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Abstract

This thesis is concerned with nonlinear analyses of BWR stability behaviour, contrib-
uting to a deeper understanding in this field. Despite negative feedback-coefficients
of a BWR, there are operational points (OP) at which oscillatory instabilities occur. So
far, a comprehensive and an in-depth understanding of the nonlinear BWR stability
behaviour are missing, even though the impact of the significant physical parameters
is well known. In particular, this concerns parameter regions in which linear stability
indicators, like the asymptotic decay ratio, lose their meaning.

Nonlinear stability analyses are usually carried out using integral (system) codes,
describing the dynamical system by a system of nonlinear partial differential equa-
tions (PDE). One aspect of nonlinear BWR stability analyses is to get an overview
about different types of nonlinear stability behaviour and to examine the conditions of
their occurrence. For these studies the application of system codes alone is inappro-
priate. Hence, in the context of this thesis, a novel approach to nonlinear BWR stabil-
ity analyses, called RAM-ROM method, is developed. In the framework of this ap-
proach, system codes and reduced order models (ROM) are used as complementary
tools to examine the stability characteristics of fixed points and periodic solutions of
the system of nonlinear differential equations, describing the stability behaviour of a
BWR loop. The main advantage of a ROM, which is a system of ordinary differential
equations (ODE), is the possible coupling with specific methods of the nonlinear dy-
namics. This method reveals nonlinear phenomena in certain regions of system pa-
rameters without the need for solving the system of ROM equations. The stability
properties of limit cycles generated in Hopf bifurcation points and the conditions of
their occurrence are of particular interest. Finally, the nonlinear phenomena predicted
by the ROM will be analysed in more details by the system code. Hence, the thesis is
not focused on rendering more precisely linear stability indicators like DR.

The objective of the ROM development is to develop a model as simple as possible
from the mathematical and numerical point of view, while preserving the physics of
the BWR stability behaviour. The ODEs of the ROM are deduced from the PDEs de-
scribing the dynamics of a BWR. The system of ODEs includes all spatial effects in
an approximated (spatial averaged) manner, e.g. the space-time dependent neutron
flux is expanded in terms of a complete set of orthogonal spatial neutron flux modes.
In order to simulate the stability characteristics of the in-phase and out-of-phase os-
cillation mode, it is only necessary to take into account the fundamental mode and
the first azimuthal mode.

The ROM, originally developed at PSI in collaboration with the University of lllinois
(PSI-1llinois-ROM), was upgraded in significant points:

e Development and implementation of a new calculation methodology for the
mode feedback reactivity coefficients (void and fuel temperature reactivity)



e Development and implementation of a recirculation loop model; analysis and
discussion of its impact on the in-phase and out-of-phase oscillation mode

e Development of a novel physically justified approach for the calculation of the
ROM input data

e Discussion of the necessity of consideration of the effect of subcooled boiling
in an approximate manner

With the upgraded ROM, nonlinear BWR stability analyses are performed for three
OPs (one for NPP Leibstadt (cycle7), one for NPP Ringhals (cycle14) and one for
NPP Brunsbittel (cycle16) for which measuring data of stability tests are available. In
this thesis, the novel approach to nonlinear BWR stability analyses is extensively
presented for NPP Leibstadt. In particular, the nonlinear analysis is carried out for an
operational point (OP), in which an out-of-phase power oscillation has been observed
in the scope of a stability test at the beginning of cycle 7 (KKLc7_rec4). The ROM
predicts a saddle-node bifurcation of cycles, occurring in the linear stable region,
close to the KKLc7_rec4-OP. This result allows a new interpretation of the stability
behaviour around the KKLc7_rec4-OP.

The results of this thesis confirm that the RAM-ROM methodology is qualified for
nonlinear BWR stability analyses.
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Introduction 1

1 Introduction

Boiling water reactor (BWR) stability analysis is of paramount interest since it affects
the operation of a large number of commercial nuclear reactors. Due to power in-
crease which is the current trend, stability becomes a limiting design concern. The
introduction of high efficiency fuels, triggered by improved design of fuel assemblies,
enables operation at higher power densities resulting in higher void feedback reactiv-
ity and decreased heat transfer time constants which destabilize the BWR system.
Another trend of future design of BWRs is to increase the core size which causes a
weaker spatial coupling within the neutron field leading to a stronger susceptibility to
regional power oscillations. In fact, these trends affect unfavourably the BWR stability
behaviour. Hence, in order to guarantee safe and stable BWR operation, an in-depth
understanding of the BWR stability behaviour is necessary [1,2].

From theoretical and experimental studies, it is well known that for dynamical sys-
tems where two phase flow occurs like BWRs there are operational points (OP) in
which unstable behaviour is observed. Instabilities of such systems can be subdi-
vided into two main classes. These are

1) static instabilities (thermal-hydraulic nature such as excursive Ledingegg in-
stability [3,4]) and

2) dynamic instabilities [3,4].

A common feature of the class of static instabilities is that the system suddenly de-
parts from the initial operational point to reach a new operational point. In contrast to
static instabilities, dynamic instabilities are characterized by either self-sustained pe-
riodic or diverging oscillations of the state variables. Examples of dynamic instabilities
are density wave oscillations, pressure-drop oscillations, acoustic instabilities, con-
densation-induced instabilities (appearing in TH-systems) and power oscillations
(neutron kinetic — thermal hydraulic coupled oscillations).

In the context of the nonlinear BWR stability analysis, dynamic instabilities, in particu-
lar power oscillations of coupled TH-neutron kinetic systems are of paramount inter-
est. The physical mechanism behind stable and unstable oscillatory behaviour is
based on the nonlinear character of the hydraulic equations and on the nonlinear
coupling between the neutron kinetics and the thermal hydraulics via void and Dop-
pler feedback reactivity [5-14].

In BWRs, stable or unstable power oscillations usually occur in the low-flow high-
power region of the power flow map. Concerning operational safety, this region
should be excluded from the nominal operating domain. If the amplitudes of the
power oscillations become large enough, technical safety limit values, such as the
critical power ratio, could be exceeded and fuel element failure could be expected, if
monitoring systems fail. To this end, in GE-BWRs, the so-called exclusion region en-
closing the low-flow high-power region is conservatively defined for the specific cycle.
Thereby, the definition of the exclusion region is based on validated system code
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analyses in combination with stability experiments. In addition to that, the definition of
specific counteractive measures allows leaving operational points in which power
oscillations are detected by the installed measuring equipment. Figure 1.1 shows the
exclusion region for NPP Leibstadt (KKL) cycle 7 [5].

Power Flow Map for NPP Leibstadt cycle 7
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Figure 1.1:  Power flow map for NPP Leibstadt cycle 7. An out-of-phase power
oscillation was observed in the KKLc7_rec4-OP (KKL cycle 7 record
#4) during the stability test at the beginning of cycle 7 [6].

Global or in-phase oscillations and regional or out-of-phase oscillations are two kinds
of observed power oscillations. Detailed investigations revealed [1] that in the in-
phase mode, the fundamental mode oscillates, while in the out-of-phase mode the
first (and/or second) azimuthal mode(s) oscillates: when the power or flow rises in
one half of the core, it decreases in the other half whereas the total mass flow and
the core power remain constant. The detection of regional power oscillation requires
more effort then for the detection of global power oscillation because the phase shifts
between signals of all LPRMs have to be evaluated separately to determine the re-
gional power oscillation state [12].

NPP owners are generally interested in minimizing the exclusion region because it
restricts significantly the nominal operation domain. For shrinking of the exclusion
region sufficient knowledge about the cycle specific BWR stability behaviour is nec-
essary. In particular, conditions of the excitation of power oscillation and its stability
behaviour should be taken into account.
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1.1 Focus of the thesis

In general, the dynamics of a BWR can be described by a system of coupled nonlin-
ear partial differential equations. From nonlinear dynamics, it is well known that such
systems show, under specific conditions, a very complex temporal behaviour which is
reflected in the solution manifold of the corresponding system of equations. Conse-
quently, to understand the nonlinear stability behaviour of a BWR, the solution mani-
fold of the system of differential equations must be examined. In particular, with re-
gard to the existence of operational points in which stable and unstable power oscil-
lations are observed, stable or unstable fixed points and stable or unstable periodic
solutions are of specific interest [16] in the frame of this thesis. Note that stable or
unstable periodical solutions correspond to stable or unstable limit cycles. Saddle-
node bifurcation of cycles (turning points or fold bifurcations) [17], period doubling
and other nonlinear phenomena [17-22] could also be important from the reactor
safety point of view.

It is stressed here that unstable limit cycles (repellors) require special attention re-
garding safe BWR operation. If the unstable limit cycle is “born” in a subcritical Hopf
bifurcation point, stable fixed points and unstable limit cycles will coexist in the linear
stable region [16,17]. The corresponding phase space portrait (see Appendix A) is
depicted in Figure 1.2. If a sufficiently small perturbation is imposed on the system,
the state variables will return to the steady state solution. The terminology “suffi-
ciently small perturbation” means that the trajectory starts within the basin of attrac-
tion of the fixed point (see Appendix A). Roughly speaking, the perturbation ampli-
tude of the phase state variables is less than the repellor amplitude (see Appendix
A). But if a sufficiently large perturbation is imposed on the system, the state vari-
ables will diverge in an oscillatory manner. The terminology “sufficiently large pertur-
bation” means that the perturbation amplitude is larger than the repellor amplitude. In
this case the trajectory will start out the basin of attraction of the fixed point.

repellor

stable fixed point

@

Figure 1.2:  Phase space portrait of an unstable limit cycle (unstable periodical
solution) close to subcritical Hopf bifurcation (see Appendix A).
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It should be noticed here that a linear stability analysis does not allow to examine the
existence of unstable limit cycles, e.g. the asymptotic decay ratio is less than one (
DR 1). This example shows that conceivably unstable conditions (from the nonlin-
ear point of view) are not recognized and the operational safety limits could be vio-
lated. Hence, in order to reveal this kind of phenomena, nonlinear BWR stability
analysis is necessary.

This thesis is concerned with nonlinear analyses of BWR stability behaviour, contrib-
uting to a deeper understanding in this field. Despite negative feedback-coefficients
of a BWR, there are operational points (OP) at which oscillatory instabilities occur. So
far, a comprehensive and an in-depth understanding of the nonlinear BWR stability
behaviour are missing, even though the impact of the significant physical parameters
is well known. In particular, this concerns parameter regions in which linear stability
indicators, like the asymptotic decay ratio, lose their meaning.

Nonlinear stability analysis is usually carried out using integral (system) codes, de-
scribing the dynamical system by a system of nonlinear partial differential equations
(PDE). One aspect of nonlinear BWR stability analyses is to get an overview about
different types of nonlinear stability behaviour and to examine the conditions for
which they occur. This means:

1) to find the critical values of selected parameters at which the dynamical sys-
tem experiences a bifurcation and

2) to analyse the bifurcation type revealing the type of oscillatory instabilities
generated at the bifurcation point.

For these studies, the application of system codes alone is inefficient and cumber-
some. System codes are not able to exactly determine, for instance, the critical val-
ues of parameters at which subcritical Hopf bifurcations, generating unstable limit
cycles, occur. These critical values of parameters can be calculated by system codes
in an approximated manner under large computational effort only. In addition to that,
the behaviour of the algorithms, employed by system codes, in the close neighbour-
hood of bifurcation points is not well known. They should, however, correctly simulate
the temporal behaviour sufficient far away from bifurcation points.

In the context of this thesis, a novel approach to nonlinear BWR stability analyses,
called RAM-ROM method, is developed. Here, “RAM” is a synonym for system
codes. In the framework of this approach, integrated BWR (system) codes
(RAMONADS5, Studsvik/Scandpower) and simplified BWR models (reduced order
model, ROM) are used as complementary tools to examine the stability characteris-
tics of fixed points and periodic solutions of the nonlinear differential equation system
describing the stability behaviour of a BWR loop [23-26]. The intention is, firstly, to
identify the stability properties of certain operational points by performing ROM
analysis and, secondly, to apply the system code RAMONAS for a detailed nonlinear
stability investigation in the neighbourhood of these operational points. The advan-
tage of ROMs is the possible straightforward coupling with specific methods of the
nonlinear dynamics. From this methodology, new stability indicators for nonlinear
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phenomena like limit cycles can be calculated [16-22]. In the scope of this work, the
ROM is coupled with methods of the semi-analytical bifurcation analysis (bifurcation
code BIFDD [16]). This method allows the calculation of a stability indicator (Floquet
parameter) for limit cycles which are generated particularly by Hopf bifurcations
[16,19].

In other words, in the context of the ROM analysis, an overview about different types
of nonlinear behaviour of the BWR for selected parameter spaces will be obtained. In
particular, the stability properties of limit cycles generated in Hopf bifurcation points
and the conditions under which they occur will be analysed. The nonlinear analysis
using system codes is applied to verify the ROM results and to perform a more de-
tailed analysis. Hence, the use of RAM and ROM as complementary tools leads to a
more reliable nonlinear BWR stability analysis.

The objective of the ROM development is to develop a model as simple as possible
from the mathematical and numerical point of view while preserving the physics of
the BWR stability behaviour. The ODEs of the ROM are deduced from the PDEs de-
scribing the dynamics of a BWR. The system of ODEs includes all spatial effects in
an approximated (spatial averaged) manner, e.g. the space-time dependent neutron
flux is expanded in terms of a complete set of orthogonal spatial neutron flux modes.
In order to simulate the stability characteristics of the in-phase and out-of-phase os-
cillation mode, for instance, it is only necessary to take into account the fundamental
mode and the first azimuthal mode®. The neglecting of all the other higher modes
reduces the number of ODEs significantly because each neutron flux mode requires
an ODE for its mathematical description.

Note that, in some cases, the application of linear stability analyses is sufficient for
BWR stability analysis (see Appendix A). Here, the decay ratio (DR) is often used as
linear stability indicator that loses its physical meaning in nonlinear operational re-
gime. The thesis, however, is not focused on rendering more precisely linear stability
indicators like DR.

This work is a continuation of the previous work at the Paul Scherrer Institute (PSI,
Switzerland) and the University of lllinois (USA) on this field [7-15]. The current ROM
developed originally at PSI in collaboration with the University of lllinois (PSI-lllinois-
ROM) was upgraded in two significant points:

Development and implementation of a new calculation methodology for the
mode feedback reactivity coefficients (void and fuel temperature reactivity)

Development and implementation of a recirculation loop model, analysis and
discussion of its impact on the in-phase and out-of-phase oscillation mode

Development of a novel physically justified approach for the calculation of the
ROM input data

! In the neutron kinetic model of the ROM, only the fundamental mode and the first/second azimuthal
mode are taken into account, because the higher modes have never been observed.



Discussion of the necessity of consideration of the effect of subcooled boiling
in an approximate manner

With the upgraded ROM, nonlinear BWR stability analyses are performed for three
OPs (one for NPP Leibstadt (cycle7), one for NPP Ringhals (cyclel4) and one for
NPP Brunsbittel (cycle16) for which measuring data of stability tests are available. In
this thesis, the novel approach to nonlinear BWR stability analyses is extensively
presented for NPP Leibstadt. The nonlinear stability analysis for NPP Leibstadt and
NPP Ringhals will be carried out for operational points (KKLc7_rec4-OP [6], see Fig-
ure 1.1 and KKRc14 rec9-OP [28]) in which linear unstable out-of-phase power oscil-
lations were observed during stability tests. In contrast to KKL and KKR, the investi-
gation for NPP Brunsbuttel was conducted for an operational point in which an in-
creasing in-phase power oscillation was observed during the stability test at the be-
ginning of cycle 16 [29].
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1.2 State of the art and previous work

Complex system codes such as RAMONA [30-32] are common practice for BWR
stability analyses. System codes include relative, detailed physical models of all nu-
clear power plant components significant for specific transient analyses. For BWR
stability analyses, the 3D core models used by system codes are of particular impor-
tance to simulate spatial effects such as regional power oscillations [8].

In preparation of the RAMONA input, as a first step, it is necessary to calculate the
microscopic and macroscopic cross sections for a defined uniform cell using lattice
codes such as CASMO or HELIOS [7,8,12,30-32]. The resulting macroscopic cross
sections (XS) are stored in multidimensional XS-tables. Here the XS are functional-
ized with respect to the actual parameters (like void, fuel temperature...) and history
parameters (like burn-up, void history...). The steady state core simulators
(PRESTOZ2, POLCA7, SIMULATE, ...) calculate the 3D distributions of all significant
reactor parameters such as power, burn-up, 3D xenon distribution and 3D void distri-
bution. These 3D distributions are code inputs for system codes that calculate the
BWR transient behaviour in selected operational points.

In the framework of BWR stability analysis, application of so-called linearized ver-
sions of system codes is common practice to calculate the linear stability boundary.
In these system codes, the system of differential equations, describing the BWR sta-
bility behaviour, are linearized. Hence, these code versions are only able to calculate
the local stability characteristics of fixed points as long as the Hartmann-Grol3mann-
theorem [16-22] is fulfilled. As stated before, a linear stability analysis is not capable
to reveal nonlinear phenomena such as limit cycles.

