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Summary

In the last few decades, combinatorial families exhibiting noncrossing or cluster phe-
nomena have proven useful in understanding and connecting mathematical objects arising in
seemingly unrelated branches of mathematics and theoretical physics.

These phenomena can be modeled in the context of Coxeter groups and play an important
role in algebraic combinatorics. In finite type, such families are enumerated by generalized
Catalan numbers.

In this thesis, we consider the extension of this theory to parabolic quotients of Coxeter
groups. We outline the history, present the basic definitions and constructions, and provide
a number of conjectures and research challenges arising in this context. We then solve these
questions in linear type A and exhibit surprising connections of this theory to certain Hopf
algebras and to the theory of diagonal harmonics. We end this thesis by proposing related
directions for future research.
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Zusammenfassung

Kombinatorische Familien, die nichtkreuzende oder Cluster-Phdnomene aufweisen, haben
sich in den letzten Jahrzehnten als wichtiges Werkzeug fiir das Verstdndnis und die Verbindung
mathematischer Objekte aus scheinbar unverbundenen Teilgebieten der Mathematik und der
theoretischen Physik erwiesen.

Diese Phdanomene kénnen im Zusammenhang mit Coxeter-Gruppen modelliert werden,
und spielen eine wichtige Rolle in der algebraischen Kombinatorik. Im endlichen Fall werden
derartige kombinatorische Familien von verallgemeinerten Catalanzahlen abgezahlt.

In dieser Schrift betrachten wir eine Erweiterung dieser Theorie auf parabolische Quo-
tienten von Coxeter-Gruppen. Wir stellen die historische Entwicklung und die grundlegen-
den Definitionen und Konstruktionen dar und prasentieren eine Reihe von Vermutungen und
Forschungsfragen, die in diesem Zusammenhang entstehen. Anschlieffend l6sen wir diese
Fragen im sogenannten “linearen Typ A” und decken iiberraschende Zusammenhénge dieser
Theorie zu bestimmten Hopf-Algebren und zur Theorie der diagonal-harmonischen Poly-
nome auf. Am Ende dieser Schrift schlagen wir weiterfithrende Forschungsrichtungen vor.
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Notation

N,Z,QR,C ....oovnen.... natural numbers, integers, rationals, reals, complex numbers
I, LA, Bl e the sets {1,2,...,n} resp. {a,a+1,...,b}
P o e e posets
K L o lattices
Covers(P), Int(P) ... set of edges resp. nonempty intervals
LBy P e v ettt et e e e e zeta polynomial and Mobius function
0, 1 e least and greatest element of a bounded poset
Joinlrr(L), Meetlrr(L) ... join- and meet-irreducible elements
Galois(L) o Galois graph
T oe e e e e canonical join complex
CLO (L) oot core label order
(W,S), B e Coxeter system, symmetric group
Dwy, CD\fv, |1 2 root system, positive roots, simple roots
Weak(W), Abs(W) ..o e e weak resp. absolute order
INV(W), Cov(W) ot inversions resp. cover inversions
Align(W,c), Gn(231) ovvviiiiiiiiann. c-aligned elements, 231-avoiding permutations
Camb(W.,c), Tam(n) .........oiiiiiiiiiiiianann... c-Cambrian lattice, Tamari lattice
Nonc(W,c), Nonc(n) ................. c-noncrossing partitions, noncrossing set partitions
Clus(W,c¢), Pipe(n) ............ c-cluster complex, reduced pipe dreams for I n+1n ... 2
Paths(m,m), Dyck(n) ..o northeast paths, Dyck paths






CHAPTER 0

Prologue

In this thesis we invite the reader on a journey through Parabolic Cataland. We encounter
various parabolic Catalan families, i.e., certain combinatorial objects defined on parabolic quo-
tients of finite, irreducible Coxeter groups, and describe bijective, structural and enumerative
connections among them.

The motivating example comes from the situation, when the quotient in question is the
whole symmetric group. Then, the parabolic Catalan families recover ordinary Catalan fami-
lies, i.e., combinatorial families enumerated by the Catalan number

Cat(n) = %4—1 <2$>

There is a plethora of Catalan families, and four of them play a crucial role in our story:
noncrossing set partitions, triangulations of a polygon, stack-sortable permutations and Dyck
paths. We first highlight the importance of these objects by listing a number of applications
and generalizations and by explaining that these families—in fact—live under the same roof.

Noncrossing partitions. The noncrossing set partitions are—as the name suggests—certain
set partitions avoiding a particular entanglement of blocks. These were formally introduced
by G. KREwWERAS in [111], but have appeared before, e.g., under the name “planar rhyme
schemes” [16]. Several researchers have exhibited a vast spectrum of structural and enumera-
tive properties, most of them arising when ordering noncrossing partitions by refinement. The
resulting partially ordered set is a geometric lattice, its order complex is a wedge of spheres.
It is rank-symmetric (with rank sizes enumerated by the Narayana numbers) and admits a
symmetric chain decomposition. The zeta polynomial of the lattice of noncrossing partitions
recovers the Fufi—Catalan numbers, the maximal chains are in bijection with labeled trees and
parking functions. See [4,15,121,168] for expository articles on this matter.

Noncrossing partitions have found remarkably many applications outside combinatorics.
For instance, they serve as a model to describe free cumulants in the theory of free probabil-
ity [171,172]. In particular, moments and free cumulants are related via Mdbius inversion
in the lattice of noncrossing partitions. Noncrossing partitions may also be used to describe
connected components of positroids, i.e., certain matroids arising from totally nonnegative ma-
trices [3], they can be used to compute the matrix of chromatic joins [41] and they arise as
particular representations of a path quiver [159,187]. Even outside of pure mathematics, non-
crossing partitions have been successfully applied, e.g., as a model for certain secondary RNA
structures in mathematical biology [93,99,156].

1



2 0. PROLOGUE

A huge step forward in understanding the nature of noncrossing partitions was achieved
when P. BIANE and T. BrRaDY (independently) observed that the lattice of noncrossing parti-
tions naturally arises as a certain interval in the Cayley graph of the symmetric group with
respect to the generating set of all transpositions [24,33]. This perspective was further so-
lidified by D. Bessis and others—building upon [28]—by considering the dual braid monoid
associated with the Artin groups of finite, irreducible Coxeter systems [21, 34, 35,137]. This
monoid turns out to be a Garside monoid, i.e., its elements admit nice canonical forms and
the word and conjugacy problems can be solved efficiently. The prototypical example is the
classical braid group, where this construction is due to F. GARsIDE [80].

A key component in BEssis’ construction is the projection of the Artin group to the un-
derlying Coxeter group, and the set of prefixes of a distinguished element, a Coxeter element.
The subword order on this set of prefixes recovers the noncrossing partition lattice in the case
of the classical braid group. This has two remarkable consequences: (i) we may uniformly
construct analogues of noncrossing partition lattices for any well-generated complex reflection
group; (ii) the invariant theory of these groups allows for the definition of analogues of the
Catalan numbers in this setting.

What we have summarized in the previous two paragraphs is essentially the genesis of
Coxeter—Catalan theory and was established within roughly a decade. One of the major
results obtained with the help of noncrossing partitions is the proof that the universal cover
of the complement of any complex reflection arrangement is contractible [23].

At about the same time V. REINER took a different approach and constructed generaliza-
tions of noncrossing partition lattices for some finite, irreducible Coxeter groups using the
intersection lattice of the associated reflection arrangements [157], therefore reconnecting the
algebraic noncrossing partitions with their combinatorial origin. His constructions are in-
spired by the correspondence between the intersection lattice of the braid arrangement and
the partition lattice in type A, and provide combinatorial realizations of the noncrossing par-
tition lattices in type B; it is perhaps the first article containing the uniform formula for the
Coxeter—Catalan numbers. Noncrossing partitions of other types were later realized combi-
natorially, too [10,22].

Triangulations. Triangulations of a polygon are one of the first (perhaps the first) Catalan
objects ever considered. Their enumeration dates back (at least) to L. EULER.

We wish to approach triangulations from a rather different perspective, and consider a
particular algebraic object: a cluster algebra. Cluster algebras were introduced by S. Fomin and
A. ZELEVINSKY as a combinatorial means to study total positivity in semisimple Lie groups.
Loosely speaking, cluster algebras are quotients of some ring generated by a set of clusters
with respect to certain exchange relations [72]. Combinatorially, cluster algebras possess the
structure of a simplicial complex; the cluster complex. See [71] for more background.

In the last twenty years, exchange relations (and therefore cluster algebras) have been
recognized to play a vital role in many areas of mathematics and mathematical physics, such
as root systems, representation theory, higher Teichmiiller theory, Poisson geometry, quantum
field theory, string theory, integrable models and many more [1,37, 38, 58,59, 68,69,73,74,77,
81-83,94,104,134,163].

The cluster algebras with a finite number of clusters can be characterized via the Cartan—
Killing classification of finite root systems [73]. Therefore, any finite cluster algebra corre-
sponds to a finite Coxeter group. Moreover, the number of clusters in such a cluster algebra
equals the corresponding Coxeter—Catalan number [74]. The cluster complex in type A is dual
to the associahedron [74,176]. It is well known that the associahedron can be realized as a sim-
plicial complex whose vertices are triangulations and where two triangulations are adjacent if
the are related by “flipping a diagonal”. This flip structure recovers the poset diagram of the
Tamari lattice.



0. PROLOGUE 3

The exchange relations of a cluster algebra allow for the definition of a flip relation on
the set of clusters, i.e., any cluster variable in a fixed cluster can be replaced by a particular
other cluster variable so that a new cluster is obtained. For finite cluster algebras, this flip
relation can be oriented in such a way that the reflexive and transitive closure yields a lattice;
the Cambrian lattice. This flip relation identified the cluster complex as a special instance of
the subword complexes first studied in the context of Schubert varieties [102,103,141].

Stack-sortable permutations. In an exercise of one of his famous books, D. KNUTH in-
troduced a family of permutations that can be sorted by passing through a stack [101, Sec-
tion 2.2.1]. These stack-sortable permutations can be characterized in terms of pattern-avoidance:
they are exactly those permutations whose one-line notation does not contain a subword stan-
dardizing to 231. If we now order these 231-avoiding permutations by containment of their
inversion sets, then we obtain a different realization of the Tamari lattice [31, Section 9].

Taking a lattice-theoretic point of view, N. READING introduced a method of sorting re-
duced words of a Coxeter group with respect to a Coxeter element [148,149]. Ordering
the sortable elements by the weak order yields a different realization of the Cambrian lat-
tices [147,149,154].

Moreover, combining lattice-theoretic and geometric methods, READING established his
sortable elements as a bridging component between noncrossing partitions and clusters [148],
thus establishing that all of these objects are in bijection. A certain “cutting” relation on the
the reflection arrangement of a finite, irreducible Coxeter group was then used to explain
that the noncrossing partition lattice arises as a secondary (in some sense dual) structure on
the corresponding Cambrian lattice [152]. This connection further strengthens the relation-
ship between noncrossing partitions and clusters and beautifully underlines the coherence of
Coxeter—Catalan theory.

Other generalizations and extensions of sortable elements include the sorting orders of
[5] and the permutrees of [142].

Dyck paths. Northeast paths on an integer grid in their various forms have probably
made their debut in the literature in the context of the ballot problem. An elegant method to
enumerate such paths is the reflection principle attributed to D. ANDRE. As the name suggests,
a northeast path is a lattice path using only steps in north or east direction starting at and
relative to the origin. When all steps have unit length and the path never crosses the diagonal
x =y, then such a path is a Dyck path. The reflection principle offers an elegant method to
prove that Dyck paths are enumerated by the Catalan numbers.

A rotation of a Dyck path is a shift of a particular portion of the path one step to the left.
The reflexive and transitive closure of this operation yields a partial order on the set of Dyck
paths. In fact, this partial order is a lattice, and is yet another incarnation of the Tamari lattice.

If we label the north steps of a Dyck path by positive integers such that labels on consec-
utive north steps are increasing, then we obtain a parking function. This correspondence is
in fact bijective, i.e., the set of all such labelings of all Dyck paths using 2n steps is precisely
the set of parking functions of length n [87]. Since the maximal chains in the noncrossing
partition lattice are indexed by parking functions, too, this exhibits an interesting connection
between Dyck paths and noncrossing partitions which goes beyond a purely bijective one.

(Labeled) Dyck paths also play an important role in the theory of diagonal harmonics.
The (now solved) Shuffle Conjecture asserts that the bigraded Hilbert series of the space of
diagonal harmonic polynomials can be realized combinatorially as a sum over all parking
functions with respect to two statistics (called “area” and “dinv”) [87]. Interestingly, the
bigraded Hilbert series of the alternating component of this space can be realized in two
different ways as a sum over unlabeled Dyck paths using two pairs of similar statistics (one
pair of statistics is also called “area” and “dinv”, the other one is “bounce” and “area”). Both
realizations are related by the so-called zeta map.
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Restricting the set of all Dyck paths to those weakly above a fixed Dyck path v yields
another fascinating structure: the v-Tamari lattice [144]. The relevance of these lattices for
higher diagonal harmonics is for instance discussed in [20,44].

There is a canonical way to partition the normal vectors to the hyperplanes in the reflec-
tion arrangement of a finite, irreducible Coxeter group such that each hyperplane contributes
a positive and a negative normal vector. The set of positive normal vectors (also called positive
roots) can be ordered such that two roots are comparable when their difference is a non-
negative linear combination of simple roots. The resulting poset is the root poset. In type A,
the root poset is of triangular shape, and from this perspective, Dyck paths trace out order
ideals in this root poset. A. PosTNIKOV observed that the number of antichains in a root
poset associated with a finite, irreducible Coxeter group is the appropriate Coxeter—Catalan
number [157, Remark 2].

This perspective allows for a generalization of Dyck paths to other Coxeter groups, when—
in general—there is no lattice path model for these objects. Using a particular torus arising
from the coroot lattice, we can define analogues of parking functions for all crystallographic
Coxeter groups, generalizing the combinatorial parking functions in type A. These objects
apparently play an important role in the study of diagonal harmonics beyond type A [181].

Organization of this thesis. This thesis takes the interactions of the various Coxeter—
Catalan objects mentioned above one step further. It is based on a construction of N. WiLL1AMS,
who considered Coxeter—Catalan objects for parabolic quotients of Coxeter groups in order to
test the robustness of Coxeter—Catalan theory. While not all of the beautiful interactions men-
tioned above survive this generalization, there is a remarkable amount of results that seem to
carry over almost verbatim to parabolic quotients. This thesis comprises the state-of-the-art of
this theory.

In Chapter 1, we recall basic notions of order and lattice theory, as well as the fundamental
definitions and results regarding Coxeter groups. While there are some original results in the
lattice theory part, the majority of the statements is well known.

In Chapter 2, we describe the main components of Cataland, i.e., the Catalan families we
have mentioned before, together with their main combinatorial, structural and enumerative
properties.

Chapter 3 then introduces Parabolic Cataland, i.e., we define the extensions of the Catalan
families encountered in Chapter 2 to parabolic quotients of Coxeter groups. These construc-
tions are illustrated with lots of examples, and we present several conjectures and research
challenges inspired from the ordinary case.

Chapter 4 is the heart of this thesis, and it contains a detailed study of Parabolic Cata-
land in linear type A, i.e., the case of the symmetric group with respect to the linear Coxeter
element. This is also the case in which the prototypical, combinatorial results for ordinary
Cataland were first obtained. We give concrete combinatorial models for the involved objects
and solve almost all conjectures and research challenges that we have posed in Chapter 3. We
also present two surprising applications of this theory involving Hopf algebras and diagonal
harmonics.

Chapter 5 contains suggestions for combinatorial models in the other types as well as
further generalizations and suggestions for follow-up research.

Appendix A provides some data regarding the various research challenges and conjec-
tures posed in this thesis.

We recommend that readers sufficiently familiar with Coxeter theory start their journey
in Chapter 2, where the origins of Cataland are presented, and refer to the appropriate places
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of Chapter 1 whenever some unknown terminology is encountered. In general, we denote
ordered sets in a boldface font.

Apart from this section, three green asterisks “+ x «” indicate a thematic change from
combinatorial considerations to algebraic considerations or vice versa.

Moreover, we have used the following color-coding: theorems are recognizable by a green
background, conjectures and research challenges by an orange background and examples by
a gray background.






CHAPTER 1

Preliminaries

1.1. Posets and lattices

In this thesis we mainly consider combinatorial families for which we have a means to
compare any two of its members (where the answer may as well be that two such members
are incomparable). Let us start by making this concept mathematically precise.

For more background and additional definitions concerning order theory, we recommend
[56]. This book also covers a basic part of the lattice theory that we use here, and [75, 84]
should cover the remaining ground.

1.1.1. A notion of order. The basic formal definition of “order” is the following.

Definition 1.1.1. Let M be a (finite) set. A binary relation R C M x M is an order relation
if it has the following three properties.

If a e M, then (a,a) € R. (Reflexivity)
If (a,b) € Rand (b,a) € R, then a =b. (Antisymmetry)
If (a,b) € Rand (b,c) € R, then (a,c) € R. (Transitivity)

Such an order relation allows us to compare two elements a,b € M. It may be that a
is smaller than b (if (a,b) € R), or that a is greater than b (if (b,a) € R), or that a and b are
incomparable (if neither is the case).

Therefore, a set M equipped with an order relation R is a partially ordered set'. In that
case we normally say poset for short, and we write such a poset as a pair (M, R).

We usually denote order relations by <, or some similar-looking symbols, in order to
emphasize the ordering property of the relation. Throughout this section we fix a poset
P=(P,).

Remark 1.1.2. Recall that a binary relation R C M x M is acyclic if there
does not exist an integer k > 2 and elements mi,ma,...,mu € M such that
(my, ma), (Mg, m3), ..., (My_1, my), (M, m1) € R It is an easy exercise to show that the
reflexive and transitive closure of an acyclic relation is an order relation.

This order is “partial”, because we allow elements to be incomparable.

7
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A
A
1<L/ $2

Figure 1. A poset diagram together with an edge-labeling.

Disclaimer 1.1.3. All posets considered in this thesis are finite.

If Q = (Q, <q) is another poset, then a map f: P — Q is order preserving if for all a,b € P
with a < b it holds that f(a) <g f(b).

1.1.2. Diagrams and labelings. If a < b and a # b, then we write a < b. A cover relation
of P is a pair (a,b), for a,b € P, such that a < b and there does not exist c € P with a < ¢ < b.
In this case, we write a < b instead of (a,b). We then say that a is is covered by b, and b covers
a. The edge set of P is defined by

(1.1) Covers(P) def {(a,b) la,beP,a< b}.

The (poset) diagram of P is the directed graph (P, Covers(P)), which is normally drawn in such
a way that smaller elements (in P) are drawn below greater ones. This enables us to omit
orientations of edges; these can be recovered by following edges upwards.

Definition 1.1.4. Given a set A of labels, an edge-labeling of P is a map A: Covers(P) — A.

Edge-labelings are valuable tools in combinatorial order theory, because they can exhibit
certain structural and topological properties of the underlying posets. We will encounter such
edge-labelings later.

Example 1.1.5. Let us consider M ={1, 2, 3,4, 5} together with the order relation
R = {(1’ 1)7 (173)7 (174)’ (175)7 (27 2)’ (2’ 4)7 (275)7 (3’ 3)’ (375)7 (47 4)’ (4’ 5)7 (575)}'

The edge set of (M,R) is {(1,3),(1,4),(2,4),(3,5),(4,5)} and a poset diagram of (M, R) is
shown in Figure 1. This figure additionally displays the edge-labeling A, given by

A1,3) =1, A(1,4)=2, A(2,4)=3, A3,5)=2, A4,5)=1.

1.1.3. Duality and multichains. An important concept in order theory is duality. Loosely
speaking, duality amounts to flipping the poset diagram upside-down. Strictly speaking, the
dual poset of P is

PO (P, 2),
where we have a > b if and only if b < a. Many definitions from order theory have a “dual
counterpart” as we can witness in the next paragraphs.

An element a € P is minimal (resp. maximal) if for every b € P with b < a (resp. a < b)
it follows that b = a. For A C P, an element b € P is a lower bound (resp. upper bound) of A if
b < a(resp. a<b)forall aeA.

If P has a unique minimal element (resp. a unique maximal element), then it is lower
bounded (resp. upper bounded). If P is both lower and upper bounded, then it is bounded.
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Instead of “unique minimal element” (resp. “unique maximal element”) we usually say least
element (resp. greatest element). Normally, we denote the least (resp. greatest) element of P
(if it exists) by 0 (resp. 1).

If P is lower bounded (resp. upper bounded), then an atom (resp. coatom) is any element
covering the least element (resp. covered by the greatest element).

An order ideal (resp. order filter) of P is a set A C P such that for all a € A if b < a (resp.
a < b), thenb € A. For A C P, the order ideal generated by A is the set
(1.2) P<a 4f b € P| b < a for some a € A}

If JA| = 1, then we speak of principal order ideals (resp. principal order filters).

A multichain of P is a tuple (c1,co,...) such that ¢; € P for alliand ¢; < co < ---. The size
of a multichain is the number of its members (counted with multiplicity). If all members of
a multichain are distinct, then it is in fact a chain. A chain (c1,co,...,cx) of size k is saturated
if c1 < co < --- < ¢y, and a saturated chain is maximal if ¢; is minimal and ¢ is maximal in P.
The length of P is one less than the maximum size of a maximal chain; denoted by len(P). If P
is itself a chain of size n, then we normally write Chain(n) rather than P.

If all maximal chains of P have the same size, then P is graded. Graded posets admit a
rank function, defined by:

0, if a is minimal,
rk:P >N, a— e . .. .
rk(b) + 1, if a is not minimal, and b is such that b < a.

This is well defined only if P is finite and graded. In such a case it is guaranteed that every
non-minimal element covers some element, and all elements covered by some fixed element
have—recursively—the same rank. We may equivalently define the rank of a to be one less
than the size of any saturated chain from some minimal element below a to a. If P is graded,
then the length of P equals the rank of any maximal element of P.

An interval of P is a set of the form

[a,b] €{cePla<c<b)
for a,b € P with a < b. Every interval of P is itself a poset, and we may therefore restrict all
concepts defined on P to its intervals. Let Int(P) denote the set of all nonempty intervals of P.

Example 1.1.6. The poset in Figure 1 has two minimal elements (1 and 2) and one maximal
element (5). It has three maximal chains {1,3,5}, {1,4,5} and {2, 4, 5}—all of size 3—and is
therefore graded by the rank function rk given by

rk(1) =0, rk(2)=0, rk(3)=1, rk(4)=1, rk(5)=2.
Moreover, this poset has twelve intervals, which are
1,1, 2,2, 3,3, 4,4, [55, 1,3, [1,4, [2,4], [3,5], [4,5], [1,5], [2,5].

1.1.4. Zeta polynomial and Mobius function. Now that we have defined multichains of
a poset, it is an obvious question to ask how many multichains of given length exist. Let us
denote by Zp(k) the number of multichains of P of size k—1. It turns out that Zp(k)—when
regarded as a function of k—is a polynomial over Z; the zeta polynomial of P. The degree d
of Zp is one less than the maximum size of a maximal chain in P, and its leading coefficient
equals the number of maximal chains of P divided by d!; see [175, Section 3.12] for more
background. It is clear from the definition that Zp(2) yields the cardinality of P, and Zp(3)
yields the number of nonempty intervals of P.
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Now, since Zp is a polynomial function over Z it may well be evaluated at negative values,
too. Surprisingly enough, the evaluation at k = —1 yields something meaningful when P is
bounded. Let us define the Mobius function of P recursively as follows:

1, if a=b,
(1.3) up(a,b) €4y _yulac), ifa<hb,
0, otherwise.

Proposition 1.1.7 ([175, Proposition 3.12.1(c)]). If P is bounded with least element 0 and
greatest element 1, then
Zp(—1) = pp(0,1).

Remark 1.1.8. One way to prove Proposition 1.1.7 uses the incidence algebra of P introduced
in [160]. This is the associative algebra consisting of all functions from the nonempty intervals
of P to the integers, together with pointwise addition and scalar multiplication and a certain
convolution. The Mobius function is invertible as a member of this algebra, its inverse being
the zeta function Cp that assigns 1 to each nonempty interval. It is straightforward to establish
that in a bounded poset it holds that *(0,1) = Zp(k), from which the proposition follows.

Example 1.1.9. The poset in Figure 1 has rank 2, because all maximal chains have size 3. Since
there are 3 maximal chains, the zeta polynomial of this poset is of the form 3k? + ak +b. Since

its cardinality is 5 and it has 12 intervals, we obtain a = —% and b = 0, which yields the zeta
polynomial
2(k) = S Ly
T2 2

The Mobius function of this poset is given through the following assignments:
H(17 1) = la H(173) = _la H(174) = _la H(175) = 17 I“L(Zv 2) = 17 I“L(274) = _17

If we restrict ourselves to the interval [1, 5], then we find that the corresponding zeta polynomial
is Z[175] (k) = k2, and 2[175](—1) =il = ]J.(l, 5)

1.1.5. Lattices. Let us pause for a moment and introduce an algebraic structure that will
be of great importance on our journey.

Definition 1.1.10. Let L be a (finite) set, together with two binary operations V: L x L — L,
A: L x L — L, and two constants 0 and 1. The algebraic structure (L, V, N\, 0,1) is a lattice if
the following axioms are satisfied for all a,b,c € L:

aV(bVe)=(aVb)Ve and aAN(bAc)=(a/Ab)Ac, (Associativity)
aVb=bVa and aAb=bAaq, (Commutativity)
aV(aAb)=a and aAN(aVb)=aq, (Absorption)
aVli=a and aNl=a (Identity)
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Figure 2. The poset diagram of the Boolean lattice of order 3.

One of the most natural examples of a lattice arises from the power set of a finite set M;

defined by p(M) LA | A C M) If M| = n, then—without loss of generality—we may set

M = [n] def {1,2,...,n}, and call the structure

Bool(n) &f (zp([n}),u, N, 0, M)

the Boolean lattice of order n.

Since lattices are algebraic structures, we can unleash the full power of our algebraic
toolkit on them, and, e.g., consider homomorphisms between lattices, sublattices or quotient
lattices.

We are also able to reconnect lattices with the world of partially ordered sets, whose
consideration we have briefly paused. In fact, it is an easy exercise to verify that, given a finite
lattice (L,V, A, 0,1), the binary relation R C L x L defined by (a,b) € Rifand onlyif aVb=Db
is an order relation. Using the absorption axioms, we can equivalently write (a,b) € R if and
only if aAb =a.

Usually, we will denote the order relation coming from a lattice simply by <, rather than
R. It follows readily from the identity axioms that a finite lattice—regarded as a poset—is
bounded with least element 0 and greatest element 1. The partial order on Bool(n) is simply
containment, and Figure 2 shows the Boolean lattice Bool(3) arranged as a poset diagram.

We may also characterize the posets which have an additional lattice structure. To that
end, we define the join (resp. meet) of two elements of a poset P = (P, <) to be the unique
smallest (resp. largest) element in P that lies above (resp. below) them—if it exists. We
normally denote the join by V and the meet by /. If every two elements of P have a join and
a meet, then—Dby finiteness—P must be bounded, and we denote the least element by 0 and
the greatest element by 1. Under these conditions, we may verify that \/, A, 0 and 1 satisfy the
axioms from Definition 1.1.10, and therefore (P,V/, A, 0, 1) is a lattice.

In the following we will not distinguish between the poset-theoretic and the algebraic
nature of a poset that happens to be a lattice, and rather switch perspectives as we deem fit
without explicit mention.

It may sometimes happen that a poset only satisfies half of the requirements for being a
lattice. In that case, i.e., if every two elements of a poset have a join (resp. meet), then this
poset is a join-semilattice (resp. meet-semilattice). The following lemma is classical.

Lemma 1.1.11. Let L = (L, <) be a finite meet-semilattice. If L has a greatest element, then L
is a lattice.
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(a) The lattice Ns. (b) The lattice M.

Figure 3. Two lattices with five elements, with some perspective cover rela-
tions highlighted.

ProoOF. Let a,b € L. It remains to show that a V' b exists. Let M be the set of upper
bounds of {a,b}. If L has a greatest element, then M is not empty. Since L is a meet-
semilattice, any two elements of M have a meet, which means that M has a unique
minimal element m. But m is exactly the join of a and b. O

If L =(L,V,A,0,1) is a lattice, then a subset A C L is a sublattice if for all a,b € A it holds
thataVbe Aand aAb € A.

Moreover, an element a € L is join irreducible (resp. meet irreducible) if a = \/ A (resp.
a = AA) implies a € A. Let Joinlrr(L) (resp. Meetlrr(L)) denote the set of join-irreducible
(resp. meet-irreducible) elements of L.

Since L is finite, the join-irreducible (resp. meet-irreducible) elements are precisely those
that cover (resp. are covered by) a unique element. If j € Joinlrr(L) (resp. m € Meetlrr(L)),
then this unique element is denoted by j. (resp. m*).

We call two cover relations (aj, b1), (az,bs) € Covers(L) perspective if either by V az = by
and b; Aaz = a; or a1 Vbe = by and a; Abs = ag; and we write (a1, b1) A (az, b2). See Figure 3
for an illustration. The next lemma is immediate.

Lemma 1.1.12. Let (a,b) € Covers(L) and j € Joinlrr(L). If (a,b) A (j«,j), then j < b.

We end by exhibiting a special family of irreducible elements. An atom (resp. coatom)
isaeclLwithl<a (resp. a < 1). Let Atoms(L) (resp. Coatoms(L)) denote the set of atoms
(resp. coatoms) of L. Since L is finite, it follows that Atoms(L) C Joinlrr(L) (resp. Coatoms(L) C
Meetlrr(L)). A lattice is nuclear if \/ Atoms(L) = 1.

