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Definitions

h1-identity: f(x;,..., %)) = 9(V1,---. VYm)
(x;, yj; not necessarily distinct)
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Definitions

Examples

hi-identity: f(xi, ..., x,) ~ g(y1, .., Ym) h1: 7(x) = 1(y), f(x v, 2) = g(x)
(x;, y; not necessarily distinct) not h1: f(x, x) = x, f(f(x, ¥), z) = f(x, f(y, 2))
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Definitions

Examples
h1-identity: (xi,..., Xn) = g(yi, ..., Ym) h1: f(x) = f(y), f(x, v, 2) = g(x)
(x;, y; not necessarily distinct) not h1: f(x, x) = x, f(f(x, ¥), z) = f(x, f(y, 2))

h1-condition: finite set of h1-identities
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Definitions

Examples
h1-identity: f(x,..., xn) = glyr, ..., Ym) h1: f(x) = f(y), f(x v, 2) = g(x)
(x;, y; not necessarily distinct) not h1: f(x, x) = x, f(f(x,y), z) = f(x, f(y, 2))
h1-condition: finite set of h1-identities f(x,xy)=flyxx)=f(yyvy)
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Definitions

Examples
h1-identity: f(x,..., xn) = glyr, ..., Ym) h1: f(x) = f(y), f(x v, 2) = g(x)
(x;, y; not necessarily distinct) not h1: f(x, x) = x, f(f(x,y), z) = f(x, f(y, 2))
h1-condition: finite set of h1-identities f(x,xy)=flyxx)=f(yyvy)

f: A — Asatisfies f(x) = f(y) if f(a) = f(b) for all a, b € A.
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Definitions

Examples
h1-identity: f(x,..., xn) = glyr, ..., Ym) h1: f(x) = f(y), f(x v, 2) = g(x)
(x;, y; not necessarily distinct) not h1: f(x, x) = x, f(f(x,y), z) = f(x, f(y, 2))
h1-condition: finite set of h1-identities f(x,xy)=flyxx)=f(yyvy)

f: A — Asatisfies f(x) = f(y) if f(a) = f(b) for all a, b € A.

A set of functions satisfies a h1-condition X if it contains functions that satisfy .
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Define the Order

Let 2, B be finite relational structures.

2A Pol(20) E %2
iff )
B Pol(B) E ¥
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Define the Order

Let 2, B be finite relational structures.

Pol(2A)

iff .51
Pol(B)

Pol(21) E &
)
Pol(B) E &
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Define the Order

Let 2, B be finite relational structures.

A Pol(2A) E X
‘ iff )
B Pol(B) F X
Pol(2A)
iff ET iff B pp-constructs 2
Pol(B)
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Define the Order

Let 2, B be finite relational structures.

Central definition of this Talk

A Pol(2A) E X
‘ iff )
B Pol(B) F X
Pol(2A)
iff 21 iff B pp-constructs 2
Pol(B)
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Poset-Introduction

Goal: understand finite structures ordered by pp-constructability
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Poset-Introduction

Goal: understand finite structures ordered by pp-constructability

0 - C&) __ any finite structure with a
- ~ ° 7 constant polymorphism
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Poset-Introduction

goal: understand finite smooth digraphs ordered by pp-constructability

o
O30T

finite smooth digraphs

o=
(35
oxy” o I
\ZA

O
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o\‘;olo
finite disjoint ‘o
unions of cycles o

1)
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Cyclic loop conditions

R (X0, X1, X2)
Pol(ﬁé})#" 0. X1, X2

f(x1, X2, X0)
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Cyclic loop conditions

f(0,1,2)

SARN
Pol[(33]B 2 ¥ |
O(Q"J’)#f(mz 0)
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Cyclic loop conditions

R (X0, X1, x2) f(x0. X1, X2, X3)
Pol (@;) Boo Pol (o@o) oo

f(x1, X2, Xo) f(x1, X2, X3, Xg)
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Cyclic loop conditions

f(xa, x1,Xx2) f(0,1,0,1)
o<\° 2 Ob’\o 2 ¢ l i l
Pol(ﬁoijj)'f 0, 50) Pol(@/,)'f £1.0.1.0)
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Cyclic loop conditions

. f(x0, X1, X2) f(x0, X1, X2, X3)
Pol (@)) B oo Pol (@) oo

f(x1, X2, Xo) f(x1, X2, X3, Xg)

f(x0, X1, Yo, V1., ¥2)
Pol (@6 V) @20 G} @15) 'f 2
f(x1, X0, V1. Y2, Yo)
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Cyclic loop conditions

f(x0, X1, X2) f(x0. X1, X2, X3)
o\
Pol ((gj) B oo Pol (@) oo

f(x1, X2, Xo) f(x1, X2, X3, Xg)

f(0',100 0, 4, 2)
PO|(€6U€20U€15) 'f RQ‘ 9‘ 'Ql Ql 9*
f(1000',4,2,0)
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Cyclic loop conditions

. f(x0, X1, X2) f(x0, X1, X2, X3)
Pol (@)) B oo Pol (@) oo

f(x1, X2, Xo) f(x1, X2, X3, Xg)

f(x0, X1, Yo, V1., ¥2)
Pol (@6 V) @20 G} @15) 'f 2
f(x1, X0, V1. Y2, Yo)
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Cyclic loop conditions