In order to analyse the stability characteristics of limit cycles and the conditions under
which they occur in the exclusion region and its close neighbourhood, nonlinear sta-
bility analysis is necessary. It should be pointed out that user of system codes must
pay attention to the stability behaviour of their algorithms employed. In particular,
physical and numerical effects [33,34] regarding power oscillations and the behaviour
of numerical damping of the algorithms should be known in detail. Numerical diffu-
sion, for example, can corrupt the results of system codes significantly, which is ex-
plained in more detail in the following. Consider the one-dimensional advection equa-
tion

— v— S . (1.1

This type of differential equation is frequently used in thermal-hydraulics. The solu-

tionis (z,t) F(z vt) where v is the propagation velocity. If (z,t 0) F(z) isan

initial condition, and S (S 0) is the source term (is not considered continuously),

the solution describes a translation of the initial distribution of the transported quantity
with the propagation velocity v.
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In order to integrate the partial differential equation (1.1), a spatial discretization
method using an explicit time-integration algorithm is applied. It follows

TN FL @ N | (1.2)

I c 1

TE  2(v /2 z 16 ..) t( (/2 t 4/6 ..) (1.3)

77

where TE is the truncation error of the spatial and time discretization. The truncation
error specifies the spatial and temporal approximations introduced by the discretiza-
tion (represented in this case by a Taylor expansion of the third order). In other
words, the discretization changes the original partial differential equation significantly.
For small t and z, the resulting equation in this approximation contains a disper-
sion term as well as a diffusion term

2 3
— v— S — v— S —_— — 14
t z t z z° Al (14)
where vi2(z vit)y vz/2(1 N,) is the numerical diffusivity, N, v t/ z is
the Courant number, v( 2)%/6 (1 N.)(N. 1) is the numerical dispersion coeffi-

cient, t is the time step and z is the lattice spacing. The corresponding solution
can be written as

ZT i ZT (z ct)

(th) Oe . (1.5)
Here, (z,t 0) is the initial condition. Roughly speaking, the solution (1.5) is a
damped wave with dispersion. This means, the solution will be dampened and

broadened during the time evolution.

As can be seen in the above example, the errors introduced by the numerical algo-
rithms including discretization method, change both the amplitude of the initial distri-
bution (numerical dissipation) and the translational velocity (numerical dispersion).
This means, during the time evolution an initial  -distribution is deformed and the
summary effect, called numerical diffusion, corrupts the correct solution significantly.
As a consequence, after a sufficient number of time steps the numerical algorithms
deliver a wrong solution.

Numerical diffusion can be reduced by a suitable choice of algorithm related con-
stants like e.g. the Courant number (see equations (1.3) and (1.4)) and time integra-
tion algorithms (e.g. explicit time integration has often less numerical diffusion than
implicit) [33,34]. Note that, some minimal numerical diffusion is necessary to prevent
the growth of numerical induced oscillations. In some modern thermal-hydraulics
codes like RETRAN-3D numerical diffusion is eliminated by the method of character-
istics (MOC). By using system codes with a free nodalization like TRAC(-B) or some
RELAP versions, strong damping effects by numerical diffusion should be expected.
Hence, this type of codes is not suitable for stability analysis without modifications
(as introduction of higher order difference schemes). It is stressed that the integration
of the momentum equation along a closed recirculation loop as defined in RAMONA
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reduces significantly the numerical diffusion effect caused by the momentum equa-
tion (see Appendix C).

In reduced order models, where the partial differential equation (PDE) system is
transformed into an ordinary differential equation (ODE) system, numerical diffusion
does not exist. A question then arises: Is it in principle possible to describe the
nonlinear BWR stability behaviour with a system of ODEs instead of a system of
PDEs? The goal of application of ROMs is to reveal the solution manifold of the BWR
system.

One of the first simplified BWR models was published by March-Leuba, Cacuci and
Perez [35-37]. The intention was to demonstrate the solution manifold of a relatively
simple system of nonlinear differential equations (phenomenological, reduced order,
five-equation model), where the nonlinear analyses were carried out entirely numeri-
cally. This model is represented by a nonlinear dynamic feedback system including a
point kinetic model with one effective group of delayed neutrons, a model for fuel
heat transport with a fuel heat transfer constant, and a second-order void reactivity
model describing the void reactivity behaviour. In order to yield the transfer function
measured from real BWRs, the parameters of the model were adjusted appropriately.
They showed that bifurcating solutions exist (see also Rizwan-uddin [38]) when se-
lected parameters are varied. In particular, they demonstrated that higher bifurcations
(bifurcating periodical solutions) and aperiodic states in certain parameter regions
also exist.

It should be pointed out that this simple reduced order model does not include the
momentum transport [8]. The second-order equation of the void reactivity is devel-
oped only from the mass and energy balance equations. Hence, the March-Leuba
model is not able to describe the density wave phenomenon because of the absence
of the pressure drop balance. However limit cycle power oscillations have been found
with this model. This shows that density wave mechanism does not play a significant
role in power oscillations. This means that the BWR system can be unstable even if it
is stable in a purely hydraulic sense [8]. Later, an extended version (including mo-
mentum balance and recirculation loop) of this model was used to investigate the fuel
behaviour under large amplitude oscillations.

Munoz-Cobo and Verdu (1991) performed an analytical local bifurcation analysis of
the March-Leuba five-equation system using Hopf bifurcation theory [39]. This is the
first BWR stability analysis (known from literature research) for which purely analyti-
cal bifurcation analysis was performed. To this end, they selected one of the system
parameters to be the bifurcation parameter. In order to find the critical value of the
bifurcation parameter, this parameter was varied systematically as long as the Hopf-
conditions are fulfilled while keeping all the other parameters in this model fixed.
Passing the critical parameter value, the fixed points bifurcate to periodic solutions
(limit cycles). To determine the stability characteristics of the periodic solution, they
applied the centre manifold reduction technique for the critical parameter value to
reduce the five-equation system to a two-dimensional equation system [19]. After-
wards, they transformed the resulting two-dimensional equation system into the
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Poincaré normal form [19,20] which yields the information of the stability properties of
the periodic solution at the critical point. This analysis confirmed the results obtained
by March-Leuba et al. (1986) [35-37].

Later, Munoz-Cobo et al. [40-43] developed a ROM in order to study the stability
characteristics of in-phase and out-of-phase power oscillations by performing nu-
merical integration. The neutron kinetic model of this ROM is based on the mode ex-
pansion approach where the space and time dependent neutron flux is expanded in
terms of the LAMBDA modes [44-46]. The thermal-hydraulic behaviour is described
by two hydraulic heated channels which are divided into two axial regions, namely
the single phase region and the two phase region, respectively. The two phase re-
gion is represented by a homogeneous equilibrium model (HEM). They demonstrated
that limit cycle out-of-phase power oscillations only appear when the reactivity feed-
back of the first azimuthal mode is increased artificially. This ROM was later ex-
tended by a mechanistic subcooled boiling model [43]. This means, they introduced a
third axial channel region between the single and two phase region. In effect, they
pointed out qualitatively that the feedback gain necessary to achieve out-of-phase
power oscillations when subcooled boiling is not included in the ROM is more than
twice the gain that is necessary when subcooled boiling is included.

Karve et al. [47] developed an advanced ROM consisting of three sub-models: the
neutron kinetic model (fundamental and first azimuthal mode), the fuel heat conduc-
tion model (three radial regions) and the thermal-hydraulic model (two heated flow
channels, HEM). In the neutron kinetics the mode expansion approach is also ap-
plied (see Munoz-Cobo et al [40-43]) but the space and time dependent neutron flux
Is expanded in terms of the so-called OMEGA modes [48] (In particular, Karve used
analytical expression for the OMEGA modes instead of the real 3D power distribu-
tions as used by Munoz-Cobo et al. [40-43] and Dokhane et al. [12]). The fuel heat
conduction model is based on the one-dimensional (radial), time dependent heat
conduction equation (PDE) for the fuel rod where three distinct radial regions, the fuel
pellet, the gap and the clad are modelled (see Appendix B). In order to reduce the
PDE to ODEs, they assumed a two-piecewise quadratic spatial approximation for the
fuel rod temperature and applied the variation principle approach. To test the validity
of the model (four ODES) using the variation principle method, they also developed a
model (sixty-four ODES) which is based on the eigenfunction expansion method.
They chose the variation principle method as a reasonable compromise between the
accuracy of the solution and the simplicity of the model. In order to convert the PDEs
of the thermal-hydraulics into ODEs, they applied the weighted residual approach
introduced by Clausse and Lahey [49]. Thereby, instead of simple linear approxima-
tions for the space dependence of the single phase enthalpy and the two phase qual-
ity, they introduced simple quadratic approximations for these quantities (see Appen-
dix B). These approximations lead to a five equation system (ODE) describing the
thermal-hydraulics of a heated (or boiling) flow channel. The author's showed, that
these approximations yield stability results of a boiling flow channel that compare well
with the rather complicated functional differential equation (FDE) analysis performed
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in [50]. The BWR stability analysis with this ROM was carried out entirely by numeri-
cal integration.

Most of the previous studies mentioned above applied either pure analytical mathe-
matical manipulations, or pure numerical integration. The application of pure analyti-
cal bifurcation analysis, for instance as applied in [51], is limited to few dimensional
equation systems (few order models like 3 or 4 dimensions) with a fixed parameter
configuration because the algebraic complexity increases rapidly with the number of
system equations. This method is not suited for parameter variation studies because
the specific mathematical manipulation must be repeated for each changed parame-
ter value. Numerical integration, on the other hand, can only be carried out for a lim-
ited number of parameter values. Hence, both methods are limited to a small region
of the rather large parameter space. Hence, computer programs which are capable
to evaluate appropriately the differential equation system could be helpful to avoid
cumbersome algebra. Tsuji et.al. (1993) [81] used a computer program called
BIFOR2 [16] to perform bifurcation analysis of a simplified BWR model.

Van Bragt et al. [52-54], Dokhane et al. [9-15], Zhou et al. [55-57] and Rizwan-uddin
[38] used a new version of BIFOR, called BIFDD, to perform semi-analytical bifurca-
tion analysis of their own simplified BWR models. Firstly, they carried out semi-
analytical bifurcation analysis using BIFDD to examine the stability properties of fixed
points and periodical solutions in selected parameter spaces and secondly they ap-
plied numerical integration method for selected parameters. Note that, the results of
the bifurcation analysis using BIFDD are restricted to Hopf bifurcation points (local
bifurcation analysis). Hence, numerical integration methods are necessary, on one
hand, to independently confirmation the results of the bifurcation analysis using
BIFDD and, on the other hand, to study the solution manifold in parameter regions far
away from Hopf bifurcation points.

The ROM analysis method explained in the previous paragraph was used by van
Bragt et al. [52-54] for stability analyses of natural circulation BWRs. Zhou and Riz-
wan-uddin coupled the Karve-ROM [47] with BIFDD and carried out semi-analytical
bifurcation analysis to obtain a better physical understanding of BWR instabilities.
One of their studies was focused on the role of the pairs of complex conjugated ei-
genvalues of the Jacobian matrix (see Appendix A) with the largest and second larg-
est real parts in determining the in-phase and out-of-phase oscillation modes (eigen-
state) [55,56].

In any of the studies (except van Bragt et al. [54]) mentioned in the last two para-
graphs, the existence of turning points has not been a focus. Rizwan-uddin [38] was
the first who showed the existence of turning points in the March-Leuba five-equation
system. For this purpose: (1) he coupled the March-Leuba model with BIFDD to per-
form semi-analytical bifurcation analysis where (in contrast to Munoz-Cobo and
Verdu (1991)) any of the model parameters can be used as bifurcation parameter
and (2) he carried out numerical integration to confirm the predictions of the bifurca-
tion analysis and to investigate the nonlinear behaviour more distant from the Hopf
bifurcation point. The study of van Bragt et al. [54] was devoted to analyse the impact
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of the void distribution parameter C, and the axial power profile on the thermal-
hydraulic stability behaviour (heated channel model [54]). He found a turning point for
a symmetrically peaked axial power profile. This type of bifurcation does not exist for
a uniformly heated channel.

Dokhane et al. [9-15] developed the PSI-lllinois-ROM and performed nonlinear BWR
stability analysis where the RAM-ROM method was applied for the first time. The
PSI-Illinois-ROM (summarized in Appendix B) consists of three coupled sub-models
which are similar to the Karve-ROM. These are a neutron kinetic model, a fuel heat
conduction model and a thermal-hydraulic model. The goal was to develop a BWR
model as simple as possible from the mathematical and numerical point of view while
preserving the physics of the BWR stability behaviour. A further demand was that the
solution manifold of the ROM should be as close as possible to that one of
RAMONAGS. Hence the physical sub-models of the ROM should be similar to that one
of RAMONAS. The neutron kinetic model of this ROM is based on the two energy
group diffusion approach, where the mode expansion approach is used. Thereby the
space and time dependent neutron flux is expanded in terms of the LAMBDA modes
[46]. The diffusion problem is transformed into the mode-kinetic equations in which
the mode-feedback reactivities describe the feedback from the thermal-hydraulics to
the neutron kinetics via the void- and Doppler-effect. In the expressions for the mode-
feedback reactivities, the so-called mode-feedback reactivity coefficients will be cal-
culated from the specific RAMONAS model.

The fuel heat conduction model of the PSI-lllinois ROM is completely adopted from
the Karve-ROM [47]. The thermal-hydraulic model is described by two representative
heated flow channels. As used by Karve et al. [47], the single phase enthalpy and the
two phase quality have spatially quadratic profiles and the partial differential equation
system is transformed into an ordinary differential equation system by applying the
weighed residual procedure [12,47]. The main advantage of the thermal-hydraulic
model of the PSI-lllinois-ROM is that the behaviour of the two phase flow is repre-
sented by the drift flux model developed by Rizwan-uddin [58-61].

Dokhane et al. (2004) [12] applied the PSI-lllinois-ROM to analyse the Leibstadt op-
erational point KKLc7 record 4. Comprehensive parameter variation study was per-
formed and its impact on the stability boundary and nature of the Hopf bifurcation
was analysed. This investigation allowed the first direct assessment of the sensitivity
of the developed ROM, viz. of both its applicability and its limitations. It was found
that the SB and bifurcation characteristics are sensitive regarding variation of certain
operating and design parameters, e.g. the drift flux parameters (V; and C;) or the
inlet and exit pressure loss coefficients (K, . and K, ) [12]. From these results fol-
lows that particular attention should be paid to evaluate adequately the design and
operating parameters.

The main discrepancies between RAMONA and PSI-lllinois-ROM are:

1) The PSI-lllinois-ROM could not predict the correct oscillation mode. While the
stability test and RAMONA predict an increasing out of phase power oscilla-
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Appendix A: Nonlinear stability analysis

Generally, stability analysis is the investigation of the temporal behaviour of the dy-
namical variables after an internal or external perturbation is imposed on the dynami-
cal system, while one or more system parameters will be varied in their domain of
definition. If the system is stable, all dynamical variables return to the fixed point (or
in a close neighborhood of the fixed point, which is also called “Ljapunov stability” [1-
3]). If the system is unstable, at least one dynamical variable is diverging in an oscil-
latory or exponential manner. Thereby the critical value of the system parameter(s)
which separates stable fixed points from the unstable one is so-called as stability
boundary.

For a mathematical description, the autonomous dynamical system

SX = F(X®.) (A1)
is considered [2]. Thereby, X(t) with
X, ()
X(@t) = R" (A2)
X, (1)

is the state vector describing the state of the dynamical system in the state space, F
with

Fl

T
1

and F:R"xR - R" is C” (A3)
F

n

is a vector field describing the dynamical behaviour of the state variables and y R"
iIs a parameter vector (also referred to as control parameter vector with m compo-
nents).

Let )ZO be the steady state solution of the dynamical system (A1) for all y, where X,
Is satisfying
dX,
dt
In order to get information about the stability properties of the steady state solution

)ZO and its vicinity, the dynamical system will be linearized around )Zo. To this end,
the ansatz

=0 = ﬁ()ZO,y) ) (A4)

X(t) = X, + oX(t) (A5)

is substituted in (A1) and a Taylor-expansion is applied
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diti‘i + S0X = F(X, + 6X.p,)
2 (AB)
= F(Xo o) + DF(Xoupo) X%, + O(HJXH) |
=0 3 = X R —

where the linear term is taken into account only.

(RO, “1'1:) )_(.(t) = 520 + 65(’ “*\

./'

Figure 1: This figure depicts the linearization of the dynamical system (Al)
around the steady state solution X,. This means, the states X (t) can
be approximated by the steady state solution plus a small perturbation
OX (t) of the steady state. This method is common practice in pertur-
bation theory [5].

The result of the linearization is given by
d

—oX = JoX (A7)
dt
where J is the Jacobian matrix defined as
0X, 0xX,
J = U . (A8)
oF, oF,
ox, 0X,

Equation (A7) is the linearized system of (Al) at )ZO. The solution of equation (A7)
can be written as

SX(t) = e" 5X, . (A9)

Roughly speaking, the solution (A9) describes the time evolution of the small pertur-
bation JX which is imposed on the steady state X, at t=t,=0 with
oX(t=t,) = dX,. According to equation (A9), the time evolution of dX only de-
pends on J. In turn, J depends on the parameter vector y. This means, the local
stability behaviour of the dynamical system (A1) around X, depends only on the
characteristic of the Jacobian matrix, from the linear point of view. It should be noted
that transformation (A5) transforme the singular fixed point )Zo into the origin dX =0.
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This is the reason that the terminologies: “the origin is stable locally” or “the origin is
unstable locally” exist.

In order to evaluate (A9), the linear transformation
OX(t) = PU(t) (A10)

is performed in such a way that the Jacobian matrix can be transformed into the Jor-
dan normal form [1-4]. To this end, the eigenvalue problem

B =AD, (A11)

has to be solved, where p, are the eigenvectors with their corresponding eigenvalues
A of the Jacobian matrix. This procedure corresponds to a change of the basis vec-
tors which span the state space of the dynamical system. The transformation matrix
P can according to P :[ﬁl,..., [ r)n] be written in terms of the eigenvectors p,.
With other words, the columns of P are the eigenvectors p, of the Jacobian matrix.

