BF ;.

S. Gumhold, CG2, SS24 - Rotations & Articulated Objects 32
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Kinematic Chain - Coordinate Systems

@ input joint coordinate systems are used as
reference for base / bone and enumerated
from 0 (base/world) to N (end effector

e Transformations are composed along 12}
kinematic chain
ory = °1,- 1, . NTITY,

® model transform view: place bones from
base to end effector

e system transform view: convert coordinate
system from end effector to base

® This can be further refined into
/ local joint transformations \
0T1 1Tz 2T3

_ ‘world OF, - IFT  BF OF, FF,+  BRT OR IF, .
=" T, 0 T T Tor T g T, T, T R T

end

(3}

10}

T

chain
dependent on joint parameters
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1R

I

Revolute 2R Universal 1T prismatic

3R Spherical 2T in-planar

http://www.mathworks.de/de/help/physmod/sm/assembled-joints.html
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Special Joint Types

f1

T1R1T Cylindrical

Six-DoF Bushing
. Iz Z
3R3T 3R3T

3R1T  Telescoping Screw

http://www.mathworks.de/de/help/physmod/sm/assembled-joints.html
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Euler Angle Representation of Orientation Wiy Comper oraon

Roll-Pitch-Yaw Conter of I
e An arbitrary rotation is defined by 3 nicken \ Grauity ‘
free parameters Yeornmis | -

@ They can be defined by 3 rotation
angles which are called Euler angles

e Coming from aironautics, the terms
roll (x), pitch (y) and yaw (z) are
commonly used

Rroll—pitch—yaw — Rz (¢yaw) R{ (¢pitch ) Rx (¢ro|l)

+ Pitch

rollen
Roll Axis

Yaw Axis
+ Roll g leren

X -
7 ©Wikipedia

Navigation using gyroscopes outer gimba

e Commonly used: 313-Convention I R g

® The first and third axis can become
parallel, thus reducing one degree
|of fkrgedom. This is called “gimbal
ock”.

Rsls(auBJ/): R, (O‘)Rx (ﬂ)Rz (7/)

gimbal lock
only 2R left

susp@ m;ed to
hold gyroseoepe

S. Gumhold, CG2, SS24 - Rotations & Articulated Objects 36
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Forward Kinematics

@ Given a kinematic chain
(robot arm or path in
skeleton) with relative
transformations (-UT, (g;,) {2}
depending on parameters
d;, location and orientation
of the end effector In
world coordinates are a
function of the q;, also:

13}

_pOEE :OTN_p::E - i(qik)

ng = Rslls(oTN Xyz) = F(qik)

Orientation for example given as Euler angles OT _OT lT N —1-|-
and computed from 3x3-rotation matrix N~ "1 2 " N

S. Gumhold, CG2, SS24 - Rotations & Articulated Objects 37
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® a skeleton Is a kinematic tree
structure with joints as nodes
and bones along edges.

e it has a single root joint and
several end effectors

@ at each joint i a joint
coordinate frame F; is

deﬂned tree edges —
e Local joint transformations N
p(D)pr.
T; map from parent frame ¢

Fp(i) to F; Wlth d rlgld bOdy
transformation © Stefan Brocker
e together all local joint

transforms define the pose of
the skeleton

S. Gumhold, CG2, SS24 - Rotations & Articulated Objects 38
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@ In the Denavit-Hartenberg w1 (q )=
notation for e_ach link there cosg _sing 0 a
IS ONne adJUSth|e Parame- sing, cosa;, , COSp cosa, , —Sina,, —-dsing
ter gy corresponding to d;  |singsing,, cosgsing,, cose, d cose,

or ¢; depending on the 0 0 0 1
joint type (prismatic or
. i1 . a
reyolutlon) | Ti(aiuBi’7/i’ti):T(ti)Rz(Vi)Rx(:Bi)Rz(ai):
3 US|ng EUler _cos(“,fl.)cos(ocj)—sin(“/i)oos(Bi)sin(OLi) —cos(y,) sin(e,) — sin(y,) cos(B;) cos(a,)  sin(y,) sin(f3;) tx_
angles One sin("/i)cos((xi)+cos(“{i)cos(Bi)sin((xi) —sin(“{j)sin(ai)+cos(“{i)cos(Bi)cos(ai) —cos("/i)sin(Bi) 1,
sin(3,) sin( o, ) sin( 3, ) cos(a,) cos(3,) t
hastG para- | ) . ; 1_
meters - -
. . | 1Ti(qi =(s, %Y, Z)’ti):
@ Using quaternions one has
7 parameters plus one e

l. _t _t . _t 2Xy+2sz 1-2x%-222 2yz-2sx
normalliZzation constrain xz2sy  2yz2sk 12x2-2y2 t,

