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Computer Graphics
and VisualizationContent

 Data Preparation

 Reconstruction

 Tetrahedral meshes

 Filtering

 Indirect Volume Visualization

 Slicing

 Contouring

 Direct Volume Visualization

 Compositing

 Volume Rendering Integral

 Transfer Functions & Pre-Integration

 Rendering Algorithms

 Continuous Histograms & Scatter Plots

 Multi-Dimensional Transfer Functions
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RENDERING ALGORITHMS
Direct Volume Rendering
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regular grid structured grid tetrahedral mesh

Textur-Slicing Shear Warp Raycasting Projection
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Forward methods

 Object space algorithms

 Cell projection

 Execution: voxel by voxel

 Visibility sorting needed

 Example: slicing, shear-
warp, splatting, ...

Backward methods

 Image space algorithms

 Execution: pixel by pixel

 Example: Ray casting
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 Load voxel grid into 3D texture 

 slice texture with planes perpendicular 
to view direction (back to front or front 
to back)

 Clipping at volume box

 enable 6 clipping planes in OpenGL

 draw quads that cover volume box in 
screen space
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// in world space:

wbox = BoundingBox of Volume

for each plane pln of wbox

enableClipPlane(pln)

// in camera coordinate system:

cbox = BoundingBox of Volume

zmin = max(znear, minz(cbox))

zmax = min(zfar, maxz(cbox))

for z=zmax to zmin step –dz do

render quad at distance z

that covers cbox

disableClipPlanes()
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Implementation

 Raycasting can be implemented in the 
shader pipeline on the GPU by 
sampling view ray for each pixel 
covered by volume box

Preparation:

 Display of all opaque areas with writing in 
the color and depth buffers (dashed purple)

 Rasterize the backs of the volume envelope 
with only writing in depth buffer (dashed 
pink)

raycasting:

 Depth buffer (copy and) bind as texture 
(dashed pink)

 Rasterize the front sides of the volume 
envelope with Raycasting shader program 
and the near-clipping plane (dashed green)
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view
frustum
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objects

1. depth buffer

2. depth buffer

visible front
sides volume box
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Vertex shader

 transform position to eye and clip coordinates

 calculate 3D texture coordinates if not 
part of the geometry data

Fragment shader

 Lookup depth value in depth texture to 
compute exit point with texture coordinate

 sample ray front to back in while loop

 get interpolated scalar value from 3D texture and 
evaluate transfer function

 blend color and opacity of samples with over operator

 adapt step width to accumulated opacity

 remember depth value when opacity threshold was 
reached first

 Blend accumulated color and opacity over 
color buffer

 write stored depth value to depth buffer
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Viewing ray
through fragment

depth texture

entry point

exit
point
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 empty space skipping

 early ray termination

 Check accumulated 
opacity for threshold, 
e.g. 95%

 sampling rate 
adjustment 

 homogeneity 
acceleration: the more 
homogeneous the 
volume region, the 
smaller the sampling 
rate

 𝛽-acceleration: the 
higher the accumulated 
opacity, the smaller the 
sampling rate
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Image from SparseLeap paper from: 
b) non-empty bounding geometry rendering, c) octree, d) SparseLeap

left: without, right: with early ray termination

https://johanna-b.github.io/files/documents/sparseleap_vis17.pdf
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 If data is given on tetrahedral mesh, a cell projection 
approach called projected tetrahedra is used

 The tetrahedra need to be visibility sorted
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and VisualizationProjected Tetrahedra – Sorting

Visibility Sorting Approaches for Tet Meshes

1. Topological Sorting

 Meshed Polyhedra Visibility Sorting (MPVO)

 Assumes convex boundary surface

 Assumes that no visibility cycles can arise

 builds on tet adjacency data structure

2. Distance Based Sorting

 Specifically for Delaunay Tetrahedralizations

 Proveably no visibility cycles exist

S. Gumhold, Scientific Visualization, Volume 11



Computer Graphics
and VisualizationProjected Tetrahedra – Sorting

Meshed Polyhedra Visibility Sorting (MPVO):