In the linear system (A7) the vector X is substituted by ansatz (A10) and the final
equation is multiplied by P~ from the left hand side. The result can be written as

%U = PYJPU = DU , (A12)
where D with
Ay rmreeeeenninns 0
b
D=plyp=: 3 O (A13)
_bi q
O “everrrnrnnenanans A

Is the Jacobian matrix transformed into the Jordan normal form. If all eigenvalues of
J are real and distinct, matrix D will have a diagonal form [3].

The solution of (A12) can be written as
u() = e®*™u, |, (A14)
where dX, = PU,. The back transformation gives
oX = PU(t) = Pe®?™U, = PePpPToX, . (A15)

The general solution of the linearized system (A7) can be written as

X(t) = X, + ZciFﬁe”it

x©  x® P (A16)

= + Zci : e”“t ,
1=

Xn (t) XOn (t) pin
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where the constants ¢, can be calculated from the initial conditions.

From the general solution (A16) it can be seen that the stability behaviour in the vi-
cinity of )ZO of the linearized system depends on the real parts of the eigenvalues A
of J with A = A(y). According to (A16) all components x(t) of the general solution
contain all eigenvalues A of J. This means, if there is at least one pair of complex
conjugated eigenvalue with a positive real part, the system will be unstable. If all ei-
genvalues have strictly negative real parts, the system will be stable. When a se-
lected control parameter is changed and the eigenvalue with the largest real part be-
comes zero, additional analyses such as Hopf bifurcation analyses are necessary.
The statements

Re(A) < 0 - local stable
Re(A) > 0 - local unstable (A17)
Re(A) = 0 - additional analyses are necessary

are basic characteristics of linear systems which are expressed by the theorem of
Hartmann and Grol3mann [1-3].

Theorem of Hartmann and GroRmann: Let X, be the steady state solution for a
given parameter configuration y and J be the Jacobian matrix of the dynamical sys-
tem. Roughly speaking, if all eigenvalues have real parts strictly different from zero
(the corresponding fixed points are so-called hyperbolic fixed points), in this case, the
orbits of the nonlinear dynamical system can be mapped (locally, homeomorphic) on
the orbits of the linear system. This means, if the fixed point is a hyperbolic one, the
stability behaviour of the nonlinear dynamical system can be described locally by the
linear system.

This theorem is of particular importance because it satisfies the application of linear
analysis methods for stability analyses of nonlinear dynamical systems. But if the
condition of the theorem is not fulfilled, this means Re(A) = 0, additional investigations
such as bifurcation analyses are necessary.

In general, the stability boundary which separates linear stable fixed points from lin-
ear unstable one, is a multi dimensional structure in the m-dimensional parameter
space. The task “calculation of the stability boundary” means: 1) selection of one or
more parameters y, which will be varied within the domain of definitions and 2) cal-
culate the critical parameters y, . for which Re(A)=0 with A(y,.). This means, the
parameter y, will be varied as long as the condition

d ¢ =

aX(t) =0

Re(det[J —iwl]) = 0 (A18)
Im(det[J —iwl]) = 0

is fulfilled for y, .. In condition (A18) there is i with (i* =-1) the complex number, w
is the frequency of the oscillation, Re and Im stand for real and imaginary parts, re-
spectively and det is the determinant.
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Hopf bifurcation theorem

In the framework of the nonlinear BWR stability research (in particular, the semi-
analytical bifurcation analysis), the so-called Hopf bifurcations play a dominant role.
The occurrence of such type of dynamical bifurcations is ensured by the Hopf theo-
rem [1-4]. This theorem, which is also called Poincare-Andronov-Hopf bifurcation
(PAH-B) theorem, guarantees the existence of stable and unstable periodic solutions
of nonlinear differential equations if certain conditions are satisfied [4]. For a mathe-
matical description, the autonomous dynamical system (A1) and its steady state solu-
tion )ZO is considered. If the following Hopf conditions are fulfilled:

1) For a critical parameter y, . there exists a pair of complex conjugate eigenval-
ues A (y,.) = iw, (this means Re(A,(y,.)) =0)

2) all the other eigenvalues have strictly negative real parts
(A, 121 - Re(A(x,))<0), and

Ay = Vi)
9/,

3) £ 0

a family of periodic solutions
2t

X(ty) = X,(/o) + €Re eT@p, + 0(¢?) (A19)

of (A1) with small amplitude ¢ exist in X, for Vi [4], where B, is the eigenvector of
the linearized system associated with the pair of complex conjugated eigenvalues
responsible for the bifurcation (A ) and T is the period of the oscillation.

To summarize, from the linear point of view, the condition Re(A(y,.)) =0 separates
stable fixed points (Re(A (y,)) <0 with y, <y, . or y, >y,.) from the unstable one
(Re(A(y,)) >0 with y, >y, . or y, <),.). Note, the linear analysis is possible as long
as the theorem of Hartmann and GofRmann is fulfilled. In nonhyperbolic fixed points
(Re(A(y,.)) =0) additional analyses are necessary. The Hopf theoem implies that
periodical solutions exist in fixed points where the Hopf conditions are satisfied. The
stability properties of the periodical solutions can be analysed by applying the Foquet
theory.
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Floguet theory

In order to get information about the stability property of the periodic solution, the
(linear) Floquet theory is applied where the so-called Floquet exponent (Floquet pa-
rameter) [ appears [2,4] which determine the stability of the periodic solution. If
L <0, the periodic solution is stable (supercritical bifurcation) while if >0, the peri-
odic solution is unstable (subcritical bifurcation) [2,4]. In simpler terms, the Floquet
parameter can be interpreted to be a stability indicator for limit cycles and is a result
of a special technique from the nonlinear dynamics.

If one or more system parameters y, are varied and a Hopf bifurcation exist for y, .
the system bifurcates from an equilibrium solution X, to a periodic solution (denoted
by X). Itis assumed that the considered dynamical system is time continuous one.
The solution of X =X(t) is period with least period T if X(t+T)=X(t) and
X(t+7)# X(t) for 0<7<T. In order to analysis the stability properties of the periodic
solution, a small disturbance Y (t) is superimposed on X , resulting in

X({t)= X0 +Y() . (A20)
Substituting (A20) into (Al), expanding the result in a Taylor series about X and
retaining only the linear term in the perturbation lead to
3 X050 = F[X Y0y
—X{)+=Y () = F(X + Y(t),
™ (t) m (t) (©). o
%i(t)—F(i,yo)+%V(t) - DXF(i,yO) X-X + O(HV(t)HZ) (A21)

0 A(t.yo) = Y(t) =0

do _
S © = ALKYO

where A(t,)y,) is a matrix of the first partial derivatives of the vector field F and is
periodic in time with the period T . It should be emphasized that the stability analysis
of the periodic solution is local because of the linearization in Y (t) .

The system (A21) is a n-dimensional linear system with n linearly independent solu-
tions Y, summarized in the form of an nxn matrix Y (t) =[Y,(t),Y,(t),...Y,(t)] where
i=12,..,n. The linear independent solutions are referred to as fundamental set of
solutions. Matrix Y satisfies the matrix equation

S0 = ALK (A22)

Because of the periodicity of A(t,),) it can be written as A(r,y,)=A(r-T,),) and
thus

%\? = A(r—T,yo)\f = A(T,yo)\f , (A23)

where the dependent variable was changed accorting to 7=t+T . If matrix \f(t) is a
fundamental matrix solution, then Y (t+T) is also a fundamental matrix solution. This
means, the matrix Y(t+T) can be expressed as linear combination



Appendix A: Nonlinear stability analysis 171

Y(t+T)=Y() & |, (A24)

where @ is so-called monodromy matrix. The monodromy matrix is an nxn-matrix
with constant coefficients and is not unique. @ can be specified by the initial condi-
tion Y(0) =1 and thus

YO+T)=Y(M)=1d=0

R . (A25)
YT)=0
where 1 is nxn-identity matrix.

Furthermore, the transformation \?(t) =V(t) p (matrix P is different from matrix P
introduced in transformation (A10)) can be introduced, where P is an nxn-matrix
with constant coefficients. This transformation can be substituted in (A24). It follows

Y(t+T)=Y(t) ®

=V(t) P®=V(t+T) P (A26)
and thus
V(t+T)=V(t) P7PP=V(t) ¢ . (A27)
¥
The back transformation gives
V({t)=Y ()P (A28)
and
V(E+T)=Y({t+T)P . (A29)

Matrix P should be choosen in such a way that the matrix ¥ has the simplest possi-
ble form, depending on the eigenvalues and eigenvectors of ®. Let @., be the eigen-
values of ®. If all eigenvalues @, are distinct, matrix P can be selected in such a
way that the eigenvectors p,, are the columns of P with P= [B,,..., P,]. Thus the ei-
genvalue problem

&)pm = ¢m r)m (ASO)
is to be solved. Afterwards, @ with

¢, - - - O
. ¢2 .

>
1

(A31)

0 oo o e B
has a diagonal form.

The eigenvalues ¢ of the monodromy matrix are called Floquet multiplier and pro-
vides a measure of the local orbital divergence or convergence along a particular di-
rection. If all ¢, are distinct, then
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Vo (t+T) = @,v, (1) (A32)
for m=12,..n, where the v, are the components of V . Generalization of (A32) gives
V. (t+NT)=gNv () . (A33)

The evaluation of (A33) can be summarized as

|¢m|<1 - Vm -0

fol>2 = e (A34)
|#.]=1 - v, =const with T

|¢.|=-1 - v, =const with 2T

Hence, if |¢,| =1,v, is periodic with T and if |¢,| = -1, v,, has the period of 2T . If only
one Floquet multiplier is located on the unit circle of the complex plane (e.g. |¢m| =1
and |¢m| =-1), the periodic solution is referred to as a hyperbolic periodic solution. A
hyperbolic periodic solution is asymptotically stable, when all the other Floquet multi-
plier ¢ with i#m are inside the unit circle of the complex plane. A hyperbolic peri-
odical solution is unstable, when one or more of the other Floquet multiplier are lo-
cated outside the unit circle. If all ¢ for i=1,...,n and iZm (¢, is located on the unit
circle) lie outside the unit circle, then all trajectories of the periodical solution are
repelled from it, thus the periodical solution corresponds to an unstable limit cycle or
a period repellor. On the other hand, an unstable hyperbolic periodical solution is
called unstable limit cycle of the saddle type, when some of the Foquet multiplier are
located inside the unit circle of the complex plane.

Floquet multipliers pi with i=1,....,n in the complex plane
;

A Im L Im
8 -] -] R’e ° -] o
o o . v o

A lm

dhW
N

unity cycle

Re N

a) stable limit cycle b) unstable limit cycle c) unstable limit cycle
of saddle type

Figure 2: Three fundamental scenarios for hyperbolic periodical solutions

Figure 2 depicts three fundamental scenarios for hyperbolic periodical solutions (@,
is located on the unit circle for all three scenarios) and the cooresponding locations of
the Floquet multipliers:

a) All Floquet multipliers ¢, with i #m lie inside the unit circle. Thus the limit cy-
cle is asymptotic stable.

b) only one of the Floquet multipliers lie outside the unit circle. All the others lie
inside the unit circle. In this case, the limit cycle is unstable of the saddle type.
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This means, the limit cycle is locally unstable but global considerations are
necessary because, in this case, the system behaviour cannot be determined
from local considerations alone [2,6,7]. Recalling, the name “saddle” used in
bifurcation analysis, is always connected with creation and destroying of solu-
tions (“annihilating”, “destroying”, “colliding”, “exploding” solutions such as
saddle-node bifurcation of cycles also called turning points) [2,7]. E.g. in the
one dimensional case, fixed points can be created or destroyed.

c) In this case all Floquet multipliers ¢ with i #m are located outsite the unit cir-
cle. The hyperbolic periodical solution is unstable [2].

A periodical solution is called nonhyperbolic periodical solution if two of the Floquet
multipliers are located on the unit circle of the complex plane [2]. A nonhyperbolic
periodical solution is unstable, if one or more of the Floquet multiplier are located
outside the unit circle. But a nonlinear analysis is necessary if all the Floquet multi-
plier of the nonhyperbolic periodical solution lie inside the unit circle [2].

Equation (A32) can be extended as

e /Ty (t+T) =g e Dy (1) (A35)

where B are called the characteristic (or Floguet) exponents and can be defined
such that

@ =er . (A36)
Hence, equation (A35) can be rewritten as
e Dy (t+T)=e"'v (1) . (A37)
Equation (A37) show that e'v_(t) is a period vector and thus v, can be written in
the normal or Floquet form
Vo) =e g (1) (A38)
where ¢, (t+T) =g, (t). From this equation can be seen that if the real part of S, is

negative then v, — 0 for t — c. On the other hand, if the real part of £ is positive,
then v, — o fort - oo,

The Floquet exponents S, are defined only after the solution of (A21) is known. In
the scope of the present stability research, the Floquet exponents of the periodical
solution are calculated numerically by BIFDD. In order to determine the solution of
(A21), the Floquet form (A38) can be used

Y(t)=e o) | (A39)

where ¢(t+T)=g(t). After substituting (A39) into (A21), the result can be rewritten
into the form

9 = [Alt,y,) - Bllp (A40)

where ¢ is expanded in a Fourier series and is usually carried out numerically. A
more in detail description is given in [2].
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To summarize, every fundamental matrix solution of (A21) can be written in the form
(A39) for some nxn T-periodic (differentiable) matrix ¢(t) and some constant matrix
B . The eigenvalues of B are called characteristic exponents or Floquet exponents
B, determining the stability of periodical solutions arising in a Hopf-Bifurcation point.
Hence, in the framework of the bifurcation analyses with BIFDD, one of the crucial
tasks is the estimation of 3, .

Center manifold theorem

In the following the linearized dynamical system (A7) corresponding to the fixed point
X, is considered. Generally, a linear system can be broken into its dynamically in-
variant parts. The eigenspaces of a linear flow or map are invariant subspaces of the
dynamical system (Al) [2]. The dynamical behaviour on all subspaces is determined
by the eigenvalues which corresponds to these subspaces.

If the Jacobian matrix J of the system (A7) has s eigenvalues with negative real
parts, ¢ eigenvalues with zero real parts and u eigenvalues with positive real parts,
then the space R" can be represented by the sum of the three subspaces E°, E°
and E" accortingto R"=E° E" E°. Each subspace is defined by

E* = span{p,, P,,..... B} Wwith Re(d) < 0
E" = span{P.is.-.e.-- , Pesu} With Re(4,) > 0 (A41)
E® = spar{ P, s Pessct With Re(A) = 0
where Py, By, , P, are the s eigenvectors associated with the s eigenvalues who-
se real parts are negative, P, ....... , P.,, are the u eigenvectors associated with the

u eigenvalues whose real parts are positive and pg,,.;,..., Po.ysc @re the c eigen-
vectors associated with the ¢ eigenvalues whose real parts are positive. This means,
each of the subspaces is spanned by the corresponding eigenvectors. The sub-
spaces E°, E° and E" are called stable, center and unstable subspaces or local
manifolds. The main characteristic of the local invariant subspaces is that the solution
of the linear system which is initiated in one of the three invariant subspaces remains
in this subspace for all times. In a nonlinear system, the stable manifold is denoted
as W*, the center manifold is denoted as W* and the unstable manifold is denoted
as W".

Generally, simplification methods are often necessary to allow the investigation of
dynamical systems [2]. One class of simplification methods deals with techniques of
reducing the order of the system equation and/or eliminating as many nonlinearities
as possible in the system of equations. The center manifold reduction technique is
one of these methods.

Recalling, when a dynamical system loses its stability, the number of eigenvalues
and eigenvectors which are responsible for this change is typically small. E.g. in the
Hopf bifurcation case, ony one pair of complex conjugated eigenvalues are associ-
ated with the bifurcating solution. Hence the crucial point of the center manifold re-
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duction technique is that the dynamics of the system near the bifurcation point is
governed by the evolution of these critical modes (¢ eigenvalues), while the stable
modes (s eigenvalues) can be considered to be “enslaved” (or they are following a
passive fashion). With other words, when E"= - R"=E° E°®, the dynamical
behaviour of the n-dimensional dynamical system can be described by the c-
dimensional system in a close neighbourhood of the fixed point undergoing the bifur-
cation. In the Hopf bifurcation case the dynamics of the n-dimensional dynamical
system can be reduced to a two-dimensional system. Thus, the center subspace is
spanned according to

E° = span{p,, B} with A(p)=tiw | (A42)

where p, =Re(p,)+1Im(p,) and 61 = Re(p,) —i1Im(p,). Considering the linearized sys-
tem, the solution of (A12) can be written as

u (t) -
- t
Uty = @ = ;8 (A43)
U, (t) ’
where U_(t)
eiwtuco
o= _° (Ad4)
e U, g
and U,(t)
0,(t)= eMu, (A45)

A, i=1..,s - Re(A(y ) <0. Thus, for t -~ o the elements of the vector G(t)
becomes zero G,(t) - 0 and the solution is collapsed to U, (t). This means, all orbits
are converging to the center manifold E® for t - «, where W° is tangent to E°. In
the case of ideal smoothness of W*, both, W® and E° are equal. A more in detail
description is given in [1-4].