1.1.6. Distributivity. Another important class of lattices are distributive lattices, i.e., those
lattices that satisfy the following two identities for all a, b, c € L:

aV(bAc)=(aVDb)A(aVec),
aA(bVece)=(aAb)V (aAc).
It is well known (and easy to check) that every Boolean lattice is distributive. Moreover—just

like Boolean lattices—distributive lattices admit a beautiful presentation as set systems under
inclusion.

Theorem 1.1.13 ([27]). The set of order ideals of a finite poset under inclusion forms a dis-
tributive lattice. Conversely, every distributive lattice is isomorphic to the lattice of order ideals
of its subposet of join-irreducible elements.
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Figure 3 shows two lattice with five elements, and it is quickly verified that neither of
them is distributive. In fact, it follows from [26] that a lattice is distributive if and only if it
does not contain N5 or M3 as a sublattice.

In next few sections, we introduce certain generalizations of distributive lattices. Through-
out these sections we fix a finite lattice L = (L,\V, A, 0, 1), and denote its partial order by <.

1.1.7. Semidistributivity. If every three elements a,b,c € L satisfy
(1.4) aVb=aVcimpliesaVb=aV (bAc),

then L is join semidistributive. Moreover, L is meet semidistributive if L¢ is join semidistributive.
A lattice that is both join and meet semidistributive is semidistributive. Semidistributive lattices
were characterized by a means of forbidden sublattices in [55]. The lattice in Figure 3a is
semidistributive, while the lattice in Figure 3b is not: its atoms do not satify (1.4). Moreover,
it is immediately clear that every distributive lattice is semidistributive, too.

It was recently shown in [155] that finite semidistributive lattices can be uniquely repre-
sented as certain set systems under inclusion, in the spirit of Theorem 1.1.13.

Apart from the algebraic characterization given above, we can characterize join-semi-
distributive lattices also in terms of certain canonical representations. For a € L, any set
A C L with a = \/ A is a join representation of a. A join representation A; of a refines a join
representation Ay of a if Lea, C L¢a,. If the set of join representations of a has a unique
minimal element with respect to refinement, then this minimal element is the canonical join
representation of a, denoted by Can(a). The members of Can(a) are the canonical joinands of a.
(Canonical) meet representations are defined dually.

Theorem 1.1.14 ([75, Theorem 2.24]). A finite lattice is join semidistributive if and only if
every element admits a canonical join representation.

Following [12], we may easily recognize the canonical join representations in a join-semi-
distributive lattice using the following edge labeling.

(1.5) Ajsd: Covers(L) — Joinlrr(L), (a,b) = min{cel|aVc=D>}

Proposition 1.1.15 ([12, Lemma 19(1)]). Let L = (L, <) be a join-semidistributive lattice.
Forael,
Can(a) = {Nwa(a’,a) | @’ < a}.

Figure 4a shows a join-semidistributive lattice labeled by (1.5). The reader may verify
that Proposition 1.1.15 is satisfied. In fact, the labeling A4 is determined by the perspectivity
relation.

Proposition 1.1.16. Let L be a join-semidistributive lattice and let (a,b) € Covers(L) and

j € Joinlrr(L). Then, Ajsq(a,b) =j if and only if (a,b) A (j«, 7).

PRrROOF. Suppose first that Aj4(a,b) = j. By definition aVj = b and thus a Aj < j.
By minimality of j, it follows that aVj, < b. Thus, aVj. = a, since a < b. This implies
that a /\j = j. which entails (a,b) A (j«, ).
Now, conversely, let (a,b) A (j«,j). By Lemma 1.1.12, jV a = b and j A\ a = j.. Thus,
Ajsd(a, b) < j. However, since j, < a, we conclude that Ajsq(a, b) £ j.. Since j € Joinlrr(L),

it follows that Ajsq(a, b) = j as desired. O
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(a) A join-semidistributive lat-
tice labeled by Ajq. The join-

irreducible elements are high-
lighted.

(b) The canonical join complex
of the lattice from Figure 4a.
join-irreducible elements.

Figure 4. A join-semidistributive lattice and related structures.

Corollary 1.1.17. Let L = (L, <) be a semidistributive lattice. The number of canonical
joinands of a € L equals the number of elements covered by a.

Proor. Let a € L, and let by, by € L such that by # by, by <a, by <a and Ajgq(b1, a) =
k = Ajsd(b2, a). By Lemma 1.1.12, k < a and by Proposition 1.1.16, k Ab; =k, = k A ba.
Since L is meet semidistributive, k, = kA (b1 V by) = kA a = k, a contradiction. The
claim follows from Proposition 1.1.15. O

Lemma 1.1.18 ([75, Corollary 2.551). If L is semidistributive, then |Joinlrr(L)| =
|Meetlrr(L)|.

(c) The Galois graph of the lat-
tice from Figure 4a defined on

According to [153, Proposition 2.2], the set of canonical join representations of L forms

a simplicial complex, the canonical join complex; denoted by I'(L). See [12,13] for more work
on the canonical join complex; Figure 4b shows the canonical join complex of the lattice in

Figure 4a.

We now recall that the Mobius function of a join-semidistributive lattice takes only values

in the set {—1,0,1}.

Proposition 1.1.19. Let L

= (L,<) be a join-semidistributive lattice, and let M C

Coatoms(L). f AM = 0, then M = Coatoms(L).

Proor. Suppose that AM = 0. If IM| = 1, then M = {0} = Coatoms(L). Otherwise,
pick a € Coatoms(L) \ M. Then, aVm = 1 for all m € M, and consequently 1 =
aVAM=aV0=aq, contradicting a € M. Thus, M = Coatoms(L). O
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Proposition 1.1.20. If L is join semidistributive, then

0.1) = (—1)ICoatoms(L)l - jf A Coatoms(L) = 0,
LS = 0, otherwise.

Proor. Rota’s Crosscut Theorem [160, Theorem 3] implies that

u(0,1) = S (—1y™.,
MCCoatoms(L): A M=0
Proposition 1.1.19 states that this sum consists of at most one term, which yields the
claim. O

We say that a join-semidistributive lattice L is spherical if u(0,1) #0.

1.1.8. Trimness. It is easy to verify that every finite lattice L satisfies the following in-
equality:
len(L) < min{}JoinIrr(LH, |Meet|rr(L)|}.

Following [118], we award a special name to lattices in which the equality
(1.6) |Join|rr(L)| =len(L) = |Meet|rr(L)|

is true; we call them extremal lattices. It was shown in [118] that extremal lattices admit a
presentation as finite set systems under inclusion in the spirit of Theorem 1.1.13, too. A recent
article that utilizes this presentation in a combinatorial setting is [189].

In order to describe this presentation, we fix an extremal lattice L of length n together
with a maximal chain ¢y < ¢; < --- < cn. We may use this chain to order the sets Joinlrr(L) =
{j1,j2,...,in} and Meetlrr(L) = {my, ma, ..., my} such that the following condition holds for all
s € [nl:

(17) j1\/j2\/-~'\/js:C52m5+1/\m5+2/\-~-/\mn.

Definition 1.1.21. Let L be an extremal lattice of length n. Suppose that the join- and meet-
irreducible elements of L are labeled as in (1.7) with respect to some distinguished maximal
chain. The Galois graph of L is the directed graph Galois(L) whose vertex set is [n] and that
has a directed edge s — t whenever s # t and js £ my.

By construction, an edge s — t exists in Galois(L) only if s > t. A priori, the Galois
graph of L depends on a choice of maximal chain which determines the order (1.7). However,
[189, Proposition 2.5] states that different maximum-length maximal chains induce isomorphic
Galois graphs. We may therefore drop the dependence on the chain in our notation.

If G is any directed graph on the vertex set M, then a pair (A, B) of subsets of M, with
A NB =0, is an orthogonal pair if there are no edges from A to B. An orthogonal pair (A, B)
is maximal if there is no orthogonal pair (A’,B’) such that A C A’ and B C B’ and |A| + |B| <
IA'[+ B[

Theorem 1.1.22 ([118, Theorem 11]). The set of maximal orthogonal pairs of a directed graph
on [nl, in which s — t only if s > t, ordered by inclusion is an extremal lattice. Conversely,
every extremal lattice is isomorphic to the lattice of maximal orthogonal pairs of its Galois graph.
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(@) An extremal lattice. (b) The Galois graph of the lat- (c) The lattice of maximal orthogo-

The irreducible elements tice in Figure 5a. nal pairs of the graph in Figure 5b.
are labeled according to For brevity, we have omitted set
(1.7) with respect to the parentheses.

unique maximal chain of
length five marked by
solid dots.

Figure 5. An extremal lattice with its associated Galois graph.

Figure 6. An extremal lattice that is not left modular. The highlighted element
is not left modular, but belongs to the unique maximal chain of maximum
length.

We observe that every distributive lattice is graded and extremal, and [118, Theorem 17]
states that every graded, extremal lattice is distributive. Moreover, every interval of a distribu-
tive lattice is distributive, too.

Thus, at a first glance, extremality may appear as an ungraded analogue of distributivity.
However, [118, Theorem 14(ii)] states that every finite lattice can be embedded as an interval
into an extremal lattice, which implies that extremality is not inherited by intervals. In order
to fix this, [186] exhibits a subfamily of the extremal lattices which is closed under passing to
intervals. Before we may formally define this, we need another concept.

If b,c € L with b < ¢, then every a € L satisfies the modular inequality

(1.8) (bVa)Ac=bV(aAc).

Any element a, which satisfies (1.8) with equality, is left modular. The least and the greatest
element in a lattice are trivially left-modular. A lattice is left modular if it possesses a maximal
chain of length len(L) consisting entirely of left-modular elements. Left-modular lattices were
studied in detail in [113,114,123,185]. Figure 3b shows a left-modular lattice that is not
extremal, and Figure 6 shows an extremal lattice that is not left modular.

A lattice that is both extremal and left modular is trim. Theorem 1 in [186] states that
every interval of a trim lattice is trim, and every graded trim lattice is distributive. Thus,
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(a) A directed graph on [4] associated with the (b) The lattice of maximal orthogonal pairs of
lattice from Figure 5a constructed via the con- the directed graph from Figure 7a.

dition in Corollary 1.1.25(i).

Figure 7. A directed graph associated with the lattice from Figure 5a and its
lattice of orthogonal pairs.

trimness is a more suitable ungraded analogue of distributivity. We list a few constructions
preserving trimness.

Proposition 1.1.23. Let L be a trim lattice. Then,

(i) any interval of L is trim; [186, Theorem 1]
(if) any sublattice of L containing the left-modular chain is trim; [186, Theorem 3]
(iii) any quotient lattice of L is trim; [189, Lemma 3.10]

Theorem 1.1.24 ([189, Theorem 1.4]). Every extremal, semidistributive lattice is trim.

Corollary 1.1.25 ([132, Corollary A.18]). Let L be an extremal, semidistributive lattice with
len(L) = n. Let C be a maximal chain of maximum length, and let the join- and meet-irreducible
elements of L be ordered as in (1.7) with respect to C.

(i) Fors,te [nl, js € me if and only if s # t and jx <ji, Vis.

(ii) Ifji <js, then there is a directed edge from s to t in Galois(L).

As a consequence of Corollary 1.1.25(ii), the poset (Joinlrr(L), g)d is a subposet of the
reflexive and transitive closure of Galois(L) whenever L is extremal and semidistributive.

Moreover, Corollary 1.1.25(i) allows for constructing the Galois graph of an extremal,
semidistributive lattice by using only join-irreducible elements. The reader is invited to check
that the lattice L in Figure 5a is not semidistributive. The directed graph with vertex set [4],
which has an edge s — t if and only if s # t and j¢ < j¢, V js is shown in Figure 7a, and it is
not the Galois graph of L. The lattice of maximal orthogonal pairs of this graph is shown in
Figure 7b, and can be regarded as a semidistributive extension of L.

We close this section with another remarkable property of extremal semidistributive lat-
tices, which is illustrated in Figure 4.

Proposition 1.1.26 ([189, Corollary 6.8]). Let L be an extremal, semidistributive lattice. The
complement of the undirected Galois graph Galois(L) is isomorphic to the 1-skeleton of the
canonical join complex T'(L).
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1.1.9. Congruence-uniformity. A congruence relation on L is an equivalence relation © C
L x L such that for all a;, as, by, bs € L the following implication is true:

if (al,bl),(ag,bz)e@, then (a1Va2,b1 \/bg),(al/\ag,bl /\bz)E@.

In other words, congruence relations are equivalence relations compatible with the lattice
operations. The next lemma characterizes congruence relations combinatorially.

Lemma 1.1.27 ([147, Section 3]). Let © C L x L be an equivalence relation. Then, © is a
congruence relation on L if and only if all of the following hold.

(i) Every equivalence class of © is an interval of L.

(if) The map that sends each a € L to the minimal element in [ale is order preserving.
(iii) The map that sends each a € L to the maximal element in [ale is order preserving.

The quotient lattice of L is
(1.9) /6% (1/0,<e),

where L/© def ldle | a € L} and [d]e <e [ble if and only if there exist ¢ € [ale and d € [ble
such that ¢ < d.

If K = (K, <x) is another lattice, then a map f: K — L is a lattice homomorphism if for all
a,b € K it holds that f(a \Vk b) = f(a) Vi f(b) and f(a Ax b) = f(a) AL f(b). Therefore, if © is a
congruence relation on L, then—by Lemma 1.1.27—the (downward) projection

(1.10) mg:L—L, am /b
belale
is a lattice homomorphism whose image is isomorphic to L/©.
Let Con(L) denote the set of all congruence relations on L. By Disclaimer 1.1.3, the poset
(Con(L), C) is in fact a distributive lattice [76].
Given j € Joinlrr(L), we say that © € Con(L) contracts j if (j.,j) € ©.

Proposition 1.1.28 ([14, Proposition 4.11]). Let L be a join-semidistributive lattice and let
© € Con(L). Ifj is a canonical joinand of a € L such that j is not contracted by ©, then j is a
canonical joinand of g (a) in L. Moreover, if g (a) = a, then none of the canonical joinands
of a are contracted by ©.

For (a,b) € Covers(L) let cg(a,b) denote the finest congruence relation on L in which a
and b are equivalent. If b € Joinlrr(L), then we simply write cg(b) instead of cg(b.,b). The
following result relates join-irreducible elements of L and join-irreducible elements of Con(L).

Theorem 1.1.29 ([85, Section 2.14],[75, Theorem 3.20]). Let L be a lattice, and let © €
Con(L). The following are equivalent.

(i) © is join irreducible in (Con(L),C).

(if) © = cg(a,b) for some (a,b) € Covers(L).
(iii) © = cg(j) for some j € Joinlrr(L).

A direct consequence of Theorem 1.1.29 is that the map j — cg(j) is surjective. However,
in general it need not be injective. A lattice L is congruence uniform if this map is a bijection
for both L and L.

Congruence-uniform lattices were first considered in [122], where they were defined as
those lattices that are bounded-homomorphic images of free lattices. The definition that we
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Figure 8. The smallest semidistributive lattice that is not congruence uniform,

labeled by Ajsq. The two highlighted join-irreducible elements induce the same
congruence relation.

have just given is called “property P” in [57], and the equivalence of these two definitions is
part of [57, Theorem 5.1]. Congruence-uniformity turns out to be a lattice property which sits
properly inbetween distributivity and semidistributivity.

Theorem 1.1.30.
(i) Every distributive lattice is congruence uniform. [64, Theorem 3]
(if) Every congruence-uniform lattice is semidistributive. [57, Lemma 4.2]

The smallest congruence-uniform lattice that is not distributive is the lattice N5 from
Figure 3a, and the smallest semidistributive lattice that is not congruence uniform is shown
in Figure 8. Note that this lattice is also extremal and thus trim by Theorem 1.1.24.

We close this section with the following result, which states that the class of congruence-
uniform lattices forms a pseudovariety.

Proposition 1.1.31 ([57, Theorem 4.1]). The class of congruence-uniform lattices is closed
under passing to sublattices, quotient lattices or (finitely many) direct products.

1.1.10. The core label order. In this section, we introduce a method to reorder the ele-
ments of a lattice by means of an edge-labeling. The origins of this construction are due to
N. READING in the context of hyperplane arrangements [152], and it was further developed
for congruence-uniform lattices in [131]. We attempt a general definition here.

For any edge-labeling A: Covers(L) — A of L, we call (L, ) a labeled lattice. For a € L, the
nucleus of a is

ay ©an /\ b.
bel:b<a
This means, 0; = 0 and—for a # 0—a, is the meet of the elements covered by a. The interval

la;, a] of L is the core of a, and the core label set’ of a is
Shaa (@) © {\c,d)la, <c<d<al}.

2The notation Sh is meant to honor READING's original construction in the context of hyperplane arrangements,
in which core label sets correspond to sets of shard intersections.
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Figure 9. The core label order of the semidistributive lattice from Figure 8.
The elements of this poset are the core label sets with respect to Ajq.

In other words, the core label set of a lattice element a consists of all labels that appear in the
core of a. Whenever no confusion may arise, we will drop the subscripts.

If the assignment a — Sh(y, »)(a) is injective, then we call A a core labeling. In that case, the
relation Ty, \)—defined by a Ty, ») b if and only if Sh(, »)(a) € Sh ) (b)—is a partial order.
Thus,

def

(1.11) CLO(L,A) < (L,Cra)

is a poset, the core label order of L. Figure 9 illustrates this construction. If A is a core labeling,
then (L, A) has the intersection property if for all a,b € L there exists ¢ € L such that Sh(g, »)(a) N
Shg, ) (b) = Shg A (c).

Theorem 1.1.32. Let L be a finite lattice, and let A be a core labeling. Then, CLO(L,7) is a
lattice if and only if L has the intersection property and CLO(L, ) is bounded.

Proor. If L has the intersection property, then the set {Sh(a) | a € L} is closed un-
der intersections, which means that CLO(L, A) is a meet-semilattice. By Lemma 1.1.11,
CLO(L, M) is a lattice.
Conversely, if CLO(L,2) is a lattice, then it is clearly bounded. For a,b € L, let c
be the meet of a and b in CLO(L,A). It follows that Sh(c) € Sh(a) N Sh(b). On the
other hand, if j € Sh(a) N Sh(b), then Sh(j) = {j} since j € Joinlrr(L). It follows that
j ) aand j Ea) b, and therefore j Ty, ) c. But this implies that j € Sh(c); hence
Sh(c) = Sh(a) N'Sh(b). Thus, L has the intersection property. ]

Remark 1.1.33. In fact, the proof of Theorem 1.1.32 suggests that CLO(L,A) is a meet-
semilattice if and only if L has the intersection property.

We end this section with some results concerning the core label order of join-semidistributive
lattices.

Lemma 1.1.34. Let L = (L,<) be a join-semidistributive lattice. Let a,b € L and
j € Joinlrr(L).
(i) Ifj € Shp . (@), then j < a.
(ll) a= V Sh(L’)\jsd)(a).
(111) IfSh(Lv)\jsd)(a) - Sh(L,?\jsd)(b)/ then a <b.
(iv) 1 is maximal in CLO(L, Ajsd)-
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Proor. (i) If j € Sh(a), then by Proposition 1.1.16 (j.,j) A (b1,bs2) for some a; <
by <by < a. By Lemma 1.1.12, j < by < a.
(ii) By (i), j < a for all j € Sh(a), which implies \/ Sh(a) < a. By Proposition 1.1.15, we
have Can(a) C Sh(a), and we thus get a = \/ Can(a) < \/Sh(a). Together, this yields
a =V Sh(a).
(iif) By Proposition 1.1.15, Can(a) C Sh(a). For j € Sh(a), j < a by (i), which implies
\/Sh(a) =V Can(a) = a. If Sh(a) C Sh(b), then a =\/Sh(a) < \/Sh(b) =b.
(iv) If there exists a € L with Sh(1) C Sh(a), then 1 < a by (ii). Since 1 is maximal in L,
we conclude a = 1. Therefore, 1 is maximal in CLO(L, Ajsd)- O

Proposition 1.1.35. The labeling Nsq from (1.5) of a join-semidistributive lattice is a core
labeling.

Proor. Let a,b € L such that Sh(a) = Sh(b). By Lemma 1.1.34(ii), a = \/ Sh(a) =
\V/ Sh(b) = b. Thus the assignment a — Sh(a) is injective, and A4 therefore is a core
labeling. O

Proposition 1.1.36. Let L be a join-semidistributive lattice. Then, CLO(L, Ajsq) is bounded if
and only if L is spherical.

Prook. Observe that Sh(0) = (), which implies that CLO(L, Ajsq) has a least element.
Now, suppose that L is spherical, ie., puy(0,1) # 0. By Proposition 1.1.20,
A Coatoms(L) = 0, or in other words h =0. Consequently, Sh(1) = Joinlrr(L). Thus, for
every a € L it holds that Sh(a) C Sh(1), which means that 1 is the greatest element of
CLO(L, Ajq).

Conversely, if g (0,1) = 0, then /\ Coatoms(L) =b > 0 by Proposition 1.1.20. Since L is
finite, there exists a € Atoms(L) with a < b. For all b1, b, € L with b < by < by it follows
that (0, a) and (b1, bs) are not perspective, and by Proposition 1.1.16, Ajsq(b1, b2) # a.
Thus, a ¢ Sh(1). By Lemma 1.1.34(iv), 1 is maximal in CLO(L, Ajsd), and it follows that
aand 1 are incomparable in CLO(L, Ajs¢). This also implies that a and 1 do not have an
upper bound in CLO(L, Ajsq). Thus, CLO(L, Ajsq) does not have a greatest element. [

Corollary 1.1.37. Let L be a join-semidistributive lattice. Then, CLO(L, Ajsq) is a lattice if and
only if L is spherical and has the intersection property.

Proor. This follows from Theorem 1.1.32 and Proposition 1.1.36. O

21
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We now explain how core label sets behave under lattice congruences.

Lemma 1.1.38. Let L = (L, <) be a join-semidistributive lattice and let © € Con(L). Let X be
the set of join-irreducible elements of L contracted by ©, and let a € L. If a is minimal in its

congruence class, then the core label set Sh( ) ([ale) is in bijection with Sh( ) (a)\ Z.

L/©,Ajsd L,Ajsq

Proor. In this proof, we write Sh for the core label sets in L, and She for the core
label sets in L/©. The map

f: Joinlrr(L) \ £ — Joinlrr(L/©), j— [jle

is by construction a bijection. Let a € L which is minimal in its congruence class. If
j € Sh(a), then we have (j.,j) A (b’,b) for some a; < b’ <b < a.

If j € £, then we have (b’,b) € ©, and therefore [b']e = [ble. In particular we conclude
[le ¢ She([ale). If j ¢ £, then we have [b']e < [ble, and we conclude [jle € She ([ale).

It follows that f is the desired bijection from Sh(a) \ X to She([ale). O

Proposition 1.1.39. Let L be a join-semidistributive lattice with the intersection property. For
every © € Con(L) the quotient lattice L/© has the intersection property, too.

Proor. In this proof, we write Sh for the core label sets in L, and She for the core
label sets in L/©. Let £ = {j € Joinlrr(L) | (j.,j) € ©}, and let f be the bijection from

Lemma 1.1.38. Consequently, for a € L we have She ([de) = f(Sh(a) \Z).

Fix a,b € L which are minimal in their respective congruence classes. Since L has the
intersection property we can find ¢ € L with Sh(c) = Sh(a) N Sh(b). We then have

She (lale) N She ([ble) = f(Sh(a) \ £) N (Sh(b) \ )
=f((Sh(a)NSh(v)) \ T)

- f(Sh (e)\ z)
= She ([c]o)-
It follows that L/© has the intersection property. O

1.2. Coxeter groups

In this thesis we will mainly work with partial orders that arise in the context of Coxeter
groups. This section recalls the basic definitions. We follow [29] and recommend [97] for

further background.

1.2.1. Coxeter systems. Fix a finite set S, and consider a matrix m: S x S — NU{oo}. Such
a matrix is a Coxeter matrix if for all s, s’ € S it holds that m(s,s’) = m(s’,s) and m(s,s’) =1 if

and only if s =s’. Let

Sz, % 1(s,s') | m(s,s) # oo}
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Figure 10. A Coxeter matrix (left) and its associated Coxeter graph (right).
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Figure 11. Some Coxeter graphs. The labels on the left will be used to denote
the corresponding Coxeter group.

Definition 1.2.1. Let S be a finite set and let m be a Coxeter matrix. The Coxeter group
associated with m is the group W given by the presentation

w &f (S| (ss") ™) = eforall (s,s") € S3,)-

The pair (W, S) is a Coxeter system, and the cardinality of S is the rank of W. Moreover, the
elements of S are the Coxeter generators of W.

The defining conditions of a Coxeter matrix imply that the Coxeter generators are involu-
tions and that two generators s, s’ commute if and only if m(s,s’) = 2. We denote the identity
element of W by e.

The information contained in a Coxeter matrix can be recovered from the corresponding
Coxeter system, and it can be stored efficiently in a labeled graph; the Coxeter graph associated
with (W, S). This is the graph I\ sy whose vertex set is S and in which two vertices s and
s’ are connected by an edge if and only if m(s,s’) > 2. Moreover, such an edge is labeled
by m(s,s’), where we usually suppress the label 3. Figure 10 shows a Coxeter matrix and its
associated Coxeter graph.

A Coxeter system is irreducible if its Coxeter graph is connected, and a Coxeter system is
finite if its Coxeter group is finite. The classification of finite irreducible Coxeter systems goes
back to H. S. M. CoxeTER [52], and relies on the geometric representation of Coxeter systems
that we will review in Section 1.2.2. Figure 11 shows a list of Coxeter graphs which appear in
this classification.
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Theorem 1.2.2 ([52]). Let (W,S) be an irreducible Coxeter system. The Coxeter group W is
finite if and only if:
e W=A, forn>1;

e W=B, forn>2;

° =Dy forn > 4;

e W=E, for6<n<§;
e W=F, forn=4;

e W=H, for3<n<4
e W =Iy(m) form > 6.

Example 1.2.3. For n > 1, the Coxeter group A, is isomorphic to the group of permutations of

[n+ 1], i.e., the symmetric group S, 117. The Coxeter generator s; corresponds to the adjacent

transposition (ii+1).

For n > 2, the Coxeter group B, is isomorphic to the group of signed permutations of the set
+m ¥ (n,...,—2,-1,1,2,...,n}

This group consists of permutations w € & ) such that w(—i) = —w(i) for all i € [n]. The

Coxeter generator so corresponds to the transposition (—1 1), and the Coxeter generator s;, for

1> 0, corresponds to the permutation (i i+1)(—i—1 —i).

For n > 4, the Coxeter group Dy, is isomorphic to the group of signed permutations of £[n]

whose one-line notation involves an even number of signs, i.e., the kernel of the sign homomor-

phism on B,,. The Coxeter generator So corresponds to the permutation (1 —2)(2 —1), and the

Coxeter generator si, for i > 0, is the same as in By,.

For m > 3, the Coxeter group Io(m) is isomorphic to the dihedral group of order 2m. The

Coxeter generators si and s correspond to reflections through two lines that intersect in an

angle of - radians.

Remark 1.2.4. A Coxeter group may be realized through several different Coxeter systems. For
instance, as abstract groups, there is an isomorphism Bs = Ay X Ag, but the Coxeter graphs of
Bs and Ay x Ag are clearly different.

A finite Coxeter system is crystallographic if its Coxeter matrix contains only entries in
{1,2,3,4,6}. The associated Coxeter groups are precisely the finite Weyl groups.

1.2.2. The geometric representation. A Coxeter group naturally acts on a real vector
space. More precisely, let (W, S) be a Coxeter system of rank n and let V be an n-dimensional
real vector space with basis {v; | s € S}. We define a symmetric bilinear form on V by prescrib-
ing its value on the basis vectors:

e
—_ - .f ’
(1.12) B(vs,vsr) def €08 <m(s,s’)> , ifms,s) < oo,
-1, if m(s,s’) = oo.

It can be shown that B is positive semidefinite. In fact, B is positive definite if and only if W
is finite [97, Theorem 6.4].
For s € S we may now define a linear transformation on V by

(1.13) 0s: V=V, vi=v—2B(v,v)vs.
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Then, o, sends v; to its negative, fixes every vector orthogonal (with respect to B) to v, and
preserves the bilinear form B.

The orthogonal complement of the line Rv; is the reflecting hyperplane Hs. Thus, o acts on
V as a reflection through Hs, and the set {05 | s € S} of simple reflections generates a subgroup
of the general linear group on V.
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Figure 12. The finite crystallographic root systems of rank 2. The positive
roots are drawn in black, the negative roots in gray. The simple root corre-
sponding to the Coxeter generator s; is labeled by «;. The lengths of the roots
are adjusted such that every root can be expressed as an integral linear com-
bination of the simple roots.

Theorem 1.2.5 ([97, Proposition 5.3 and Corollary 5.4]). There is a unique injective homo-
morphism o: W — GL(V) which sends s to o such that the group o(W) preserves the bilinear
form B. Moreover, for s,s’ € S the element ss’ has order m(s,s’) in W.

The homomorphism o from Theorem 1.2.5 is the geometric representation of W. For w ¢ W
we simply write o, instead of o(w).

Moreover, for s € S and w € W the linear map o,,,,,—1 acts as a reflection through the
orthogonal complement of the real line spanned by o,,(v;). These are indeed all elements of
o(W) which act on V as reflections [97, Section 5.7]. We therefore define the set of all reflections
of the Coxeter system (W, S) by

(1.14) T fwswlseS,we W},
By abuse of notation, we refer to the elements of S as simple reflections, too.