 In preprocessing step construct
dual graph with one edge per 
tet-tet-adjacency

 For a given view-point orient
each edge based on the side that
the view-point lies with respect to
the face shared by adjacent tets

S. Gumhold, Scientific Visualization, Volume 12

Williams, P. L. (1992). Visibility-ordering meshed polyhedra. ACM Transactions on Graphics (TOG), 11(2), 103-126. (link)

https://dl.acm.org/citation.cfm?id=130899
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MPVO continued:

 topologically sort back to front

 For each tet count number 
of outgoing edges

 All tet with zero count do not 
occlude any other tet and can 
be removed

 decrement counts of tets with 
edge pointing to removed tet

 Repeat until all tets are removed

 Draw tets in order of removal

 Extension to non convex 
boundary surfaces:
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Callahan, S. P., Ikits, M., Comba, J. L. D., & Silva, C. T. (2005). Hardware-assisted
visibility sorting for unstructured volume rendering. IEEE Transactions on 
Visualization and Computer Graphics, 11(3), 285-295. (link)

http://www.lume.ufrgs.br/bitstream/handle/10183/27599/000543950.pdf?sequence=1
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Distance based:

 Assumption: Delaunay Tetrahedralization

 For each tet compute circum-sphere 𝒄𝑖 , 𝑟𝑖
 For view-point 𝒆 compute per sphere distance to

silhouette
𝑙𝑖
2 = 𝑑𝑖

2 − 𝑟𝑖
2, 𝑑𝑖

2 = 𝒆 −𝒄𝑖
2

 sort tets by 𝑙𝑖
2

 standard sort like Quick-sort is
𝑂(𝑛 ⋅ log 𝑛), whereas topological sort is 𝑂(𝑛)
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𝑙𝑖

𝒆
𝑑𝑖

𝑟𝑖

𝒄𝑖

Max, Hanrahan, Crawfis, Area and volume coherence for efficient visualization 
of 3D scalar fields, ACM Computer Graphics 24(5), 27-33, 1990
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and VisualizationProjected Tetrahedra – Rendering

 For rendering each tet is split view-depen-
dently into up to 4 tets such that each 
tet protects to a triangle with two corners 
of zero depth and one corner of depth 𝐷.

 Classification into four cases:

 Each resulting tet is 
rendered as triangle 
with the depth as 
attribute:
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𝐷

𝒗

view direction

view-aligned
tetrahedron
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Rasterization of view-
aligned tets

 rasterize the triangle facing
the observer („front“-
triangle)

 Interpolate scalar attribute
𝑆 and eye position 𝒑

linearly on front / back 
triangle 𝑆, 𝒑↑ / 𝑆, 𝒑↓

 Lookup volume integral in 
pre-integration table:
ሸ෩𝑬 𝑆↑, 𝑆↓, 𝑑 , 𝑇(𝑆↑, 𝑆↓, 𝑑)

with 𝑑 = 𝒑↑ − 𝒑↓
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image plane

𝐷

𝑆 = 𝑆10+ 𝑆21 + 𝑆31

0
2

1

𝒗
„front“-triangle

𝑑

𝑆 = 𝑆00 + 𝑆21+ 𝑆31

ഫ𝒑0, 𝑆0

ഫ𝒑1, 𝑆1

ഫ𝒑2, 𝑆2

ഫ𝒑3, 𝑆3
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and VisualizationProjected Tetrahedra – Rendering

 Rasterization of view-aligned
tets

 perspectively correct
interpolation only works
automatically for ഫ𝒑, 𝑆 on GPU

 ഫ𝒑 and 𝑆need to be multiplied

with fraction 𝑤↑/𝑤↓ of ഫ𝒑′s clip

space w-components before
interpolation (vertex/geometry
shader) and corrected in 
fragment shader by
multiplication with 𝑤↓/𝑤↑ of
interpolated positions.
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ഫ𝒑0, 𝑆0

ഫ𝒑1, 𝑆1

ഫ𝒑2, 𝑆2

ഫ𝒑3, 𝑆3
𝐷

ഫ𝒑, 𝑆
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and VisualizationProjected Tetrahedra – Rendering