Lindstedt Poincaré asymptotic expansion

Generally, exact solutions are rare in many branches of dynamical problems [5].
Hence, approximate solutions of the problems are necessary. There are numerous
analytical and numerical techniques to determine solution of the problem. E.g. the
application of perturbation theory is common practice. In nonlinear system analysis
by applying perturbation theory, it is important to account for the nonlinear depend-
ence of the frequency on the nonlinearity. It is turned out, that each expansion that
does not account for a nonlinear frequency is doomed to failure [5]. Hence, a number
of techniques that yield uniformly valid expansions have been developed in the past.
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In the scope of the bifurcation analysis with BIFDD, the so-called Lindstedt Poincaré
asymptotic expansion is applied. The main advantage of this method is to account for
the frequency dependence on the nonlinear terms [5]. To this end, the the transfor-
mation t = at is introduced, where w is the actual frequency of the system. Accord-
ing to

g_dtd _deyd _ d (A46)
dt dt dt dt dt dt
the frequency w of the system appears explicitly in the differential equation system,
where both the state variable X (f) and w are unknowns. Hence, the solutions for
them are approximated by the expansion in the form of power series in terms of a

small perturbation £ as
X (1) =X, +eX, (D) + X, (T) +...+ X (D) +...
1

S = e +ET, A ET (A47)
w W

-

o

[

= e+ ET, AT+ T ,

£

where 7, can be considered to be a correction factors for the oscillation frequency.
Furthermore, the quantity 4 is introduced and is defined as ux =y, -y, . the distance
between the actual value y, and the critical value y, . of the bifurcation parameter.
MU 1s expanded as

U= &+ E + ..+ +... (A48)
and thus y, can be written as
Ve =V Y+ E L+ E U+ (A49)

The Floquet exponent which determines the stability of the periodical solution is exa-
panded as

B=eB+&B,+..+B +... . (A50)

Notice, the solutions after applying perturbation theory are only valid for small ¢.
Thus, the predictions of the bifurcation analysis are only valid for small distance
from the critical value y, . in the bifurcation diagram.

To summarize, the transformation t =t and the expansions (A47) to (A50) are sub-
stituted in the equation system that results after applying the center manifold reduc-
tion. As will be discussed below, this two dimensional equation system will be trans-
formed into the Poincaré normal form by applying the near identity transformation
method.
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Poincaré normal form

According to the definition given in [2], normal forms of bifurcations are simplified sys-
tem of equations that approximates the dynamics of the system in the vicinity of the
bifurcation point. After the application of simplification techniques, the resulting equai-
ton system can be transformed into the specific normal form of the bifurcation. As
described above, if the Hopf theorem is satisfied, the nonlinear equation system can
be reduced to a two-dimensional nonlinear equation system by applying the center
manifold reduction approach [1-5]. The resulting equation system, will be transformed
into the Poincare normal form [2] by applying a near identity transformation. From this
equation system parameters (in particular the Floquet exponents) which determine
the stability properties of the fixed point, can be extracted numerically by employing
BIFDD.

The Poincaré normal form is defined as

o= ax - o, +[Re(e)x, = IM(@ )] -+

(A51)
& = o+ ax, +[Re(e)x, = m(e)x] K+
where a and w are real and imaginary parts of the pair of complex conjugated ei-
genvalues of the Jacobian matrix of the two dimensional system of equations. The
coefficient ¢, is a complicated term which is calculated numerically by BIFDD. c, is
the result of the application of center manifold reduction technique and transforma-
tion of the resulting equation system into the Poincare normal form. Thus the coeffi-
cient comprises all information which are necessary to evaluate the stability proper-
ties of the periodical solution occurring in the Hopf bifurcation point. Finally, the Flo-

quet parameter B,, i, and 7, can be calculated as
B, =2 Re[c,(1.)]
R
- _ e[?l(yc)] (A52)
a'(y.)

__Ime(r) + 10'()]
2 C()O

2

where 7, is a correction of the oscillation frequency and g, relates the oscillation
amplitude to the value y, . of the bifurcation parameter as

£= /M . (A53)
H,

A more in detail description is given in [1-3].
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Summary

In order to analyse the stability behaviour of nonlinear dynamical systems, linear sta-
bility analysis can be applied locally in fixed points where the theorem of Hartmann
and Grofmann is fulfilled. It should be emphasized that in this case, the results of the
linear analysis of the nonlinear system are only valid in the neighbourhood of the
considered fixed point. When the theorem of Hartmann and Grol3mann is not fulfilled,
additional investigations are necessary. In the scope of this work, Hopf bifurcation
analysis with the bifurcation code BIFDD is applied.

The Hopf bifurcation analysis using BIFDD starts with the selection of the iteration
and bifurcation parameter. The iteration parameter will be varied in the interval de-
fined by user. For each iteration step, BIFDD computes the critical value y, . of the
bifurcation parameter where the Hopf bifurcation occurs and thus a periodic solution
exists. Up to the present computation of y, . linear analysis is performed. But for the
critical value y, . the considered fixed point is a nonhyperbolic one. For the further
nonlinear analysis, center manifold reduction and Lindsted Poincaré asymptotic ex-
pansion techniques are applied. The resulting two dimensional equation system is
transformed into the Poincare normal form by employing the near identity transforma-
tion method. Finally, the Floquet parameter and all the other parameters characteriz-
ing the nature of the bifurcation can be computed from the Poincare normal form.

To summarize, in the scope of the bifurcation analysis using BIFDD, the nonlinear
system behaviour is determined only by local considerations. This means, global
phenomenons cannot be recognized by this theory. E.g. BIFDD applies the Floquet
theory only for the resulting two dimensional equation system after the center mani-
fold reduction is performed. Consequently, there are only two Floquet exponents, £,
and g,. The first one is equal to zero B =0 (because the corresponding Floquet
multiplier is located on the unit circle |¢1| =1) and the second one is either inside or
outside the unit circle. If the second Floquet multiplier lie outside the unit circle |¢2| >1
which corresponds to a positive second Floquet exponent £, >0 then information
about the locations of all the other Floquet multipiers of the n-dimensional system
are not known. In this case, it is not possible to keep apart scenario b) (unstable limit
cycle of saddle type) and scenario c¢) (unstable limit cycle) depicted in Figure 2. In
order to study the system behaviour more far away from the bifurcation point, nu-
merical integration is necessary.
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Appendix B: ROM description

1.1 Neutronkinetic model
The neutron kinetics model is based on the following assumptions:

1) The neutron kinetics model is based on an effective two energy groups (ther-
mal and fast neutrons).

2) Spatial mode expansion approach of the neutron flux in terms of lambda
modes (A -modes).

3) Only the first two modes (fundamental and the first mode) are considered.
4) Only an effective one group of delayed neutron precursors is considered.

5) The contribution of the delayed neutron precursors to the feedback reactivity is
neglected.

Taking into account these assumptions, four mode kinetic equations could be devel-
oped, coupled with the equations of the heat conduction and the thermal-hydraulic
via the feedback reactivity terms (void and Doppler feedback reactivities).

The time dependent two-group neutron diffusion equation can be written compactly
as

w1 220D = gy By - L é(r,t>+iﬁ. (. X
ot - (B1)
%C,(r,t)iq = BF &(F,t) - A C(F,0X!
- 1
where X| = 0 [1-5].
®(F,t) is the neutron flux vector consisting of
N A (9]
PO om0 (52

the fast (first component) and thermal neutron fluxes (second component), L is the
net-loss operator including leakage by diffusion, scattering and absorption, and F is
the fission production operator. A,C, and S, are the decay constants, concentrations
and delayed neutron fractions, respectively, for the |-th delayed neutron precursor

group [6].
Next, the operators are presented (for two energy groups). The net-loss operator L
can be written as

- (D(Ft) )+ ,+3* 0

(Y= -3, - (Dy(r,t) )+23 (B3)
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where is the Nabla operator, D, is the diffusion constant of the first group, D, is

the diffusion constant of the second group, X7 is the macroscopic absorption cross

section of the first group, %5 is the macroscopic absorption cross section of the sec-
S

ond group and %; , is the macroscopic scattering (from the first into the second en-
ergy group) cross section. The fission production operator F is defined as

vz vI;
0 0

F = (B4)
with % the macroscopic fission cross section of the first group, 2, the macroscopic
fission cross section of the second group and v the number of neutrons per fissions.
The matrix [v'] in (B1) is called neutron inverse velocity matrix and is defined as
-1

v, O
vi= (B5)
0 v,
where v, and v, are the neutron velocities corresponding to the two neutron energy
groups.

By using the introduced operators, the time dependent two-group neutron diffusion
equation can be written as

vi 0 d ot

0 v, dt ®,(r,t)

@-pws! @-pys! - (DR )+Z,+37 0 ®,(1,1) (B6)
0 0 -% ., = (Dy(F,t) )+ @,(TY)
6

. ZA. C(r.1)

0
and the precursor concentration equation can be expressed accordingly as

0 1 vzl vzl o, (1) 1
—(C, (7t = ! 2 ! - A C,/(F,t : B7
at( ) ))o A 0 0 o,rt (F0 B7

The evaluation of (B6) and (B7) lead to the neutron diffusion equation corresponding
to the first group

4, d -
vfa@l(r,t):

(B8)
6
( (D )-%,-%0) 0, (F.0)+ A= BV IO, (F,1)+ [0, (F.1) 3 A G,
the neutron diffusion equation corresponding to the second group
2 d - s - a -
Vi @00 =2 0,0 +( (D, )-23), () (BY)

and to the 6 precursor concentration equations
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0 . s - -
a(c,(r,t)):ﬁ,v Sl (F )+ 0, (F,t) - A C(F,t). (B10)
In the steady state case of (B1), the so-called A-Eigenvalue problem is written as:
1~ - - -
—FR @)W (r) = L,(rWY (f
RO = L d,@ (B11)

with n=0,...,00.

where W (F) are the eigenvectors, k. =1/ A are the corresponding eigenvalues and
IEO, I:0 are the steady state fission production and steady state net-loss operators.
The eigenvectors LTJn(F) are so-called Lambda-Modes (A-modes) and satisfy the
biorthogonality relation

Jdvupm*ﬁo@n = (@,

R|®,) = dF, (B12)

where lTJmT are the adjoint eigenvectors satisfying the adjoint equation

ZHO®, M = L0 e, 0 (B13)

n

The Eigenvalue problem (B11) can be written in components as
JdVLTJmTIEOLTJn =0, F
. - B14)
l.lJlT zf Zf LIJl (
spav on DR B ey e el esiwi
o)y o0 0 W)

The space and time dependent neutron flux ®(F,t) and the space and time depend-
ent delayed neutron precursor concentration C,(r,t) of (B1l) can be expanded in

terms of the A-modes as

O(r,t)= 5 R (1) 9, (1) (B15)
C(F.OX/ =3 Cut) K ®,(N A, (B16)

where
3 Pn11 (t) F)nlz (t) _ Pnl (t) 0

= = . B17
G PA() PZ(1) 0 P (B17)

P'(t) are the time dependent expansion functions of the first energy group, P’(t) are
the time dependent expansion functions of the second energy group and C (t) are
the time dependent expansion functions of the delayed neutron precursor concentra-
tion. Physically, the time and space dependent neutron flux ®(F,t) is proportional to
the reactor power Q(t) . Thus, in the current neutron kinetic model it is assumed that
both neutron energy groups have the same time evolution. In this case, according to
P'(t) = P*(t) = P,(t), the matrix (B17) reduces (the matrix is “collapsing” to a scalar) to
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Bay= (()t) Pno(t) (B18)
and expansion (B15) can be written as
o(r1)=S RM) P,() . (B19)
Substituting of (B19) in the biorthogonality relation (B12)
JdVLTJmT(r)ﬁO* (FY) = Z P.(t) J’dV@mT(F)ﬁqun(F) = P,(t)F, (B20)

JmnFn

justifies the definition of the time dependent amplitude functions P, (t) according to
_ 1 U (FYED (F _i VHI=

) = [ VI ORB, (0= £ (F]F,

d:n(r,t)> . (B21)

In order to solve the diffusion equation (B1) for the space and time dependent neu-
tron flux ®(F,t) expansion (B19) and (B16) are substituted in (B1)

Sv1e,080 - vR a-p Rk 90
" " ] (B22)
-SRM L+ol ¥ (1)+ Z/\l S Cal® R W, (NA,
and
A 0 - e A
> RW.MA(Ca0) =S ARORK P.(M+3 AR O F P,
T 0 m (B23)
- z I:0 l'Pn(f:) /\nAI Cnl(t)
where the operators L and F are expressed as
L=L,+dL (B24)
F=F +0F (B25)

in terms of a steady state plus an oscillating term, respectively. In the next step,
(B22)and (B23) will be multiplied by quT from the left hand side, afterwards the
equations are weighted (divided) by (B12) and integrated over the whole multiplying
medium of the reactor core. It follows

(s
2 (@,
—®">Pn(t)+z<

V%) aro)

)
Eo) a2 "0

| n>Pn(t)+Z<

¢"> (B26)

€
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(s

-61
T
-€1
-E1
oTD
-E1

d

> ~—(c, ) —< >P t)+ t —<® -
Z<¢ ﬁ¢> at(C0)= Z’B@ |, ) 02 AR ()<¢ | %)
m|° 0 n m|" 0 n (827)
—Z<< a>>/\/\Cn|(t)
In the next step, the following definitions will be introduced in (B26) and(B27):
(9al1®,) o (BulloF-ol]@,) (B[ E9)
N = ﬁ P = <qu Ifo qJn> y Pn = <me AO ‘TJn> (B28)
o ﬂ@m 3F@,) g (P, [oF@,) ©29)
TR T T (@R,

Taking into account that A, >>A_, with nZm [6] and the definitions in (B28) and
(B29), the final neutron kinetics (spatial) mode equations can be written as

d 1 F D

ap (t) = /\_mm (lom IB) Pm(t) +/\_mm Zlomn Pn(t)_Zlomn Pn(t) + ZAI le(t)

j y (B30)
acm(t) = I~ (t)+z,0D' P - AC,(@)

where p: is the static reactivity, po. are the dynamical feedback reactivities, and
o, p> are the delayed feedback reactivities.

As mentioned above, in the current neutron kinetics model only a single group of de-
layed neutron precursors | =1 is considered and the contributions of p° and p are
neglected. Furthermore, only the fundamental and the first modes are considered.
Hence the modal kinetic equations can be written as

o() = (poo B) Po(t)"'poFlpl(t) +/‘C0
i ﬁ (B31)
EC o0 = R0 = 25,0
Dpty=L ptR M)+ (05 - HRM* AR
dt 1 /\0 10" 0 0 1 1171
+A C, (B32)
d

B
—C,(t) = —PR(t) - AC(t
5 0 Al 40) ()
The dynamical feedback reactivities, p. represent the coupling between the A-
modes and describe the main feedback mechanism between the neutron kinetics
and thermal hydraulics via void fraction in the two-phase flow region and fuel tem-
perature. In the framework of the ROM development the approximate calculation of
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the mode feedback reactivities is one of the crucial tasks. In the approximations used
in  previous works [6], the required reactivites p, were given by
Pon ~ Poo (weighting factors) . ; this means that in both cases certain weighting factors for
terms different from n=m =0 have to be calculated.

In general, the total power generated by nuclear fissions within the multiplying me-
dium of the reactor core is given by

NOG

Qt)=¢ J’dV Z > @, (F,t) (B33)

where ¢ is the energy per fission and %/ is the macroscopic fission cross section of
the i-th group. Considering only two neutron energy groups (i =2) and substituting
(B19) in (B33) lead to

Qv =Yy F.(t) fdV ¢ SWL(F)+Z,Wi(r)
" A (B34)
QW) =Y R Jav QM= RO Q,

where Q, (F) are the so called power modes.

The power density q”(t) in the fuel is defined as

wrer _ Q (1)
9= (B35)

fuel

the total power divided by the fuel element volume V. It should be noted that the
power density in the fuel is assumed to be constant in all considered fuel elements in
the reduced order model (but is a function of time). Taking into account only the fun-
damental and the first azimuthal mode, the power density (B35) can be expressed as

m 1 . .
qj(t) =V_j I:)o on + I:)1Q1J (836)

fuel
where Q] is defined as

QN = [dV e LW +IWi) (B37)

and j is the considered core region.

In the steady state core, all the higher modes are zero. Consequently, equation (B34)
is reduced to

QD =PR(t) &= (B38)
=1
and the steady state power density in the fuel is given as
mey = Qo _ Qf
M) == (B39)

fuel fuel

The final expression for the power density in the fuel can be written as
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qj"(t)=\?—,.° P +R (1) g
2 (B40)

af)=c, RMO+RWMG

where ¢/ is the ratio Q/ /Q,. In the fuel rod heat conduction model where two repre-
sentative heated channels including the fuel elements are taken into account there is
&=q/ = +1 (to simplify the nomenclature).

1.2 Fuel heat conduction model

The fuel rod heat conduction model in the current reduced order model was com-
pletely adopted from Karve et al. [8]. This model is based on the one-dimensional
(radial), time-dependent heat conduction equation for the fuel rod and is based on
the following assumptions:

1) two axial regions, corresponding to the single and two-phase regions, are
considered,

2) three distinct radial regions, the fuel pellet, the gap and the clad are modelled
in each of the two axial regions,

3) azimuthale symmetry for heat conduction in the radial direction is assumed,
4) heat conduction in the z-direction is neglected,
5) time-dependent, spatially uniform volumetric heat generation is assumed.

These assumptions result in a one-dimensional (radial) time dependent partial differ-
ential equation (PDE). By assuming a two-piecewise quadratic spatial approximation
for the fuel rod temperature, the PDE can be reduced to a system of ODEs by apply-
ing the variation principle approach. A detailed derivation is presented in [6,8].