For t € T, we denote by H; the hyperplane in V fixed by the reflection o;. Then, another
consequence of the previous observation is, that o(W) permutes the normal vectors to the
hyperplanes H; for t € T.

We thus introduce a root system @ of W to be a collection of unit vectors of V which is
stable under the action of W. In view of the previous reasoning, ®yy consists of two mutually
inverse vectors per hyperplane H¢. Any root corresponding to a hyperplane H for s € S is
simple, and the set of simple roots is Ty .

We can partition @y = @y, & @y, in such a way that @y, contains precisely one root per
reflecting hyperplane’. The elements of ®y;, are positive roots, its negative counterparts negative
r00ts.

Figure 12 shows all finite root systems of rank 2 corresponding to crystallographic Coxeter
systems. The simple roots in these root systems are labeled according to the labels of the
Coxeter generators of the corresponding Coxeter graphs; see Figure 11.

Consequently, the positive roots of W are in bijection with the reflections of W. Thus, for
t € T we denote by «; the corresponding positive root, and for x € @y we denote by t, the
corresponding reflection.

30ne such possibility is to consider a root positive if its expansion in terms of simple roots involves only
nonnegative coefficients, see [97, Theorem 5.4].
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Figure 13. The root poset of type A4, where the simple roots are labeled
according to the labeling of the Coxeter generators in Figure 11.
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(a) The root poset of type By. (b) The root poset of type Dy.

Figure 14. The root posets of type B4 and D4. The labeling of the simple roots
reflects the labeling of the Coxeter generators in Figure 11.

If W is crystallographic, then we can modify the lengths of the roots in such a way that
every root can be expressed as a linear combination of simple roots with integral coefficients".
In this situation, we define the root order by setting

(1.15) x =B ifand only if B — & € spany(TMw).

The partially ordered set (@Y, <) is the root poset associated with W. By definition, the min-
imal elements of (®y,,, <) are precisely the simple roots. Figures 13 and 14 show the root
posets of types A4, By and Dy.

1.2.3. Ordering a Coxeter group. We now return to considering Coxeter systems from
an algebraic and combinatorial point of view, and occasionally comment on the geometric
implications. Throughout this and the next section we fix a Coxeter system (W, S).

Let X C W be a generating set of W. Every w € W can be written as a word over the
alphabet X, and any such word of minimal length is X-reduced. The number of letters in an
X-reduced word is denoted by (x.

Using such a length function enables us to define a partial order on W, the X-postfix order,
by setting

(1.16) u<xv ifandonlyif x(u)+x(vut) =x(v).

“In fact, this is possible if and only if W is crystallographic.
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Figure 15. The finite crystallographic Coxeter groups of rank 2 ordered by
weak order.

A cover relation u <x v in (W, <x) is characterized by a unique generator x € X such that
v = xu. Thus, the poset (W, <x) is graded with rank function {x, and the maximal chains in
an interval [e, w]x correspond bijectively to the X-reduced words for w.

The most relevant choices for X (within the scope of this thesis) are the set S of simple
reflections and the set T of all reflections. The corresponding length functions are the Coxeter
length (if X = S) and the absolute length (if X = T). The corresponding partial orders are the (left)
weak order (if X = S; denoted by Weak(W) or <yeak) and the absolute order (if X = T; denoted
by Abs(W) or <,ps).

Figures 15 and 16 show the finite crystallographic Coxeter systems of rank 2 ordered by
weak and absolute order, respectively.

We may also order W by a subword order with respect to S-reduced words. This order
is usually called Bruhat order (sometimes also strong order), and plays an important role in
the study of Schubert varieties. In this thesis, however, Bruhat order will not be of major
interest. Nevertheless, Bruhat order is directed in the sense that any two elements of W have
an upper bound [29, Proposition 2.2.9]. This implies that if W is finite, then there exists a
unique longest element with respect to {s; denoted by w,. In fact, the existence of a longest
element characterizes finite Coxeter groups [29, Proposition 2.3.1].

Lastly, we will review another useful characterization of the weak order. A reflectiont e T
is a (right) inversion of w € W if £s(wt) < €s(w). The set of all inversions of w is thus

(1.17) Inviw) & {t € T | ts(wt) < Ls(w)},

and it follows that £s(w) = |Inv(w)| [29, Corollary 1.4.5]. In particular, Inv(w,) = T [29, Propo-
sition 2.3.2].
It turns out that weak order is equivalent to containment of inversion sets.

Proposition 1.2.6 ([29, Proposition 3.1.3]). For u,v € W, u <ueak V if and only if Inv(u) C
Inv(v).
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Figure 16. The finite crystallographic Coxeter groups of rank 2 ordered by
absolute order. Note that the elements in each poset are labeled by S-reduced
words.

A finitary poset is an (infinite) poset in which every principal order ideal is finite. Propo-
sition 1.2.6 has the following consequence.

Theorem 1.2.7 ([29, Theorem 3.2.1]). The poset Weak(W) is a finitary meet-semilattice.
Moreover, Weak(W) is a lattice if and only if W is finite.

Indeed, the only obstruction to (W, S) being a lattice is in general the lack of a greatest
element. In fact, the weak order enjoys the following stronger properties.

Theorem 1.2.8 ([154, Theorem 8.1]). Every principal order ideal in Weak(W) is semidis-
tributive.

Theorem 1.2.9 ([40, Theorem 6]). Let (W,S) be a finite, irreducible Coxeter system. Then,
Weak (W) is congruence uniform.

In fact, we strongly suspect that the proof strategy applied in [40] applies almost verba-
tim to principal order ideals in Weak(W), thus strengthening Theorem 1.2.9 towards infinite
Coxeter groups.

Remark 1.2.10. The observant reader may wonder why we did not mention a subword order
with respect to T-reduced words. Since T is by definition stable by conjugation, said reader may
show that <,ps is in fact this subword order.
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Remark 1.2.11. By inspection of Figure 16, we notice that there is no hope of Abs(W) being
a semilattice for any natural choice of W. However, in Section 2.3 we will detail that certain
maximal intervals in Abs(W) will be lattices whenever W is finite. These lattices will play a
key role in the story of this thesis.

1.2.4. Orienting a Coxeter group. Let s,s’ € S. A braid move is the replacement of the
alternating string ss’ss’... (of length m(s,s’)) by the string s’ss’s... (of the same length). A
nil move is the deletion of the string ss. By multiplying the letters of a word over S from left to
right, any such word evaluates to an element of W. Coxeter systems admit the following word
property, which goes back to H. Marsumoto and J. Trts [120,190].

Theorem 1.2.12 ([29, Theorem 3.3.1]). Let (W, S) be a Coxeter system and let w € W. Any
word over S that evaluates to w can be transformed into an S-reduced word for w by a sequence
of braid and nil moves. Moreover, any two S-reduced words for w are related by a sequence of
braid moves.

We now want to emphasize a special family of elements of W. We say that c € Wis a
Coxeter element if ¢ = sg(1)Sg(2) - - - So(n) fOr some permutation o € &,,. In fact, Theorem 1.2.12
implies that any S-reduced word of a Coxeter element is a permutation of S, because the only
possible braid moves are commutations. Consequently, any two S-reduced words of a Coxeter
element are related by a sequence of commutations. Another consequence of this is that any
Coxeter element ¢ € W satisfies {s(c) =n = {r(c). This property in fact characterizes Coxeter
elements.

Remark 1.2.13. The study of Coxeter elements dates back to E. CARTAN and W. KILLING in
the context of Lie algebras where they were studied as linear transformations in the geometric
representation. Later, H. WEYL considered Coxeter elements as group elements and H. Cox-
ETER uncovered their importance in the invariant theory of a Coxeter group [53]. T. SPRINGER
used the fact that Coxeter elements have an eigenvector that does not lie in any of the reflecting
hyperplanes of W and considered the more general regular elements [173].

In [21,28], it was shown that the role Coxeter elements play in the so-called dual braid pre-
sentation of a Coxeter group is analogous to the role of the longest element in the usual Coxeter
presentation. [80] explains how this perspective helps solving the word problem in braid groups.

A Coxeter element ¢ € W induces an orientation of the Coxeter graph T\ s) by setting
s — s’ if and only if s is to the left of s’ in any S-reduced word of c. This is well defined since
any two S-reduced words for c are related by a sequence of commutations, and commuting
generators are not adjacent in I\ 5. By abuse of terminology, we use the term orientation also
for Coxeter systems, and of course mean the corresponding orientation of Iy s).

By definition, an S-reduced word for ¢ induces a linear order on S, and—therefore—the
associated orientation of (W,S) is acyclic. Coxeter elements and acyclic orientations of the
Coxeter graph are in bijection

Theorem 1.2.14 ([167, Theorem 1.5]). Let (W,S) be a Coxeter system. The set of acyclic
orientations of T\ s) is in bijection with the set of Coxeter elements of W.
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Figure 17. A mutation of a Coxeter graph.

In view of Theorem 1.2.2, the Coxeter graph of a finite, irreducible Coxeter system is a
tree, and every orientation of a tree is acyclic. If such a Coxeter graph has k edges, then there
exist 2 Coxeter elements by Theorem 1.2.14.

For a moment, let us consider an arbitrary directed graph D = (V, E). A sink (resp. source)
of D is a vertex without outgoing (resp. incoming) edges. It is quickly verified that any acyclic
directed graph has at least one source and one sink. The mutation of D at v € V is the directed
graph p(D,v) = (V,E’), where E’ is obtained from E by reversing the direction of all edges
incident to v. Figure 17 displays a mutation in a Coxeter graph.

Now, let ¢ € W be a Coxeter element and let Iy, ¢, denote the corresponding acyclic
orientation of the Coxeter graph. A letter s € S is initial (resp. final) in c if there exists an S-
reduced word for ¢ which starts (resp. ends) with s. Clearly, the initial (resp. final) generators
of c are precisely the sources (resp. sinks) of 'y, ).

For a Coxeter element ¢ € W and an initial generator s € S, the rotation of ¢ by s is
the Coxeter element scs, in which s is final. Clearly, a rotation of ¢ by an intial generator
corresponds to a mutation of I'§, ¢, by a source.

Conjugating a Coxeter element is nothing but a sequence of rotations by initial generators,
and therefore corresponds to a sequence of mutations of the corresponding orientation. This,
in fact, amounts to a characterization of conjugacy of Coxeter elements.

Theorem 1.2.15 ([63, Theorem 1.1]). Let (W,S) be a Coxeter system and let c,c’ be two
Coxeter elements of W. Then, c and ¢’ are conjugate if and only if T, s, and F(C\:v)s) are related
by a sequence of mutations.

It is straightforward to verify that any two orientations of a tree are related by a sequence
of mutations. Since the Coxeter graphs of finite, irreducible Coxeter systems are trees, we
obtain the next result.

Corollary 1.2.16 ([97, Proposition 3.16]). Any two Coxeter elements in a finite, irreducible
Coxeter system are conjugate.






CHAPTER 2
Cataland

From now on, we mainly consider finite, irreducible Coxeter systems. In those situations,
where results and constructions extend to infinite Coxeter systems, we add an appropriate
comment.

So, throughout this section, let (W, S) be a finite Coxeter system. It turns out that there is
a canonical way to associate a certain integer with W, and there is an astonishing amount of
combinatorial families associated with (W, S) whose cardinality is precisely this number.

We summarize these constructions, as well as their interactions, under the name Cataland.
This term was coined in N. WiLL1aAMS’ thesis [192], and has since gained traction. The purpose
of this thesis is to explore the uncharted territory outside Cataland. It turns out that in doing
so we discover new bridges and connections to well-established research areas, that were
barely visible from inside Cataland.

2.1. Catalan numbers

Let (W, S) be a Coxeter system and let X C W be a generating set of W. The generating
series of {x is given by

(2.1) Wx(q) & Y g,

wew

As explained in Section 1.2.3, we are mainly concerned with the cases X = S and X = T. If
(W, S) is finite and irreducible, the generating series Ws(q) and Wr(q) admit nice factoriza-
tions.

Theorem 2.1.1. Let (W,S) be a finite, irreducible Coxeter system of rank n. There exist
positive integers ey, ea, ..., en such that

n

Ws(@) =] [0 +q+a*+--+q°), [49,170]
i=1
Wr(q) =] (1 + qes). [166, Theorem 5.3]

i=1

33
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wW Deg(W) hw Cat(W)

An 2,3,...,n+1 nt+l 250600

Bn 2,4,...,2n on n

Dy, 2,4,....2n—2n  2n—2 322

Ee 2,5,6,8,9,12 12 833

E; 2,6,8,10,12,14,18 18 4160

Es  2,8,12,14,18,20,24,30 30 25080

F4 2,6,8,12 12 105

Hs 2,6,10 10 32

Hy 2,12,20,30 30 280
Io(m) 2, m m m+ 2

Table 1. The degrees, the Coxeter numbers and the Catalan numbers for the
finite, irreducible Coxeter systems.

Corollary 2.1.2. If (W, S) is a finite, irreducible Coxeter system of rank n, then

|W|:H(e-[+1) and IT\:Zei.
io1

i=1

Because of this stunning connection, the numbers e, ey, . . ., e, appearing in Theorem 2.1.1

deserve a special name; they are the exponents of (W, S). For convenience, we define the degrees

of (W,S) by d; def e; + 1. Let Deg(W) def {dy,ds,...,dn} denote the set of degrees of (W,S),

and let hy, 4 hax Deg(W) be the Coxeter number of (W,S). Table 1 lists the degrees and the

Coxeter numbers of the finite, irreducible Coxeter systems.

Remark 2.1.3. The exponents of (W,S) further emphasize the importance of the Coxeter el-
ements in this whole story. By Corollary 1.2.16 any two Coxeter elements are conjugate and
therefore have the same order in W. According to [53], the order of any Coxeter element of W is
precisely hyy. If ¢ is a primitive ht}, root of unity, then the eigenvalues of any Coxeter element
(in the geometric representation) are (1, (%2, ..., (o,

Remark 2.1.4. Given a linear representation of a finite Coxeter group W on a real vector space
V, we may consider the algebra A of polynomial functions on V. Then, W naturally acts on A,
which gives rise to the ring of polynomial invariants AW. It was shown in [48] that AW is a
polynomial algebra, and every homogeneous choice of algebraically independent generators has
degrees di,ds, ..., dn, which justifies the terminology degrees for these numbers.

However, we do not plan on studying these generating series in greater detail, we simply
use them as a convenient means to define the exponents and degrees of finite, irreducible
Coxeter systems. This, in turn, brings us to one of the main definitions in this thesis.
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Definition 2.1.5 ([157, Remark 2]). Let (W,S) be a finite, irreducible Coxeter system. The
W-Catalan number is

h
Ctwy® T
deDeg(W)

Table 1 lists the W-Catalan numbers for the finite, irreducible Coxeter systems. We observe
that the eponymous instance comes from type A, which recovers the ordinary Catalan numbers:

Cat(n) = —— n) = Cat(An_1).

For now, it is quite astonishing that Cat(W) appears to be an integer in every instance. In
the next few sections, however, we give several explanations of this integrality property. More
precisely, a W-Catalan family is a set of combinatorial objects indexed by a Coxeter group W
(and possibly a Coxeter element c) whose cardinality is Cat(W). We exhibit four W-Catalan
families, and in each case we give a combinatorial interpretation in type A.

2.2. Aligned elements

Let n > 0 be an integer. Recall that the symmetric group of permutations of [n] is denoted
by &,. For w € &, and 1 € [n] we usually write w; instead of w(i).

A permutation w € &, has a 231-pattern if there exist indices 1 < 1 < j < k < n such that
wi < wi < wj. A permutation without a 231-pattern is 231-avoiding. Let us write 6,,(231) for
the set of all 231-avoiding permutations.

Proposition 2.2.1 ([101, Section 2.2.1, Exercises 4 and 5]). For n > 0, the cardinality of
6,(231) is Cat(n).

For w € 6&,, we define its inversion set by

2.2) Inv(w) € {(1,) | 1 <i<j<nand wi >w}.

Let w € 6,, such that (i,k) € Inv(w), and let j € {i+1,i+2,...,k—1}. Then, clearly, (i,j) €
Inv(w) or (j, k) € Inv(w). The inversion set of w is aligned if (i,k) € Inv(w) implies (i,j) € Inv(w)
foralli<j<k.

Lemma 2.2.2 ([31, Lemma 9.8]). A permutation w € &, is 231-avoiding if and only if
Inv(w) is aligned.

Let us rest for a moment and reinterpret the “aligned” condition in an order-theoretic
way. By Example 1.2.3, the symmetric group &,, is isomorphic to the Coxeter group A,_1,
where the Coxeter generator s; corresponds to the adjacent transposition (i i+1). Thus, the
set of all reflections of A,_; corresponds to the set of all transpositions of &,,. Hence, the
inversion sets defined in (2.2) recover precisely the type-A instance of the inversion sets for
Coxeter systems defined in (1.17).

If we fix the lexicographic order on the transpositions—defined by (i,j) < (i’,j’) if and only
if either i <1’ or i =1’ and j < j’—then Inv(w) is aligned if for every 1 <i <k < n:

(2.3) (i,k) € Inv(w) implies (i,j) € Inv(w) for all (1,§) < (i, k).

Thus, by considering a different linear order on the transpositions, we would obtain a different
“aligned” condition for &,,.
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Remark 2.2.3. The inclined reader familiar with Coxeter groups may have noticed that we have
defined right inversions and left weak order in Section 1.2.3, in contrast to the more standard
choice of left inversions and right weak order. In the motivating example of the symmetric
group, this amounts to acting on values rather than acting on positions.

The reason for this choice is that in the main part of this thesis, we want to consider parabolic
quotients of Coxeter groups. The combinatorial models for these constructions (in linear type
A; see Chapter 4) are easier to visualize from this perspective.

The definitions that will follow can be easily converted into their right weak order counterparts
by reversing the appearing S-reduced words.

* * *

We want to lift this construction onto a Coxeter-theoretic level, and fix a finite, irreducible
Coxeter system (W, S). There are two key observations in this process.

(1) Every S-reduced word for w € W puts a linear order on Inv(w) [29, Section 1.3]. More
precisely, let w € W and fix an S-reduced word w = ajas--- ax. The inversion order for w is
t1 < ts < -+ < ty, where Inv(w) = {t1,ts,...,t} and

def
ti = akQk—1- - Q—it1 - Ak—10k-

We denote this order by Inv(w). In particular, any S-reduced word w, for w, induces a linear
order Inv(w,) on T.

(2) Every Coxeter element puts a linear order on S. By Theorem 1.2.14, every Coxeter element
¢ € W induces an acyclic orientation of I'yy sy, which extends to a partial order on S. Since
the Coxeter graph of a finite, irreducible Coxeter system is a tree, the linear extensions of this
partial order correspond to the S-reduced words for c. Since two S-reduced words for ¢ differ
only by commutations of adjacent letters, this linear order is unique up to commutations.

We now exploit these two observations to define—for a fixed choice of Coxeter element—
a canonical S-reduced word for every element of W, and use the canonical word for w, to
extend the linear order on $ to a linear order on T.

Suppose that (W, S) has rank n and let ¢ € W be a Coxeter element. We fix an S-reduced
word ¢ = sys2 - - s, for ¢, and consider the left-infinite word

def
(2.4) ®C = -8y +--59581Sn - - $287.

Now, clearly, every S-reduced word occurs as a subword of *c, and there is a unique S-
reduced word for W that occurs as rightmost as possible; the c-sorting word for w denoted by
w(c).

Example 2.2.4. Let W = F4 and consider the Coxeter element ¢ = sosysiss. The element
w € Fy represented by the word w = sgs1535452538251 admits five S-reduced words, namely:

W1 = 525158354582535281, W2 = §251535254535281, W3 = §25835152548352S81,
W4 — 8§2838154528382S81, W5 — §2835451582583S2S1.

We highlight these words as subwords of *°c and order them lexicographically.

W4 = +--53515452535154525351545253515452535154525351545253515452
W1 = ---53515452535154525351548253515452535154525351545253815452
W5 = ---835154525351545253515482835154525381548528351545253515452

W3 = +--53515452535154525351548283515452535184528351545253815452
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W2 =  +--853515452535154825351545283515452535184528351545253815452

We conclude that wy is the c-sorting word of w.

Recall that @y}, is the set of positive roots of W defined in Section 1.2.2 and that there is a
natural isomorphism @y, — T sending « to tq.

Lemma 2.2.5 ([61, Lemma 4.1(iv)]). Lef «, B € @y}, and a,b € Rxq such that aa+bp € 5.
Forany w € W with tquivp € Inv(w), we have t € Inv(w) or tg € Inv(w).

Given an S-reduced word ¢ = syso---s,, for a Coxeter element ¢ € W, let <. denote the
inversion order Inv(wo(c)). Since Inv(w,) = T, this is a linear order on T. It follows from
[61, Section 2.1] that for «, 3 € @3, and any a,b € R such that ax + bp € @7, it holds that
either o <. ax+bp <¢ B or B <. ax+ b <. «.

Definition 2.2.6 ([148, Section 4]). Let (W, S) be a finite, irreducible Coxeter system of rank
nand let c € W be a Coxeter element for which we fix an S-reduced word c. An element w € W
is c-aligned if for all «, B € @Y, with o« < p and a,b € Rx such that ax +bp € O,

(2.5) taatbp € Inv(w) implies ty € Inv(w).

If ¢1,co are two S-reduced words for ¢, then they differ only by a sequence of commu-
tations of adjacent Coxeter generators. It follows that the inversion orders Inv(w,(c1)) and
Inv(w,(c2)) only differ by swapping neighboring commuting reflections. As a consequence,
c-alignment does not depend on a choice of S-reduced word for c.

Let us abbreviate the set of c-aligned elements of W by

(2.6) Align(W, ¢) & {w e W | w is c-aligned }.

Example 2.2.7. If W = A,,_; and ¢ = s1s2 - - - sn—1, then the c-sorting word of w, is precisely
Wo(c) = silsasi| - [sn_2---s2s1lsn_1---s281.

The corresponding inversion order Inv(w, (c)) is exactly the lexicographic order on the set of all
transpositions. Consequently, (2.5) is exactly (2.3), which implies that the c-aligned elements
of An_1 are precisely the 231-avoiding permutations of Gy,.

We have seen that c-aligned elements are a Coxeter-theoretic generalization of 231-avoiding
permutations. Somewhat intriguingly their cardinality turns out to be the Coxeter-theoretic
generalization of the Catalan numbers. It is most remarkable that the number of c-aligned
elements is independent of the concrete choice of c.

Theorem 2.2.8 ([148, Theorem 9.1]). Let (W, S) be a finite, irreducible Coxeter system and
let c € W be a Coxeter element. Then,

|/—\Iign(W, c)] = Cat(W).

Remark 2.2.9. According to [101, Section 2.2.1, Exercise 5], 231-avoiding permutations can
be constructed using a stack. To that end, we initialize an empty stack, and read the one-line
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notation of w € &, from left to right. At the ith step we remove elements from the top of the
stack until we find an element larger than w;, and subsequently put wy on top of the stack. The
elements we have removed (if any) are written in a list in order of their removal.

It can then be verified that w € &,(231) if and only if the output list of the above algorithm
applied to w is linearly ordered. For this reason, 231-avoiding permutations are also called
stack-sortable permutations.

Remark 2.2.10. N. READING gave an intriguing characterization of the c-aligned elements
using the structure of their c-sorting words.

To that end, we collect the letters of the c-sorting word of w € W appearing in the i™" copy of
c in °°c (read from right to left) into a set, say Xi. Then, w is c-sortable if X; D X D -+,
see [148,149]. The equivalence of c-sortability and c-alignment is [148, Theorem 4.1].

Remark 2.2.11. In [154], N. READING and D. SPEYER proposed an analogous construction for
c-alignment (and c-sortability) to infinite Coxeter groups. While the definition of c-sortability
does not differ significantly from the finite case, the definition of c-alignment is much more
intricate.

2.2.1. Cambrian lattices. We have just identified a distinguished subset for every finite,
irreducible Coxeter system (W, S) and every Coxeter element ¢ € W. Following the spirit of
this thesis, we want to study the behaviour of this set when partially ordered, and according
to Section 1.2.3 we are mainly concerned with weak and absolute order. While Align(W,c)
under absolute order does not appear to exhibit nice properties, the poset Weak (Align(W, c))
is exceptionally well behaved.

Let us dive right into this topic with the main definition of this section.

Definition 2.2.12 ([149]). Let (W, S) be a finite, irreducible Coxeter system and let c € W be
a Coxeter element. The c-Cambrian lattice of W is

2.7) Camb(W, c) & Weak (Align(W, c)).

Figure 18 shows the s;so-Cambrian lattices of the finite crystallographic Coxeter systems
of rank 2. Figure 19 shows a Cambrian lattice of the Coxeter group Ajs; the elements are
given by their corresponding c-sorting words. Let us record the most relevant properties of
the Cambrian lattices from our perspective.

Theorem 2.2.13. Let (W, S) be a finite, irreducible Coxeter system and let ¢ € W be a Coxeter
element. Then, Camb(W, c) is:

(i) a quotient lattice of Weak(W); [149, Theorem 1.1]
(ii) a sublattice of Weak(W); [149, Theorem 1.2]
(iii) congruence uniform; Proposition 1.1.31 & Theorem 1.2.9

(iv) trim. [98, Theorem 4.17]
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Figure 18. The s;so-Cambrian lattices for the finite crystallographic Coxeter
groups of rank 2.
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Figure 19. The sys1s3-Cambrian lattice of A3. The edge-labels are explained
in Example 2.3.14.

The key component in proving Theorem 2.2.13(i) is the fact that for each w € W there
exists a unique maximal c-aligned element below w in weak order [149, Proposition 3.2]. This
gives rise to a projection map

(2.8) m: W= Align(W,c),  w e \/{w’ € Align(W,¢) [ W <yeak W},
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Figure 20. The sgs1sp-Cambrian lattice of B3 as it arises as a lattice quotient
of Weak(B3). The members of Align(B3s, sgs1s2) are marked in blue.

whose preimages are precisely the congruence classes of the c-Cambrian congruence [149, The-
orem 1.1].

We have highlighted the congruence classes realizing Camb(Bs, s1s2s3) as a quotient lat-
tice of Weak(B3) in Figure 20. An element of Bs is s;sas3-aligned if and only if it is minimal
in its congruence class.

While the number of aligned elements of W is independent of the choice of Coxeter
element, the lattice structure of the Cambrian lattice is not. However, they are combinatorially
isomorphic in the sense that their poset diagrams are “the same” up to orientation.

Proposition 2.2.14 ([151, Corollary 8.1]). Let (W,S) be a finite, irreducible Coxeter sys-
tem and let c,c’ € W be two Coxeter elements. The poset diagrams of Camb(W,c) and
Camb(W, ¢’) are isomorphic as undirected graphs.

In fact, [151, Corollary 8.1] states that the poset diagram of each Cambrian lattice of W is
isomorphic to the 1-skeleton of the W-associahedron, a certain polytope defined in connection
with the cluster complex of W [74], see also Section 2.4.

Remark 2.2.15. Since aligned elements are defined for infinite Coxeter groups, too, it does
make sense to consider these elements under weak order. It follows from [154] that the resulting
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poset is a meet-semilattice, and properties (i)—(iii) of Theorem 2.2.13 carry over to principal
order ideals. Trimness of principal order ideals of the Cambrian semilattices was established in
[127]. A topological study of the Cambrian semilattices was conducted in [100].

By Theorem 2.2.13, Camb(W, c¢) is congruence uniform, and thus semidistributive by The-
orem 1.1.30(ii). Therefore, every c-aligned element admits a canonical join representation by
Theorem 1.1.14. In fact, there is a nice, compact description of these canonical join represen-
tations. For w € W, a cover inversion’ is an inversion t € Inv(w) such that there exists s € S
with sw = wt. The name stems from the fact that cover inversions precisely describe the cover
relations in Weak(W). We write Cov(w) for the set of cover inversions of w.

Lemma 2.2.16. For w € W, the number of elements covered by w is |Cov(w)|.

Proor. This is immediate by construction. O

Theorem 8.3 in [154] states that for every w € Align(W, c¢) and every t € Cov(w), there exists
a unique element j; € Align(W, ¢) with Cov(j¢) = {t}. By Lemma 2.2.16, j; is join irreducible as
an element of Camb(W, c¢).

Theorem 2.2.17 ([154, Theorem 8.1 and Proposition 8.2]). Let w € Align(W, c). Then,
Can(w) = {ji | t € Cov(w)}.

The main part of this thesis is devoted to the combinatorial study of a generalization of
the members of Cataland in type A. We therefore want to spend a few moments to recall a
combinatorial construction of the Cambrian lattices of A,,_; with respect to the linear® Coxeter
element

[« N
S

(29) c = §$182 " Sn—1-

By Example 2.2.7, the c-aligned elements of A,,_; are precisely the 231-avoiding permu-
tations of &,,. The weak order on &,, is the containment order on inversion sets. We recall
an encoding due to A. BjJorNER and M. WacHS that is equivalent to the projection map 75
from (2.8) in the sense that the preimages of 7% are precisely the permutations with the same
encoding.

Following [31, Definition 9.9], for w € &, we define the BW-code of w by cd(w) =
(c1,c2,...,¢n), where

def
ci = max{k ‘ Wi > Wit1, Wi > Wig2,..., Wi > Wi+k}-

Let Codes(n) &' {cd(w) |w € &, }. Definition 9.1 in [31] states that an integer tuple (c1,ca, . .., cn)
belongs to Codes(n) if and only if 0 < ¢ <n—iand cy4i <cx—iforallk € [n—2] and i € [cy].

5Perhaps these elements are better known under the name “cover reflections”. However, we have chosen to call
them “cover inversions” to emphasize the fact that the are inversions, not just arbitrary reflections.