 In a shader implementation, tetrahedra are drawn with 
point primitives that are index quadrupels

 The vertex shader looks up the vertex positions and 
attributes in a texture or shader storage buffer objects

 The geometry shader classifies into the four cases and 
emits one up to four triangles for the view-aligned tets

 The fragment shader looks up the volume rendering 
integral in a texture

 The resulting fragment colors are blended in the frame 
buffer with over operator front to back or back to front
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SPH-Kernel Splatting Projected Tetrahedra

A Novel Approach to Visualizing Dark Matter Simulations; Ralf Kaehler, et al. 2012, (link) 

https://www.google.de/url?sa=t&rct=j&q=&esrc=s&source=web&cd=2&cad=rja&uact=8&ved=0ahUKEwiyrK2xhYfYAhVJZlAKHfxmB0gQFgg4MAE&url=http://ieeexplore.ieee.org/iel5/2945/6327196/06327212.pdf&usg=AOvVaw3iscMP5VwuW5alDmaXyKcu
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HISTOGRAMS AND SCATTER 
PLOTS

Volume Statistics
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and VisualizationContinuous Scatter Plots

 Histograms / scatter plots are an 
essential guide for the design of 
1D / 2D transfer functions

 Typical features used for second 
axis of transfer function are

 gradient magnitude 𝑆´ = 𝛻𝑆

 Second derivative along gradient 
direction from Hessian matrix 𝑯:

𝑆′′ =
1

𝛻𝑆 2
𝛻𝑆𝑇𝑯𝛻𝑆

 discrete computation is based 
on a binning of the feature 
values with a bin size parameter 
per feature
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Kniss, J., Kindlmann, G., & Hansen, C. (2002). Multidimensional transfer functions for interactive volume 
rendering. IEEE Transactions on visualization and computer graphics, 8(3), 270-285.
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Advantages compared to Scatter Plots:

 No overdraw problem

 No missing value problem

 Parameter free
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discrete low resolution

discrete high resolution

continuous low resolution

continuous high resolution

Bachthaler, S., & Weiskopf, D. (2008). 
Continuous scatterplots.

IEEE transactions on visualization and 
computer graphics, 14(6), 1428-1435.
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 The interpolation / reconstruction defines a mapping 𝜏
from domain points 𝒙 ∈ 𝑹𝑛 to attribute space 𝜉 ∈ 𝑹𝑚.

 In case of 1D attribute space we get a histogram

 In case of 2D attribute space we get a scatter plot

 In case of higher dimensional attribute space one 
typically works with scatter plot matrices
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Domain / 

Observation 

Space

Attribute /

Feature 

Space

independent
variables

dependent
variables

𝑹𝑛 𝑹𝑚

𝜏
𝒙 𝜉
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 Bachthaler et al. introduce the value density 𝑠 𝒙 in 

observation space and map it to attribute space with 𝜏: 
via the conservation of the integral over region Φ:

∀Φ:න
Φ

𝜎 𝜉 𝑑Φ = න
𝑉=𝜏−1(Φ)

𝑠 𝒙 𝑑𝑉

 Typically 𝑠 𝒙 ≡ 1.
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𝑹𝑛 𝑹𝑚

𝜏 𝜎(𝜉)𝑠(𝒙)

Φ

𝑉 = 𝜏−1(Φ)

𝜏−1
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 𝜏−1 𝝃 maps to the set of pre-images of 𝝃.