In the scope of this section a brief description about the fuel heat conduction model is
given. As mentioned above the fuel rod is modelled separately in the two axial re-
gions corresponding to the single and two-phase regions of the boiling channel. In
each of these regions, it is modelled with three distinct radial regions, the fuel pellet
(0<r<r,), thegap (r,<r<r), and the clad (r, <r<r).
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Figure 1: Flow channel including fuel rod.

The heat conduction equations for the fuel rod in dimensionless form can be written
as

1.06,(rt) _0°6,(r.Y) L106,(n0)

mt ,
a, ot or? r o or T (B41)
O<r<r,
and
106,(r.t) _0%6,(r.t) , 106,(r.1)
a, ot or? r or (B42)
Srsr

where 6, and 6, are the deviations from the steady state for the pellet and clad tem-
peratures respectively. q"(t) is the dimensionless power density. Note that all the
variables and parameters are in dimensionless form in this chapter. This results in a
transparent formulation of the equations and gives more insight into the key parame-
ters determining the system dynamics. The various dimensionless variables and pa-
rameters are given in [6,8].

The clad heat conduction dynamics can be modeled without solving the transient
heat conduction equation. The idea behind this is that there is no significant change
in the clad temperature profile from its initial steady-state distribution, due to the large
clad thermal diffusivity a;, which is about ten times larger than that of the pellet a,.
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Based on the logarithmic spatial distribution of the steady-state clad temperature, the
space and time dependence for 6.(r,t) can be written as

6.(r,t) =b,(t)logr +b,(t) . (B43)

The ODEs for the fuel pellet are deduced by reducing the PDEs for the time-
dependent heat conduction equation for the fuel pellet by employing the variational
principle approach. To this end, the fuel rod temperature is assumed to be captured
by two piecewise quadratic spatial approximations

6,(r,) =T, () +a,(t)r+a,(t)r?, 0<r<r,
=T, +AOr+L0r", r<r<r,

where 1, is the point of discontinuity between r=0 and r =r,. The value of r, was
determined empirically [7,8] to be r, =0.83 r,. The a;(t) and A (t) with i=12 are
determined using the continuity and boundary equations [8].

(B44)

A variational principle approach is then used to get the final ODEs for T,(t) and T,(t),
which represent the BWR fuel rod heat conduction dynamics. These equations are

dTét(t) =T O +L,T,0+1, ¢ (R -R)+c,éR() (B45)

dT, (t)
t

=1, T, +11,,T,@) +1;, ¢, (R(t)- P)+ c,$R(1) (B46)

where Il ;, 1I,,, and Il,, are complicated constants which depend on the design
parameters.

In summary, for each channel, four ODEs are developed from the heat conduction
PDE. These ODEs are for the two coefficients of each of the two spatially piecewise
quadratic representations of the fuel pellet temperature in the single and two-phase
regions of the channel. In an explicit index form, these ODEs can be written as

dT, .. (t) N
% = ”1,1,j¢;,|T1,j¢;,| (t)+ ”2,1,j¢7,IT2,j¢,I (t)+ ”3,1,j¢,l Cq (RM-R)+ qupl ®) (B47)
dT, . (1) )
2'(;—?' =1, 1 T O+, 0 T O+, 0 S (R -R)+c, R(1)  (B48)

where &£=11, jg stands for single (1¢) or two-phase (2¢) region, | stands for chan-
nel number (1 or 2) and P, is the steady state value of the amplitude function. Notice,
the final ODEs were developed by using the symbolic toolbox of MATLAB. A detail
description is given in [8].

1.3 Thermal hydraulic model

The thermal hydraulic behavior of the BWR is represented by two heated channels
coupled by the neutron kinetics and by the recirculation loop. This sub-model is
based on the following assumptions [6]:
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1)

2)
3)

4)
5)
6)

7

8)

9)

The heated channel, which has a constant flow cross section, is divided into
two axial regions, the single and the two-phase region.

All thermal hydraulic values are averaged over the flow cross section

The dynamical behavior of the two-phase region is presented by a drift flux
model (DFM) [7] where mechanical non equilibrium (difference between the
two phase velocities, and a radial non-uniform void distribution is considered)
is assumed (the DFM represents the stability behavior of the two-phase more
accurately than a homogeneous equilibrium model, in particular for high void
content).

The two phases are assumed to be in thermodynamic equilibrium.
The system pressure is considered to be constant.

The fluid in both axial regions and the downcomer is assumed to be incom-
pressible.

Around the closed flow path, mechanical energy terms are very small com-
pared with the thermal energy terms. Consequently, the kinetic energy, poten-
tial energy, pressure gradient and friction dissipation are neglected in the en-
ergy balance.

The PDEs (three-dimensional mass, momentum and energy balance equa-
tion) are converted into the final ODEs by applying the weighted residual
method in which spatial approximations (spatially quadratic but time-
dependent profiles) for the single phase enthalpy [6,8] and the two-phase
guality are used (is equivalent to a coarse grained axial discretization).

The downcomer (constant flow cross section) region is considered to be a sin-
gle phase region.

10)All physical processes which are connected with energy increase and energy

decrease are neglected in the downcomer. Consequently the core inlet sub-
cooling is a boundary condition which is nearly realized by the nuclear power
plants.

11)The pump head due to the recirculation pumps is considered to be con-

stant (AP, =const)

ead

Figure 2 depicts a schematic sketch of the thermal hydraulic model including the re-
circulation loop. The sub-model consists of three parts. These are the two heated
channels and the downcomer section. The common lower plenum and the common
upper plenum are only shown to indicate that all channels are coupled hydraulically.
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Figure 2: Schematic sketch of the thermal hydraulic two-channel model includ-
ing outer loop section.

The coolant enters the core channel i inlet (single phase region) with the inlet veloci-
ties v, and the inlet enthalpy h, ., and the heat is released by nuclear fissions in
the fuel, conducted to the coolant. At a certain axial level (boiling boundary u(t)),
where the coolant reaches the saturation state, the coolant starts to boil. Above the
boiling boundary (two-phase region), the coolant is a mixture of water and steam.
Because of the thermodynamic equilibrium between the two phases, the heat gener-

ated in the fuel is completely used for steam production.

Single phase region [6,8]
The mass balance is reduced to

p.*%v*(z*,t*) =0  with p,t) = = const (B49)



192

due to the incompressibility of the coolant. Consequently, the velocity v'(z",t") within
the single phase region is according to v'(z',t") = v; ., (t") not a function of z".

The energy balance can be written as

ah( 1) oh'(z',1) _ G ()&

0z A

where the source term on the right hand side describes the heat density in the cool-
ant created by the wall heat flux q,, . The single phase wall heat flux q,, is related
to the single phase convective heat transfer coefficient h;,m, as
Gho = hose (Tere () ~ Touio (t)) Where h_ ., is estimated by the Dittus-Boelter correla-
tion

P ) —— (B30)

+10I ( t )leet(t )

*

S(PN**  with 0.7<Pr<100 and Re>1000 . (B51)

hOO,ldD -
h

In expression (B51), k; is the liquid thermal conductivity, D; is the hydraulic diameter
of the heated channel, Re is the Reynolds-Number and Pr is the Prandl-Number.

The momentum balance of the single phase region can be expressed as

0 v, « T o [ f
_Eplcb(z 1t ):pl (Z 1t) avinlet(t) 23) leet(t) (852)

where the first term on the right hand side describes the pressure drop due to inertial
effects, the second term describes the friction in the coolant and the last term de-
scribes the pressure drop due to the gravitation.

Next, the conservative equations will be transformed into the dimensionless form (not
presented here). The mass, energy and momentum balance can be written as

0
—v(z,t) = 0
57 /@Y (B53)
with v(z,t) = v, (t)
oh(z,t oh(z,t
(gt ) mIet(t) ( ) N N Npchlm(t) (854)
_ip = iv_ + N (t) + Fr™ (B55)
az 1o dt inlet f 1o |n|et

where N, ,(t) is the time-dependent phase change number in the single-phase re-
gion, which is proportional to the wall heat flux in the single-phase region; and
N pen1p (1) = Negy1p (T 1, (1) = Touisp) - The dimensionless numbers Fr, N,, N, and N
are defined in the appendix.

cov,lg

In order to convert the energy balance (B54) from a PDE into a ODE, a time-
dependent, spatially quadratic distribution

N(Z,t) = hiye +2,(0)2 + 2, (1)2° (B56)
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for the enthalpy is introduced [6,8]. Thereby the enthalpy has to satisfy the boundary
conditions

h(z=0,t) = h,, (B57)
and

h(z=put) = hy, : (B58)
where h, ., is the inlet enthalpy of the boiling channel and h,, is the saturation en-

thalpy. The time dependent coefficients a (t) and a,(t) are describing the dynamics
of the single phase enthalpy and can be assumed to be phase space variables.

In the next step, equation (B54) will be rewritten in operator form

oh(z,t oh(z,t A
(at )+Vinlet(t) ((92 )_ Np Nr Npch,ld)(t) =0=A h_S
3 (B59)
Wlth A= a + Vinlet E and S = Np Nr Npch,lcb (t)
and the weighted residual method
~ /'1 ~
O:<Wg,Ah—S>:Iwg (Ah-S)dz (B60)
0

will be applied. To this end, the time-dependent, spatially quadratic distribution (B56)
is substituted in (B60) where the weight function wg =1 and wg =z are used. The
integration from the inlet of the channel z =0 to the boiling boundary z = 4 accordant
to

o:<1, Ah—s>
SR 0 ( 2) $ (B61)
= _+Vine_ hine +a1(t) Z+a(t) z°)dz- [N Nr Nc, (t)dZ
'Or ot ItaZ let 2 -!- P pch, 1
and
o:<z,Ah—s>
9 0 2
_J.Z E + VinletE (hinlet + ai(t) z+ az(t) z )dZ (862)
0
U
- J.Np Nr Npch,lcp(t) z dZ
0
lead to the final ODEs
d 6
aal(t):_zvinlet(t)az(t)-l-; Np Nr Npch,ld:(t)_vinlet(t)al(t) (B63)

d 6
aaz (t) == ? Np Nr Npch,lcb (t) - Vinlet (t)al(t) ' (864)
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The boiling boundary w(t) is the level at which the enthalpy is equal to the saturation
enthalpy h_. and can be calculated by evaluating the boundary conditions (B57) and
(B58)

sat

h(Z :/"l’t) = hsat = hinlet + ai(t) /'1 + az(t) /'12 ' (865)
The boiling boundary can be written as
N, N,N

u(t) =2 £ , (B66)
a,(t)+/a, (1)’ +4a,(t) N, NN,
where the relation N, N N, =h, —h, is used.

Two phase region [6]

The two phase region extents from the boiling boundary u(t) to the channel exit. As
mentioned above the dynamical behaviour within this region is represented by a drift
flux model which is based on four conservative equations. This is the continuity equa-
tion of the gas phase and the three conservative equations (mass, energy and mo-
mentum) for the two phase mixture. In the current work, the density wave phenome-
non play a dominant rule so that the mass transport problem was transformed into
the void propagation formulation (In the scope of the report the derivation of the void
propagation equation is not presented). The drift flux equations [6,7] can be written
as

a * * * * a * * * *
,t + C — ,t = 867
at*a (z,t) P a(z,t)=w ( )
M ahy, = 050 % (B68)

a * * * * a * * * * * * a * * *
-—Py = p,(zt) —=v, (z,t)+ Vv (z,t)—=V, (2.t

P = A E0) Svi(@ )+ V() oV @)
* * * * * *\7 D (B69)
foo V(2 0)+ 0 a(z,t) PPV
2D, " 0z 1-a'(Z.t) p, (1)

+ (2 )" + o (2 1)

where (B67) is the void propagation equation, (B68)is the energy equation and (B69)
is the momentum balance [6,7]. Because of the two phases are assumed to be in
thermodynamic equilibrium and to be incompressible, the energy balance is reduced
to (B68) and the characteristic reaction frequency w" can be expressed as

o) = L) (B70)
lofpg

It should be noted that the equation
0 i PPy

— = (B71)
Iofpg

0z
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is implicitly comprised by the void propagation equation (B67).

The dimensionless conservative equations [6,7] of the two phase region can be writ-
ten as

.,
E J(th) - Npch,ZtD (t) (B72)
2020+ (C, )20 +Vy) 2 a@) =Ny O [N, ~Craz ] (B73)
0 _ 4, 0 0 2
__P2¢J —,Om(z,t) Fr +_Vm(zvt) +pm(zvt) Vm(Z,t)—Vm(Z,t)+ Nf 2¢Vm(z’t)
0z ot 0z ’
_, (B74)
0o a Vy
N — 2 9
?0z 1-a p,(z,t)
where
\7gj :ng +(Co -1 i(z.1) (B75)
J(Z,8) = Vi (8) + N, () (2 = (1)) (B76)
po(zt) =1 - A2 (B77)
V() = j@) + Y, 1 — (B78)

Pn(z,1)

The drift flux relation between the void fraction and the equilibrium quality x(z,t) can
be written as a sum of the void fraction due to the homogenous equilibrium mo-
del a,,, and a correction term a

corr

A2 = (O (2.0 ~Vyy G (2.0) (B79)

0

[3] where the corresponding relations are

_ X(z,t)N,
Qhomo (2,1) = (@) + NN, (B80)
and
X(z,t)N, (B81)

Acore (2,1) = (x(z,t)+ NpN,)(Coj(Z,t)+ng) |

As already mentioned (for the conversion from PDE into ODES), the quality x(z,t) in
the two phase region will be described by a time-dependent, spatially quadratic dis-
tribution

X2 )=N,N, s,Oz-u®]+s,®O[z- uO (B82)
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analogously to the enthalpy distribution in the single phase region. The ODEs can be
obtained after substituting (B82) and (B76) in(B79), the resulting equation will be
substituted in the void propagation equation (B73) and finally, performing the
weighted residuals method with the weight functions wg =1 and wg =z. Thereby, it
will be integrated from the boiling boundary to the channel exit. The final ODEs can
be written as

ds, =1 du(t) AVipe (1) 1 AN e 50 (1)
dt - ff (1) LOZg *MO7g ff, (t) O g+ O (883)
s O g MO L ROy ) (m8a)

dt o ff, (D) dt ff, (t) dt

The derivative of the ODE for the channel inlet velocity is summarized in the main
text in subsection 3.1.3.
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1.4 Summary of the ROM

Mode-kinetic equations (4 equations):

SR® = = (K- ARO*+ AR +AC,

y ’\/; (B85)
GO0 = RO - 250

F’(t)‘/\ PuP )+ (03 = BIRM) + A1)

0

+A C, (B86)
d _p _
50O = A—Oﬂ(t) AC(1)

Fuel heat conduction equations (8 equations):

dTgﬂt.(t) g T s O 1y ) T O+, c (B -R)+c éR()  (B87)

(t)
Zéﬂl ”12le 1J¢I(t)+”22]¢I Zml(t)+”321¢| C(P(t) P)+CEP(t) (888)
with j=1,2 (single phase and two-phase regions) and | =1,2 (two heated channels)

Thermal-hydraulic equations (10 equations):

07 02,0+ 2 N, N, Noio 0=V (03,00 (B89)
%a (t)=- ﬂﬁ N, N, Nogio () = Vi (D, () (B90)
% - ﬁ i (t)d”(t) ff, () d"'gett(t) fflj(t) ffg(t)W+ffg(t) (B92)

2

d d
avn,inlet (t) = Ah(t) - Bn (t) Zavn,inlet (t) - Bn (t)Nfld: Aol Dol Zvn,inlet (t) (893)
where (B93) is described in the full text and n corresponds to the n-th channel.
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Appendix C: RAMONA description

Stability analyses with system codes can be performed, depending from the analysis
goal, in the time domain or in the frequency domain. Time domain codes contain a
nonlinear BWR model and can be used for detailed nonlinear BWR stability analysis,
while frequency domain codes, containing a linearized BWR model, are used for lin-
ear stability analysis, in particular, for searching for the (linear) stability boundary.
RAMONAS works in the time domain and simulates the coupled 3 dimensional neu-
tron kinetics, fuel dynamics and thermal hydraulics. A detailed description of
RAMONA is given in [1,2]. Figure 1 shows a schematic sketch of a BWR plant model
(GE-Type) and Figure 2 shows the RAMONAS BWR plant model. In the following, the
main features of the sub models are briefly presented [1-6].

RAMONAS is an extended and improved code version of RAMONAS. But similar to
RAMONAZ it is a ‘hardwired’ nine component model, the neutron diffusion process in
the core is treated 3-dimensional and the thermal-hydraulics is a one-dimensional
parallel channel model.

Typical system pressure 70 bar

Steam Dome
Typical thermal power 3100 MW Steam Line —>

Water Level Steam Separators

<«— Feedwater

Upper Plenum

A/Downcomer
Q\Downcomer

Core Channels
Bypass Channel

Typical core mass flow
11000kgd's

wy

Figure 1: Schematic BWR plant model (GE) [1]

Jet Pump
Jet Pump
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As depicted in Figure 2, the ‘hardwired’ nine components are:
- Downcomer 1 and Downcomer 2
- Lower Plenum 1 and Lower Plenum2
- Core
- Riser A Upper Plenum, Stand Pipes and Steam Separator
- Steam Dome

All recirculation loops (and all steam lines) are represented by a single recirculation
loop with a single jet pump (and a single steam line).