6The name reflects the fact that the orientation of the Coxeter graph of A, _; corresponding to € is the linear
orientation from left to right.
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Figure 21. The componentwise order on Codes(4).

Proposition 2.2.18 ([31, Proposition 9.10]). For n > 0, the map cd: 6,(231) — Codes(n)
is a bijection, which converts the weak order on permutations to the componentwise order on
integer tuples.

Consequently, the componentwise order on Codes(n) is a lattice. This lattice has occurred
in the literature in various incarnations throughout the last six decades; we have just seen
two. The most well-known incarnation is probably the rotation order on binary trees, which
is usually referred to as the Tamari lattice Tam(n); first introduced in [182]. Figure 21 shows
Tam(4) realized by the componentwise order on the elements of Codes(4).

Remark 2.2.19. A classical way to encode a permutation w € &, is the Lehmer code, which
is the integer tuple (w) = (li,la,...,1n), where Ly = |{j [ j > 1, w; < wi}| [112]. More
precisely, the ith entry in the Lehmer code counts inversions of w of the form (i,-). The Lehmer
encoding uniquely determines a permutation.

The BW-codes defined above can be regarded as a “consecutive” version of the Lehmer code.
This encoding does no longer uniquely determine the permutation. However, it identifies 231-
avoiding permutations as the permutations with the minimal number of inversions among
all permutations with the same BW-encoding, and the componentwise order on the BW-codes
agrees with the weak order on the corresponding 231-avoiding permutations.

Remark 2.2.20. Very recently, the BW-codes have been recovered in the study of certain com-
binatorial Hopf algebras as special instances of so-called d-cliffs [50]. The combinatorial Hopf
algebra associated with the BW-codes is known under the name Loday—Ronco algebra and was
introduced in [115]. See also Section 4.5.1.

It is straightforward to verify that a cover inversion of w € &,, is a descent of w, i.e., a pair
(1,j) such that i < j and w; = w; + 1. By Theorem 2.2.17, the canonical join representation of
w € 6,(231) can thus be identified with the descent set of w. This brings us to our next main
object.
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Figure 22. The lattice Nonc(4). Its elements are also labeled by the corre-
sponding c-noncrossing As-partitions for ¢ = s2s1s3, proving that this lattice
is isomorphic to Nonc(As, c).

2.3. Noncrossing partitions

Let n > 0 be an integer. A set partition is a collection P = {By, Ba, ..., Bx} of nonempty,
mutually disjoint subsets of [n]—called blocks—such that U]le B; = [n]. The collection of all
ordinary partitions of [n] is denoted by TT,. In view of the things to come, we will normally
use the term ordinary partitions rather than set partitions.

Two consecutive elements in a block of P form a bump, and we consider bumps to be
ordered pairs, where the smaller entry comes first. We graphically represent P by drawing n
nodes—labeled from 1 through n—on a horizontal line and connecting two nodes by an arc
if their labels correspond to a bump of P.

An ordinary partition is noncrossing if its diagram P can be drawn such that no two arcs
intersect each other in their interior. In other words, P € TT,, is noncrossing if whenever (a;, b1)
and (az, b)) are bumps of P and a; < ay, then either b; < as or by < b;. We write Nonc(n) for
the set of all noncrossing set partitions of [n].

Proposition 2.3.1 ([111, Corollaire 4.2]). For n > 0, the cardinality of Nonc(n) is Cat(n).

The next result establishes a bijective correspondence between 231-avoiding permutations
and noncrossing partitions, and was independently discovered in [153].

Proposition 2.3.2 ([192, Proposition 5.3.5]). Let n > 0 and w € &,,(231). There exists a
unique P € Nonc(n) such that the cover inversions of w correspond to the bumps of P.

Ordinary partitions are naturally ordered by refinement, i.e., if P,P’ € T, then P refines
P’—written P <,f P’—if every block of P is contained in some block of P’. It is easy to see
that (TT,, </ef) is a lattice. This property is inherited by Nonc(n) def (
illustrated in Figure 22 for n = 4.

Nonc(n), <rf), and is

Theorem 2.3.3 ([111, Théoréme 1]). For n > 0, the poset Nonc(n) is a lattice. Moreover, it
is a meet-subsemilattice of (TTy, <yef)-
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Note that our definition of ordinary noncrossing partitions implicitly depends on the
linear order 1 < 2 < --- < n of [n]. However, we could have done equally well without this
choice of linear order, had we just defined noncrossing partitions as a collection of mutually
nonintersecting arcs. In doing so, we could in fact label the nodes of the diagram of an
ordinary noncrossing partition with respect to any linear order of [n]. In Figure 22, we have
labeled the ordinary noncrossing partitions for n = 4 with respect to the order 1 <3 <4 < 2.

Let a; = 1 and fix a linear order a; < as < -+ < an on [n] ={a1,as,...,an}. Due to this
ordering, for any P € TI,, there exists a unique permutation w € &,, whose cycles correspond
to the blocks of P. More precisely, if {ai,, ai,,...,a; } is a block of P with 1; < iy < --- <y,
then (ai, ai, ... ai.) is a cycle of w. This map has the following property.

Theorem 2.3.4 ([24, Theorem 1]). Let ¢ = (a; a2 ... an) be an n-cycle of &, where
a1 = 1. The map that sends blocks to cycles is a bijection from Nonc(n) to {w € Gn |l w <abs
c}. Moreover, this map converts the refinement order on partitions to the absolute order on
permutations.

Theorem 2.3.4 was recovered from an algebraic point of view in [33]. Figure 23 illustrates
the bijections described in Proposition 2.3.2 and Theorem 2.3.4 for n = 4.

Recall from Example 1.2.3 that &, is isomorphic to the Coxeter group A, _i, with the
Coxeter generator s; corresponding to the adjacent transposition (i i+1). It is quickly verified
that every Coxeter element of A,,_; corresponds to an n-cycle.

With our current knowledge, the following definition seems to come out of thin air. Its
only apparent justification is that its restriction to type A is in accordance with Theorem 2.3.4.

Definition 2.3.5. Let (W, S) be a finite, irreducible Coxeter system and let c € W be a Coxeter
element. We define the set of c-noncrossing W-partitions by

Nonc(W, ¢) def {w e W |w aps C}-

Moreover, we define Nonc(W, c) def Abs(Nonc(W, ¢c)).

Figure 22 shows the lattice Nonc(A3,c), where ¢ = s2s1s3. Combinatorial realizations
for Nonc(Bn,c) and Nonc(Dy,c) in terms of ordinary noncrossing partitions were given in
[10,157].

Lemma 2.3.6. The poset Nonc(W, c) is graded.

Proor. The absolute order admits—by definition—the rank function ¢r. Since
Nonc(W,c) is an interval in Abs(W) it inherits this rank function. a

We spend the remainder of this section explaining that this indeed is a reasonable defini-
tion, and we first observe that the cardinality of Nonc(W, ¢) is independent of ¢, and is indeed
the correct W-Catalan number.

"The position of the 1 is fixed to break the cyclic symmetry.
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Figure 23. The bijections involving permutations and noncrossing partitions
for n =4.

Theorem 2.3.7 ([10,21,111,157]). Let (W, S) be a finite, irreducible Coxeter system and let
¢ € W be a Coxeter element. Then,

|Nonc(W, ¢)| = Cat(W).

Theorems 2.2.8 and 2.3.7 imply that the sets Align(W, ¢) and Nonc(W, ¢) are equinumerous,
and this fact cries for a bijective explanation. Indeed, the bijection from Proposition 2.3.2
extends to all typesg. Let w € Align(W,c) with Cov(w) = {t1,ts,...,tx}, where the cover
inversions are ordered according to Inv(wo(c)), ie, ti <¢ tj if and only if i < j. We define a
map

(2.10) nce: Align(W,c) — Nonc(W,¢), w— titg---ty.

Theorem 2.3.8 ([148, Theorem 6.1]). The map nc. is a bijection for every finite, irreducible
Coxeter system (W, S) and every Coxeter element c € W.

80ur exposition may give the impression that Theorem 2.2.8 was known prior to Theorem 2.3.7. This is not at
all the case. In fact, Theorem 2.3.7 was proven first in a case-by-case fashion, and Theorem 2.2.8 was subsequently
concluded (uniformly) via the map nc.
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Example 2.3.9. Let us illustrate Theorem 2.3.8 in case of W = By, ¢ = s1sg. The c-sorting
word of the longest element of By is W, (c) = sos150s1, and its inversion set is

Inv(ws) = { s1 ,515081,508180, So }
e —
t1 to t3 ta

where the inversions are ordered according to Inv(wo(c)), e, ty < ta < tg <¢ ta. Comparing
with Figure 12, we find &, = xg and oy, = oy It follows that oy, = ag + 1 and o, =
200 + o1.

According to Definition 2.2.6, w € By is c-aligned if whenever it has to or t3 as inversions it
needs to have t, as an inversion, too.

The eight elements of By are listed in the following table, together with their inversion and cover
inversion sets and—if they are c-aligned—uwith their image under nc..

w e By Inv(w) w € Align(Bo2,c)? Cov(w) nce(w)
e 0 yes 0 e
so  {ta} yes {ta} S0
s1 {t1} yes {t1} s1
sps1  {t1,ta} yes {t2} 515051
s180  {t4,ts} 1o {ts} =
s0s150  {ta,ts,ta} no {ta} =
$18081 {t1,t2, t3} yes {ts} 505150
sps15081  {t1,t2,t3,ta} yes {ti,ta}  siso

We conclude that the definition of the set Nonc(W, c) fits nicely into the enumerative part
of this story. We will now see that it also fits exceptionally well into the structural aspect.

Recall that the set T is by definition stable under W-conjugation. This implies that the
length function ¢r (and thus the partial order <,ps) is invariant under W-conjugation. It
follows that the structure of Nonc(W, ¢) does not depend on the choice of c.

Corollary 2.3.10. Lef c,c’ € W be two Coxeter elements. Then, Nonc(W, c) = Nonc(W, ¢’).

Proor. By Corollary 1.2.16, c and ¢’ are W-conjugate. The claim follows since <aps
is invariant under W-conjugation. O

By Theorem 2.3.3 Nonc(A,,_1,c) is a lattice, and—perhaps somewhat surprisingly—this
property extends to all types, too.

Theorem 2.3.11 ([35, Theorem 7.8]). The poset Nonc(W,c) is a lattice for every finite,
irreducible Coxeter system (W, S) and every Coxeter element c € W.

Special cases of Theorem 2.3.11 were proven earlier in [10,21,111,157] exploiting the com-
binatorial realizations of these posets in terms of ordinary noncrossing partitions. We wish to
emphasize that the proof of Theorem 2.3.11 given in [35] is uniform, i.e., it works simultane-
ously for all finite, irreducible Coxeter systems. Its key component is an isomorphism from
Nonc(W, c)—for a particular Coxeter element c—to a collection of simplicial spheres which
converts absolute order into containment order.
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In a similar spirit, but from a completely different viewpoint, another remarkable uniform
proof of Theorem 2.3.11 was given in [152] and exhibits Nonc(W, c) as the core label order of
Camb(W, ¢); see Section 1.1.10. Let us recall this construction.

By Theorem 2.2.17, the canonical join representation of w € Align(W, c) can be identified
with the set Cov(w), and we may thus consider the following (well-defined) edge-labeling of
Camb(W,¢):

(2.11) Ac: Covers(Camb(W,c)) = T, (u,v)+—t,

where t is the unique element of Cov(v) \ Inv(u). The labeling A. is equivalent to the labeling
Ajsa of Camb(W, ¢c) considered as a semidistributive lattice. By Proposition 1.1.35, the core
label order of Camb(W,¢) is well defined.

For w € Align(W, c), we may define the subgroup Wcoy(w) = (Cov(w)) generated by the
cover inversions of w. By [152, Proposition 4.7], the set of reflections of Wc,,(w) agrees with
the labels appearing in the core of w in Camb(W,¢), i.e.,

{tET‘tEWCOV(W)}:Sh( (w).

Camb(W,c)Ac )

Proposition 2.3.12 ([180, Theorem 2.10.5]). For w,v € W, Sh< C

Sh(

Weak (W), Axq ) (u)

Weak(W),?\Jsd) (V) ifﬂi’ld OTlly l:flnv(u) - Inv(v) and WCov(u] - WCov(v]'

As a consequence, the containment order on {WcOv(w) | w e Align(W, c)} is isomorphic to
the core label order of Camb(W, c¢). This implies the following result.

Theorem 2.3.13 ([152, Theorem 8.5]). Let (W,S) be a finite, irreducible Coxeter system
and let ¢ € W be a Coxeter element. The bijection nc. extends to an isomorphism from
CLO(Camb(W,c)) to Nonc(W, c).

Example 2.3.14. Let W = A3 and ¢ = sas1s3. The c-sorting word of w, is
Wo(c) = s3s152838182,

and its inversion set is

Inv(wo) ={ s2 ,s25183, $28382, S351528351, S3 , S1 },

M~ N ——
t to t3 tg ts te

whose entries are ordered according to Inv(ws(c)). The c-Cambrian lattice of A3 is displayed in
Figure 19, where the edges are labeled by A.. The following table shows the inversion and cover
inversion sets of the elements of Align(As,c) together with their images under nc. (given as

permutations of [4] in cycle notation) and the sets of reflections in the subgroup of A3 generated
by the cover inversions.

w  Inv(w) Cov(w) ncc(w) TN Weoyiw)
e 0 [ 0 0
s1 {te} {te} (12) {te}
sy {t1} {t1} (32) {t1}
sz {ts} {ts} (34) {ts}
s1sp  {t1,ta} {ta} (13) {t2}
s3s1  {ts, tg} {ts, te} (12)(34) {ts,te}

s3sp  {t1,t3} {ts} (42) {ts}
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s2s182  {t1, t2, te} {t1,te} (132) {t1,t2,t6}
s3s1s2  {t1,t2,t3} {t2, t3} (13)(42) ({ta,t3}
s2s3s2  {t1,t3,t5) {t1, ts} (234)  {t1,t3,ts}
52835152 {t1,1t2,t3, t4} {ta} (14) {ta}
$352538182  {t1,t2,t3, t4,te} {t3, te} (142)  {ts,t4,te}
s182838182  {t1,t2,t3,t4,t5} {t2, t5} (134)  {to,t4,te}

535152835152 {t1,to, t3,ta,t5,t6} {t1,ts5,t6} (1342) {ti,t2,t3,ts,t5,t6}

We can verify in Figure 22 that for every w € Align(As, c), the set Weoy(w) agrees with the
principal order ideal of Nonc(Ag, c) generated by nc. (w), which illustrates Theorem 2.3.13.

2.4. Clusters

In Section 2.2.1 we have defined the c-Cambrian lattices by the weak order on c-aligned
elements. In this section we introduce another realization of these lattices as certain flip posets
on subword complexes.

Let (W, S) be a Coxeter system, and let S* denote the set of words over the alphabet S. For
Q € S* and w € W, the subword complex Subw(W; Q,w) is the simplicial complex whose facets
are the complements of the positions of the S-reduced words for w in Q [103, Definition 1.8.1],
see also [102]. The Demazure product on (W, S) is the map &: S* — W defined recursively by

B 8(Qs), if€s(3(Q)s) =
(2.12) 5(e)=e and 5(Qs) {5(Q), if t5(5(Q)s) =

Theorem 2.4.1 ([102, Theorem 3.7]). For Q € S* and w € W, the subword complex
Subw(W; Q,w) is homotopy equivalent to a either a ball or a sphere. It is homotopy equiv-
alent to a sphere if and only if 5(Q) = w.

Example 2.4.2. Let W = B3 and ¢ = sgsis2. Consider w € Bg given by w(c) =
$1505251505251, And Q = s05152505152505152505182. The S-reduced words for w are

§$18280818280S1, S1S0S2S81S2S0S1, S1S0S1S2S1S0S1, S1S0S2S1S0S2S81, S1S2S0S1S0S2S1-

There are eleven occurrences of S-reduced words for w as subwords of Q:
$08182805182508152505152, S0S152808152505152508152, S0S152805182505152808152,
5081852805152505152808152, S0S182805152508182808152, S0S152505152508182808152,
S081525051852505152808152, S0S1525051582805152508152, S08152805182508152508152,
508152808152508152808152, $05182805152805152508152.

The facets of Subw(B3; Q,w) are thus
{1,9,10,11,12}, {1,8,9,10,12}, {1,7,8,9,12}, {1,6,7,8,12}, {1,5,6,7,12},
{1,4,5,6,12},  {1,3,4,5,12}, {1,2,3,4,12}, {1,3,5,7,12}, {1,3,7,9,12},
{1,6,8,10,12}.

Since Q contains an S-reduced word for w, as an initial segment, it follows that 5(Q) = we.
Thus, by Theorem 2.4.1, Subw(B3; Q,w) is homotopy equivalent to a ball.
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Question 6.4 in [102] asks whether any spherical subword complex can be realized as a
convex polytope, and affirmative answers for certain classes of subword complexes have been
given in [19,43,138,139,141,165,178]. A particular class of spherical subword complexes are
obtained from a Coxeter element c € W. If Q is a word in S*, then we denote by Q the reverse
word, i.e., the word Q read from right to left.

Definition 2.4.3 ([43, Theorem 2.2]). Let (W,S) be a finite, irreducible Coxeter system and
let ¢ € W be a Coxeter element. The c-cluster complex is the subword complex

Clus(W, c) & Subw (W; ew,(c), wo),
for any S-reduced word c for c. The facets of Clus(W, c) are the c-clusters.

Remark 2.4.4. Originally, the c-cluster complex of W was defined in [74] in the context of
finite type cluster algebras. More precisely, the vertices of the c-cluster complex correspond
to the almost positive roots of W, i.e., the elements in ®,, W (—TTw). Two such almost
positive roots belong to a face if they satisfy a certain compatibility condition depending on
¢ [74, Section 3.1].

Recall from Section 2.2 that every S-reduced word for a Coxeter element ¢ € W induces a linear
order o1 <¢ otg <¢ -+ < &n Of the simple roots and that the c-sorting word of w, induces a
linear order B1 < B2 <c -+ <c Bn on the positive roots. Theorem 2.2 in [43] states that the

map
i , )
Bi—n, fn<i<N+n
is an isomorphism from the subword realizations of the c-cluster complex to the root realization.

n,

Proposition 2.4.5 ([119, Proposition 4.10]). Let c,c’ € W be two Coxeter elements. Then,
Clus(W, ¢) = Clus(W, ¢’).

Theorem 2.4.6 ([74, Proposition 3.8]). Let (W, S) be a finite, irreducible Coxeter system and
let ¢ € W be a Coxeter element. Then, the number of facets of Clus(W, c) is Cat(W).

Let us briefly describe a bijection from the c-aligned elements of W to the c-clusters of W
following [148, Section 8]. For w € Align(W, c), let w(c) = ajas - - - ax be the c-sorting word for
w. Given s € S, the last reflection for s in w is either the formal negative —s if s does not occur
in w(c) or axay_1---Qx_it1 - Ax_10ax, where ay_i,1 is the left-most occurrence of s in w(c).

Since c linearly orders S and w,(c) linearly orders T we consider the following relabeling
of the last reflections. Let S = {sq,s2,...,sn}, where the indices indicate the linear order on
S induced by ¢, and let T = {t;,t2,...,tn}, where the indices indicate the inversion order
Inv(w,(c)). For w € Align(W,¢) and s € S, let § be the last reflection for s in w. If § = —s;, then
we identify § with i, and if § = t;, then we identify § with n+j. Let cl.(w) denote the set of
last reflections of w under this identification.

Theorem 2.4.7 ([148, Theorem 8.1]). Let (W, S) be a finite, irreducible Coxeter system and
let c € W be a Coxeter element. The assignment w — cl.(w) is a bijection from Align(W, c) to
the set of facets of Clus(W, c).
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Example 2.4.8. We illustrate Theorem 2.4.7 by continuing Example 2.3.9. Let W = By and
¢ = s189. There are two S-reduced words for w,, namely wWoq1 = s0s15051 A4nd Wo2 = $1505150;
and wo1 = Wo(c). Then, we set Q = s150s180S1S0, and there are six occurrences of an S-reduced
word for we in Q:

518051508150, 515081805150, S18051505180, S15051508180, S15051508180, S15081508180-

The facets of Clus(Bs, c) are thus {{1,2},{1, 6},{2, 3},{3,4},{4, 5},{5, 6} }.

According to Example 2.3.9, Inv(wo(c)) is t1 <c ta <c t3 <c ta, With t; = s1, ta = s15081,
t3 = sosi1s0, ta = so. The eight elements of By are listed below, together with their last
reflections and—if they are c-aligned—uwith their image under cl..

w € By w € Align(Bga,c) last reflections of w  cl¢(w)

e yes —S1,—S0 {1,2}

So yes —s1,t4 {1,6}

s1 yes —s0, t1, {2,3}

5051 yes ty,t2 3,4}
$1S0 no t3, ty =
S0S1S0 no to, t3 =

$1S0S1 yes to, t3 {4, 5}

$0S1S0S1 yes t3, tsg {5, 6}

Theorem 1.2.12 implies that there is a canonical way to partially order the facets of a
subword complex. Indeed, for any facet I € Subw(W; Q,w) and any i € I there exists a unique
facet ] € Subw(W; Q,w) and a unique j € J such that I\ {i} = J\ {j}. In this situation we say that
the facets I and | are related by a flip. If 1 < j, then this flip is increasing, and we write I <g;, J.
This is, clearly, an acyclic binary relation on the set of facets of Subw(W;Q,w), and can thus
be extended to a partial order <g;,. Increasing flip orders on (spherical) subword complexes
were intensively studied in [140,141]. Figures 24a and 24b show the increasing flip orders on
the facets of the subword complexes from Examples 2.4.2 and 2.4.8.

We now remark that we have previously encountered the increasing flip order on the
c-cluster complex of W in the guise of the (dual of the) c-Cambrian lattice. This claim can
be illustrated by comparing Figures 18 and 24b. Note that we have to consider the dual of
Camb(W, ¢), because we use left weak order.

Theorem 2.4.9 ([141, Corollary 6.3.2]). Let (W, S) be a finite, irreducible Coxeter system and
let ¢ € W be a Coxeter element. The increasing flip order on Clus(W, c) is isomorphic to the
dual of Camb(W, c).

We finish this section by giving a combinatorial interpretation of the c-clusters of A,_;.
A Ferrers shape is a sequence A = (A1,Az,...,Ax) of integers satisfying Ay > Ay > -+ > A. We
graphically represent a Ferrers shape by drawing A, unit boxes in a row, then draw Ay_; unit
boxes left-aligned on top of the previous row, and so on. A staircase shape of order n is a
Ferrers shape of the form (n,n—1,...,1) for some n.

According to [17,70], a pipe dream for w € &,, is a filling of a staircase shape of order n with
elbows () and crosses (1) such that the strand entering in the ith row from the left exits in
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{1,9,10,11,12}

N

51

{1,8,9,10, 12}
PN
{1,6,8,10, 12} (1,7,8,9,12}
~
{].,67 7,8, 12} {5,6}
N /
{1,5,6,7, 12} {1,3,7, 9, 12} {4,5}
PN |
{1,4,5,6, 12} {1,3,5,77 12} {3,4}
~N |
{1,3,4,5, 12} {2,3} {1,6}
e |/
{1,2,3,47 12} {1,2}

(a) The increasing flip order on the subword
complex from Example 2.4.2.

(b) The increasing flip order on the subword
complex from Example 2.4.8.

Figure 24. Increasing flip orders of two subword complexes.

5 4 7 1 2 6 8 3

R N O Ot s W N

Figure 25. A reduced pipe dream for w = 54712683 € Gs.

the (w; 1)t column to the top. A pipe dream is reduced if no two strands cross more than once.
Let Pipe(w) denote the set of reduced pipe dreams for w. See Figure 25 for an illustration.
By design, the last boxes in each row are filled with elbows, and each cross corresponds to
a unique inversion of w. In fact, if we label the boxes appropriately, the crosses determine a
reduced factorization of w into adjacent transpositions.

Remark 2.4.10. Pipe dreams were initially defined to aid the understanding and computation
of Schubert polynomials, which form an important basis of the polynomial ring Z[x1,x2, .. ]
and represent special elements of the cohomology ring of a flag variety. See [25] for more
background.
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10 14 17 19 20
5 9 13 16 18
4 8 12 15
3 7 11
2 6

1

Figure 26. Labeling the boxes of the staircase shape for n = 6.

We now consider the permutation w ¥ mrln .. 2¢ Gni1, and abbreviate

Pipe(n) def Pipe(wn)). This permutation is special in that the cardinality of Pipe(n) is a Catalan
number.

Proposition 2.4.11 ([193, Proposition 1]). For n > 0, the number of reduced pipe dreams of
Win) is Cat(n).

Let us describe a bijection from Pipe(n) to the c-clusters of A,_;. Note that in any reduced
pipe dream for w,), the top-left box always contains an elbow. We label the boxes of the
staircase shape as illustrated in Figure 26 for n = 6. The n—1+ (%) labeled boxes are precisely
those that can contain a cross in a reduced pipe dream for w,). Note further that in A1,

the word ¢w,(¢) has precisely n — 1 + () letters, and every reduced factorization of wy,)
into adjacent transpositions of &, corresponds to a unique reduced S-factorization of w, €
An_1 by sending (i i+1) to si_;. This establishes the following result, which is illustrated in
Figure 27 for n = 4.

Theorem 2.4.12 ([65, Section 2]). Let n > 0. For P € Pipe(n), the set of labels of the boxes
containing the elbows of P is a facet of Clus(An_1, ), and this correspondence is bijective.

Following the spirit of this thesis, we now define a partial order on the set of pipe dreams
for w. A rectangular region inside a Ferrers shape filled with crosses and elbows is chutable
if it is filled with crosses except for the northwest, southwest and southeast corners. A chute
move—denoted by <h,e—takes a chutable rectangle and exchanges the elbow from the south-
west corner with the cross from the northeast corner [17,161]. Figure 28 illustrates this process.

It is quickly verified that a chute move does not change the permutation w, which entails
that being related by a chute move is an acyclic binary relation on the set of pipe dreams for
w. Thus, this relation may be extended to a partial order; denoted by <chute. If W = wn,
then Theorem 2.4.12 implies that chute moves correspond precisely to increasing flips in the
c-cluster complex of type A, which yields another realization of Tam(n) as the lattice of chute
moves on Pipe(n). See Figure 29 for an illustration. Structurally, it is believed that the chute
move posets are always lattices.

Conjecture 2.4.13 ([161, Conjecture 2.8]). For every n > 0 and w € &, the poset
(Pipe(w), <chute) is a lattice.
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Figure 27. The fourteen reduced pipe dreams for w. Each pipe dream is
additionally labeled by the S-reduced word for w, € As it represents in cw, (¢)

and the corresponding facet of Clus(As,¢)
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Figure 28. Illustration of a chute move.
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Figure 29. The chute order on Pipe(4) realizing Tam(4).

Conjecture 2.4.13 has been verified in the following cases. For u € &, and v € &5, their
sum is the permutation u & v € &4y defined by

iy f i < 5
2.13) wav) {u s
vi+m, ifi>m.

Theorem 2.4.14 ([44, Theorem 41]). Let n > 0. If w € &, isw = 1 ® u, where u is
132-avoiding, then (Pipe(w), <chute) is a lattice.
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Arldsd e

area = 0 area = 1 area = 2 area = 1 area = 2 area = 3 area = 3 area = 4 area = 5

Figure 30. The nine ENENN-paths with peaks and valleys marked by blue
squares and red circles, respectively.

The proof of Theorem 2.4.14 realizes the chute posets of pipe dreams via a rotation order
on certain lattice paths. We will describe this construction in the next section.

2.5. Nonnesting partitions

We now deviate slightly from the algebraic constructions of the previous sections, and
exhibit another W-Catalan family defined on certain sets of positive roots. In order to motivate
this construction, we start purely combinatorially by considering certain lattice paths. Along
the way we exhibit yet another realization of the Tamari lattice.

A northeast path is a lattice path in N> which starts at the origin and uses only unit steps
in north or east direction. Consequently, a northeast path can be written as a word over the
alphabet {N, E}. We write Paths(m,n) for the set of northeast paths with m east steps and n
north steps, i.e., the set of northeast paths ending at (m,n). For p € Paths(m,n) its reverse path
is obtained by reading p backwards and swapping north and east steps, and is denoted by p.

A peak (resp. valley) of p € Paths(m,n) is a coordinate on p which is preceded by a north
step (resp. east step) and followed by an east step (resp. north step). We denote by peak(p)
(resp. valley(p)) the number of peaks (resp. valleys) of p.

Let v € Paths(m,n). Any p € Paths(m,n) which stays weakly above v and weakly below
the path N"E™ is a v-path; and the set of all v-paths is denoted by Paths(v). The area of p
is the number of coordinates (i — %,j — 3), for i € [m] and j € [n], above v and below p;
denoted by area(p). In other words, a v-path stays inside the Ferrers shape traced out by v,
and the area statistic counts the boxes below the path. Figure 30 illustrates these definitions
for v = ENENN.

A Dyck path of semilength n is an element of Dyck(n) def Paths((NE)“). J. SEGNER proved
that the Catalan numbers satisfy the following recurrence relation [164]:

n—1
(2.14) Cat(n) = ) Cat(i)Cat(n—1—1),

i=0
and it is easy to decompose the set of Dyck paths of semilength n in an analogous manner,
thus proving the next statement.

Proposition 2.5.1. For n > 0, the number of Dyck paths of semilength n is Cat(n).