0 f(x0. X1, X2, X3)
Pol (@)) DY Pol (@) oo

f(x1, X2, X3, Xg)

f(x0, X1, Yo, V1., ¥2)
Pol (@6 V) @20 G} @15) 'f 2
f(x1, X0, V1. Y2, Yo)
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Cyclic loop conditions
Pol (@;) DI Pol (o@o) "W

Pol (€5 W €20 U €15) I 2 3
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Cyclic loop conditions
Pol (@)) DI Pol (@) "W

Pol (€5 W €20 U €15) I 2 3

Pol(A) E Xp,,...6, iff  forall¢,, ..., ¢, < A exists €, = 2A such that

n

adivides Icm(ay = by, ..., an = bp)
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Order

Pol(2A) E 2
i
Pol(B) E &

Cg U &g U s

B
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Order

Pol(A) F =
n
Pol(B) F ¥

Cg Uy U s

B
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Order

PO ES PoI(2) E S,
ﬂ iff ﬂ

PoI(B) E % POI(B) E Sa-c

Cg U o0 U s Pol(B) ¥ 620,15/
| iff 3205, 23,10,15: 6,43
B Y3515, 23233
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Order

Pol() EE Pol(2) E a0

ﬂ iff ﬂ
Pol(B) E & Pol(B) E Sa-c

Pol(B) # Y3515 Y323

g U Ey0 U Ty (|

| iff $2205 31015 Y643

B |~
26,2015
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Order

Pol() EZ Pol(A) E Sp- 0
1 iff 1
Pol(B) F X Pol(B) F Sp-c
€U € U Crs Pol(B) It Y3515 Yz23
| iff

B
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Order

Pol(2) E X Pol(2) E Sp- ¢
T iff "

Pol(B) F 2 Pol(B) E Sa- ¢

€U &y U s Pol(B) # X35 32
| iff s

B
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Order

Pol(2l) F X . Pol(A) E Sa-¢ . Pol(2A) E 2p
1 iff 1 iff 1
Pol(B)E X Pol(B) EXa-¢ Pol(B) E Xp
Pol(B)# X35 332 Pol(B) #
Cg U €y U5
‘ iff Sos iff Do Xas 23

B
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Understanding Smooth Digraphs
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Understanding Smooth Digraphs

]

/

(=3
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Understanding Smooth Digraphs

]

/k“z

<

TU Dresden The return of the smooth digraphs modulo pp-constructability slide 7 of 8



Understanding Smooth Digraphs
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Understanding Smooth Digraphs
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Understanding Smooth Digraphs

]

2N
XA
/NN

Cuds () CGuls C3uls

<
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Understanding Smooth Digraphs

]

/IN
XA
/N

¢ ¢s

N

Cuds () CGuls C3uls
Cip U s
Y235
Y23 25 Y35
22 3 N3
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Understanding Smooth Digraphs

(=]

¢ s
(o € Cis
Cuds [ CGuls C3uls

N X

Cpul Culs Cgulp

<
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Understanding Smooth Digraphs

]
/ \
[ ¢ ¢s
Cis
\
Cuds [ CGuls C3uls

N X

Cpu s Cgulis Uy

14 SN
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Understanding Smooth Digraphs

]
/ \
[ ¢ ¢s
Cis
\
Cuds [ CGuls C3uls

N X

Cpu s Cguls ULy

XX

Ul Cpuly Culs / | \
223 Y25 335
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Understanding Smooth Digraphs

(=]

[ ¢ ¢s
Cis
G uds () Guls Cguds

N XS

Cpu s Cguls ULy

RO
Ul Culy Cuds / | \
\ | / 23 Y25 Y35
Ci5 W Ty U &g ‘ >< >< ‘
) 23 X5
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Understanding Smooth Digraphs

(=)

(3 ¢ s
Cis
Cuds () CGuls C3uls

N XS

Cpu s Cguls ULy

3235
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Understanding Smooth Digraphs

(=]

[ ¢ ¢s
15
G uds () Guls Cguds

N X

Cpulis Cguilis Cguly

XX
QU Ul Culs / | \
\ | / Y23 Y25 S35
Ci5 U U g | >< >< |
G ulzudy E2 E3 Z35
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Theorem
The following map is an isomorphism of posets where the order on the image
set is reverse inclusion:

Smooth Digraphs — 1ﬁn{prime cyclic loop conditions} v {all pclc}
[2A] = {Zp | Pol() I Ep}
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Theorem
The following map is an isomorphism of posets where the order on the image
set is reverse inclusion:

Smooth Digraphs — 1ﬁn{prime cyclic loop conditions} v {all pclc}
[2A] = {Zp | Pol() I Ep}

N N

{22} {3}
{33, 22}
Cruly {22,3123122}
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-

Theorem s .
The following map is an isomorphism of posets where the order on the image
set is reverse inclusion: x

»*

Smootfz Digraphs — 1ﬁn{prime cyclic loop conditions} v {all pcic}

/ [A] — {Zp | Pol(A) I Zp} A
v ] A
/ \ PUN
{2} {¥s}
\ / N
. (S5, Do}, '
¢, uAch oy o {"zz;zg,zz}
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Paper: https://arxiv.org/abs/1906.05699
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