Steam Dome
1 APstsei Steam | |
Separators
|
APriser | APsp I Stand Pipes Down- AP
: commer1
APup I Upper Plenum
Y
v APext
_ ]
A APch.emt’ A
APe Apch Core
Down- ;
“Apch.inlett Gomimerz s
APip ¢ Lower Plenum 2 v \ 4

Lower Plenum 1

Figure 2: RAMONA BWR model [1]

Neutron transport model:

RAMONAS provides the PRESTO 1 option (RAMONA 3) and PRESTO 5 option. In
PRESTO 1 option, the neutron transport is approximated by the 1 % group time-
dependent neutron diffusion equation where 6 groups of delayed neutrons are taken
into account. Thereby finite difference spatial discretization in a coarse mesh lattice is
used and the time integration bases on a implicite predictor/corrector scheme. A real
reflector is not considered. Instead of this, reflector information are taken into account
in boundary conditions (Albedo like extrapolation length).
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PRESTOZ2 option is an extended 2 group nodal kinetic model as it is used in the core
simulator PRESTO2. The spatial diffusion problem (the governed equations are pre-
sented in Appendix B) is solved by applying analytical nodal methods where two
methods for temporal integrations are available. These are the © -method (Estima-
tion of the time derivative of the flux by using finite difference technique where the © -
parameter determines whether explicit or implicit integration is carried out) and the
frequency transformation method (exponential time behaviour in the nodes, like
quasi-static method). A detail description is given in [1]. Boundary conditions are
given by specifying the extrapolation distance and albedo values for thermal flux.

The cross section model is based on a TABGEN cross section model. Thereby the
cross section data are given by polynomial coefficients to RAMONAS where the phe-
nomena exposure (£), density history (p, ), instantaneous density (o), fuel tem-
perature (\/i), control insertion (CF'), soluble boron (N,) and xenon (N,) are
taken into account. Hence, the nuclear parameters that represent the two-group data
are thus functions

NP = NP(E, py, [Ty ,CF,N,,N,) (C1)

of seven independent variables. These data are given separately for each fuel type
implemented in the core.

For nuclear data transfer the core simulator PRESTO2 should run in a standard cal-
culation option RAMONAS5 (computes xs, discontinuity factors (DCF), reflector data
like albedos for RAMONAS5-2). In the RAMONADS input file, there is stored the cross
section data, DCF, albedos, power, density, fuel temperature, Xe concentration, bur-
nup, active flow and the core loading.

Thermal-hydraulic model [1,2]:

RAMONAS provides two thermal-hydraulic models, namely, standard thermal-
hydraulic model and advanced therma-hydraulic model. In the scope of the present
stability analysis with RAMONADS, the advance thermal-hydraulic model (seven equa-
tion model) is not used because of the analysis approach (RAM and ROM). The stan-
dard thermal-hydraulic model applies a four equation model based on vapor mass
balance, mixture mass balance, mixture energy balance, mixture momentum
equation including the corresponding constitutive equations. This model is similar to
the drift flux model used in the ROM but with the difference that thermodynamic non-
equilibrium is assumed and the different velocities of the phases are modelled by a
phase-slip model. For the time integration different explicite integration techniques
are available and can be selected by the user.

The mass conservation equation for the gas phase is

0 0
5, 0P *5-apy, =T, (C2)
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where I", is local evaporation rate, a is the volumetric void fraction, p, is the gas
density and v, is the gas velocity. The mass conservation equation of the mixture can
be written as

0 d
+ = =0 C3
at pm aZ pmvm b ( )
where p, with
p,=ap, +[1-alp, (C4)

is the mixture density and v, with

_apy, +[1-alpv,

m (C5)
ap, +l1-dlp,
is the mixture velocity. The mixture momentum balance is given by
0 0 ) ) 0 OF
—G + —(a +[l-a = - —P+— Co6

where the second term describes the local pressure drop and the third term de-
scribes the local friction with

oF e G|G|

— C7
0z 2pd, (€7)

In the friction term, there is f the single phase friction factor, @ is the two phase
multiplier d, the hydraulic diameter p, is the density of the liquid phase and G is the
mass flux defined as

G =apyv, +[l-alpyv, . (C8)

The mixture energy balance can be written as

) 9 o
S (apu, +(-@)ppu )+ (ap,hv, +(1-a)p,h,v,)=%+q, (1-a) , (C9)

where u, and u, are the specific internal energies, h, and 4, are the specific en-
thalpy of the gas and liquid phase, respectively. 4 is the flow cross section, ¢, is the
heat input per unit length of the heated wall and ¢, is the heat per unit volume re-
leased directly in the coolant.

The most essential assumptions are: (a) spatial variation of system pressure is ig-
nored grad(P(z,t))=0 and (b) vapor is assumed to be at saturation. Assumption (a)
decouples the momentum and energy equation. Thus, the momentum equations are
uncoupled from the rest of the equations, and may to a certain extent, be treated
separately. In particular, assumption (a) enables that the momentum equation can be
integrated around the full reactor loop independent on the energy equation. Hence,
this assumption eleminates the numerical diffusion effected by the momentum equa-
tion spatial discretization. All assumptions of the thermal-hydraulic model are summa-
rized and discussed in [2].
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As shown in Figure 2, the hydraulic loop is divided into nine main parts where only
vertical flow is taken into account. The core is devided into (isolated) parallel chan-
nels with a common lower and upper plenum. Thereby, heat exchange between the
parallel channel and heat loss to the surroundings are neglected. A more in detalil
description of the thermal-hydraulic model is presented in [1].

Finally, the thermal hydraulic parallel channel model of RAMONAS provides the 3D
(steam) void distribution (void content in all channel, radially and axially, in the max.
25 axial sections per channel) and the axial coolant velocities. The detailed core pre-
dictions are combined with the capability to describe phase separation and liquid
subcooling or superheating in the two-phase coolant mixture [1,2].

Empirical correlations: Slip (Bankoff-Malnes, Bankoff-Jones, Solberg), 2-phase multi-
pliers (Becker correlation, Martinelli-Nelson, Rolstad), heat transfer correlation
(forced convection in single phase liquid: Dittus-Boelter, nucleate boiling: Jens and
Lottes), evaporation rate correlation.

The fuel model [1,2]:

The fuel model calculates the transport of heat (generated in the fuel pin) to the cool-
ant. Since the fuel temperature field within the fuel pin is known, it is used as feed-
back to calculate the fuel enthalpy rise. The released heat transferred into the coolant
constitutes the volumetric heat source (power density) of the coolant and thus the
hydraulic feedback via void generation.

The fuel model of RAMONAGS is very similar to that one of the ROM. The main char-
acteristics are: One average pin per neutronic node, radial heat conduction only, ra-
dial pellet discretization (less, equal 3 ring zones), temperature dependent data on
heat capacity and conductance, empirical correlations on gap conductance. Further-
more, it is assumed that all fuel rods within one hydraulic node have the same behav-
iour. This means, the nodal calculation is only done for one average rod unless the
user selects the hot pin model (not considered for the stability analysis).

The one dimensional radial fuel heat conduction equation can be written as

oT, 10 orT
(P Cp) 5= k), (C10)
t r o
where p, is the density of the fuel, C,, is the specific heat of the fuel, k, is the
conductivity of the fuel, r is the special coordinate, 7, is the fuel temperature and ¢,

is the power deposited in the fuel. ¢, is predicted by the neutron kinetics.

The heat is transported from the surface of the fuel through the gap and gladding to
the coolant. The heat transport in the gap is described by

0,6 0T
O — —k &P ,
or ¥ or
where k_, is the heat tranfere coefficient of the gap and 7, is the gap temperature.
Furthermore, the heat transport in the cladding is given by

(C11)
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oT oT
= < | C12
(0.Cpe) 5 ko (C12)

where p. is the density, C,. is the specific heat, . is the conductivity and T, is the
temperature of the cladding, respectively.

Finally, the heat flux from the cladding surface to the coolant is described by

_ 0T,
ke or

=W, -T,) , (C13)

where £ is the heat transfere coefficient and T, is the bulk temperature of the cool-
ant.

All material properties are functions of the temperature and burnup. More information
of the fuel model is presented in [1,2].

To summarize, the main advantage of the system code RAMONAS is the decoupling
of the momentum and energy equation due to ignoring the spatial variation of the
system pressure. The assumption of a constant system pressure along the closed
flow path corresponds to neglecting pressure waves. In addition to that all thermody-
namic properties of the reactor vessel are determined by the same system pressure.
This assumption allows that the momentum balance can be integrated along the
closed flow path independent on the energy balance. Furthermore, numerical diffu-
sion (can cause numerical damping of power oscillation) effected by the momentum
equation spatial discretization is eliminated.
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Appendix D: Nomenclature

Stability analysis:

X state vector
E vector field
4 parameter vector (), with k [L,...,m] is the k-th compo-

nent of the parameter vector, m is the dimension of the
parameter vector, y, . critical value of the k-th component

of the parameter vector)

J Jacobian matrix

P transformation matrix

U state vector, spanned by the new basis

B; eigenvectors of J

A eigenvalues of J

D=PYP Jacobian matrix transformed into the Jordan normal form

o constant in general solution of the linearized dynamical
system, determined by the initial conditions

Re real part

Im imaginary part

det determinant

£ small amplitude of the periodical solution
period of the periodical solution

Jés Floquet parameter

T Correction factor of the oscillation frequency

SB Stability boundary

BCH Bifurcation characteristics, nature of PAH bifurcation

PAH Poincaré-Andronov-Hopf
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Neutronkinetic
model:

A

Subscript |

D, and D,

2! and %

S
Z1L~2

s and 3]

k,=1/A,

mn

P, (1)

neutron flux vector

neutron inverse velocity matrix

neutron velocities corresponding to the two neutron energy
groups

net-loss operator
fission production operator

decay constants
precursor concentrations
delayed neutron fractions

| -th delayed neutron precursor group
Nabla operator

diffusion constant of the first and second group

macroscopic absorption cross section of the first and sec-
ond group

macroscopic scattering (from the first into the second en-
ergy group) cross section

macroscopic fission cross section of the first and second
group

number of neutrons per fissions

Eigenvectors (Lambda-Modes, (A-modes)) of the steady
state problem (steady state two group diffusion equation)

eigenvalues of the steady state problem (steady state two
group diffusion equation)

Delta function (J,,, =1 with m=n and J,,, =0 with m#n)

Amplitude function or time dependent expansion functions
of the corresponding A-modes (¥, )

total power generated by nuclear fissions within the multi-
plying medium of the reactor core
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Prn
P
q"(t)

C, =0y

\Y

fuel
Q
r
WD,
Void,r
Cmn
Doppler,r
Cmn

fact

energy per fission

dynamical feedback reactivities
delayed feedback reactivities

power density

steady state power density

fuel volume of the core

power modes

weighting factor

Void mode feedback reactivity coefficients
Doppler mode feedback reactivity coefficients

artificial factor, introduced to increase the feedback gain
coupling the first and fundamental mode
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Fuel heat conduc-
tion model:

T,(t) and T,(t)

I, I,,,and Il

fuel pellet radius

clad inner radius

clad outer radius

point of discontinuity 0<r, <r,
clad specific heat

fuel pellet specific heat

clad thermal conductivity
pellet thermal conductivity

BWR lattice cell pitch

temperature, deviations from the steady state for the pellet
temperatures

temperature, deviations from the steady state for the clad
temperatures

clad thermal diffusivity
pellet thermal diffusivity
temperatures

complicated constants, calculated by employing the sym-
bolic toolbox of MATLAB
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Thermal hydraulic

model:

AP, pump head

a,(t) state variable: coefficient of the linear term in the enthalpy
profile

a, (t) state variable: coefficient of the quatratic term in the en-
thalpy profile

s, (1) state variable: coefficient of the linear term in the quality
profile

s, (1) state variable: coefficient of the quatratic term in the quality
profile

Vi intet channel inlet velocity of the i-th channel

Piret core inlet enthalpy

h enthalpy

H boiling boundary

o = P coolant density (liquid)

2, coolant density (gas)

o mixture density

Gro wall heat flux (single phase region)

Uro wall heat flux (two phase region)

h, 10 single phase convective heat transfer coefficient

h, »o single phase convective heat transfer coefficient

A cross section of the heated channel

Tk 10 single phase bulk temperature

T two phase bulk temperature

bulk,2®

T 10 single phase clad surface temperature
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Re

Pr

Fr

Nf,lCD

Nf,ZL‘D

cov,1d
N cov,2®

pch, 1o

pch,2®

sub

sat

fg

two phase clad surface temperature
liquid thermal conductivity
hydraulic diameter of the heated channel

Reynolds-Number
Prandl-Number
pressure

single phase friction factor
two phase friction factor

Froude number

single phase friction number

two phase friction number

conversion number of the single phase region
conversion number of the two phase region

Phase change number or Zuber number (single phase re-
gion)

Phase change number or Zuber number (two phase re-
gion)

subcooling number
liquid saturation enthalpy

gravity constant
volumetric void fraction

characteristic reaction frequency

rate of mass formation of the vapor

volumetric flux density

ahg =h, —h, difference of the saturation enthalpy of the
vapour (gas) and the saturation enthalpy of the liquid
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AP, =AP

extern ext
mtOI
m

n

A1,inlet
A\ioc

D,

doc

Ay

D

ol

Q.

scool

scool

phase

Drift flux parameter characterising the radial void distribu-
tion

Drift flux parameter describing the local drift velocity
velocity of the vapor

velocity of the liquid

steady state inlet velocity

mixture velocity

flow quality

steady state external pressure drop

total mass flow

mass flow of the n-th heated channel

flow cross section of the n-th heated channel
flow cross section of the downcomer

hydraulic diameter of the downcomer

A\)I = ATHet / A\:oc

*

D, = D:/Ddoc
true void fraction, where subcooled boiling is included
true flow quality, where subcooled boiling is included
equilibrium quality

equilibrium quality at void departure point

void departure point

specific heat

saturation temperature
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é, heated perimeter

Ap Dp=p =Py =P~ Py

L heated channel length
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Appendix E:

_ Gu&lop
ch,lo * *x x %
P AnletAhngOIngf

_ T & Lap
T AN Vo 05 0

N, =2
s
N, = P :*
Ap
Dol = D*
Ddoc
DP,, = et
fVO
Vinlet Viniet
0
h = hi*
Ah

Dimensionless variables

with 1 =1,2

N - h:at ~ h;Iet A_,O*
sub Ah*frg ,0;

_ 2.56€4P* /(6.2 10° )TO*4£; L*Ap*

Ncov,ZCD_ * h* * *  *
A1n|etA fgvopgpf
o=tebl it 1212
* 2D,
Fr= V°2
gL
Ab - A{;ﬂet
] *
Ajoc
=LV
L
Z*
lL=—
L
p=L
P

A detailed summary of all dimensionless numbers of the ROM is given in [6,8].
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Appendix F:

ROM input parameters

ROM input parameters for NPP Brunsbuttel (KKB), NPP Leibstadt (KKL) and NPP
Ringhals (KKR) are summarized in the following.