By construction, the peaks of p € Dyck(n) can be identified with pairs (i,j) for some
0 < i< j < n. By converting a peak (i,j) with i + 1 < j to a bump (i + 1,j), one can naturally
associate a set partition of [n] with p. It is easy to show that the set partitions so obtained are
nonnesting, i.e., if (a;,b1) and (az,bz) are bumps and a; < ay, then b; < by. In fact, this map
is a bijection from Dyck(n) to the set Nonn(n) of all nonnesting set partitions of [n].

Even though nonnesting partitions are eponymous for this section, we now turn to a
different object that is much better suited to generalize to finite Coxeter groups. Note that the
coordinates (i— 3,j — 3) which are inside the n x n-rectangular region in N?, whose bottom
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Figure 31. Converting a Dyck path into a nonnesting partition, an order ideal
and an antichain in the triangular poset for n = 9.

left corner is the origin, and above the path (NE)™ are those of the form 1 < i <j < n. By
connecting these coordinates with horizontal and vertical line segments of unit length, we
recover the poset diagram—rotated by 45 degrees counterclockwise—of the triangular poset,
defined by

(2.15) A ({1 <i<i<n}, =),
where (a1,b1) < (az,b2) if and only if a; > as and by < ba.

Now, every Dyck path of semilength n traces out an order ideal of A,,, and this is clearly
a bijection. Moreover, the minimal elements of the complement of an order ideal form an
antichain, i.e., a set of pairwise incomparable elements, and this is again a bijective correspon-
dence. Figure 31 illustrates the three bijections we have just described.

* * *

By inspection of Figure 13, we observe that the triangular poset A,, is isomorphic to the
root poset of A,_; via the map

(Lj) =0+ Xl g

This implies that the number of order ideals (and thus the number of antichains) of the root
poset of type A is exactly the type-A Catalan number. A. PoSTNIKOV observed that this extends
to all crystallographic groups.

Theorem 2.5.2 ([157, Remark 2]). Let (W, S) be a finite, irreducible crystallographic Coxeter
system. The number of antichains of the root poset (@, <) is Cat(W).

Remark 2.5.3. In general, the positive roots of noncrystallographic Coxeter systems need not
be expressable as integral linear combinations of the simple roots. Therefore, our definition of
the root poset does not immediately extend to noncrystallographic Coxeter systems.

However, D. ARMSTRONG suggested two surrogate posets for Hs and Io(m) with m ¢
{2,3,4,6} [4, Open Problem 5.4.4]. We have drawn them in Figure 32. The number of
order ideals in these “fake” root posets is the correct Catalan number, and they have some other
properties desirable for root posets. We therefore mean these posets when we consider “root
posets” for Hz or Ip(m).
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(a) The “fake” root poset for Hs. (b) The “fake” root poset for Io(m) consisting
of m elements.

Figure 32. The surrogate root posets for Hs and I>(m).

For Hy, an exhaustive computer search showed that no such surrogate exists [54]. However,
[54, Figure 5] shows four posets with 60 elements that satisfy a remarkable amount of properties
common to root posets. We have reproduced these posets in Figure 33.

Definition 2.5.4. Let (W,S) be a finite, irreducible Coxeter system other than Hy. The
nonnesting W-partitions are the antichains of (@3, <).

We write Nonn(W) for the set of nonnesting W-partitions. A uniform bijection between
nonnesting and noncrossing W-partitions was given in [7]. Other bijections using combinato-
rial or geometric interpretations were given for instance in [8,51,67,117,179].

2.5.1. v-Tamari lattices. Let us return for a moment to the set of v-paths for some v ¢
Paths(m,n). Let p € Paths(v) and let (i,j) be any lattice point on p. The distance of (i,j) from v
is

dist, (p, (1,7)) def max{a —1]| (a,j) is a lattice point on v}.

If (1,j) is a valley of p, then we define the rotation of p by (i,j) to be the v-path q constructed
from p by swapping the east step preceding (i,j) with the segment of p between (i,j) and the
next lattice point (i’,j’) (after (i,j)) on p with dist, (p, (1,j)) = dist, (p, (i’,j’)). In that situation,
we write p <, q. Since the area of q is strictly bigger than the area of p, it follows that <, is
an acyclic binary relation and its reflexive and transitive closure therefore is a partial order;
denoted by <,.

The poset Tam(v) def (Paths(n),gn) is the v-Tamari lattice. If v = (NE)™, then Tam(v)

recovers the ordinary Tamari lattice Tam(n)’. Figure 34 illustrates the rotation of a v-path,

and Figure 35 shows Tam(ENENN).

Theorem 2.5.5 ([144, Theorems 1-3]). Let m,n > 0 be integers and let v € Paths(m,n).
(i) Tam(v) is a lattice.

Note that the ordinary Tamari lattice is indexed by an integer, while the v-Tamari lattice is indexed by a
northeast path.
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Figure 34. The rotation of a v-path for v = EEENENNEENEEN.
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Figure 35. The ENENN-Tamari lattice.

(il) Tam(v) is isomorphic to Tam()9.
(iii) Tam(v) is an interval of Tam(m +n + 1).

Corollary 2.5.6. For all integers m,n > 0 and every v € Paths(m,n), the lattice Tam(v) is
congruence uniform and trim.

Proor. We have argued at the end of Section 2.2.1 that Tam(n) = Camb(A,,_1,¢).
Therefore, the claim follows from Theorem 2.2.13 via Proposition 1.1.23(i) and Propo-
sition 1.1.31. d

2.6. Chapoton Triangles

We end our tour of Cataland with an enumerative connection between noncrossing and
nonnesting partitions and clusters first observed by F. CHAPOTON in [46,47]. In particular,
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for a finite, irreducible Coxeter system (W, S) and a Coxeter element ¢ € W we define three
bivariate polynomials.

The M-triangle is the generating function of the Mobius function in Nonc(W, ¢) according
to rank:

(216) MW(Xay) déf Z HNonC(W,C)(p7 Q)er(p)yrk(q).

p,q€Nonc(W,c)

By definition, the Mobius function of a poset is a structural invariant. Since the noncrossing
partition lattices for different Coxeter elements are isomorphic by Corollary 2.3.10, the M-
triangle does not depend on the choice of c. Moreover, the M-triangle is well defined, since
Nonc(W, ¢) is graded by Lemma 2.3.6.

Let A be a face of the cluster complex Clus(W, c). If n denotes the rank of W and N denotes
the number of reflections of W, then by Definition 2.4.3 A is a subset of [n + N]. We consider
the two maps

pos: p(IN+n]) > N, A~ |ANn{n+l,n+2,...,N+n}|,
neg: p(IN+nl]) = N, A |[AnM].

The F-triangle is the generating function of the faces of Clus(W, ¢) with respect to these maps:

(2.17) Twicy) Y xeesAynes(),
A€eClus(W,c)

Again, by Proposition 2.4.5, the F-triangle does not depend on the choice of Coxeter element.

Finally, assume that W # H4. For A € Nonn(W), we denote by min(A) the number of
minimal elements of (®y,, <) contained in A. The H-triangle is the refined generating function
of nonnesting partitions with respect to size:

2.18) Hw(x,y) & X Alymin(A)
( y y
A€eNonn(W)

Example 2.6.1. Let us illustrate these definitions for W = As. Figure 22 shows Nonc(As, c),
and we find that the corresponding M-triangle is

Ma, (%, y) = x>y — 6x%y® + 10xy® + 6x%y? — 5y — 16xy? + 10y? + 6xy — 6y + 1.
The nonnesting partitions of Az can be recovered from Figure 13 by restricting to the order
ideal generated by o« + og + &3, and we find that the corresponding H-triangle is
Ha,(x,y) = x3y> + 3xPy? + 2x%y +x% + 3xy + 3x + 1.
The fourteen c-clusters of Ag are displayed in Figure 27, so that we find the F-triangle to be
Fas(x,y) = 5x% + 5x?y + 3xy? +y> + 10x? + 8xy + 3y + 6x + 3y + 1.

Referring to these polynomials as “triangles” comes from the fact that if we arrange their
coefficients in a square matrix, where the entry in position (i,j) corresponds to the coeffi-
cient of x~'yi~!, then the non-zero entries are arranged in a triangular shape. The three
polynomials from Example 2.6.1 can be represented as follows:

T 6 10 -5

1 1
0 6 —16 10 || y
2 0 0 6 —6 y? |
3 o 0 0 1 y

1
X
Ma, (xy) = x
X
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T

1 1 0 0 0 1
X 3 3 0 0
:H:Az(xvy): x2 1 2 3 0 32 )
x3 0 0 01 y3
1\'/ 1331 1
X 6 8 3 0
SrAs (Xay) = X2 10 3 0 0 32
x3 5 0 0 0 y?

Most suprisingly, the M-, H- and F-triangles can be obtained from one another by an
invertible substitution of variables. This correspondence can be verified for A3 directly using
the polynomials from Example 2.6.1.

Theorem 2.6.2 ([9,105,106,109,183,191]). Let (W, S) be a finite, irreducible Coxeter system.
If v =S|, then

y+1 y—x
& (Xa ): TM < 77)
wix,y) =y Mw y—x' y
oy x+1 y+1
=X :H:W(X7y)( X ’X+1)’
_ _ r Yy xy—1)
1 —1 1
:(X—l)rffw 7X(y )+ P
x—1 x—1

Mw(x,y):(xy—l)r?w< -y 1 )

xy—1"xy—1
_ _ T y(X—l) X

Remark 2.6.3. In fact, Theorem 2.6.2 is proven (in the given references) for the crystallographic
Coxeter groups. Using the surrogate root posets in the noncrystallographic types, see Figures 32
and 33, we can show that this correspondence extends to these types, too.

More precisely, if W = Io(m), it is easily verified that

I m) (X, y) = (M — 1)x% + 2xy +y2 +mx + 2y + 1,
Hiym)(x,y) = x2y? 4 2xy + (M —2)x + 1,
M, (%, ) = x*y% — mxy? + mxy + (m— 1)y? —my + 1.

If W = Hg, then we obtain

Friy (x,y) = 21x3 + 7x%y + 3xy? + y® + 35x% + 10xy + 3y% + 15x + 3y + 1,

Hiy (x,y) = x3y> + 3xPy? + 4x%y + 8x? + 3xy + 12x + 1,

M, (%, y) = X3y — 15x2y? + 15x*y? + 35xy® — 50xy? — 21y + 15xy + 35y

— 15y +1.
If W = Hy, then we obtain
T, (%, y) = 232x* + 323y + 11x2y? + 4xy® +y? +480x + 59x2y + 17xy? + 4>
+307x% + 31xy + 6y% + 60x + 4y + 1,
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Hi, (x,y) = xy? +4x3y3 + 5x3y% + 93y + 6x%y? 4 42x3 4 19x%y + 133x2 + 4xy
+ 56x + 1,

My, (x,y) = xy? — 60x3y? + 60x3y> + 307x%y* — 465x%y> — 480xy? + 158x>y>
+ 885xy® 4 232y* — 465xy? — 480y> + 60xy + 307y% — 60y + 1.

Note that all four posets from Figure 33 yield the same H-triangle.
We can verify that these triples of polynomials satisfy the relations stated in Theorem 2.6.2.



CHAPTER 3

Parabolic Cataland: Origins

The previous chapter exhibits various enumerative and structural interactions between
the families Align(W, c), Nonc(W,c), Clus(W, c) and Nonn(W). A most remarkable property is
that these four families are equinumerous (independently of the choice of Coxeter element),
and their cardinality is given by Cat(W); see Theorems 2.2.8, 2.3.7, 2.4.6 and 2.5.2.

In his thesis [192], N. WILL1AMS set out to test the robustness of this connection by attempt-
ing to extend it to parabolic quotients of W. To that end, he defined analogues of Align(W,¢),
Nonc(W, ¢), Clus(W, c¢) and Nonn(W) for these quotients and compared their enumeration with
respect to different Coxeter elements. Computer experiments suggest that such a well-defined
parabolic Catalan number exists when W is of type A, By, H3 or Io(m).

Remark 3.0.1. The finite, irreducible Coxeter groups of type A, Bn, Hs or Ia(m) are nowa-
days called the coincidental types, because they share several remarkable properties that distin-
guish them from the other finite, irreducible Coxeter groups.

Instances of these properties can be found in [14,43,62,89,92,95,96,126,150,158,174,192].

We first define parabolic quotients of Coxeter groups, and then recall WiLLIAMS  con-
structions of parabolic analogues of Align(W,c), Nonc(W,c), Clus(W,c) and Nonn(W). We
then present some numerology and pose structural conjectures about these sets and their in-
teractions. We then properly investigate Parabolic Cataland in linear type A, and suggest
combinatorial models in other types.

3.1. Parabolic quotients of Coxeter groups

Let (W, S) be a Coxeter system. Any ] C S naturally generates a subgroup Wy of W. This
is again a Coxeter group whose Coxeter diagram is the subgraph of Iy s) induced by the
vertices in J. Subgroups of W of this form are parabolic subgroups.

The parabolic quotient of W by ] is the set W) of minimal length representatives (with
respect to {s) of the left cosets of W; in W, i.e,,

3.1) W 2 L e W ts(ws) > €s(w) for all s € J}.

In other words, W/ consists of all elements of W for which no S-reduced word ends in some
sel.

63
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Figure 36. The lattice Weak(BY***)). The (B{***) c)-aligned elements, for
¢ = sgs182, are marked in blue.

Example 3.1.1. Let W = Bz and ] ={so, s2}. The corresponding parabolic subgroup is (Bs)j =
{e, s0, 82, s0s2}, and the left cosets of (Bs); in B3 are (where each element is represented by its
sos1Sg-sorting word, see Figure 20):

{e, s0, s2, 8250},

{s1, 5150, 5152, 515250},

{s0s1,505150,505152, 50515250},

{s251, 525180, 515251, S1525150},
{s0s281,50525150, 50515251, 5051525150},

{s18081,81505180, 51505182, $150515250},
{s1508251,5150525150, 5150515251, 515051525150},
{s2515051,5251505150, 5251505152, 5251505152501,

{s051505251, 505150525150, 515051505251, $1505150525150},
{s251505251, 525150525150, 525150515251, $2515051525150J,
{s05251505251, 50525150525150, $2515051505251, 5251505150525150},
{s1505251505251,5150525150525150, $251505251505251, $25150525150525150}-

Thus, the parabolic quotient of B3 by (B3)y is
I8 = {ea51,505175281,505281,515051,31505251,52515051,5051505281,
8231508281,508281805251781505231808251},

and Figure 36 shows Weak(B)).

If we compare Example 3.1.1 with Figure 20, then se see that the weak order on Bgso’”}

is an interval in Weak(B3). This is not a coincidence. In fact, since we defined parabolic
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quotients to consist of minimal length representatives with respect to left cosets, parabolic
quotients behave nicely with respect to the left weak order.

Theorem 3.1.2 ([30, Theorem 4.1]). For every finite Coxeter system (W, S) and every J C S,
the poset Weak(W/) is a principal order ideal in Weak(W).

We record two important corollaries of this theorem.

Corollary 3.1.3. For every finite, irreducible Coxeter system (W, S) and every ] C S, the poset
Weak(W) is a congruence-uniform lattice.

Proor. This follows from Proposition 1.1.31 and Theorems 1.2.9 and 3.1.2. O

In particular, canonical join representations can be computed in Weak(W’) in the same
way as in Weak(W); see Theorem 2.2.17.

Corollary 3.1.4. If (W, S) is a finite Coxeter system and ] C S, then W has a longest element;
denoted by w).

We define the restriction of the positive roots to W/ by

(3.2) 0}, € {a e dfy | to € Inv(w))},

ie., @, contains all positive roots corresponding to inversions of w]. Note that Wy = {e}, and
thus W = W and @ , = 0Y,,.
3.2. Parabolic aligned elements

From now on, let (W,S) be a finite, irreducible Coxeter system, and fix an S-reduced
word c¢ for a Coxeter element ¢ € W. Let <. denote the inversion order Inv(wo(c)) defined
in Section 2.2. In Definition 2.2.6, we have defined the c-aligned elements of W via a certain
forcing order on the reflections of W. We slightly adapt this definition when we move to
parabolic quotients of W. We use <] as a short-hand for Inv(w](c)).

Definition 3.2.1 ([192, Definition 5.1.6]). Let (W, S) be a finite, irreducible Coxeter system,
let ¢ € W be a Coxeter element for which we have fixed an S-reduced word ¢ and let ] C S. An
element w € W is (W/, c)-aligned if for all o, p € @, with « <] p and a,b € Ry such
that acc+bp € @Y, ;:

(3.3) taatvp € Cov(w) implies tq € Inv(w).

Let Align(WJ, c) denote the set of all (W/, c)-aligned elements.

Remark 3.2.2. In the case ] = 0, the only difference in the definition of c-aligned elements
vs. (WP, c)-aligned elements is that tqa v can be an arbitrary inversion in Definition 2.2.6
while it must be a cover inversion in Definition 3.2.1. So, clearly, it holds that Align(W,c) C
Align(W? ¢). However, since WP = W it is desirable that both definitions are equivalent for
] = 0. This is trivially true if W = Iy(m), and was shown to hold in [147, Lemma 5.5] if
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W =A.. IfW =By, or W = Dy, then this equality follows from [148, Lemmas 4.9 and 4.11],
and it was explicitly checked by computer for W € {Hs, F4, Ha}. It has not yet been verified for
W € {Eg, E7, Eg}, but is believed to be true. See also [192, Remark 5.1.8].

Example 3.2.3. Let us continue Example 2.3.9, and consider W = Bg and ¢ = sysg. Recall
that t1 = s1, ta = s18081, t3 = sos180 and ta = so. We have explained in Example 2.3.9, that
w € By is c-aligned if whenever it has to or t3 as inversions it must have t, as an inversion, too.
By Definition 3.2.1, w € By is (B, c)-aligned if whenever it has ts or t3 as cover inversions
it must have t, as an inversion, too. The following table shows that w € By is c-aligned if and
only if it is (BY, c)-aligned.

w € By Inv(w) Cov(w) w € Align(Ba,c) we AIign(Bg,c)
e 0 0 yes yes
so  {ta} {ta} yes yes
s1 {t1} {t1} yes yes
sos1  {t1,ta} {tg} yes yes
5150 {t4,t3} {ts} no 1o
s0s180  {ta, t3,ta} {t2} no no
$18081  {t1,ts,t3} {t3} yes yes
s0S180s1  {t1,to,t3, ta} {t1,t4} yes yes

Example 3.2.4. Let W = B3, and ¢ = sosis2. If ] = {so, s2}, then wl(c) = s1s0s251508251,
and the inversion set of w} is
Inv(w]) = { s1 ,515251, 515051, $1505251508251, S0S1S0, S251508152, S0S15251S0 },
~— e~ — e e e —
t1 to t3 tq ts te t7

ordered with respect to Inv(w](c)). (Note that this order is not contained in Inv(w,(c)).) We
may compute directly that

Xp, = 01, X, = 01 + o2, Xty = &g + X1, X, =200 + 2001 + o2,
oy, =200 + X1, Qg = 0 + 0 + g, &, = 200 + X1 + X2;
compare Figure 14a regarding the notation. The only root in (Dgé that can be expressed as a
sum of other roots in CDgé is a,, and we have
Kty = Xy + Ky, = Ky, + Kgy = Ky + K-

Thus, w € B}, is (B), c)-aligned if whenever t, € Cov(w), then {t1,t2, t3} C Inv(w).
The twelve elements of B were computed in Example 3.1.1 and Figure 36 shows Weak(B})
labeled by the appropriate cover inversions. We obtain the following table.

w e B:I), Inv(w) Cov(w) we AIign(Bg,),c) w € Align(Bs, c)
e 0 0 yes yes
st {ti} {t1} yes yes
sos1  {t1,ts} {ts} yes 1no
sos1 {t1,ta} {ta2} yes yes

spsas1  {t1, to, t3} {to, t3} yes 1o
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s1sos1  {t1,ts, ts} {ts} yes no
$1808281 {t1,to,t3,tsa} {t4} yes no
$98180s1  {t1,ts, tg, t5} {tq} no no
$0S150S2S1 {tl, to, t3, ta, tg} {tg} yes no
s281808281  {t1,t2,t3,t4,t5} {t2, ts} yes no
sos281808281  {t1, t2, t3, ta, ts5, te} {ts, t6} yes 1no
$1808281808281  {t1,to, t3, ta, t5, tg, t7} {t7} yes no

Since Align(WJ, ¢) € W/ it is worthwhile considering this set under weak order.

Definition 3.2.5. Let (W,S) be a finite, irreducible Coxeter system, let ¢ € W be a Coxeter
element and let ] C S. The (W, c)-Cambrian poset is

(3.4) Camb(W/, ¢) &' Weak (Align(W/, ¢)).

For ] = (), we recover the c-Cambrian lattice from Definition 2.2.12. Since Weak(W/) is an
interval of Weak(W) with least element e and greatest element w/, it follows that Camb(W/, ¢)
is a bounded poset. We conjecture a stronger property, directly generalizing Theorem 2.2.13.

Conjecture 3.2.6. Let (W, S) be a finite, irreducible Coxeter system, let ¢ € W be a Coxeter
element and let ] C S. Then, Camb(W/, ¢) is a lattice. Moreover, it is:

(i) a quotient lattice of Weak(W/);

(if) congruence uniform;
(iii) trim.

{s0,s2}
B30 2

, 5081 52) arises as a quotient lattice of Weak(Bgso’Sz}).

Figure 36 shows how Camb(

In general, however, Camb(W/, ¢) fails to be a sublattice of Weak(W/), as is detailed in the
next example.

Example 3.2.7. Let W = A3, ¢ = sysas3 and | = {s}. Then, w)(c) = s1s283s2581, and
Inv(w)) = { s1 ,s15251, 5152835251, S3 ,S28352}
~N S~ Y N =
t1 ta ts ta ts5
where the inversions are ordered according to Inv(w] (c)). Figure 37a shows how Camb(Aé, c)
arises as a quotient lattice of Weak(A)). The cover relations in this lattice are labeled by the

appropriate cover inversions. We observe that the meet of sasssas1 and s1sa2s3sy in Weak(ALl))
is sos381, while the meet of these elements in Camb(Aé, c) is s3s7.

Proposition 3.2.8. Conjecture 3.2.6(i) implies Conjecture 3.2.6(ii).

Proor. By Theorem 3.1.2, Weak(W’) is an interval of Weak(W), and if
Camb(W/, ¢) is a quotient lattice of Weak(W/), then it is a quotient lattice of a sub-
lattice of Weak(W). Now, Weak(W) is congruence uniform by Theorem 1.2.9, and
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(a) The lattice Camb(A{Sm, 315233) as it arises (b) The poset Nonc<A§f?}, 513253>. The dashed
as a quotient lattice of Weak( Ag?}). edge indicates a cover relation that is not

present in CLO (Camb(}\{352}7 518253)).

Figure 37. Some parabolic posets for As.

congruence-uniformity is preserved under passing to sublattices and quotient lattices
by Proposition 1.1.31. O

3.3. Parabolic noncrossing partitions

In Definition 2.3.5 we have defined c-noncrossing W-partitions as the elements in the
principal order ideal of Abs(W) generated by c. However, neither ¢ nor the inversions of
w] are necessarily members of WJ. It is therefore not immediately clear which elements of
Abs(W) should be considered parabolic analogues of c-noncrossing W-partitions.

However, READING’s bijection from Align(W, c) to Nonc(W, c) extends to an isomorphism
from the core label order of Weak(AIign(W, c)) to Nonc(W, ¢); see Theorem 2.3.13. We are go-
ing to use an appropriate restriction of this map to define parabolic c-noncrossing W-partitions.

For w € Align(WJ, c) we label the cover inversions of w according to Inv(w](c)), i.e., we

have Cov(w) = {t1,t2,...,tx} with t; <] t; if and only if i < j. With this convention, we define
a map
(3.5) ncl: Align(W,c) = W, wistity-- -ty

Definition 3.3.1 ([192, Definition 5.1.13]). Let (W, S) be a finite, irreducible Coxeter system,
let ¢ € W be a Coxeter element and let | C S. We define the set of c-noncrossing W/-partitions
by

Nonc(W/, ¢) %f {ncl(w) |w € Align(W,c)}.

Moreover, we define Nonc(W/, c) def Abs(Nonc(W/, ¢)).

Since Align(W? c) = Align(W, ¢c) by Remark 3.2.2, the map nc? is identical to the map nc,
defined in (2.10). Consequently, Nonc(W?, ¢) = Nonc(W, c).

Note that there is no apparent reason why nc! should be injective. We conjecture, however,
that this is the case.
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51808251 15082515081 $251805150525150
515081 S1 518281 51505281508251 505150 5051525150 §251505152

\/

Figure 38. The poset Nonc (Béso’sz}, 505182>.

e

Conjecture 3.3.2 ([192, Section 5.1.3]). Let (W,S) be a finite, irreducible Coxeter system,
let ¢ € W be a Coxeter element and let | C S. The map ncl is a bijection. Consequently,
|Align(W/, c)| = |Nonc(W/, ¢)|.

Example 3.3.3. We continue Example 3.2.4, and consider W = B3, ¢ = sgsis2 and
J = {so,s2}. This example also lists the (W, c)-aligned elements together with their cover
inversions. We thus obtain the following c-noncrossing W-partitions.

w € Align(WJ, c) Cov(w) ncl(w) ncl(w) e WJ
e 0 e yes
s1 {t1} S1 yes
sps1  {t3} $1S0S1 yes
Sos1  {ta} S1S82S1 no
sos2s1  {t2,t3}  s1s0s2s1 yes
$15081 {ts} 505150 no
$180s281  {ta} $18051825180S1 yes
$0S1505251  {te} $258150S1S2 no
$251505251 {t2,t5}  S152515051S0 no
505251508251 {ts,t6}  $251505150525180 1o
$1805251505281 {t7} 5051525150 no

Figure 38 shows Nonc(W/, ¢); this poset is isomorphic to CLO(Camb(W/, c)).

Figure 37 illustrates that Theorem 2.3.13 does not necessarily extend to parabolic quo-
tients'’. It illustrates the case W = A3 and ] = {s2}. Figure 37b shows Nonc(AgSQ}, 515253),

which is not isomorphic to CLO Camb(AésQ}, s1s283 ) ). It is left as an exercise for the reader

to verify that, however, Nonc (A;SQ}7 515352) = CLO (Camb(A;SQ}, 815382>).

Research Challenge 3.3.4. Given a finite, irreducible Coxeter system (W, S), characterize the
sets | C S and the Coxeter elements ¢ € W such that Nonc(WJ, ¢) = CLO(Camb(W/, ¢)).
This requires proof that Conjecture 3.2.6(ii) is satisfied.

10S’rrictly speaking, we cannot even be sure at the moment that CLO(Camb(W/, ¢)) exists, since congruence-
uniformity (or semidistributivity for that matter) of Camb(W/, c) is only conjectured.
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3.4. Parabolic clusters

The definition of a parabolic generalization of the c-cluster complex of W is relatively
straightforward.

Definition 3.4.1 ([192, Definition 5.1.1]). Let (W, S) be a finite, irreducible Coxeter system,
let ¢ € W be a Coxeter element and let | C S. The (W, c)-cluster complex is the subword

complex

Clus(W/, ¢) & Subw (W;ew,(c), wl),

for any S-reduced word ¢ for c. The facets of Clus(W/, ¢) are the (W', ¢)-clusters.

It is immediately clear that Clus(W?,¢) = Clus(W,c); see Definition 2.4.3. For easy ref-
erence and by slight abuse of notation we denote by |Clus(W/,c)| the number of facets of

Clus(WJ c). Moreover, we denote by Clus(W/,c) the set of facets of Clus(W/,c) ordered by

KHlip-

Example 3.4.2. We continue Example 3.3.3. For W = Bg, ] = {so, s2} and ¢ = sgsis2, we
have wl(c) = s1505251505251.

We have already computed the facets of CIus(BéSO’SQ},soslsg) = Subw/(Bs; cw,(c),w]) in
Example 2.4.2. The poset Clus (BESO’SQ}, 808182) is shown in Figure 24a, and it is isomorphic

to Camb(Bf;O’”}, 305182),‘ see Figure 36.

The next two conjectures generalize Theorems 2.4.7 and 2.4.9, respectively.

Conjecture 3.4.3 ([192, Conjecture 5.1.10]). Let (W, S) be a finite, irreducible Coxeter sys-
tem, let ¢ € W be a Coxeter element and let ] C S. Then, |Align(W7, ¢)| = |Clus(W/, c)|.

Conjecture 3.4.4 ([192, Conjectures 5.1.3 and 5.1.10]). Let (W,S) be a finite, irreducible
Coxeter system, let c € W be a Coxeter element and let ] C S. The poset Clus(W/ | c) is a lattice
isomorphic to the dual of Camb(W/ c).

The bijection between Align(W, ¢) and the facets of Clus(W, c) established in Theorem 2.4.7
identifies the last reflections of w € Align(W, ¢) with certain positions of cw,(c). The straight-
forward generalization of this map to parabolic quotients is in general not injective, as is

illustrated in the next example.

Example 3.4.5. Let us continue Example 3.2.7, and consider W = Ag, ¢ = s18283 and | = {sa}.
The following table lists the elements of Ag”} together with their last reflections.

we AL weAlign(Al, c) last reflections of w

e yes —S1, —S2, —S3
S1 yes —S2, —S3, 11
S3 yes —S81, —S2, t4

$281 yes —s3, 11, t2

$3S1 yes —So, t1, 14
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2000 + 2001 + a2

N

200 + o1 + a2
a1+ o2+ a3 200 +{ oco\+oz1 + oo
061+O{ \0624-063 \QO+C{ \0114-&2
/ AN NS
(e %1 Qg an
(a) The parabolic root poset <CDX§52} , j). (b) The parabolic root poset (d)géso,sz}, j).