 For 𝑛-dimensional regions 𝑉 in domain that map to a 

constant 𝝃0, 𝜎 𝝃0 becomes a delta function multiplied 

by 𝑉 such that local integration around 𝝃0 yields 𝑉

 Illustration for 𝑛 = 𝑚 = 1 with colored parts summed to 
dashed continuous histogram: 
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𝑙 ⋅ 𝛿 𝜉0
𝑙
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 For constant slope of 𝜏 𝑥 = 𝑐 ⋅ 𝑥, the contribution to 

the histogram is 𝑑𝜎 𝜉 =
1

𝑐

 On intervals 𝐼 = 𝑥0, 𝑥1 of invertible 𝜏ȁ𝐼 𝑥 we get

𝜎 ቚ
𝜏 𝐼

𝜉 =
𝑠 𝑥

𝜕𝑥𝜏ȁ𝐼 𝑥

 This follows from change of variables in the integral: 

𝜏׬ 𝑥0

𝜏 𝑥1 𝜎 𝜉 𝑑𝜉 = 𝑥0׬
𝑥1 𝜎 𝜏 𝑥 𝜏′ 𝑥 𝑑𝑥 𝑥0׬=

𝑥1 𝑠(𝑥)𝑑𝑥
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 For 𝑛 = 𝑚 > 1 this generalizes to regions 𝑉 of invertible 
𝜏ȁ𝑉 𝑥 with the Jacobian matrix 𝑱𝒙𝜏 of first derivatives to

𝜎 ቚ
𝜏 𝑉

𝝃 =
𝑠 𝒙

det 𝑱𝒙𝜏ȁ𝑉 𝒙

 Typically we split the domain into cells 𝑉𝑖 of invertible 
regions of 𝜏 (e.g. tetrahedral) and compute 𝜎 by 
summing over the cells:

𝜎 𝝃 =෍

𝑖

𝜎 ቚ
𝜏 𝑉𝑖

𝝃
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 The case 𝑛 = 2/3 and 𝑚 = 1 is used to compute a 
histogram over iso-lines/iso-surfaces

 To compute 𝜎 𝜉 one has to integrate over the 1D/2D 
iso-line/iso-surface:

𝜎 𝜉 = න
𝜏−1(𝜉)

𝑠 𝒙

det 𝑱𝒙𝜏 𝒙
𝑑(𝑛−𝑚)𝒙

again the determinant of the Jacobian needs to be
considerer – not only the length/area of iso-line/surface
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 The case 𝑛 = 3 and 𝑚 = 2 is used to compute a scatter 
plot over two features

 Each point 𝝃 corresponds to a fiber curve resulting from

the intersection of two iso-surfaces

 The boundary of a region in the scatter plot
corresponds to a fiber family forming a fiber surface
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Carr, H., Geng, Z., Tierny, J., Chattopadhyay, A., & Knoll, A. (2015, June). 
Fiber surfaces: Generalizing isosurfaces to bivariate data. In Computer 

Graphics Forum (Vol. 34, No. 3, pp. 241-250).

𝜉1 iso-surface and fiber 𝜉2 iso-surface and fiberboth iso-surface and fiber
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 The case 𝑛 = 3 and 𝑚 = 2 we get a 1D integration along 
fibers to compute 𝜎:

𝜎 𝝃 =
𝜉1
𝜉2

∈ 𝑹2 = න
𝜏−1(𝝃)

𝑠 𝒙

det 𝑱𝒙𝜏 𝒙
𝑑(1)𝒙

 Where det 𝑱𝒙𝜏 𝒙 can be computed from the gradient 

vectors of 𝝃-components: det 𝑱𝒙𝜏 𝒙 = 𝛻𝒙𝜉1 × 𝛻𝒙𝜉2
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 For volumetric data given on tet meshes the fiber 
surface scatter plots can be computed similarly to 
projected tetrahedral approach without visibility sorting 
but with additive blending:
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S. Gumhold, Scientific Visualization, Volume 33



Computer Graphics
and Visualization

MULTI-DIMENSIONAL 
TRANSFER FUNCTIONS

Direct Volume Rendering
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(air,soft tissue,bone)

Kniss, J., Kindlmann, G., & Hansen, C. (2002). Multidimensional transfer functions for interactive volume 
rendering. IEEE Transactions on visualization and computer graphics, 8(3), 270-285.
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(A,B,C,D) = (pulp,background,dentin,enamel)

Kniss, J., Kindlmann, G., & Hansen, C. (2002). Multidimensional transfer functions for interactive volume 
rendering. IEEE Transactions on visualization and computer graphics, 8(3), 270-285.
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