Table 1: Operational points
Operational Points KKB KKL KKR
Power 1079.50 MW 1867.11 MW 1648.02 MW
(47.1%) (59.5%) (72.6%)
Flow (total mass flow including bypass) 2367.00kg /s 4070.12kg /s 3694.00kg /s
(26.14%) (36.5%) (31.98%)
14.35% (bypass 11.29% (by- 13.30% (by-
mass flow) pass mass flow) pass mass flow)
Total mass flow without bypass mass flow
2027.33kg /s 3610.656 kg /s 3202.7kg/s
Core inlet subcooling 118.5kJ / kg 125 kJ / kg 131kJ /kg
System Pressure 69.85 bar 69.7 bar 70.1bar
Table 2: Design and operational parameters
KKB KKL KKR
P, =P, fundamental | 1 1 1
mode amplitude
v, steady state | 0.532m/s 0.77m/s 0.68m/s
mean coolant inlet
velocity
T.. Steady state | 535.93°K 534.46 °K 533.61°K
coolant inlet tem-
perature
T, =T, saturation | 558.83°K 558.69 °K 559.08 °K
temperature
h.. Steady state | 1148.4 kJ /kg 1141.1kJ /kg 1136.9 kJ / kg
coolant inlet en-
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thalpy

h,, =h; saturation | 1266.9 kJ /kg 1266.1kJ / kg 1268.2 kJ / kg
liquid enthalpy

P" system pressure | 6.985MPa 6.97 MPa 7.01MPa
a, = a, steady state | 0.463 0.550667 0.472784
mean void fraction

Ta:g,o steady state | 674.7492°K 778.5833°K 754.3652°K
mean fuel tempera-

ture

DP,~ external pres- | 7.82217 10* Pa 7.3875 10* Pa 9.57 10*Pa
sure drop

g, =c, steady state
volumetric heat gen-
eration rate

100.451 10° W /m®

143.3134311 10° W /m®

121.2189 10°W /m®

A" heated channel | 1.064 10™*m? 1.530 10™*m? 1.543 10™m’
flow cross section

D" heated channel | 0.01072m 0.0139m 0.0118 m
hydraulic diameter

h; saturation gas | 2772.8kJ /kg 2773.0 kJ / kg 2772.5kJ /kg
enthalpy

0; liquid density 739.99 kgm™ 740.26 kgm™ 739.55 kgm™
P, 9gas density 36.438 kgm™ 36.350kgm™ 36.583 kgm™

4; liquid viscosity

91.304 10°Nm™s

91.360 10°Nm™s

91.212 10°Nm~s

c; liquid specific | 5399.5 J /(kgK) 5396.5 J /(kgK ) 5404.5 J /(kgK )
heat

k; liquid thermal | 0.57212W /(mK) 0.57235W /(mK) 0.57172W /(mK)
conductivity

AN mean neutron | 3.0 107 s 3010°s 3.32107°s

life time

R" core radius 2.32m 2.32m 2.32m

L' core length | 3.76 m 3.81m 3.68m
(=downcomer

length)

¢, clad specific heat | 330.0 J /(kgK) 312.32 J /(kgK) 290.15 J /(kgK) is used

in the ROM
287.0 J /(kgK)  techni-

cal documentation (Lefvert)
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c; fuel pellet spe- | 476.6 J/(kgK) 301.03 J /(kgK) 108.12 J /(kgK)
cific heat
g" gravity constant | 9.81m/s? 9.81m/s’ 9.81m/s’
k, clad thermal | 16.0W /mK 16.0W /(mK) 16.0W /(mK) technical
conductivity documentation (Lefvert)
k; pellet thermal | 4.9W /(mK) 4.8525W /(mK) 4.9762W /(mK)
conductivity
p. BWR lattice cell | 16.2 10° m 16.2 10° m 16.2 10° m
pitch
r, clad outer radius | 5.025 10° m 6.135 10° m 6.125 10° m technical
documentation (Lefvert)
r, clad inner radius | 4.42 10°m 5.325 10°m 5.325 10°m  technical
documentation (Lefvert)
r; fuel pellet radius 4335 10%m 5.321 1073 m 5.325 10%m
(RAMONA-Output) BUTA | (RAMONA-Output) BUTA
5.205 10° m from technical | 5.220 10° m from
documentation (Adreani report) | technical = documentation
and is used in the ROM (Lefvert) and is used in the
ROM
r, point of disconti- | 0.83 r; 083 r, 083 r,
nuity
A" delayed neutron | 0.08s™ 0.08s™ 0.08s™
precursors mean life
time
B fraction of de- | 0.0056s 0.0056 s 0.0057 s
layed neutrons
0. clad density 6.5 10° kgm™ 6.5 10° kgm™ 6.5 10° kgm™

P, pellet density

10.422 10° kgm™

10.422 10° kgm™

10.5 10° kgm™

cal documentation (Lefvert)

techni-

* 2 2
h; gap heat trans- 3754.28 W /(m2K) 3487.26 W /(m2K)
fere

& heated perimeter | 31573 10° m 19.27 10° m 19.24 10° m

Pr, liquid Prandl | 0.8617 0.86140 0.86222

number

Pr liquid Prandl | 1.613 1.6117 1.6151

[*)
number
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v, liquid kin. Viscos- | 0.0012339 cm*/s 0.0012342 cm® /s 0.0012333cm’ /s
ity

v, vapor kin. Vis- | 0.0052016 cm’/s 0.0052123 cm? /s 0.0051839 cm* /s
cosity

Re=v, L/v, liquid | 16.21 10° 26.54837 10° 23.27414 10°

Reynolds number

h.., single phase | 677.67 10°W /(m*K) 775.6878 10° W /(m?K) 821.8175 10° W /(m?K)
heat transfer coeffi-
cient
Vi, =T (r;)2 L 64 6 10.7465m® 13.02815 m’ 13.59539 m’®
Volume of the fuel | . _ (r) Corss2 | v, =n(r) L 62648
elements the
whole core
Table 3: Void and Doppler mode feedback reactivity coefficients

KKB KKL KKR
Channel 1
Coat -1.0992673 10" pecm/Void | -6.9592224 102 pem/Void | -5.37730960 10 pcm/Void
Cyret 3.3292959 10? pcm/Void -5.6921974 10 pcm/Void | -5.0783521 10 pcm/Void
Clowt 7.3885333 102 pcm/Void | -5.5877601 107 pcm/Void | -5.2646601 102 pcm/Void
Cpat -1.0870970 10" pcm/Void | -6.5884191 10? pcm/Void | -5.7744819 10? pcm/Void

Doppler,1
COO

-1.0561384 10° pcm/K

-1.0561384 10° pcm/K

-1.08166290 10° pcm/K

Doppler,1
COl

-8.6464111 10° pcm/K

-8.6464111 10° pcm/K

-9.9173564 10° pcm/K

C Doppler,1
10

-8.2821048 10®° pcm/K

-8.2821048 10° pcm/K

-1.006068 10° pcm/K

Doppler,1
Cll

-0.8178657 10° pcm/K

-0.8178657 10° pcm/K

-1.0856649 10° pcm/K

Channel 2

Cp? -1.0992673 10" pecm/Void | -6.9592224 10 pcm/Void | -5.37730960 102 pcm/Void
Cyo2 -3.3292959 102 pcm/Void | 5.6921974 10? pem/Void | 5.0783521 102 pcm/Void
Cyloia 2 -7.3885333 10 pcm/Void | 5.5877601 10 pcm/Void | 5.2646601 10 pcm/Void
Cye? -1.0870970 10™* pcm/Void | -6.5884191 10 pcm/Void | -5.7744819 10? pcm/Void

Doppler,2
COO

-1.0561384 10° pcm/K

-1.0561384 10° pcm/K

-1.08166290 10° pcm/K

C Doppler,2
01

-8.6464111 10° pcm/K

8.6464111 10° pcm/K

9.9173564 10° pcm/K

Doppler,2
ClO

-8.2821048 10° pcm/K

8.2821048 10° pem/K

1.006068 10° pcm/K
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Copnrer2 -9.8178657 10° pcm/K -9.8178657 10° pcm/K -1.0856649 10° pcm/K
Table 4: Pressure drops extracted from the steady state RAMONAS output

KKB KKL KKR
APFAM -1.4570 10* Pa -1.573 10" Pa -2.1457 10* Pa
AP -0.0773 10* Pa -0.0811 10* Pa -0.0975 10* Pa
APAM -2.3080 10* Pa -2.778 10 Pa -2.474 10* Pa
APAM -1.1157 10 Pa -1.5805 10* Pa -1.2707 10* Pa
AR -2.8632 10* Pa -1.3759 10* Pa -3.5812 10* Pa
AR -0.0007 10° Pa -3.42 107 Pa -0.0006 10* Pa
AP 2.0195 10* Pa 3.8005 10* Pa 4.8015 10* Pa
AP 5.8027 10* Pa 3.5871 10° Pa 4.7685 10* Pa
APFAM -3.5012 10* Pa -4.439 10* Pa -3.8425 10* Pa
APFAM -7.8222 10* Pa -7.3875 10* Pa -9.57 10* Pa
Table 5: ROM pressure drops

KKB KKL KKR
AP, -1.534 10* Pa -1.654 10* Pa -2.243 10* Pa
AP, -2.308 10* Pa -2.777 10* Pa -2.474 10* Pa
AP -3.979 10° Pa -2.956 10* Pa -4.853 10" Pa
Tabelle 6: Drift flux paramters

KKB KKL KKR
Vv, 0.3 0.35 0.25
C, 1.02 1.02 1.01
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Appendix G: Summary of the KKB-Analysis

NPP Brunsbittel cycle 16

Preliminary stability investigations with the system code RAMONA-3 were performed
for cycle 16 of KKB. The input data are valid for a burn-up state of 3000 VLS (Voll-
Last-Stunden) [1,2]. As a result, a decay ratio of 0.8 was found for the case where 3
pumps were in operation on the 104% rod line.

In order to improve the validation-data of RAMONA-3 for the NPP Brunsbiuittel a sta-
bility measurement in the middle of cycle 16 was performed on November 29, 2001.
To this end, at first, the reactor state was appointed on the 104% rod line at 100%
power (xenon-equilibrium). Next, the pump speed of all pumps was reduced to the
minimum (corresponding to the minimum speed level “Linker Eckpunkt”). Thereby the
power was reduced to 62.2% . After tripping 4 ZUP pumps, the power is reduced to
47% and the mass flow is reduced to 26%. In this new operational point, which is
defined to be the reference OP for the present BWR stability analyses, a global
power oscillation was crowing. Because of the fast increasing oscillation amplitudes,
control rods were inserted into the reactor core to suppress the oscillation after the
amplitudes exceeded 5% [1,2].

The Brunsbuttel (KKB) stability data are acquired from the stability test conducted at
the middle of cycle sixteen.

Operational point:

Power = 1079.50 MW  (47.10%) (100% Power = 2291.93 MW)
Flow = 2367.00kg/s (26.14%) (100% Flow = 9055.09kg/s) (G1)
Subcooling = 118.5kJ / kg
Pressure = 69.85bar

This operational point was selected for the nonlinear stability analyses because the
onset of un-damped global power oscillations was observed. Thereby 4 pumps are
tripped and the pump derivate is taken from the pressure drop over the pumps.

In the scope of the first RAMONAGS investigation for the NPP Brunsbdttel in the se-
lected operational point, at first the steady state 3D-parameter distributions, most
significant for the BWR stability behavior, will be evaluated (steady state analysis),
secondly the stability behavior will be analysed (transient analysis) and thirdly the
ROM input parameters will be calculated.

The first figure shows the core shape, the control rod positions and the correspond-
ing numbers of fuel elements in a quarter core. This configuration is composed sym-
metrically around x =7,y =7.
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Figure 1: Control rod positions of a quarter core.

The control rod configuration of the entire core is shown next.

Insertion fraction: 2.46 %
Total withdrawal : 45675.0 c.r. units

1 363 363 363 363 363

2 363 363 363 363 363 363 363

3 363 363 363 363 363 363 363 363 363

4 363 363 363 363 363 363 363 363 363 363 363

5 363 363 363 363 363 75 363 363 363 363 363 363 363
6 363 363 363 363 363 363 363 363 75 363 363 363 363
7 363 363 363 363 363 363 363 363 363 363 363 363 363
8 363 363 363 363 75 363 363 363 363 363 363 363 363

9 363 363 363 363 363 363 363 75 363 363 363 363 363

10 363 363 363 363 363 363 363 363 363 363 363
1 363 363 363 363 363 363 363 363 363
12 363 363 363 363 363 363 363
13 363 363 363 363 363

Figure 2: Control rod configuration for KKB cycle sixteen in cm. 363cm means

the control rod is complete out (withdrawed) of the core.
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1.1 Steady state analysis

To summarize, the axial power and axial void profile, radially averaged, are plotted in
Figure 3. Furthermore, radial power distribution, axially averaged is shown in Figure 4
and Figure 5.

NPP Brunstuttel (reference OP)
1.0 N —

i axial void profile ‘}

0.8

0.6 =
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Figure 3: This figure shows the steady state axial power and void profile (radially
averaged) calculated by RAMONAS.

1500 Radial Power Distribution, NPP Brunsbuttel

Figure 4: Three dimensional radial power distribution axially averaged for NPP
Brunsbittel (reference OP). The Z-Axis corresponds to the relative
power ( 107Y).
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Radial Power Distribution, NPP Brunsbiittel 3]

Scaling Factor: 1.0 E-3
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Figure 5: Radial power distribution axially averaged for NPP Brunsbuttel (refer-
ence OP).
Table 1: Results for the pressure drops extracted and calculated from the

RAMONADS output

APRM = -1.4570 10 Pa ARY™ =-0.0007 10 Pa
AP =-0.0773 10° Pa APM =2,0195 10° Pa
APMM =-2.3080 10* Pa APXMM =5.8027 10* Pa
APM =-1.1157 10* Pa AP™™ =-35012 10" Pa
APM = -2.8632 10* Pa APFAM = -7.8222 10* Pa

ext
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1.2 Transient analysis

The transient behavior is induced by imposing a system pressure perturbation and
recorded by the LPRM detector system ('STABILITY' Option). The different LPRM
detector locations are despicted in Figure 6.

LPRM MAP
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Next, the LPRM signals of the fourth axial level in units of % are displayed in Figure
7. It can be seen that all signals are in phase. Accordingly, a global power oscillation
is arising in the operational point considered. Furthermore, the oscillation is converg-
ing to a limit cycle (stable global power oscillation).

In Figure 8 the time evolution of the relative power is shown. Because of the global
power oscillation, the oscillation amplitudes have qualitatively the same time evolu-
tion as the LPRM signals. In a regional power oscillation case, the amplitudes of the

relative power would be zero.
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Time evolution of the LPRM signals
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Figure 7: Signals (%) of selected LPRMs located in the fourth level are shown.

All signals are in phase and converging to a stable limit cycle.

Time evolution of the relative power
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Figure 8: This figure presents the time evolution of the relative power.
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Time evolution of the core massflow
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Figure 9: This figure presents the time evolution of the total mass flow.

Time evolution of the system pressure
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Figure 10: This figure shows the time evolution of the system pressure. The initial
perturbation induced can be seen clearly.

The time evolution of the system pressure is presented in Figure 10. As stated previ-
ously, the transient is initiated by imposing a system pressure perturbation. The cor-
responding perturbation amplitude is displayed in this figure.
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Time evolution of the mean core void fraction
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Figure 11: This figure displays the time evolution of the mean core void (volumet-
ric) fraction.
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1.3 Summary of the ROM analysis

The new calculation procedure for the ROM input parameters was applied for the
reference OP.

Axial void profiles
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Figure 12: Comparison of the axial void profile calculated by RAMONAS (radially
averaged) with the axial void profile provided by the ROM.

In Table 2 are shown the pressure drops of RAMONAS and ROM. The results of the
RAMONAS5- and ROM-pressure drops are consistent.

Table 2: Heated channel pressure drops provided by the RAMONAS output and
calculated by the ROM (reference-OP).

Pressure drop RAMONAS ROM
AP e -3.979 10° Pa -3.979 10° Pa
AP, -2.308 10* Pa -2.305 10* Pa
AP, i -1.534 10° Pa -1.538 10* Pa
DP’, ~7.8222 10° Pa | -7.8222 10* Pa
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Figure 13 summarizes the result of the numerical integration in the reference OP. As
predicted by RAMONAS, a growing in-phase power oscillation is occurring in the ref-

erence OP.
Time evolutions of the fundamental and first azimuthal mode and
the channel inlet velocities for A = 12.68
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Figure 13: Time evolutions of the fundamental n,(t) and first azimuthal mode
n (t) and the channel inlet velocities v, . (t) and v, ;. (t).
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Figure 14: Stability boundary and bifurcation characteristic for the reference OP.
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Figure 14 shows the result of the semi-analytical bifurcation analysis. The reference
OP is located in the linear unstable region. The results are only plotted in the region,
which is reasonable from the physical point of view. In this region, only supercritical
PAH bifurcations are occurring. Hence, stable periodical solutions are predicted in
the linear unstable region.

The stability boundary shown in Figure 14 was transformed into the power flow map.
This result is presented in Figure 15 in which the 100% and 104% rodlines are in-
cluded.

Stability boundary transformed into the power flow map

100 1 power  (47.1%)
Mass flow (26.14%)

©
o
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! \
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20 L 104% rodline (URK)
- ) 100% rodline (URK)

0 20 40 60 80 100
Core Mass Flow %

Figure 15: Stability boundary transformed into the power flow map.
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1.3.1 Effect of the uncertainty of the measured total power, total mass-
flow and core inlet subcooling on the axial void profiles calculated
by RAMONAS

From the available technical documentation of the NPP Leibstadt, Ringhals and
Brunsbuttel can be seen that the measuring instruments are calibrated for nominal
conditions. The uncertainty of the meassured total power, total core mass flow and
core inlet temperature, corresponding to operational points located in the exclusion
region, is relative large between 5% and 10% .

An uncertainty investigation with the system code RAMONA has shown that a power
or core mass flow or core inlet temperature deviation of 5% corresponds to a devia-
tion in the total volumetric void fraction of around 5%. A RAMONA assessment
where the uncertainty of the power, mass flow as well as the core inlet temperature
are considered, has shown that the deviation in the total volumetric void fraction is
9.2%. In order to calculate the total uncertainty of the total volumetric void fraction
the uncertainty of all measured data has to be taken into account. Consequently, the
total uncertainty of the real total volumetric void fraction is larger as assessed in the
above RAMONA analysis.

Void profile
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Figure 16: This figure shows axial profiles of the volumetric void fraction for differ-
ent reactor power and coolant mass flow calculated by RAMONA 5.
Thereby the power and core mass flow was changed by 5% respec-
tively.
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Appendix H: Summary of the KKR-Analysis

NPP Ringhalsl cycle 14

At the begining of cycle 14, a stability test was performed on the Ringhals-1 BWR.
The intension was to determine the stability characteristics on the new minimum
pump speed line, as well as to study the mode of power oscillation at different operat-
ing states. Thereby, the recordings were made in points arranged in a grid layout.
These points are located in the high power low flow region of the power flow map
where unstable behaviour is expected [1]. The measurement data of such instability
events have been widely used in the past in order to tune and to validate various sys-
tem codes. From these data, the decay ratio, stabistical parameters and frequency
were calculated.

During the stability test, a limit cycle regional out-of-phase power oscillation was oc-
curring at 72% power and 32% coolant mass flow (cycle 14, record 9).