Figure 39. Some parabolic root posets.

$283 yes —s1, tg, t5
$3892S1 yes t1, to, t3
$28381 no t1, t3, 14
$18283 no t3, tg, t5
$2S38281 yes t1, t3, 14
$18283S1 yes t3, 11, t5
$15828382S1 yes t3, 14, t5

We notice that the (Ag”},slsgs;g)—aligned elements s1s283s1 and s1sos3sasy have the same
set of last reflections.

3.5. Parabolic nonnesting partitions

We conclude the constructive part of this section by generalizing the nonnesting partitions
to parabolic quotients of W. Since nonnesting partitions of W are antichains in the root poset
associated with W, we have to require that W # Hy; see Remark 2.5.3.

We wish to define nonnesting partitions associated with W/ as antichains in a subposet
of the root poset consisting of positive roots corresponding to the inversions of w). We thus
define

(G o {ae @Yy | ta € Inv(w])},
and call (@, =) the parabolic root poset of WJ. Figure 39 shows two instances of parabolic
root posets.

By [29, Proposition 2.4.4], for every ] C S each element w € W has a unique factorization
w =wl - wj, where w € W and wj € W}, and Inv(w) = Inv(w/) & Inv(wy). Tt follows that the
roots in @7, , are precisely the roots in the order filter of (@5, <) generated by {«; | s € S\J} C
TTw.

Definition 3.5.1. Let (W, S) be a finite, irreducible Coxeter system other than Hy and let ] C S.

The nonnesting W/-partitions are the antichains of (0, <).
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{s2}

Figure 40. The ten nonnesting partitions of Ay’

Figure 41. The eleven nonnesting partitions of BéSO’SZ}.

Figures 40 and 41 show the parabolic nonnesting partitions for A??} and B?O’SQ} , respec-
tively. We observe that there are ten resp. eleven of them, which coincides with the number
of aligned elements exhibited in Figures 36 and 37a.

However, it turns out that the number of parabolic nonnesting partitions does not always
coincide with the number of parabolic aligned elements; see Table 5. By inspection of Fig-
ure 33 we notice that choosing the same subsets of minimal elements in each of the four “fake”
root posets associated with Hy yields the same number of antichains. This, together with the
fact that Nonn(WJ) does not depend on a choice of Coxeter element, indicates that we should
use parabolic nonnesting partitions to define parabolic W-Catalan numbers.

Definition 3.5.2. Let (W, S) be a finite, irreducible Coxeter system other than Hy and let ] C S.
The WJ-Catalan number is
Cat(W)) € |Nonn(W)|.

Conjecture 3.5.3 ([192, Chapter 5]). Let (W, S) be a finite, irreducible Coxeter system. If W
is of coincidental type, then for every Coxeter element c € W and every ] C S:

Cat(W/) = |Align(W/, ¢)| = |Nonc(W/, c)| = |Clus(W/, ¢)|.

Tables 3 to 6 support Conjectures 3.3.2, 3.4.3 and 3.5.3 by listing the cardinalities of
Align(WJ . c), Nonc(W/  ¢), Clus(W/, c) and Nonn(W/) when W is a finite, irreducible crystallo-
graphic Coxeter group of rank 3 or 4. Table 7 lists the cardinalities of Clus(H), ¢) and Nonn(H}).
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3.6. Parabolic Chapoton triangles

Now that we have generalized the ordinary Catalan families together with the relevant
partial orders to parabolic quotients of W, it is an intriguing challenge to generalize the F-, H-
and M-triangles from Section 2.6 as well. In fact, we wish to define such polynomials in such
a way that the relations from Theorem 2.6.2 remain true in the parabolic setting.

Currently, we only dare to give a general definition for the parabolic H-triangle. This is
defined in the obvious way by:

(3.6) Hwr (x,y) def Z X Alymin(A)
A€eNonn(WT)

where min(A) denotes the number of minimal elements of (CD\ij] , =) contained in A.
Proposing candidates for parabolic analogues of the M- and F-triangles is far from clear
at the moment.

Example 3.6.1. Let W = A3 and ] = {so}. Figure 40 shows the ten nonnesting AL-partitions
together with the term they contribute to J{ ] (x,y). The minimal elements per antichain are
circled in red. We thus obtain

Hap(x,y) = x*y? + 2%y +x* + 2xy + 3x + 1.

The maximum size of an antichain in the parabolic root poset of A} is 2, and applying the
relations from Theorem 2.6.2 to HA% (x,y) with r = 2 yields

M(x,y) = 4x*y? — Ixy? + 5xy + 5y2 — 5y + 1,
F(x,y) = 5x? + dxy +y? + Ix + 4y + 4.

Example 3.6.2. Let W = A3 and ] = {so}. Figure 37b shows both the posets Nonc (A}, c)
(including the dashed edge) and CLO (Camb(Ag),, c)) (without the dashed edge) for ¢ = sis2s3.
It is easy to verify that

M(Xay) = Z

u,veAlign (A% ,c)

bl

v (u V)XZT (ncl(u))y@T (ncl (v))
cLo (Camb(Aé’C)) .

where M(x,y) is the polynomial computed in Example 3.6.1.

This indicates that a parabolic analogue of the M-triangle could perhaps be defined on the
core label order of Camb(W/, c) rather than on Nonc(W’,c). This is obscured in the
ordinary case, since for | = ( both posets are isomorphic by Theorem 2.3.13. However,
CLO (Camb(Aé, 515332)> = Nonc(A}, s1s382), which implies that a potential definition of
a parabolic M-triangle will depend on the Coxeter element.

Example 3.6.3. Let W = A and ] = {so}. Figure 42 shows Clus(A},c). For a face A €
Clus(A},c), we define n(A) = |[AN{1,3}| and p(A) = |A| — 2 —n(A). Recall that a lattice
is nuclear if the join of its atoms is the greatest element, and thus an interval in a lattice is
nuclear if it is nuclear considered as a lattice. The next table lists the nuclear intervals of the
flip order of Clus(AlL, c) together with the corresponding face of Clus(A}, c) and the value of
the two statistics n and p on these faces.
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[A, B] nuclear interval of Clus(A},c) ANB € Clus(A},c) n(ANB) p(ANB)

[{1,2,3,74,{1,2,3,7}] {1,2,3,7} 2 0
{1,2,3,7},{2,3,4,7}] {2,3,7) 1 0
(1,2,3,7},{1,2,7,8)] (1,2, 7} 1 0
(1,2,3,7},{2,4,7,8)] {2,7} 0 0
(2,3,4,7},{2,3,4,7}] {2,3,4,7} 1 1
(2,3,4,7},{3,4,5,7}] (3,4,7} 1 0
(2,3,4,7},{2,4,7,8}] {2,4,7} 0 1
{2,3,4,7},{4,6,7,8)] 4,7} 0 0
{1,2,7,8},{1,2,7,8}] {1,2,7,8) 1 1
{1,2,7,8},{2,4,7,8}] (2,7,8} 0 1
{1,2,7,8},{1,2,8,9}] {1,2,8) 1 0
{1,2,7,8},{2,4,8,9}] 2,8} 0 0
{3,4,5,7},{3,4,5,7}] {3,4,5,7} 1 1
{3,4,5,7},{4,5,6,7}] {4,5,7) 0 1
{2,4,7,8},{2,4,7,8}] (2,4,7,8) 0 2
{2,4,7,8},{4,6,7,8}] {4,7,8) 0 1
{2,4,7,8},{2,4,8,9}] 2,4, 8) 0 1
{2,4,7,8},{4,6,8,9}] 4,8} 0 0
{1,2,8,9},{1,2,8,9}] {1,2,8,9} 1 1
(1,2,8,9},{2,4,8,9}] {2,8,9} 0 1
{4,5,6,7},{4,5,6, 7}] {4,5,6,7} 0 2
{4,5,6,7},{4,6,7,8}] {4,6,7) 0 1
{4,6,7,8},{4,6,7,8}] {4,6,7,8} 0 2
{4,6,7,8},{4,6,8,9}] {4,6,8) 0 1
{2,4,8,9},{2, 4,8, 9}] 2,4,8,9) 0 2
{2,4,8,9},{4,6,8,9}] {4,8,9} 0 1
{4,6,8,9},{4,6,8, 9}] {4,6,8,9} 0 2

Then, we recover the polynomial F(x,y) from Example 3.6.1 as
Gloal = p sy,
A

where the sum runs over the faces of Clus(A},c) that arise as the intersection over nuclear
intervals of Clus(A}, ).

Example 3.6.4. Let W = Bg and | = {so,s2}. Figure 41 shows the eleven nonnesting B:I)’-
partitions together with the term they contribute to Hgy(x,y). The minimal elements per
antichain are circled in red. We thus obtain

H{Bé(x,y) =3x2 +xy +6x + 1.

The maximum size of an antichain in the parabolic root poset of B} is 2, and applying the
relations from Theorem 2.6.2 to Hy (x,y) with v = 2 yields

M(x,y) = 3x*y? — 13xy? + Txy + 10y? — 8y + 1,
F(x,y) = 10x% + xy + 13x + 3.
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{4,6,8,9}

7\

{4,6,7,8} {2,4,8,9}

/

{47 57 67 7}

N

{3747 57 7} {2747 778} {172787 9}

N /N S

{27 3’ 4’ 7} {1’2’ 77 8}

N /S

{1’27 37 7}

Figure 42. The flip poset Clus(A?'s1s0s3).

Figure 38 shows Nonc(B}, c) = CLO(Camb(B:},,, c)) for ¢ = sos1s2. We obtain

M(X,y) = Z uNonc(B:};,c) (p7q)xeT(P)yeT(q)
p,qENonc(Bé,c)

=3x2y? —Txy? + Txy +4y2 - Ty +1
7 Mx,y).
If we apply the relations from Theorem 2.6.2 to M(x,y) with v = 2, then we obtain
H(x,y) = x%y? + 4x%y — 2x% + 2xy + 5x + 1,
F(x,y) = 4x% + 6xy + y2 + Tx + 6y + 3.

Note that not all coefficients of H(x,y) are nonnegative, which means that it cannot enumerate
antichains of some poset with respect to some statistics. Moreover, there cannot exist a poset P
such that
Mx,y) = 3 upla, blxklely®®),
a,beP

because the coefficient of xy in M(x,y) is 7, forcing P to have seven elements of rank 1. Since
the constant term of M(x,y) is 1, P has a unique minimal element. Thus, there are seven cover
relations in P connecting the elements of rank 0 and 1. However, the coefficient of y in M(x,y)
(which up to sign represents this number) is —8, forcing eight cover relations between elements
of rank 0 and 1. This is clearly impossible.

The flip poset Clus(B), c) is shown in Figure 24a. If we consider the statistics n(A) = |A N{2}]
and p(A) = |A| — 3 — n(A), then we obtain

Flxu) =) xFAyA)
A

where the sum runs once again over the faces of Clus(B},c) that arise as intersections over
nuclear intervals of Clus (B}, c).

Research Challenge 3.6.5. Given a finite, irreducible Coxeter system (W, S), characterize the
sets ] C S and the Coxeter elements ¢ € W for which one can define polynomials M(x,y) and
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F(x,y) which restrict to Mw (x,y) and Fw(x,y) for | = 0 and which, together with Hyyy (x,y)
satisfy the relations from Theorem 2.6.2 for some appropriate choice of r (possibly depending on
cand J).

We conclude this section with a few examples for which this theory is reasonably well
understood.

Example 3.6.6. When W = Iy(m), then this whole theory is rather easy. Since W is canoni-
cally generated by S = {s1, s2}, there are four parabolic quotients: Jo = 0, J1 = {s1}, J2 = {s2}
and J3 = S. The cases Jo and J3 are trivial, and ], and Jo behave exactly analogously. Moreover,
there are two Coxeter elements c; = s1s2 and cg = sas1, whose roles are also equivalent.

So, if we consider I(m))t, then Cat(Iz(m))*) = m because the parabolic root poset is an
(m — 1)-chain. The set Align(I2(m))*, c1) equals Io(m)) because every member of the para-
bolic quotient is (Io(m))*, c1)-aligned. Thus, Camb(I3(m))1, ¢1) is an m-chain, and its core
label order is an (m — 1)-antichain with an adjoined least element. Thus, it is isomorphic to
Nonc(I2(m)’t, ¢q). The (Iz(m))1, cq1)-clusters are the three-element subsets of [m + 2] of the
form {i,1+ 1, k} where

c {2,3,...,m+1}, 1‘fmz‘seven, and k=
{1,2,...,m}, if m is odd,;

1, if m is even,
m+2, ifmisodd.
Thus, Clus(Iz(m)’t,c;) = Camb(Iz(m))*, c1). Moreover, analogously to Example 3.6.3, we
obtain
3’12( (va) ( _1)X+y+m_1a
Hiymy: (% y) =xy + (m—2)x + 1,
M, my: (%y) =(m—1)xy — (m—1)y + 1.
These three polynomials satisfy the relations from Theorem 2.6.2.

Example 3.6.7. Let W = Hs. We have verified using Sage [162] that Conjectures 3.2.6, 3.3.2,
3.4.3 and 3.4.4 are true. See Table 3 in Appendix A.1 for the parabolic Catalan numbers in type
Hs.

Our computations did also resolve Research Challenge 3.3.4: the core label order of
Camb(H}, c) is isomorphic to Nonc(H}, c) except for the cases ] = {s2} and ¢ = sys2s3 or
c = s3s2s1. Moreover, the obvious candidates for the H- and M-triangles do not satisfy the
relations from Theorem 2.6.2 except for the trivial case | = {s1, s2,ss}. Hence, Research Chal-
lenge 3.6.5 remains open.

Let us exemplify this in the case ] = {s2, s3} and ¢ = sas1s3. We have

Wl(c) = $15953515253515253515251 .
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The inversion order Inv(w](c)) is

S1
~—
t1
<c  S18283S8281
~————
tg
<c  S28182
~—
t7
—<c  S183528182S81S83
| Sy

tio

The “forcing” of inversions that determines membership of w € HJ, in Align(H}, ¢), see Defini-
tion 3.2.1, is the following:

ty € Cov(w) = t; € Inv(w),
ty € Cov(w) = t; € Inv(w),

(
(

tg € Cov

tg € Cov(w) = t7 € Inv(w),

=c

w) = {t1, 2,3, t4} C Inv(w),

=<c S18281
——

t2

<c  S18251828352818281

ts

$25152815352515251S352S51S2

ts

<c  $28153828152818382

ti1

t1; € Cov(w) = t7 € Inv(w).

We thus obtain the following eighteen elements of Align(H}, c).

t3 € Cov(w
ts € Cov(w
tg € Cov(w

=c

=c

=c

=c

5182818281
——
ts

5$152835152515251835281

te
$25182535258182
to
§3828182S3 .

ti2

= t; € Inv(w),
= {t1, t2, t3, ta} C Inv(w),
= {t2, 13,14, t7} C Inv(w),
t10 € Cov(w) = t; € Inv(w),

weH,  Inv(w) Cov(w) w € Align(H},c)?
e 0 0 yes
s1 {ti} {t:} yes
sas1 {ti,ta} {ta} yes
s35281  {t1,ta,ts} {ta} yes
s18281  {t1,t2,t3} {ts} yes
51535251 {t1,t2,t3,t4} {t3, ta} yes
$2518281  {t1,t2,t3,t7} {t7} yes
$251838281  {t1,t2,t3,t4,ts5} {ts} yes
$352518251  {t1,to,t3,ts, 7} {ts} no
815251535281  {t1,ta, t3, ty, ts, te} {te} yes
$28352518281  {t1,t2,t3,ts, 5, t7} {ta, tr} yes
$2515251535251  {t1,to,t3,ts, ts, t6, tio} {tio} yes
$1535251535281  {t1,t2, 13,14, ts5, te, t7) {te, t7} yes
$352515281835251  {t1,t2,t3,t4, 5,16, ts, t1o} {ts} no
$251535251535281  {t1,t2,t3, ta, t5, s, tr, ts} {ts} yes
$25352515251835281  {t1,t2, t3, ta, 5, t6, t7, ts, tio) {t7, t10} yes
$18251835251835281  {t1,t2, t3,ts, t5, t6, t7, ts, to} {to} yes
$1535251535251835251  {t1,ta, t3,t4,ts, te, t7, ts, to, tio} {to, ti0} yes
$251835251535251535251 {1, t2, t3, t4, t5, t6, t7, ts, to, t10, t11} {t11} yes

$158251583525815352581S3S281

{t1,t2, t3, ta, ts, te, t7, ts, to, tio, ti1, tin}  {tia} yes

77
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w ] Cat(W1)
An  J=S\{si}foric m] ™
Bn ]:{50781,...78‘“,2} n
J={s1,s2,...,8n-1} 2n
Dn ] ={50,81,82,--.,Sn—2} 2n
]:{81782,...78»“,1} on—1
]:{50782,...7811_1} on-—1
E6 12{51782,53,84785} 27
J ={s2,s3, 84,85, 56} 27
Er ] ={s1,s2,53,54,55, 86} 56
Hs ] ={s1,s2} 12
I(m) J={s1} m
J ={s2} m

Table 2. The subsets ] C S inducing a fully commutative quotient W/ as classi-
fied in [177, Theorem 6.1] together with the corresponding parabolic Catalan
number. The Coxeter generators are named as in Figure 11.

Figure 43 shows Camb(H},, c) and Figure 44 shows the corresponding core label order, which
is isomorphic to Nonc(H}, c).
The generating function of the Mobius function of the poset Nonc(H}, c) is

M(x,y) = 5x?y? — 12xy? + 12xy + Ty? — 12y + 1.
The length of Nonc(H}, c) is r = 2, and we obtain

v y x(y—1)
X = -1)+1
(%,y) = (x(y—1) +1) M(y_l,x(y_1)+1>
=x2y? + 8x%y — 4x? + 2xy + 10x + 1.

If we label the minimal elements in Figure 32a from left to right by si, s, s3, then we obtain
the parabolic root poset of H} by considering the order filter generated by s1. The generating
function of the antichains according to size and containment of s, is

H(x,y) = 5x% +xy + 11x + 1 # H(x, y).

Remark 3.6.8. Another easy case is given when W) is a fully commutative quotient, see
[192, Section 5.2]. These are the parabolic quotients of W for which w] is fully commutative,
i.e., any two S-reduced words are related by a sequence of commutations. The fully commutative
quotients were classified in [177, Theorem 6.1]. We include this classification in Table 2.

In this situation, any element of W) is (W), c)-aligned for ¢ a Coxeter element. Thus,
Camb(W/ ¢) = Weak(W/) is a distributive lattice. Then, [128, Theorem 1.1] implies that
CLO(Camb(W/,¢)) = Nonc(W/, ¢)).
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515251535251535251535251

/

t1o

t11
515838251835251535251
tg t1o0
525352515251535251 §15251535251538251

., /
/ N

t7 $2581835251835251

/

ts

52515251535251 518535251535251

Y 7N
N AN

5158281838251 528382818281

AN 7N
AN AN

5281535251 52518281
|r/
/
51835251 t7
O\ /
/ AN
$38281 818281
N %
4 t3
N /S
S281
t/
2
/

Figure 43. The lattice Camb(Hé”’SB}7 $25183).

tsta tatsty tetr trtstio totio

NNV
I\

Figure 44. The poset Nonc(HY>**) s2s1s3). This is isomorphic to the core

label order of Camb(Hé}sz’SS}, $25183).

t12
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CHAPTER 4

Parabolic Cataland: Linear type A

4.1. Definitions

In Chapter 2, we have explained that most of the prototypical results that led to the
definition of ordinary Cataland came from linear type A, i.e., the Coxeter group of type A,
together with the linear Coxeter element ¢ =sys2 - - sn.

In this section we give combinatorial models for the sets Align(Al,, ¢), Nonc(Al, ¢), Clus(Al, ¢)
and Nonn(Al) as well as proofs of Conjectures 3.2.6, 3.3.2, 3.4.3, 3.4.4 and 3.5.3 and answers
to Research Challenges 3.3.4 and 3.6.5.

The results of this section have appeared in [45,66,108,130,132,133], some of them in col-
laboration with C. CEBALLOS, W. FANG, C. KRATTENTHALER, J.-C. NOVELLI and N. WILLIAMS.

4.1.1. Parabolic quotients of the symmetric group. To ease the notation, we slightly shift
the index, and consider the Coxeter group A,,_1, which is isomorphic to the symmetric group
&, of permutations of [n]. Recall that the Coxeter generators of A,,_; are the adjacent transpo-
sitions s; = (1 i+1) for i € [n — 1]. We first characterize the members of the parabolic quotients
of &,..

Lemma 4.1.1. Ifw € &), then wi < wi;1 forall s; € J.

Proor. Note that for w € &,, and s; € S, the one-line notation of the permutation
w’ = ws; equals the one-line notation of w except that the values in positions i and
i+ 1 are swapped.
If w € &) and s; € J, then, by (3.1), {s(wsi) > €s(w). This means that Inv(ws;) =

Inv(w) \ {(i,i+ 1)}, and therefore w; < wi 1. O
The subsets of S = {s1,s2,...,sn_1} can be identified with compositions of n. More pre-
cisely, with J = S\ {si,,Si,,...,51, .} € S we associate the tuple def (ot1,9,...,0:) of M,

where o5 = i —ij—1 and ip = 0 and i, = n. Then, Lemma 4.1.1 states that the elements of
&), are precisely the permutations whose one-line notation can be partitioned according to «;
such that the entries per part form an increasing sequence.

81
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Example 4.1.2. Let W = Az = &4 and | = {so} = {s1,s2,83} \ {s1,s3}. The associated
composition of 4 is therefore oy = (1,2, 1). The elements of G}, are the following, where we have
colored the one-line notation according to oy:

e - H2 A s - B2l s - W32 HE
S1 = 2 1 3 /4, s3s9 = 12 1 4 3|, sisos3 = B3 4 M,
$9871 = 3 1 2 /4, s3s35 = 3 1 4 2, s1s98351 = B2 4 1
s3sos1 = 4 1 2 |3, so9s3sesy = 4 1 3 (2], sys9sgzsesy = 4 2 3 [1.
Now, let n > 0 and let o« = (&1, &2, ..., &) be a composition of n, ie., 1 + o2+ + % =1
and «; > 0 for i € [r]. In this case, we sometimes write o - n. Let ® = (., ..., a0, ®1) be the

reverse composition. We define pg 4 ) and Pi def o1 + g + -+« for i € [r], and consider the
set

def

4.1) S, & {w € Gn | Wi <wiiforid(pr,pa,... ,pr,l}}.

By Lemma 4.1.1 and the reasoning before Example 4.1.2, it is clear that 6, = AL‘L 1» Where

J s \{Sp,,Spgs---s5p, ). Thus, & is the parabolic quotient of &,, by «, and its elements are

o-permutations.

Remark 4.1.3. If « = (1,1,...,1) F n, then Jo = 0. Therefore, S« = Gy, and all the
definitions that follow will restrict to their ordinary linear type-A counterparts introduced in
Chapter 2.

4.1.2. The longest x-permutation. The longest element of & is denoted by w..« and has
the one-line notation:

(4.2) n—pi1+l,n—p1+2,....,n|n—peot+l,n—po+2,....n—p1|... | 1,2,....,.n—p_1.
. —
x1 X2 oy

We may thus compute the inversions of w,., and determine the reflections and the roots that
are relevant for the definition of parabolic Catalan objects in linear type A.

We approach this a little bit differently and determine the c-sorting word of wo.«. Let
A = (A1,Ag,...,Ax) be a Ferrers shape that fits into a staircase shape of order n. We define the
associated permutation by

Ak—it1
def
(4.3) w(A) = H Sn—k+i—j
i=1 j=1
For a composition o = (a1, &2, ..., «,), we define the associated Ferrers shape by
def
(4.4) Ae = (Pr—1,Pr—1,+- s Pr—1,Pr—2,Pr—2,+- s Pr—2,-- -, P1,P1,-- -, P1)-
Xy Xy —1 X2

We sometimes call A, the a-shape. Clearly, A, fits into a staircase shape of order n.
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Lemma 4.1.4 ([165, Lemma 3.2]). For any composition o of n > 0, w(Ax) = Wo.«. It fact,
W« (C) is given by the product described in (4.3).

The reversal of « is necessary, because we have defined c-sorting words as subwords of
®c; see (2.4).

Example 4.1.5. Let o = (2,4,1,3) F 10. We have po =0, p1 =2, p2 =6, p3 =7, pa = 10.
The associated «-shape is Ao, = (7,7,7,6,2,2,2,2). The a-shape Ax = (8,8,4,4,4,4,3) is the
conjugation of Ay, i.e., the reflection across the main diagonal.

In order to obtain the c-sorting word of we,« according to Lemma 4.1.4, we place the Coxeter
generators sn_i, Sn—i—1, - .. from left to right in the cells of the i*h row (from the top) of the
Ferrers shapes Ay and Ag.

We may now obtain w.. (C) by reading the placed letters either from left-to-right, bottom-to-top
in A or from top-to-bottom, right-to-left in Ay. This is illustrated in the next picture.

Sg S8 S7 S¢ S5 S4 S3 Sg S8 S7 S S5 S4 S3 S2
S8 S7 S6 S5 S4 S3 S2 S8 S7 S6 S5 S4 S3 S2 S1
S7 S¢ S5 S4 S3 S2 S1 S7 S¢ S5 S4
Se S5 S4 S3 S2 S1 Se S5 S4 S3
S5 S4 S5 S4 S3 S2
conjugation

S4 83 = S4 83 S2 S1
S3 S2 83 S2 S1
S2 S1

A2,4,1,3) A(3,1,4,2)

If we compute w(Ag) according to (4.3), then—since A = Ax = (8,8,4,4,4,4,3)—we have
n =10 and k = 7 and obtain:

i Ax—it1 n—k+1i factor

1 3 4 $3S82S81

2 4 5 54835281

3 4 6 $5545352

4 4 7 $6S55453

5 4 8 S7S6S5S84

6 8 9 S857S6S55483S2S81
7 8 10 8$9S8S7565S55483S82

Thus,

Wo:(2,4.1,3)(C) = (535251)(54535251)(55545352)(56555453)(57565554)

(5857565554535251)(5958575655545352).

4.1.3. The root poset of G, and x-Dyck paths. Let A = (n,n—1,...,1) be the staircase
shape of order n. If we label the box in the i*" row and jth column (read from the top-left
corner) by the transposition (j,n —1i+ 1), then we obtain the triangular poset A,,, defined in
(2.15), inside the staircase shape. The poset A, is naturally isomorphic to the root poset of
type An_1, so if we restrict this labeling to the «-shape A4, then we recover the parabolic root
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Al

n—

poset of
poset.

1 = 64 consisting of all inversions of w,«. Let us write A for this parabolic root

Example 4.1.6. For o = (2,4, 1,3) - 10, the x-shape inscribed in the staircase shape of order
10 with the boxes labeled by transpositions is shown below.

(1,10) (2,10) (3,10) (4,10) (5,10) (6,10) (7,10)

(155

(2,9 (3.9 49 (5.9 (69 (7.9

(1,8) (2,8) (3,8) (4,8) (5.8) (6,8) (7.8

L7 @7 67 @47 67 67)

(1,6)

(2,6)

5) (2,5)

(2,4)

(2,3)

A(2,4,1,3)
Note that the a-shape is traced out by the northeast path
(4.5) bo & NUTEXINOZES2 .. NS ES;

the «-bounce path. Then, analogously to the situation for Dyck paths described in Section 2.5,
the order ideals of A are traced out by the v,-paths, i.e., the northeast paths weakly between

vy and N"E™. We refer to these paths as «-Dyck paths, and write Dyck(«x) def Paths(vy). We
obtain the first combinatorial realization in parabolic linear type A.

Proposition 4.1.7. Let n > 0. For any composition o of n > 0, the sets Nonn(Als |) and
Dyck(«) are in bijection.

Let Cat(«) def ]Dyck(oc)‘ denote the o-Catalan number, which is the AL"; ;-Catalan number

from Definition 3.5.2. The complements of the order ideals of A, correspond to Ferrers shapes
that fit inside Ay. The number of these Ferrers shapes can be computed by a determinantal
formula of G. KREWERAS.

Theorem 4.1.8 ([110, Section 2.3.7]). If A = (A1,A2,...,Ax) is a Ferrers shape, then the
number of Ferrers shapes that fit inside A is given by the determinant of the k x k-matrix whose

9 : L AL
entry in row i and column j is (]._1i )
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Example 4.1.9. For o = (2,4,1,3), we have N\ = (7,7,7,6,2,2,2,2). The corresponding

matrix is
8 28 56 35 0 0 0 O
1 8 28 35 0 0 0 O
0 1 8 21 1 0 0 O
0 0 1 8 3 100
0 0 0 1 33 10|’
0 0 0 0 1 3 31
o o o0 o0 01 3 3
0 0 0 0 0 O0 1 3
and its determinant is Cat(o) = 2415.
If « = (t,1,1,...,1) F n, then we can give a closed formula for the corresponding «-

Catalan number.

Proposition 4.1.10. Lef n,t > 0 and let « = (t,1,1,...,1) - n. Then,

t+1 /2n—1t

Proor. If « is of the given form, then Cat(x) essentially counts ordinary Dyck
paths starting with t north steps. That such paths are counted by the formula in the
statement follows from [107, Corollary 10.3.2]. O

Computer experiments suggest the following conjecture.

Conjecture 4.1.11. Let « = (1,2,1,1,...,1) F n for n > 3. Then,
5 9 n—14
Catlod = (n+1 * n73> <n74)'

The numbers appearing in Conjecture 4.1.11 count for instance certain noncrossing parti-
tions avoiding certain patterns [129, Lemma 3.1], see also [36] and [169, A071718].