P+ X +y+z°=1 0 0 0 1

S. Gumhold, CG2, SS24 - Rotations & Articulated Objects 39
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Computing Joint to World Transforms  Yaw ScVicization:
joint index 4 3 2 1 5 6 O 8 911 12 13 14 15 17 18
p(i) -1 © @ @ © 1 2 3 4 3 11 12 13 14 15

0
1 Root-Joint

e the skeleton tree can be linearized
In breadth or depth first traversal

e for rendering we need for each
joint the joint to world

. 0 = 10
transformation "T; 8 /\

) 12 9
@ these transformations can be H

stored linearly in breadth or depth
first order \13 14

e Both orders guarantee that parent ° e
to world transformation is 18
computed before joint to world  initialize °T,
transformation, allowing for for i from 1 to n do

sequential computation: T, = T, P(l)T (Gi)
[ — l l
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VN,
«‘ve; Computer Graphics
"AY/" and Visualization

DENAVIT-HARTENBERG
NOTATION
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Computer Graphics

Denavit-Hartenberg notation VAW nd Visualization
@ input: joint axes p; + 1 - Z; Lo
—_ Ay
e output: joint iInput coordinate \/
frames o0;, X;, ¥;, Z; and four T I~ \|
parameters d;, 0;, a; and a; XX
per joint: _— )
@ d;... is the Euclidean distance i
along axis z;_; to the point 2,/ e
where the common perpendi- |
cular intersects axis z;_;. LT A

(parameter of prismatic variable)

® 0;... joint angle / rotation angle around z;_;that rotates X;_;
axis onto X; axis (parameter of revolute joint)

e q;... link length / perp. distance between joint axes
® «;... link twist / rotation angle between joint axes (around x;)

> 1. = Rot,(6,) - Trans,(d;) - Trans,(a;) - Rot,(a;)
@ x-axis of base can be chosen freely
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» Computer Graphics

ShOI’t ".l.UStI'ation \QY!' and Visualization

Denavit-Hartenberg Reference Frame Layout
Produced by Ethan Tira-Thompson

=’ BY NC SA |

here a;, a;, d;, ¢; are denoted as r, «, d, 6; https://www.youtube.com/watch?v=rA9tm0gTIn8
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» Computer Graphics

DH Frames and Translation Parameters ¢ ' Y/’ and Visualization

@ new X; axis is perpendicular to x (r
both Z axes: T _HHH@I\\A
X; = +normalize(2;_1 X Z;) N
e sign of %; is determined from ot N\
constraint that a; > 0, where a; * /i
IS the projected distance from f/uﬂm
pl to pl+1 a; = (pl+1 pl'xl> Y Erame i1 %«

® we get from origin 0;_; to o; along the palth
0, =0;,_;+d;z;_; + a;x;

®@o;isonaxisi:0; =p;+1A-2; =0, +d;iZ;_1 + a;X;
@ we can compute d; and A by forming triple products:
d; = <Bi —0;-1,Z; X /x\i>/<2i—1»2i X X;)
A= <Qi—1 —PiZi—1 X 521’>/<2i:2i—1 X X;)

e The frames are completed with y; = Z; X X;
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M‘VA\ Computer Graphics

DH 360° Angle Computation VAW nd Visualization

: Z;__ ]
e Take care when computing -1 Zj

angles via arctan2 through

sina; = ||2;_; x 2| and V
cosa; = (Z;_1,2;) Zi_1XZ

@ As the sine Is always X;
positive, the range of a; Is 2;
[0, 7] )

e One needs to determine the R Zi-1
sign of a; from the sign of Zi X Z; R
<Zi—1 X zi,xi), |.e. —> A

a; =sgn({z;_1 X z;,x;)) - arctan2(||z;_1 X Z;||,{Z;-1, Z;))
e Similarly one gets
0; = sgn({X;_1 X Xj,Z;_1)) - arctan2(]|x;_1 X x;||, (X;—1, X))
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(/'?‘A\ omputer Graphics
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Y27 and Visualization
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