Operational point (KKRc14_rec9-OP):

Power = 1648.02 MW  (72.6%)
Flow = 3694.00kg/s (31.98%) (H1)
Subcooling = 131kJ /kg
Pressure = 70.1bar

Measuring data of this operational point and the corresponding RAMONAS model of
Ringhals-1 BWR are the basis for the nonlinear BWR stability analysis carried out
with the ROM. The signal of LPRM 8 and its power spectral density is shown next.
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Measured signal of LPRM 8 (level 4) of Ringhals-1 BWR cycle 14 record 9
! ! ! \ ! !
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Figure 1: Measured LPRM signal and its corresponding power spectral density

(Ringhals-1, cycle 14, record 9). DR=1.0

Figure 2 shows the core shape, the control rod positions and the corresponding
numbers of fuel elements in a quarter core. This configuration is composed symmet-
rically around x =8, y =8. Figure 3 shows the control rod configuration of the core.
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Figure 2: Control rod positions of a quarter core.
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INITIAL CONTROL ROD INSERTION (SCALE = -2)
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1.1 Steady state summary (RAMONADS)

To summarize, the axial power and axial void profile, radially averaged, are plotted
next. Furthermore, radial power distribution, axially averaged is shown in Figure 5

and Figure 6.
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Control rod configuration for the selected OP in mm.
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Figure 4: This figure shows the steady state axial power and void profile (radially
averaged) calculated by RAMONAS.
Radial Power Distribution, NPP Ringhals

Figure 5:

Three dimensional radial power distribution axially averaged for NPP
Ringhals-1 (reference OP). The Z-Axis corresponds to the relative

power ( 107Y).
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Scaling Factor: 1.0 E3

Radial Power Distribution, NPP Ringhals 3
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Figure 6: Radial power distribution axially averaged for NPP Ringhals-1 (refer-
ence OP).
Table 1: Results for the pressure drops extracted and calculated from the

steady state RAMONADS output (reference OP)

APM = -2.1457 10* Pa

riser

AP =-0.0006 10° Pa

Ip1

AP =-0.0975 10* Pa

ch,exit

AP =4.8015 10* Pa

AP =-2.3080 10* Pa

APM = 47685 10* Pa

dc2

AP = -1.2707 10* Pa

ch,inlet

AP = 38425 10* Pa

ARPYM =-3.5812 10 Pa

APM =957 10* Pa

ext
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1.2 Transient behaviour (RAMONADS)

The transient behaviour is initiated by introducing a 2 node control rod movement.
Thereby an in-phase mode was triggered. The signals of the LPRM 8 and 32 of the
fourth level and located in different core half's (RAMONA predicts a fixed symmetry
line for the present case) are selected for the evaluation of the transient behaviour.
The core shape, symmetry line and the locations of the LPRM detectors of the fourth
level are summarized in Figure 7.
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Figure 7: LPRM locations and symmetry line of the out-of-phase power oscilla-
tion

Figure 8 shows the time evolution of the LPRM signals 8 and 32. As can be seen, an
out of phase power oscillation is occurring in the reference OP. The frequency of the
oscillation is NF™ =0.48s™". All RAMONAGS investigations for the reference OP and its
close neighbourhood have shown that the out of phase power oscillation is dis-
charged into a stable limit cycle.
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NPP Ringhals-1 cycle 14 record 9

Time evolution of the LPRM signals (fourth level)
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Figure 8: RAMONAGS result for the reference OP. The relative amplitudes of sig-

nals are shown for LPRM 8 and LPRM 32. Both LPRM signals have a
phase shift of 7.

The power spectral density of the LPRM 8 is shown in Figure 9.

10° Power Spectral Density (RAMONAS, LPRM 8, Ringhals-1 cycle 14 record 9)
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Figure 9: Power spectral density corresponding to LPRM 8 of the fourth level.
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1.3 Summary of the ROM analysis

All design parameters of the ROM have been calculated from the Ringhals-1
RAMONAS model for the reference OP (cycle 14 record 9). Thereby the new calcula-
tion procedure for the ROM input parameters was applied. As a result of the new cal-
culation procedure, the steady state axial void profiles of RAMONA5 and ROM are
consistent (see Figure 10).

Figure 10:

Axial void profile
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Comparison of the axial void profile calculated by RAMONAS (radially
averaged) with the axial void profile provided by the ROM.

In Table 2 are shown the pressure drops of RAMONAS and ROM. The results of the
RAMONADS5- and ROM-pressure drops are consistent.

Table 2:

Heated channel pressure drops provided by the RAMONAS output and
calculated by the ROM (KKRc14 rec9-OP).

Pressure drop RAMONAS ROM
AP e -4.853 10* Pa -4.8556 10* Pa
AP, -2.474 10" Pa -2.4735 10* Pa
AP -2.243 10* Pa -2.2409 10* Pa
DP,, -9.57 10" Pa -9.57 10" Pa

Figure 11 summarizes the result of the numerical integration in the reference OP. As
predicted by the RAMONAS analysis, the oscillation is converging to a stable limit

cycle.
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Time evolutions of the fundamental and first azimuthal mode and

the channel inlet velocities
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Figure 11:

Time

n,(t) and the channel inlet velocities v, ;.. (t) and v, . (t).

Time evolutions of the fundamental n,(t) and first azimuthal mode

In Figure 12 are shown the results of the bifurcation analysis. The stability boundary
and the corresponding bifurcation characteristic are only plotted in the region which is

reasonable from the physical point of view.
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Stability boundary and bifurcation characteristic for the reference OP.
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The reference OP is located in the linear unstable region close to the stability bound-
ary. This result is consistent with the one of RAMONADS. Notice, in the scope of the
nonlinear BWR stability analysis for KKRc14_rec9 a comprehensive RAMONAS pa-
rameter variation study was performed (these results are not presented here) where
selected parameters which have a significant impact on the BWR stability behaviour,
were varied.

As shown in Figure 12 the bifurcation characteristic predicts unstable periodical solu-
tions in the linear stable region. Supercritical PAH bifurcations do not exist in the N_,
- DP,, parameter space. It should be stressed that stable limit cycle solution in the
linear unstable region and unstable limit cycle solution in the linear stable region (but
close to the SB) was found. Hence the occurrence of a saddle-note bifurcation of a
cycle (similar to the KKLc7 _rec4 case) can explain the stability behaviour of this
analysis case.

In Figure 13 is presented the SB projected into the power flow map. In this map, the
operating domain of the low flow-high power region of cycle 14 is included [1].

Power Flow Map for KKR
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Figure 13: SB “transformed” into the power flow map.

Figure 14 presents the power flow map where the SB, the measurement points re-
corded during the stability test at the beginning of cycle 14, and their decay ratios [1]
are included. It can be seen that the reduced order model predicts qualitively well the
location of the reference OP respect to the SB and to the other measurement points.
The comparison study between RAMONAS5 and ROM (results are not presented
here) have shown that the qualitative stability behaviour in the reference OP and its
neighbourhood is simulated correctly by the ROM. Existing quantitative discrepancies
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between measurement data, RAMONAS and ROM are due mainly to the uncertain-
ties in evaluating the design and operating parameters as core averaged values.

Benchmark measureing points in the power flow map of KKR
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Figure 14: SB “transformed” into the power flow map. The measuring points of
the stability test and the operating domain in the low flow-high power
region are included this power flow map.
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Appendix I Comparative study TOBI-ROM

Dokhane et al. carried out a detailed check of the thermal-hydraulic sub-model (TH-
model) of the ROM [12,13] (see Literature of Chapter 6). One aspect was, the valida-
tion of the TH-model against experimental data and the comparison to several other
analytical models able to simulate the stability characteristics of density waves
[12,58,77,80]. Furthermore they compared the use of drift flux and homogeneous
equilibrium models and carried out bifurcation analyses and numerical integrations of
the TH-model equations. A sensitivity analysis was carried out, where the effects of
different parameters (such as inlet and exit pressure loss coefficients, friction num-
bers...) on the stability characteristics have been investigated.

The objective of the current study is to replenish an additional check of the TH-
model. To this end, appropriate results of the TOBI model which was developed by
Wehle et al. [78] will be reproduced by the TH-model. TOBI is a simplified one heated
channel BWR model, where the neutron kinetics, fuel heat transfer and thermal-
hydraulics (boiling length, unheated length and riser) are taken into account. A detalil
description is given in [78]. In the scope of the comparative study TOBI-ROM, the
results of the thermal-hydraulic sub-model of TOBI, without riser and unheated sec-
tion, are compared with results of the TH-model of the ROM for specific OP’s.

In Table 1 are presented the operational and design parameters used to generate the
input parameters of the TH-model. Table 2 summarizes the main TOBI results for
different powers. The pressure loss coefficients (K, ., and K, ) and the friction num-
bers (N, and N,,) of the TH-model have been calculated separately for each
power.

Table 1: Operational and design parameters

system Pressure: P" =70bar

channel inlet mass flow: m =5kg/s

core inlet subcooling: h,, =100kJ /kg corresponds to
T, =19.2K

channel flow cross section: A" =0.01m?

hydraulic diameter: d; =0.011m

length of the heated channel: L'=4.0m

channel inlet pressure drop: Ap;,.. =0.049 bar

axial power profile: uniform axial power profile
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Table 2: TOBI-results for different powers Q"

Q DR/Gr Xexi AP AP e
[kW] [bar] [bar]
2500 0.15 0.27 0.099 0.344
2750 0.20 0.30 0.110 0.354
3000 0.27 0.33 0.120 0.365
3250 0.33 0.37 0.130 0.378
3500 0.42 0.40 0.141 0.392
3750 0.51 0.43 0.151 0.406
4000 0.61 0.47 0.162 0.421
4250 0.74 0.50 0.172 0.436
4500 0.87 0.53 0.182 0.452
4750 1.01 0.56 0.193 0.469
5000 1.16 0.60 0.203 0.485
5250 1.33 0.63 0.214 0.502

Input data of the TH-model:

In the following the input data for the TH-model are presented for the reference

*

power Q. = 4750 kW .
e N, = P~ P 1051941496
P =Py Dp
_ P
N, = = = 0.04937679122
Ps

*2

Fr:V*—OL*:O.01164330537, where v, with v;=0.676 m/s is the reference
g

channel inlet velocity.
K. .. =145

inlet

Ky =8.1

exit

N, = 2.5

N, = 4.4

C, =1.00 (In this case, a uniform radial void distribution is assumed.)
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* Vv, =08 (ng was selected in such a way that the TH-model provides a DR/GR

close to TOBI for the reference OP.

1.1 Results of the comparative study TOBI — ROM

After calculation of all input parameters, numerical integration of the TH-model equa-
tions is carried out for all powers given in Table 2. The time evolutions of the state
variables are evaluated and the corresponding DR/GR is calculated. As a result, the
function DR/GR(Q") is determined. The so-called grow ratios (GR) are calculated as

_1c A
<GR>—EI: el (11)

where A is the i-th amplitude. The approximation (I11) is only valid for sufficient small
oscillation amplitudes or with other words: in a close neighbourhood of the singular
fixed point in the phase space.

The results of the TOBI model and the TH-model are shown in Figure 1 and Figure 2.

1.4 47—
[ LT
| | |
[| —m—referenc data (TOBI) )
L2H —e—TH-ROM .
: /,/
: .
0,8 | o/
x [ /l
2 ool aans
0,6 -
a L
||
[ O/I/
0,4
[ /I n
[ /./ e
0,2 - I/l
ool b v b b e e
2500 3000 3500 Q* 4000 4500 5000 kWssoo
Figure 1: In this figure are shown the decay ratios (DR) and the grow ratios (GR)
depending on the power imposed on the thermal-hydraulic channel
(DR/GR(Q")).

The comparison shows that the results of the TH-model (THM) are close to that one
of TOBI. The best agreement between both functions DR/GR™(Q") and
DR/GR™"(Q") is achieved for the reference power Q" =4750 kW because the input
data are based on Q’,. The small deviation with increasing distance between Q'

*

ref * ref
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and the actual power Q" can be justified by, firstly, differences of model assumptions
used in TOBI and TH-model and secondly, lack of knowledge about the single phase
and two phase friction. Hence the dimensionless numbers N,, and N,, are un-
known. For this analysis, both friction numbers are only estimated in an approxi-
mated manner.

1,4
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0,1

TH-Modell
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000102030405060,70809101,1121314
TOBI

Figure 2: Comparison of the TOBI and TH-model results
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1.2 Semi-analytical bifurcation analysis

In the scope of the bifurcation analysis using BIFDD, the core inlet subcooling h;,
and the thermal power Q" are selected to be the iteration and bifurcation parameter.
This means, the bifurcation analysis is carried out in the h:ub-Q* operating plane.
While the core inlet mass flow is assumed to be constant, one point in this plane cor-
responds to a particular thermal-hydraulic state of the heated channel. The result of
the bifurcation analysis is presented in Figure 3. Notice, the stability boundary and
the bifurcation characteristic corresponds to the reference OP because all input data
are based on it.

Stability Boundary Bifurcation Characteristic
500-’,’,,’,’,’,’,’,’,’,!,’,’,’,,’,,’,,’,,’,’é&é\,’, ,,, ,,,,, ,,, ,,,,,,,, ,,,,,, i
L | linearstable region | | @B oL
- — " [F o retor. Power =475Mw, ||
400 B Flow =5.0kg/s
[ h, =100 kJ/kg i
300 | IS |
"w | 0 ]
200 ——#{ linear unstable region
I =797 O O O O O O O )
[ < . ,;,;',m”,?y,:‘-‘,’?souﬁori,, F 0 O i
10F——F—e——— +——F—— =
| linear stable region | 1. 1| —— SB (supercritical PAH-Bifurcation) |
L\ .1 . 1 —— SB/(subcritical PAH-Bifurcation) J
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Q* B
2
Figure 3: Stability boundary in the h:ub-Q* parameter space and the correspond-

ing bifurcation characteristic in the h, - 3, plane.

The result of the bifurcation analysis shows that the reference OP is located in the
linear unstable region close to the stability boundary. The Floquet parameter g, for
h,, <328kJ/kg is negative and for h}, =328kJ/kg positive. This means, stable pe-
riodical solutions are predicted in the linear unstable region for h;, <328kJ/kg and
unstable periodical solutions are predicted in the linear stable region for
h,, =328kJ /kg . Hence, near the reference OP stable limit cycles are occurring. This

result is consistent with the one of TOBI.

It should be pointed out that the maximum of the core inlet subcooling occurring in a
real BWR is about h;, =250kJ /kg which corresponds to T, =50 K. Thus, only core
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inlet subcoolings less than h, =250kJ /kg are taken into account. Consequently, for
the present parameter configuration only stable limit cycles exist.

1.3 Numerical integration

In this section are shown some results of the numerical integration which was carried
out in section 1.1. In order to demonstrate the thermal-hydraulic stability behaviour in
the close neighbourhood of the stability boundary, the results for Q" =4680kwW ,
Q" =4708kW , Q" =4750 kW are shown firstly.

Flow Rate for Q = 4680 kW
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Time (s)
Figure 4: This figure show the time evolutions of the relative mass flow at the

channel inlet and exit for Q" = 4680 kW . This operational point is lo-
cated in the stable region.
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Flow Rate for Q = 4708 kW
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Figure 5: This figure show the time evolutions of the relative mass flow at the
channel inlet and exit for Q" =4708kW . This operational point is lo-
cated in the unstable region close to the stability boundary.
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Flow Rate for O = 4750 kW
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Figure 6: This figure show the time evolutions of the relative mass flow at the
channel inlet and exit for Q" = 4750 kW . In this operational point, a sta-
ble limit cycle is predicted by BIFDD and is confirmed by numerical
integration.

1.4 Summary

In section 1.1, numerical integration of the TH-model equations is carried out for se-
lected thermal powers. The time evolutions of the state variables are evaluated and
the corresponding DR/GR is calculated. As a result, the function DR/GR(Q") is de-
termined. The results of the TH-model are compared with the results of TOBI. The
comparison shows that the results of the TH-model (THM) are close to that one of
TOBI.

In section 1.2, semi-analytical bifurcation analysis with BIFDD was carried out.
Thereby the core inlet subcooling h;, and the thermal power Q" are selected to be
the iteration and bifurcation parameter. The result of the bifurcation analysis shows
that the reference OP is located in the linear unstable region close to the stability
boundary. The bifurcation characteristic predicts stable limit cycles near the reference
OP. This result is consistent with the one of TOBI.

The results of the numerical integration confirm the prediction of the bifurcation
analysis.



Acknowledgment 257

Acknowledgment

| would like to thank Prof. Dr.-Ing. habil. A. Hurtado for giving me the opportunity to
carry out this thesis work and for his support.

| would like to gratitude Dr. Hennig, my advisor, for introducing me into the worlds of
nonlinear dynamics as well as reactor dynamics, for his continuous and contagious
enthusiasm, for his permanent suggestions and encouragement, and for many valu-
able discussions.

Dr. A. Dokhane is greatly acknowledged for his warm hospitality during my stay at
PSI, for introducing me into the BIFDD code and the numerical integration code, and
for his valuable comments on the ROM modifications.

Many thanks to Prof. Rizwan-uddin for his valuable comments during PHYSOR 2008.

| wish to express my gratitude to Prof. R. Suarez for very useful discussions and
comments to the research.

I wish to thank Prof. G.Verdu, R. Miro and V. G. Lorens for their warm hospitality and
the nice time during my stays at UPV and for the interesting collaboration.

Thanks to Dr.Schuster and S. Bohlke for helping with all the small and big problems
of everyday “department-life” and to S. Paufler for her administrative support.

| would like to thank Prof. Dr. rer. nat. W. Hansen, E. Liebscher, P. Tusheva and
D. Thorn for the time they spend to correct the manuscript and for the useful discus-
sions.

I’'m indebted to Dr. S. Héche for the time he spent for discussions and recommenda-
tions to the manuscript.

Many thanks to A. Andris for his encourage service of my computers and their soft-
ware.

| would like to thank my wife Claudia and her parents for their encouragement and
patient. Without their support, the thesis work would not have been possible.

I’'m indebted to my parents and to my grandparents for their support, encouragement
and understanding through my whole life.