4.1.4. c-clusters for G,. We now give a combinatorial model for the c-clusters of &4
combining the ideas from [44] with those of [165]. Recall the permutation sum from (2.13),
and consider the permutation

W) déf 1o Wo:x-
Since wo. is clearly 132-avoiding, Theorem 2.4.14 states that (Pipe(w<a)), gchute) is a lattice.

As described in [44, Section 5.3], the a-Dyck paths correspond bijectively to the elements
of Pipe(w(qy).

Theorem 4.1.12 ([44, Proposition 16(2)]). For every composition o of n > 0, there exists a
bijection
(4.6) Whipe: Dyck(o) — Pipe(w(qy).

We describe this bijection only briefly, and refer to [44, Section 3.2] for the details. Let
p € Dyck(er). Starting from the origin, we flush every lattice point on p as far right as possible
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while staying inside the a«-shape and avoiding blocked columns. After flushing all lattice
points of y-coordinate i, every such lattice point, except for the leftmost one, blocks its column
for lattice points of bigger y-coordinate. When we have flushed every lattice point of p, we
replace each occupied lattice point in the a-shape by an elbow and every unoccupied lattice
point by a cross. We also fill every lattice point outside the x-shape with an elbow. The inverse
procedure proceeds by flushing to the left and blocking all columns except the rightmost one.
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Figure 45. Right-flushing of an «-Dyck path produces a pipe dream for wqy;
illustrated when o« = (3,4,2,1,4,2).

Figure 45 illustrates this map.

In fact, the correspondence described in Theorem 2.4.12 can be reused to construct a

bijection from Pipe(w ) to the facets of Clus(&,¢).

Theorem 4.1.13. Let o be a composition of n > 0. For P € Pipe(wg)), the set of labels of the
boxes inside A containing the elbows of P is a facet of Clus(S, €), and this correspondence is
bijective.

Proor. By Lemma 4.1.4, the ¢-sorting word for w,., can be read from a particular
labeling of the conjugate a-shape Ax. Since the facets of Clus(&,) are complements
of we,o In Wo(C), we can reuse the labeling of the staircase shape, see for instance
Figure 26, and use the restriction of the bijection from Theorem 2.4.12 (which sends
elbows to positions of the complement) to obtain a map from Pipe(w ) to the set of
facets of Clus(64,¢). The fact that this map is a bijection follows analogously to the
proof of Theorem 2.4.12. O

Example 4.1.14. Lef o« = (2,1,1). We have wo.o = 34 2 [, Then, A = (2,2,1), and
by Lemma 4.1.4 we get Wo.«(C) = s1s2s18382. The S-reduced words for we. are
$251835283, S$1S828183S2, $1528351S2, 5251528352, §253518283.

Given Q = s15283515253518251, we find that S-reduced words for we.« appear nine times as
subwords of Q:

$15253815283518251, 518253818283518251, 518283818283515251, $15253515283818251,
818253515283818251, $18253815283518251, S18283515253818251, $818283815253518251,

S$1528351S2535159257 .
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Thus, the facets of Clus(S, €) are
{1,2,3,9}, {1,3,7,9}, {1,7,8,9}, {2,3,4,9}, {3,4,5,9},
{3,5,7,9}, {4,5,6,9}, {5,6,7,9}, {6,7,8,9}).
We label the staircase shape of order 5 as follows:
6 8 9

3 5 7
2 4
1

Mapping each elbow inside the &-shape to the corresponding box label creates the correspondence
between the nine pipe dreams of wg and the nine facets of Clus(Sq, €):

3 JI 2 4 3 1 2 J’_l _)( 1 2 J 4 3 )1 2 J 4 X_)l 2
g Jff | f;ﬂ T e
v

NG
(
o

3 = 3 —
s {1,2,3,9} {1,3,7,9} f {1,7,8,9t +— {2,349} = {3,4,5,9}
J J j_) J _),_),_)f_)
| | | Iy
; {3,5,7,9} {4,5,6,9} {5,6,7,9y 1+~  {6,7,8,9}

4.1.5. c-aligned elements for . Let w.«(C) be the c-sorting word of wo.« as defined in
Lemma 4.1.4. We have explained in Example 4.1.5 how we can obtain w,.«(¢) from a particular
labeling of A,. Moreover, we have explained in Example 4.1.6 how to obtain the root poset
of 6 from another labeling of A,. If we put this together, we obtain the inversion order
Inv(wo;a(é)). In fact, we consider the labeling of A, by the a-root poset, and read the columns
of same length (from left to right) as a block. The columns per block are read from right to
left and inside a column we read the labels from bottom to top.

Example 4.1.15. We repeat the o-root poset inscribed in the «-shape for o« = (2,4,1,3) as
shown in Example 4.1.6, but added the reading order this time. In this example, we read the
columns from bottom to top in the order 2,1, 6,5, 4, 3, 7.
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(1,10) (2,10) (3,10) (4,10) (5,10) (6,10) (7,10)

(1,9)

(1,8)

(L,7)

(1,6)

(1,5)

(1,4)

(1,3)

(2,9)

(2,8)

2,7

(2,6)

(2,5)

(2,4)

(2,3)

(3,9)

(3,8)

(3,7)

(4,9)

(4,8)

(4,7)

(5,9)

(5,8)

(5,7)

(6,9)

(6,8)

(6,7)

(7,9)

(7,8)

A@2,4,1,3)

We write < for the inversion order Inv(we,(C)), and obtain

(2,3) =<« (2,4) =<« (2,5) =& (2,6) =<« (2,7) <« (2,8) =<« (2,9)
<« (2,10) =<« (1,3) =& (1,4 =<« (1,95) <« (1,6) =<« (1,7)
<« (1,8) <« (1,9) <« (1,10) <4 (6,7) <« (6,8) <« (6,9)
<« (6,10) <& (5,7 =<« (5,8) =<« (5,9) <« (5,10) <& (4,7)
<o (4,8 =<x (4,9 <« (4100 =<« (3,7) <« (3,8 =<« (3,9
<« (3,10) =<« (7,8) =<« (7,9) =<« (7,10)

This can also be verified directly using the c-sorting word of we.o computed in Example 4.1.5.

Recall from Section 2.5 that a transposition (i j) € &, corresponds bijectively to the pos-
itive root o + ai41 + -+ + & of type An_1'Y. Thus, B,B1,B2 € (I)XM1 satisfy 1 + B2 = B if
and only if B corresponds to the transposition (i k) for some i < k and {1, 2} corresponds to
{(i}),( K)} for i <j < k. Such compositions of roots can be recovered in the labeling of the
Ferrers shape associated with the parabolic quotient of A,,_; as follows: if {3 is the label of the
cell in row a and column b, then {1, B2} is the set of labels of the cells in column b and row
a—d as well as in row a and column b + d.

With respect to the inversion order Inv(wf>;m(c*))12 this means the following: if B, 1, B2
are roots as above, then 1 <4 B <« B2 if B1 corresponds to (i j) and P2 corresponds to
(j k). Thus, even though Inv(w,.«(¢)) is in general not the lexicographic order on the set
of transpositions of &,—see Example 4.1.15—every triple of transpositions corresponding to

roots 3,1, P2 € (Dj\]m ) with p = 31 + P2 is ordered lexicographically.

Let o« = (&1, g, . , o) Fn. For i€ [r], the set {pi_1+1,pi_1+2,...
For a € [n] we write reg,(a) def 5 if Pi—1 < a < pi. In other words, reg,(a) = 1 if a belongs to
the ith a-region.

We say that Inv(w) is a-aligned if (i,k) € Cov(w) implies (i,j) € Inv(w) whenever i < j < k
and reg, (i) < reg,(j) < regy(k). The reasoning above implies the following result.

,pi} is the ith a-region.

Lemma 4.1.16. A permutation w € S is (S, C)-aligned if and only if Inv(w) is a-aligned.

Hn this paragraph, o is the ith simple root of type A.
2Now, « is a composition again.



4.1. DEFINITIONS 89

We now give a combinatorial interpretation of a-alignment. Recall that (i,k) € Cov(w) if
i<k and wi =wy + 1. If Inv(w) is x-aligned, then there can be no j € {i+1,i+2,...,k—1} with
reg, (i) < reg,(j) < reg, (k) such that w; > w;. We thus say that w € &, has an («, 231)-pattern
if there exist indices i < j < k with reg, (i) < reg,(j) < reg,(k) such that w; = wy + 1 and
wi < wj. Moreover, w € G4 is («,231)-avoiding if it does not have an (e, 231)-pattern. We
write

Ga(231) & {w e &, | wis («, 231)-avoiding}.

Lemma 4.1.17. A permutation w € & is («, 231)-avoiding if and only if Inv(w) is «-aligned.

Proor. Suppose that w € & is («,231)-avoiding. If (i,k) € Cov(w), then for every
j € {i+1,i42,...,k—1} with reg, (i) < reg,(j) < reg,(k) we have that (i,j) € Inv(wq«)
and w; > wj. Thus, (i,j) € Inv(w) for any such j, meaning that Inv(w) is a-aligned.
If w has an («, 231)-pattern, say in positions i < j < k, then (i,k) € Cov(w) and (i,j) ¢
Inv(w). Since i and j belong to different x-regions, it follows that (i,j) € Inv(we.«),
meaning that Inv(w) is not a-aligned. a

Example 4.1.18. Let o« = (1,2, 1). We have listed the twelve (1,2, 1)-permutations in Exam-
ple 4.1.2. We now list these permutations again together with their (cover) inversions, and we
conclude which elements belong to &1 2.1)(231). See also Example 3.4.5 and Figure 37a.

s
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We observe that the permutation '3 2 4 1 is not 231-avoiding in the classical sense; see
Section 2.2. It has two 231-patterns, one in positions (1,3,4) and one in (2,3,4). These are,
however, not harmful in the parabolic setting, because in the first case, the “2” and the “1” do
not form a descent, and in the second case, the “2” and the “3” are in the same «-region.

Remark 4.1.19. A different notion of parabolic pattern avoidance was given at about the same
time by R. PRocTOR and M. WiLLis. Following [146], for R = {j1,j2,...,jr} C [n] a per-
mutation w € &y is R-312-containing if there exists h € [r — 1] and a,b,c € [n] with
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a < jn < b < jryr < csuch that wy < we < wq. If wis not R-312-containing, then it
is R-312-avoiding. PRocTOR and WILLIS suggested the name R-parabolic Catalan number
for the cardinality of the set of all R-312-avoiding permutations [145]. Several combinatorial
structures counted by these numbers were given in [145,146].

It is straightforward to define R-231-avoiding permutations in the above sense. However, this
definition is more restrictive than our definition of (o, 231)-avoidance. For instance, when

o = (1,2,1), then the permutation 3. 2 4 [1 is {1,3}-231-containing because it contains
a 231-pattern in positions (1, 3,4). However, since the difference of the first and the last entry
is bigger than 1, it is not an ((1,2,1),231)-pattern.

4.1.6. c-noncrossing partitions for G,. By Definition 3.3.1, ¢-noncrossing partitions for
&« are obtained by multiplying the cover inversions of the elements of &, in order of their
appearance in Inv(w,;(C)). Recall that cover inversions in type A are exactly the descents of
a permutation. Drawing inspiration from the ordinary case, we wish to represent a descent
(a,b) by an arc connecting nodes labeled a and b so that the descents of w € G+(231) produce
a collection of noncrossing arcs of some sort.

Now, no element of &, can have a descent (a,b), where a and b belong to the same
o-region. We thus define an ordinary partition P € 1T, to be an «-partition if no block of P
intersects an «-region in more than one element. We write TT, for the set of a-partitions.

However, our definition of («,231)-avoiding permutations makes it perfectly possible for
w € G4(231) to have descents (a1, b1) and (asz, b2) with a; < as < b; < by—at least when either
a; and a3 or az and b; belong to the same «-region. Thus, drawing the bumps corresponding
to these descents analogously to the ordinary case would produce a crossing between these
bumps. It turns out that the following definition makes perfect sense. An a-partition P € TT,
is noncrossing if for any two bumps (a1, b1), (az, b2) of P it holds that:

(NC1): if a1 < az < by < by, then either a; and as lie in the same «-region or b; and a»
lie in the same a-region;
(NC2): if a; < a2 < by < by, then a; and ay lie in different x-regions.

We write Nonc(«) for the set of noncrossing a-partitions.

If we wish to represent a noncrossing a-partition by a diagram consisting of a collection
of arcs, we have to adapt the diagram of an ordinary partition as follows. We first draw n
nodes labeled by 1,2,...,n on a horizontal line. If (a,b) is a bump of P € T1,, then we draw
a curve that leaves the node labeled a to the bottom, stays below the a-region containing a,
proceeds above every subsequent o-region until it enters the node labeled b from above. Such
a curve is called an «-arc. Then, it is not hard to see that P € T, is noncrossing if and only if
its diagram can be drawn in such a way that no two arcs intersect in their interior.

Example 4.1.20. Let « = (3,4,2,1,4,2) - 16. We consider the o-partition P, given by
P ={{1,5,13},{2, 6}, (3}, (4,9, {7, 16}, (8, 12}, (10}, {11, 15}, (14}}.

Its diagram, shown below, indicates that P is indeed noncrossing.
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Since Nonc(a) C TT,,, we may consider these partitions ordered by refinement. The result-
ing poset is Nonc(«) % (

to say about these posets.

Nonc(a), <ref). At the moment, unfortunately, we do not have much

Proposition 4.1.21. For « F n, the poset Nonc(«x) is bounded if and only if x = (n) or
a=(1,1,...,1).

Proor. If o = (n), then TTy consists only of the discrete partition, i.e., the partition
where every block is a singleton. If o = (1,1,...,1), then the full partition, i.e., the
partition whose only block is [n], is certainly noncrossing, and must therefore be the
maximal element of Nonc(x).

Now, conversely, let o« = (o1, ot2, ..., &) and suppose that r > 1 and «; > 1. Let Py
be the a-partition, in which the first element of each «-region is connected by an arc
with the last element of the subsequent o-region. Let P, be the «-partition, in which
the last element of each a-region is connected by an arc with the first element of the
subsequent «-region. By assumption, Py # P,. Clearly, P; and P, are noncrossing and
maximal in Nonc(«). This finishes the proof. O

However, it turns out that Nonc(«) is in general not a meet-semilattice'®.

Example 4.1.22. Let x = (2,4, 3,1), and consider the noncrossing o-partitions
{1,3,8,10},{2,6,9%, 43,5}, {7},
{{1,4,7,10},2,5,9}, (3, {6}, 8}}.

Py =
Py =
The intersection of Py and Py is

P = {{1,10,{2,9},{3}, (43,5}, {6),(7},{8) | ¢ Nonc(w).

Moreover, if we consider
Q1 = {{1,10},{23, 3}, (43, {5}, {6}, {7, {8}, (9}},
Q2 = {{1,{2, 9}, 131, {4},{5}, {6}, {7}, 8}, (10}},

then Qi € Nonc(«) and Q; <ref Pj fori,j € {1, 2}. Since Q1 and Qo are mutually incomparable,
Nonc(«) is not a meet-semilattice.

4.1.7. o-trees. In this section we introduce a family of colored trees parametrized by a
composition « that fits nicely into the linear type-A part of Parabolic Cataland. We have not
mentioned trees earlier in this thesis, because we are not aware of analogues of trees in the
context of Coxeter groups. However, these trees play an important role in the applications
of Parabolic Cataland in linear type A to Hopf algebras and diagonal harmonics that we will
present in Section 4.5.

Recall that a tree is a connected, acyclic graph. We usually refer to the vertices of a tree
as nodes, and consider rooted trees, i.e., trees with a distinguished node, the root. Rooted trees
allow for a “descendance” relation among its nodes. We say that a node u is a descendant of
a node v if v lies on the unique path from the root to u. If u is a descendant of v and u and
v are adjacent nodes, then u is a child of v and v is the parent of u. Nodes that have the same

13This counterexample was provided by a referee of [132].
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Figure 46. Illustrating the various traversals of a plane rooted tree.

parent are siblings. A leaf is a node without children. A node that is neither a leaf nor the root
is internal.

A plane tree is a tree together with an embedding in the plane. For a plane rooted tree, we
may therefore order the children of each node from left to right. A left-to-right traversal (resp.
right-to-left traversal) of a plane rooted tree is a depth-first search starting from the root, where
the children of the same node are visited from left to right (resp. from right to left). The LR-
prefix order (resp. LR-postfix order) of a plane rooted tree is the linearization of its nodes, where
we record the nodes in order of first (resp. last) visits in left-to-right traversal. RL-prefix and
RL-postfix orders are defined analogously with respect to right-to-left traversals.

Figure 46 shows a plane rooted tree with 16 non-root nodes. The nodes are labeled
according to LR-prefix order (top-left), LR-postfix order (top-right), RL-prefix order (bottom-
left) and RL-postfix order (bottom-right).

Lemma 4.1.23. For a non-root node u in a plane rooted tree T, the next node in T in the LR-
postfix order is either its parent, of which  is the last child, or the left-most leaf of the subtree
induced by its sibling immediately to the right.

Proor. This follows immediately from the definition of the LR-postfix order. O

Now, let T be a plane rooted tree with node set V whose root node is v,. A partial coloring
isamap y: V' — N for some V' C V\ {v.}. If V/ = V\{v,}, then v is a full coloring. A colored
tree is a pair (T,v), where v is a full coloring of a plane rooted tree T. We refer to the elements
in the image of y as y-colors.

A node v € V\ {v.} is active with respect to a partial coloring y on V' C V\ {vo}if v ¢ V'
and its parent belongs to V' U {v.}.

The following algorithm attempts to color a plane rooted tree with n non-root nodes by a
composition of n.

Construction 4.1.24. Let n > 0 and fix a composition « = (o1, &2, ..., %) of n. Let T be a
plane rooted tree with n non-root nodes.

Initially, we consider the empty coloring o of T, and set Vo = 0. In the i*" step of this
algorithm, we denote by A; the set of active nodes with respect to the partial coloring yi_i.
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Figure 47. A plane rooted tree compatible with o = (3,4, 2, 1,4, 2).

If IAi] < o, then the algorithm fails. Otherwise, let F; denote the set of the first o elements
of A in the LR-prefix order of T. We set Vi = Vi_1 W F;, and we define the partial coloring
Yi: Vi = N by
i— ) ] Vi )
vilv) & {7 1), e Vi
i, ifveF.
If the algorithm has not failed after v steps, we return the colored tree (T,v:).

A plane rooted tree T is compatible with « if Construction 4.1.24 does not fail. Such trees
are also called «-trees, and we write Tree(«) for the set of all a-trees. The full coloring of T
constructed in Construction 4.1.24 (if successful) is the o-coloring of T.

Figure 47 shows a plane rooted tree compatible with « = (3,4,2,1,4,2). Note that this
tree is not compatible with o’ = (5, 3,1,2,4, 1), because its root has less than five children. It
is also not compatible with «” = (4, 3,6, 3), because Construction 4.1.24 fails in the third step.

Note that if « = (1,1,...,1) - n, then any plane rooted tree is compatible with «. More-
over, any plane rooted tree T is compatible with its horizontal composition ot = (ot1, x2,...),
where o; equals the number of nodes of T whose distance to the root is exactly 1.

Two nodes in a tree are comparable if one is a descendant of the other, and incomparable
otherwise.

Lemma 4.1.25. Every a-tree has the following properties.
(i) The color of every node is smaller than the color of its children, and the nodes of the same
color are incomparable.
(if) The active nodes in each step of Construction 4.1.24 will eventually receive colors that are
weakly increasing in LR-prefix order.

Proor. The first property follows from the fact that a node becomes active before
its children do. The second property follows from the construction of the coloring,
where active nodes are selected for coloring in LR-prefix order always starting from
the first active node. g

4.2. Bijections

In this section we relate the four families associated with a composition o bijectively. The
results from this section have appeared in [45,133]. In fact, we prove the following theorem,
illustrated in Figure 48, bijectively.
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Figure 48. A commuting diagram of bijections illustrated on an example for
a=(3,4,2,1,4,2).

Theorem 4.2.1. Let n > 0 and let « be a composition of n. Then,
|Dyck(oc)] = ‘6a(231)| = |Nonc(cx)| = |Tree(oc)].

4.2.1. Noncrossing a-partitions and («x, 231)-avoiding permutations. In this section we
present a bijection from Nonc(et) to 6+(231). Recall that any partition P € TT,, is determined by
its set of bumps. We write Bump(P) for the set of bumps of P. The main result of this section
states the existence of a bijection from Nonc(a) to G(231) that sends bumps to descents.

Theorem 4.2.2. For every composition « of n > 0 there exists a bijection
(4.7) Dperm: Nonc(a) — 64(231)

that sends bumps to descents.

In order to prove Theorem 4.2.2, we first define a partial order on the blocks of P =
{B1,B2,...,Bk) € Nonc(x). We say that a block Bj starts below a block B; if there exists a
bump (a,b) € Bump(P) with a,b € B; such that a < min Bj < b and reg,(a) < reg,(min Bj).
Graphically, this means that the node corresponding to the smallest element of B; lies below
the arc corresponding to (a, b) in the diagram of P. We define a binary relation Rp C P x P by

R, 4f {(Bi7Bj) [1,j € [x], Bj starts below Bi}.

If (B, B;j) € Rp, then min B; < min Bj. Therefore, Rp is acyclic and can be extended to an order
relation Op by taking the reflexive and transitive closure.
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Proposition 4.2.3. For every P € Nonc(a), there exists a naturally associated permutation
wp € 64(231). Moreover, the bumps of P correspond to the descents of wp.

Proor. Let P € Nonc(x) and let B, be the unique block of P containing 1. More
precisely, let B, ={ai, as,...,ax}suchthat 1 =a; < az <--- < ax. Let

D =|J{BeP|(B,,B)cOp}

denote the set of elements of [n] that lie in the order filter of Op generated by B.. We
construct an «-permutation wp by setting wp (1) = |D|, and wp(ai+1) = wp(ai) — 1 for
i€ [k —1]. In particular, every bump of P that belongs to B, is a descent of wp.

Now, we break P into two smaller pieces

Py ={BND|BeP\B.}\{0}
P, ={BN(NJ]\D)|BeP\B,}\ {0

In terms of Op, the partition P; consists of the blocks strictly greater than B, and P
consists of the blocks that do not belong to the order filter generated by B,. Clearly,
P; € Nonc(a!V) and P2 € Nonc(«(?)) for compositions a!!) - n; = D] —k and «?)
ng = n—|D| with n;,ny < n. Recursively, we obtain permutations wp, € &,1)(231) and
wp, € S42(231) from P; and Pg, respectively. The initial condition for this recursion
associates the identity permutation with the discrete partition.

We now embed wp, and wp, into wp, where we have to increase the values of wp,
by [D|. Note that the values of wp, are smaller than |D|; thus wp is («,231)-avoiding.
Moreover, the descents of wp correspond to the bumps of P. By Proposition 4.3.50, any
w € 6,(231) is uniquely determined by Cov(w). g

Note that the proof of Proposition 4.2.3 uses Proposition 4.3.50 that is deferred to a later
section. However, Proposition 4.3.50 does not use any of the results of this section.

For P € Nonc(at), we set ®perm(P) = wp. Proposition 4.2.3 thus describes the action of the
map Dperm and shows, in fact, that it is injective. This is illustrated in Figure 49. We now
conclude the proof of Theorem 4.2.2.

ProoF OF THEOREM 4.2.2. It remains to show that ®perm is a bijection. Let w €
6«(231), with Cov(w) = {(ai,b1),(az,ba),...,(ax,bx)}. Since w € &, it follows
that reg,(ai) # reg,(bi) for all i € [k], and a; # a; whenever i # j as well as
b; # b; whenever i # j. Thus, there exists an a-partition P,, with Bump(P,) =
{(a1,b1), (a2,b2),..., (ax, bi)}.

First, assume that P,, does not satisfy (NC1). Thus, there exist indices 1,j € [k] with
i < j such that a; < a; < by < bj and ai, qj, b; lie in different a-regions. Since
w € 64(231), it follows that wq, > wq; (because otherwise w would have an (e, 231)-
pattern in positions (ay, a;, by)). Since w is a permutation and (aj, b;), (a;,b;) € Cov(w),
this implies wyp, = wq, —1 > wq; > wy,. Since b; < bj, Lemma 4.1.1 implies that b;
and b; lie in different x-regions, too. But then, w has an («, 231)-pattern in positions
(aj, bi, bj), which is a contradiction. Thus, P,, satisfies (NC1).

Now, assume that P,, does not satisfy (NC2). Thus, there exist indices i,j € [k] withi < j
such that a; < a; < bj < b; and a; and g lie in the same «-region. By Lemma 4.1.1,
Waq, < Wq,. Since w is a permutation and (ai, bi), (aj,b;) € Cov(w), it follows that

Waq; > Wp; > Wq, > Wyp,. Once again, Lemma 4.1.1 now implies that a;, b;j, b; lie in
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(@) P = {{1,5,13},{2,6},{3},{4,9},{7, 16}, {8, 12}, {10}, {11, 15}, {14}} € Nonc().

{10} {u m} m

{8 12}
2 3 16 4 5
{4 9} \ {14}
b} {2,6} {716} {3} 7 56 1 3 4 2
(b) The poset Op. (c) The smaller noncrossing partitions

P1 € Nonc((1,2,1,2,1)) (bottom) and
P, € Nonc((2,2,1,1)) (top) together with
their associated permutations wp, and we,.

1012 13 7 9 1116 ' 5 6 1 3 4 8 14 2 15

(d) The (e, 231)-avoiding permutation ®perm(P).

Figure 49. An illustration of the bijection ®perm for o = (3,4,2,1,4,2).

three different a-regions. But then, w has an («,231)-pattern in positions (a;, bj, by),
which is a contradiction. Thus, P,, satisfies (NC2).

It follows that P,, € Nonc(x). Together with Proposition 4.2.3 follows that P,, =
d)pelrm( w). Since P € Nonc(a) is completely determined by Bump(P), and w € &4(231)

is completely determined by Cov(w) (see Proposition 4.3.50) it follows that ®perm is a
bijection. 0O

4.2.2. Noncrossing «-partitions and «-Dyck paths. In this section we present a bijection

from Nonc(«) to Dyck(x). Recall that o« = (&3, xo, ..., ), and po =0, pi = o1 + 2 + - - - + «; for

€ [r]. For p € Dyck(a), we denote by Valley(p) the set of valleys of p, i.e., the set of coordinates
(a,b) on p that are preceded by an east step and followed by a north step.

Theorem 4.2.4. For every composition « of n > 0 there exists a bijection
(4.8) Dpath: Nonc(a) — Dyck(x)

that sends bumps to valleys.

Let (a,b) in Bump(P), and let i € [n]. If reg, (a) =j, then i is directly below (a,b) if p; + 1 <
1 < b and there is no (a’,b’) € Bump(P) with a’ < i < b’ such that either reg,(a’) = reg,(a)
and a’ < a or reg,(a) < reg,(a’). Graphically, i is directly below a bump (a,b), if b =1 or
(a,b) is the first arc that a vertical line rising from the node labeled i intersects in the diagram
of P. In Figure 49a, for instance, 4 is directly below the bump (1,5) and 10 is directly below
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the bump (8,12). We say that (a’,b’) € Bump(P) is directly below (a, b) if a’ is directly below
(a,b).

Proposition 4.2.5. For every P € Nonc(«), there exists a unique pp € Dyck(x). Moreover,
the bumps of P correspond to the valleys of pp.

ProoF. Let P € Nonc(a), and let Bump(P) = {(ay,b1), (az,b2),..., (ax,bx)} be or-
dered as follows: if reg, (ai) = reg,(ai+1), then a; < aiy1, and if reg, (ai) # reg,(ai+1),
then a; > ai41 (and thus reg,(ai) > reg,(ai+1)). In other words, we parse the a-regions
from right to left and record the bumps with respect to their starting node from left to
right within each «-region.

Let ng =n. For i € [k], let reg,(ai) = j;. This means, that p;;,—1 +1 < a; < pj,. Thus,
we may write a; = pj,—1 + i for some 1; € [oj,]. We set m; =pj, + 1 — ;. Moreover, let
d; denote the number of elements that are directly below the bump (a;, b;). Iteratively,
we see that di < ni_; —pj,, and we set ny =n;_; — d;. Since the endpoint of a bump is
always directly below the bump, d; > 0 for all i € [k] and thus n; >ng > --- > ny.
Note that by our ordering of the bumps, we always have j; > jii1i: if ji = jis1, then
L < 11_._1 and thus my > Myi41. If ji > ji+1, then

Mit1 =Pji oy +1—lit1 <pji+1+1<pji—1+1 <pjri—, =mi.

We consider the coordinates (my,n;) for i € [k]. Then, (mi,n;) lies above the m?lh east
step of v,. Since this east step has ordinate p;,, and n; > n—p;,, it follows that (m;, n)

lies inside the a-shape Ay. Thus, the set {(my,n1), (m2,n2), ..., (my,ni)} is the set of
valleys of some (unique) x-path pp. O

Example 4.2.6. Let o = (3,4,2,1,4,2) and let P be the noncrossing «-partition from Exam-
ple 4.1.20. Then,

Bump(P) = {(1,5), (2,6), (4,9), (5,13),(7,16), (8,12), (11,15) }..
The following table lists the values computed in the proof of Proposition 4.2.5.

i (ai,bi) ji L A mp my
1 (L,15) 5 1 1 14 15
2 (8,12) 3 1 3 9 12
3 (49 2 1 2 7 10
4 (513 2 2 1 6 9
5 (7,16) 2 4 2 4 7
6 (1,5) 1 1 2 3 5
7 (26 1 2 1 2 4

Figure 50 shows the «-path pp constructed in Proposition 4.2.5. We have
Valley(pp) = { (14,15), 9,12), (7, 10), (6,9), (4,7), (3,5), (2,4) }.

For P € Nonc(a), we set @path(P) = pp. Proposition 4.2.5 thus describes the action of the
map Pp,n and shows, in fact, that it is injective. Example 4.2.6 illustrates the construction of
®path (P). We now conclude the proof of Theorem 4.2.4.
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Figure 50. The «-path @, (P), where « = (3,4,2,1,4,2) and P is the non-
crossing o-partition from Example 4.1.20.

ProOF OF THEOREM 4.2.4. It remains to show that @y, is a bijection. Let p €
Dyck((x], with VaIIey(p) = {(ml,nl), (mz,nz), coag (mk,nk)} such that m; > mg > -+ >
my. Since these are valleys of an o-path, it follows that n; > ny > --- > ny and if
reg,(my) =j, then n; € {pj,pj+1,...,ni_1—1} (Where ng =n).

We draw n nodes labeled by 1,2, ...,n on a horizontal line, and group them according
to a-regions. We now iteratively add arcs corresponding to the valleys of p so that after
k steps we end up with an a-partition.

For i € [k], define reg,(m;) = ji. We write m; = pj,—1 + 1; for some 1; € [o,], and set
a; = pj, —Li+1. Let b; be the (n;_; —n;)™ node after the ji" a-region that is not directly
below some bump.

We claim that the collection B = {(ay,b1),(a2,b2),..., (ax,bx)} is the collection of
bumps of some noncrossing «-partition. By construction, reg, (a;) # reg,(b;) for all 1,
and [{ay, az,...,ax}| =k = [{by,ba,...,by}|. Thus B is indeed the set of bumps of some
o-partition P,. If we can guarantee that in step i there are always at least n;_; —n;
nodes after the jt" a-region that are not below some bump, then it is clear that P is
noncrossing. But this is clear, because ni_; — pj, determines the number of nodes that
are not already below some bump. Since n; € {p;,,pj;+1,...,n1_1—1}, it follows that
ni_1—ny € {17 2,... ,Mi—1 7].)]'{}.

It follows that P, € Nonc(«) and Bump(P,) = B. The fact that the assignment p — P,
is the inverse of @ ., is immediate, and since the set of bumps uniquely determines
a noncrossing a-partition and the set of valleys uniquely determines an «-Dyck path,
the claim follows. U

The next example illustrates the construction of a noncrossing «-partition from an a-path.

Example 4.2.7. Let « = (3,4,2,1,4,2) and let p be the x-Dyck path shown in Figure 50. We
have
Valley(p) = { (14,15, (9,12), (7,10), (6,9), (4,7), (3,5), (2,4} }.

The following table lists the values computed in the proof of Theorem 4.2.4 together with the
“partial” noncrossing «-partitions obtained by successively adding arcs.

1 (miani) ji li ni_1—ny a; bi ................

1 (14,15) 5 4 1 11 15 s cscwess = N
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2 (9,12) 3 2 3 8 12 e e /e Qe
3 (7,10) 2 4 2 4 9 "'M’u-

5 4,7 2 1 2 7 16 ﬁ

:

{

{

d
i

4.2.3. o-trees and («x, 231)-avoiding permutations. We next present a bijection from Tree(cx)
to G4(231).

Theorem 4.2.8. For every composition « of n > 0 there exists a bijection
(4.9) Zperm: Tree(a) — 64(231),

that maps internal nodes to descents.
We prove Theorem 4.2.8 in several steps.

Proposition 4.2.9. For every T € Tree(o) there exists a naturally associated permutation
wr € 64(231). Moreover, the internal nodes of T correspond to the descents of wr.

Proor. Let y denote the «-coloring of T. We first label the non-root nodes of T
in LR-postfix order and group together labels that correspond to nodes with the same
color. We order nodes with the same color increasingly and order the blocks according
to increasing color. This clearly produces a unique permutation wr € S4.

Now pick i < j < k all in different x-regions such that wr(i) = wr(k) + 1. Let ui, uj, wi
denote the nodes of T that are labeled by 1,j, k, respectively. It follows that y(u;) <
v(u;) <yluw).

Since wr(i) = wr(k) + 1, Lemma 4.1.23 implies that u; is either the parent of wu, or
the left-most leaf of the subtree induced by the sibling of uy on the right. In the
second case, however, uy precedes u; in LR-prefix order, and thus u, would become
active before u; in Construction 4.1.24. Lemma 4.1.25(ii) would yield y(ux) < v(wi), a
contradiction.

Thus, u; is the parent of uy and uy is the rightmost child of u;. This means that
u; comes before wuy in the LR-prefix order of T and that uy is active during steps
i4+1,14+2,...,ux in Construction 4.1.24; in particular in step j. Since j = y(u;) < y(ux)
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101213 7 9 11165 6 1 3 4 8 14 2 15

Figure 51. An a-tree labeled in LR-postfix order for « = (3,4,2,1,4,2), and
the associated («, 231)-avoiding permutation.

the node u; must come before uy in LR-prefix order. However, since wr (i) < wr(j), we
know that u; comes after u; in LR-postfix order. Moreover, y(u;) < y(u;) means that
u; is not an ancestor of u;. Thus, u; must come before u; in LR-prefix order. Since
is the rightmost child of u;, we conclude that u; comes before uy in LR-postfix order,
and it follows that wt(j) < wr (k).

We have just shown that wr is («,231)-avoiding. Moreover, the labels of an internal
node and its right-most child form a descent of wt. The assignment T — wr is precisely
the map Zperm. O

Figure 51 illustrates the construction from Proposition 4.2.9.

Proposition 4.2.10. For every w € &4(231) there exists a naturally associated a-tree T, €
Tree(w).

Proor. Let o0 = (a1, x2,..., %) - 1, and pick w € 6(231). We start with the tree
To that consists of a single node, labeled by n+ 1. We now insert nodes one at a time to
obtain a plane rooted tree with n non-root nodes. This insertion proceeds inductively
as follows. In the ith step, we try to insert a node labeled by w(i) into T;—;. To that
end, we start at the root of T;_; and walk around the tree in a certain manner. Suppose
that we have reached a node v of T;_; labeled by a. If w(i) < a, then we move to the
left-most child of v, otherwise we move to the first sibling of v on the right. If the
destination does not exist, we create a new node in the desired place and label it by
w(i). After n steps we clearly obtain a plane rooted tree T,, = T,. By construction, the
nodes of T,, are labeled in LR-postfix order.

It remains to show that T,, is compatible with «. To that end, we define a full coloring
f of T,, by setting f(v) = reg, (w!(a)). In other words, a node of T, labeled by a is
colored by i if the position of a in w is in the i*" a-region.

We now show that f is indeed the x-coloring of T,, constructed in Construction 4.1.24.
First, let us consider a non-root node u whose parent v is not the root. Since v is
inserted in T,, before u, we must have f(v) < f(u). If f(u) = f(v), then the labels of
u and v come from indices in the same x-region, and since v is inserted before v, the
label of v is smaller than the label of u. However, since u is a descendant of v, the label
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of u must be smaller than the label of v, which is a contradiction. Thus, f(v) < f(u). It
follows that nodes of T,, whose labels come from the same a-region are incomparable.
We now prove inductively that Construction 4.1.24 does not fail for T,, and that the
coloring created is precisely f. More precisely, let vy be the labeling of T,, from Con-
struction 4.1.24 constructed after the sth step, and let fs denote the restriction of f to
values in [s]. We show, for 0 < s < 1, that Construction 4.1.24 does not fail in step s and
that ys = fs. The base case, s = 0, is clearly correct. Suppose that the claim is true for
s — 1.

We first show that there are enough active nodes in step s. Since w is an «-permutation,
the labels w(i) for i in the s*" a-region are inserted in increasing order, and by the ar-
gument from the third paragraph of this proof these newly inserted nodes are incom-
parable. Therefore, all of them are children of the nodes in the domain of v, and thus
active at step s. We therefore have at least « active nodes, so that Construction 4.1.24
does not fail. Moreover, v, is well defined.

We now show that ys = fs. Suppose that this is not the case, and let u, be the first node
of T,, in LR-prefix order that is in the domain of v but not in that of fs. Thus, f(u,) > s.
Let u; be the parent of u,, which is in the domain of y;_; and therefore also in the
domain of f,_; by induction hypothesis. Thus, f(u;) < s — 1. Let uy be the rightmost
child of u; (which exists since u; has at least the child w,). Since wuy is inserted not
before w,, we conclude f(uy) > f(u.). By construction, the domains of f; and vy, are of
the same size (namely «; + a2 + - - - + «5), which means that there is a node u; in the
domain of fs but not in the domain of y;. We choose u; minimal with respect to the
LR-prefix order. By induction hypothesis we have f(u;) > s, which forces f(u;) =s. By
minimality, u, precedes u; in LR-prefix order. If u; is a child of u;, since w, is inserted
before u;, we obtain a contradiction to f(u;) = s < f(u.). As a consequence, u; comes
after u; in LR-postfix order.

Now, let i, j, k be the indices such that u;, u;, ux are labeled by w(i), w(j),w(k), respec-
tively. Since f(ui) < s —1 < f(yy) = s < f(u,) < f(uy), we have reg, (i) < reg,(j) <
reg, (k). Since uy is the rightmost child of u; we have w(i) = w(k) + 1 by construction,
and since u; comes after u; in LR-postfix order we have w(j) > w(i). Therefore, w has
an («,231)-pattern in positions (i,j, k), which is a contradiction.

We thus conclude that y; = fs. As a consequence f is the labeling of T, constructed in
Construction 4.1.24, which means that T,, is an x-tree. O

Proposition 4.2.10 suggests the existence of a well-defined map
(4.10) Aperm: G« (231) — Tree(x), wT,.

We now prove Theorem 4.2.8 by showing that Zyerm and Aperm are mutually inverse maps.

Proor oF THEOREM 4.2.8. By Propositions 4.2.9 and 4.2.10, it remains to show that
Zperm © Aperm = id and Aperm © Zperm = id. Let o0 = (a1, X2, ..., &r).

To show that Zperm © Aperm = id, for w € 64(231), we consider T = Aperm(w) and w' =
Zperm(T). Let v be the full coloring of T constructed in the proof of Proposition 4.2.10.
According to this proof, v agrees with the a-coloring of T. Therefore, the entries in
each a-region of w and w’ agree, and since there is a unique way to order a set of
numbers increasingly, we conclude that w =w’.

Now, for Aperm © Sperm = id, given T € Tree(o), we consider w = Zperm(T) and T’ =
Aperm(W). Let v,v’ be the x-colorings of T, T/, respectively. For s € [r], let T, T/ denote
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the induced subtrees consisting of the nodes of color at most s in T, T, respectively.
We prove by induction on s that T, =T, holds forall 0 < s <.

The base case s = 0 is clear as Ty and T consist only of the root node. Now suppose
that T,y = T, ; and pick a node u of T with y(u) = s and label w(i). Let u’ be
the node of T’ with the same label. Since entries of w in the same «-region appear
increasingly, we know that every node of color s inserted in T’ before 1’ has a smaller
label than u’, and by construction no such node can be the parent of u’. It follows that
the parent of u’ belongs to T/ ;. By induction hypothesis, it follows that the parent
v of u has the same label as v/. Now, for the order of the newly inserted children
of a node, see the proof of Proposition 4.2.9, the children of each node in T’ are—at
each step—ordered by increasing labels. Since nodes in both T and T’ are labeled in
LR-postfix order, we conclude Ts = T/. This completes the induction step, and we
conclude T=T, =T/ =T". O

4.2.4. o-trees and noncrossing x-partitions. Now we present a bijection from Tree(«) to
Nonc(a).

Theorem 4.2.11. For every composition « of n > 0 there exists a bijection
(4.11) Zhonc: Tree(a) — Nonc(x)

that maps internal nodes to bumps.
Again, we prove Theorem 4.2.11 in several steps.

Proposition 4.2.12. For every T € Tree(«) there exists a naturally associated partition Pt €
Nonc(x). Moreover, the internal nodes of T correspond to the bumps of Pt.

ProOOF. Let T € Tree(«). We first draw the n non-root nodes of T on a horizontal
line and group them according to their color. The entries per color group are ordered
with respect to the LR-prefix order of T and the color groups are sorted by increasing
color. We then connect two nodes u and v by an arc if v is the rightmost child of u. The
resulting diagram represents a partition Pr. By construction, every internal node of T
(together with its rightmost child) corresponds to a bump of Pr.

By Lemma 4.1.25(i) there are no arcs connecting nodes with the same color, so Pt
is actually an a-partition. Suppose that Pt is not noncrossing, and pick two bumps
(a1,b1) and (ag,bs) that violate either (NC1) or (NC2). Let uy, v, us,vo be the nodes
of T corresponding to ai, by, az, b whose colors with respect to the a-coloring are
Ci, dl, Ca, dz.

If these bumps violate (NC1), then a; < az < by < by, but aj, az,b; belong to three
different o-regions. It follows that ¢; < c¢o < d;. We conclude that us precedes v; in
LR-prefix order, since v; (being a child of u;) becomes active immediately after step
c1 of Construction 4.1.24 in which u; receives its color. Moreover, since c¢; < cg, the
node us is not an ancestor of u;. Consequently, the rightmost child of us, which is v,
precedes v; in LR-prefix order, too. However, since b; < by we have d; < dz, which
implies that v; precedes v, in LR-prefix order. This is a contradiction, and we conclude
that (NC1) is not violated.
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Figure 52. Illustration of the bijection from Tree(a) to Nonc(x) for « =
(3,4,2,1,4,2).

If these bumps violate (NC2), then a; < az < bz < b; and aj,az are in the same
o-region. It follows that c¢; = co so that, by construction, u; precedes u, in LR-prefix
order. Lemma 4.1.25(i) implies that u; and us are incomparable in T, and since v, is the
rightmost child of u; it precedes us in LR-prefix order, too. Thus, v; precedes vo, which
is the rightmost child of us, in LR-prefix order. However, since by < by, it follows that
d2 < d; which implies that vo precedes v; in LR-prefix order. This is a contradiction,
and we conclude that (NC2) is not violated.

Consequently, our assumption must have been wrong and Pr is noncrossing. The
assignment T — Pr is precisely the map Znonc. O

The process of creating a noncrossing «-partition from an a-tree is the flattening of T and
illustrated in the top part of Figure 52.

Proposition 4.2.13. For every P € Nonc(w) there exists a naturally associated «-tree Tp €
Tree(w).

Proor. Let P € Nonc(«), and label the elements of P by 1,2, ..., n from left to right.
We start with a collection of n+ 1 nodes denoted by v, v1, ..., vn. If the element i does
not lie below any bump of P, then we add an edge from v to v;i making v; a child of
vo. If 1 lies directly below a bump (a,b) € Bump(P), then we add an edge from v, to v;
making v; a child of v.
Since we associate with each element of P a parent with strictly smaller index, the
resulting graph is acyclic. Moreover, it has n+1 nodes and n edges and therefore must
be a tree. We order the children of each node by their label in increasing order and
root the tree at vo. We thus obtain a plane rooted tree Tp. Moreover, every bump of P
corresponds to a unique internal node of Tp (and its rightmost child).

We now prove that Tp is compatible with «. Suppose that « = (a1, x2,...,«:). We
define a full coloring f of Tp by setting f(v,) = i if and only if reg,(a) = i. We now
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prove that Construction 4.1.24 does not fail for Tp and that the resulting «-coloring
agrees with f. We proceed by induction on the number s of coloring steps.

The elements in the first a-region do not lie below any bump of P, which means that
Construction 4.1.24 does not fail in the first step. Moreover, by construction, the nodes
Vi,V2,...,Vq, are the leftmost children of the root of Tp, and the partial labeling of
Construction 4.1.24 assigns the color 1 to all these nodes. Hence, this partial labeling
agrees with f on the nodes colored by 1. This establishes the base case s = 1 of our
induction.

Now suppose that the induction hypothesis holds for s — 1 < r, and we now consider
step s. For a € {ps_1+1,ps—1+2,...,ps}, let w be the parent of v,. By construction, w
is either the root or w = v, for some a’ < ps_;. This implies f(w) < s — 1. Thus, v
is active in step s of Construction 4.1.24. Since a was chosen arbitrarily, we conclude
that all nodes of Tp coming from the s™ «-region are active in step s. This implies that
Construction 4.1.24 does not fail in step s.

We now prove that the nodes corresponding to elements in the st a-region are the first
active nodes in LR-prefix order at step s. Suppose that at step s there are two active
nodes vy, and vy, such that vy, precedes vy, in LR-prefix order and f(vy,) > s = f(vp,).
Consequently, by < b; and reg,(bi) # reg,(bz2). Let vq,,vq, denote the parents of
Vb,,Vb,, respectively. If vq, = vq,, then by construction we must have b; < by; a
contradiction. If v, is the root, then vy, also precedes v, in LR-prefix order and it
is either colored or active in the step in which v, receives its color. By our induction
hypothesis, we have s < f(vy,) < f(vq,) < s, which is a contradiction. If v, is the
root, then since by is not below any bump and by < by, reg,(bs) < reg,(ai). In
combination with the induction hypothesis, we obtain s = f(vp,) < f(vq,) < s, which
is a contradiction. We conclude that b; and b, are directly below bumps (a;,b;) and
(az, b)), respectively.

Since vy, and vy, are active in the st step, it follows that a; and a; are in x-regions
before the sth a-region, with b; < b{ and bs < bj. There are four possibilities:

(i) If a1 < a2 < b] < b}, then either reg,(ai) = reg,(a2) or reg,(az) = reg,(b7) by
(NC1). In both cases we would have b; < by, which is a contradiction.

(ii) If a1 < az < b) < b}, then reg, (a1) < reg,(az) by (NC2). Thus, v,, is colored before
Va,, Which implies that vy, is active before v,, receives its color. Since vy, precedes vy,
in LR-prefix order and vy, is not a descendant of v4,, we conclude that vy, precedes
Va, in LR-prefix order, too. It follows that vy, receives its color not later than v,,, and
by our induction hypothesis, we have s < f(vp,) < f(vq,) < s; a contradiction.

(iii) If a2 < a; < by < b}, then reg, (a2) < reg,(ai) by (NC2). This means that (a;, bj)
separates by from (ag, b}). Since f(vq,) < s = f(v,), we have reg, (a1) < reg,(bz2). Thus,
by < bj < bg, which is a contradiction.

(iv) If a2 < a1 < bj < bj, then either reg,(as) = reg,(ai) or reg,(ai1) = reg,(bs) by
(NC2). If reg, (a2) = reg,(ai), then v, precedes v, in LR-prefix order by construction,
because a; < a;. Moreover, since f(vq,) = f(vq,) < s — 1, by our induction hypothesis,
these two nodes receive the same color in Construction 4.1.24. By Lemma 4.1.25(i), vq,
and vq, are incomparable in Tp. Since vy, is a child of v, it follows that vy, precedes
vp, in LR-prefix order, which is a contradiction. If reg, (a;) = reg, (b4), then necessarily
reg,(b2) < reg,(ai). By induction hypothesis, we have s > f(vq,) > f(vu,) =5, a
contradiction.

We conclude that all nodes of Tp corresponding to elements from the s*" a-region
receive color s in step s of Construction 4.1.24, which finishes the induction step. We
conclude that Tp is an a-tree and f its a-coloring. O
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Proposition 4.2.13 suggests the existence of a well-defined map
(4.12) Anonc: Nonc(a) — Tree(x), P~ Tp,

which is illustrated in the bottom part of Figure 52. We now prove Theorem 4.2.11 by showing
that Znonc and Anonc are mutually inverse maps.

Proor oF THEOREM 4.2.11. By Propositions 4.2.12 and 4.2.13, it remains to show
that Zponc © Anone = id and Ayone © Znone = id.

To show that Z,onc © Anonc = id, for P € Nonc(«), let T = Anonc(P) be the a-tree obtained
from P as in the proof of Proposition 4.2.13 and let P/ = Znonc(T) be the noncrossing
o-partition obtained from T as in the proof of Proposition 4.2.12.

Since every bump of P corresponds to an internal node of T and every internal node
of T corresponds to a bump of P/, we conclude that P and P’ have the same number of
bumps. Let (a,b) € Bump(P). In T, the node v, is thus the parent of the node vy,. Let
i be an element of P such that v; is a child of v, in T. By construction, a < i < b and
reg,(a) < reg,(i). Hence, vi (weakly) precedes vy, in LR-prefix order. This is valid for
every child of vo, which implies that vy, is the rightmost child of v, leading to a bump
(a,b) € Bump(P’). We conclude Bump(P) = Bump(P’) and thus P = P’.

To show that Anonc © Znone = id, for T € Tree(x), let vy be its a-coloring, P = Znonc(T),
T’ = Anonc(P). We now prove that T = T’. For a non-leaf node u of T, let v be a child of
u, let a,b be the elements of P corresponding to u,v, and let u’,v’ be the nodes of T’
corresponding to a, b, respectively. We first show that v’ is a child of u’ in T.

If u is the root, then b is not below any bump in P, meaning that 1’ is the root of T’
and Vv’ is one of its children by the proof of Proposition 4.2.13. We now suppose that
u is not the root. If v is the rightmost child of u, then (a,b) € Bump(P), and it follows
from the proof of Proposition 4.2.13 that v’ is the rightmost child of u’, too.

It remains to consider the case that v is not the rightmost child of u. Let v, be the
rightmost child of u, and let b, be the element of P corresponding to v.. It follows that
(a,b:) € Bump(P). But now, the proof of Proposition 4.2.12 implies that b lies directly
below (a,b;); hence v’ is a child of 1’ in T’. The order of the children of a node in T
and T’ depends only on the order of the elements of P which allows us to conclude
T=T. O

4.2.5. a-trees and a-Dyck paths. Finally, we present a bijection from Tree(a) to Dyck(«).

Theorem 4.2.14. For every composition « of n > 0 there exists a bijection
(4.13) Zpath: Tree(or) = Dyck(«x)

that maps internal nodes to valleys.

Proposition 4.2.15. For every T € Tree(wa) there exists a naturally associated x-Dyck path
p1 € Dyck(a). Moreover, the internal nodes of T correspond to the valleys of pr.

Proor. Let &« = (o1, 00,...,0.) Fn, let py = oty + &2 + -+ + & for i € [r] and
Po = 0. Choose T € Tree(«). Let q; denote the number of active nodes in step i + 1 of
Construction 4.1.24 before coloring. Then, p; denotes the number of nodes of T of color
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Figure 53. A labeled a-tree and its associated «-Dyck path.

< iand g; denotes the number of nodes of color > i whose parents have color < i. It
follows immediately that p; + q; < n for all i.

If the rightmost child of the j*" internal node (from left to right) of color i is the kth
active node (from left to right) in the (i+1)** step of Construction 4.1.24 before coloring,
then we mark the coordinate (a, b) in the plane, where a = p; —j+1 and b = p; + q; — k.
After parsing all internal nodes of T, we return the unique northeast path pr from (0, 0)
to (n,n) whose valleys are precisely at the marked coordinates. By construction, the
internal nodes of T correspond to the valleys of pr.

Moreover, since j < oy, we have p;i_1 < a < p;i, and since k < qi, we have p; < b <
pi + qi. Therefore, (a,b) is weakly above v, = N¥ EXN*2E*2 ... NérEXr,

Since this reasoning goes through for every internal node of T, pr is an «-Dyck path. O

Example 4.2.16. The left side of Figure 53 shows an o-tree for « = (3,4,2,1,4,2), where
the nodes are labeled from right to left per color class. The following table lists the steps of
Construction 4.1.24, and for each step it lists the active nodes before coloring, the internal
nodes that receive a color and the valley they contribute. The internal nodes are marked in red.

internal node

i+1 pi gy active nodes of color 1 j rightmost child k  wvalley
1 0 4 {vi,v2,v3,v4} = = = = =
o A% 2 V5 3 (2, 4)
2 3 4 {V,i,Vs,V(),V(} V3 1 Ve 9 (375)
V4 4 V15 5 (4, 7)
3 7 5 {vg,Vv9,Vi1,V12,Vi5} V6 2 V12 3 (6,9)
%4 1 Vg 2 (7, 10)
4 9 6 {vio,v1i1,V12,V13,V14,V15} Vg 1 Vi3 3 (9,12)
5 10 5 {vi1,v12,v13,V14,V15} = = = = =
6 14 2 {vi5,vie} V14 1 Vi6 1 (14,15)

Note that, in the labeling we used, the indices of the nodes correspond to the x-coordinates of
their corresponding valleys. The right side of Figure 53 shows the «-Dyck path whose valleys
were computed in the above table.
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Proposition 4.2.17. For every p € Dyck(a) there exists a naturally associated o-tree T, €
Tree(o).

Proor. Let o = (a1, x2,..., ) and let p € Dyck,. Let Ty be the plane rooted tree

consisting of a single (root) node, and let fy be the coloring of Ty that colors the only
node of Ty by color 0.
At the ih step, we construct a (partially) colored tree T; from T;_; by adding as many
children to the j*h node of color i — 1 (from left to right) as there are north steps in p
with x-coordinate equal to p;—; —j + 1. After all children have been added, we extend
fi_1 to fi by assigning the color i to the first o; uncolored nodes of T; in LR-prefix
order. This algorithm fails if there are not enough uncolored nodes. After r steps, we
return the plane rooted tree T, = T..

We first prove that we never run out of uncolored nodes, i.e., that the above construc-
tion never fails. For i € {0,1,...,7 — 1} we denote by m; the maximal y-coordinate
of a lattice point on p that has x-coordinate p;. Since p is weakly above vy, we have
mi = Piy1-

Next we prove by induction on s € [r] that the number of uncolored non-root nodes
at the end of step s in the above construction is precisely ms_; — ps. The base case
s = 1 holds, because in the first step, we add exactly my children to the root and we
color a; = p; of them. Now suppose that the claim holds up until the sth step of
the construction. In particular, at the beginning of the (s + 1)** step we already have
ms_1 — ps uncolored nodes. In the (s + 1)** step, we add ms; — ms_; new nodes and
color a1 of all uncolored nodes. This leaves us with ms_ 1 —ps +ms —Mms_1 — 511 =
mgs — pst1 > 0 uncolored nodes. This completes the induction, and implies that the
above construction never fails; in fact it produces a full coloring f = f, of T,,.

Now we prove that T, is compatible with « by proving that f is indeed the x-coloring
v of T, from Construction 4.1.24. Let us prove by induction on s € [r] that Construc-
tion 4.1.24 does not fail. Let fs denote the restriction of f to the nodes of T, that have
f-color at most s, and let v, be the (partial) coloring of T, obtained after the st step of
Construction 4.1.24.

For the base case s = 1, by construction, the root of T, has my > «; children and we
have f(v) = 1 if and only if v is among the o«; leftmost children of the root. It is now
clear that Construction 4.1.24 does not fail at step 1 and that the same nodes receive
y-color 1.

Suppose now that the induction hypothesis holds for s. The active nodes with respect
to v, are precisely those whose parents have y,-color at most s. In step s + 1 of the
above construction, we add precisely ms —m,_; new nodes and after this addition, the
parents of the uncolored nodes have fs-color at most s. By induction hypothesis, the
uncolored nodes with respect to fs are precisely the active nodes with respect to ;.
We have already shown that Construction 4.1.24 does not fail in step s + 1, and since
we color the a1 leftmost nodes in LR-prefix order by s + 1 in both constructions, the
induction step is established.

We conclude that T, is compatible with « and that the colorings f and y agree. O
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Remark 4.2.18. It follows from the proof of Proposition 4.2.17 that after we have created all the
nodes in the (s + 1)t step of Construction 4.1.24, there are ms —p, active nodes before coloring
and ms — psy1 active nodes after coloring.

We need the following auxiliary result.

Lemma 4.2.19. Given T € Tree(ot), let u be an internal node of T. The number of children of
w is equal to the number of consecutive north steps in p = Zpaen (T) immediately after the valley
corresponding to u.

Proor. Suppose that the valley corresponding to u is at position (a, b) in the plane.
Let c; be the number of children of u and let co be the number of consecutive north
steps with x-coordinate a. Suppose that u has color s and that the rightmost child of
u is the j*" active node in LR-prefix order in the (s + 1) step of Construction 4.1.24
before coloring among a total of q, active nodes. Moreover, let mg be the maximal
y-coordinate of a lattice point on p with x-coordinate p;. It follows from Remark 4.2.18
that q; = ms —ps. The proof of Proposition 4.2.15 further implies that b =ps +qs —j =
ms —j.
If u is the first internal node in its color group, then ¢; = j. By construction, the
valley (a,b) is the last valley whose x-coordinate is at most ps, which implies that
Coa =Mmg — b= ]
Otherwise, let u, be the internal node of color s that immediately precedes u in LR-
prefix order. Suppose that the rightmost child of wu. is the jt" active node in LR-prefix
order at step s + 1 of Construction 4.1.24 before coloring. It follows that ¢; = j —j..
Moreover, let (a., b.) be the valley of p corresponding to u,. We know that (a.,b.) is the
valley immediately after (a,b), and we have c; = b, —b. Since b, = ps+qs—j. = Ms—j.
by the proof of Proposition 4.2.15 we conclude that co = j. —j. We thus have ¢; = ¢z in
all cases. O

Proposition 4.2.17 suggests the existence of a well-defined map

(4.14) Apath: Dyck(a) = Tree(a), p—T,.

We now prove Theorem 4.2.14 by showing that Z,atn and Apan are mutually inverse maps.

Proor oF THEOREM 4.2.14. By Propositions 4.2.15 and 4.2.17, it remains to show
that Z,ath 0 Apath = id and Apaen 0 Zparn = id.

To show that Z,,th © Apath = id, for p € Dyck(ot), let T = Apaen(p) be the a-tree obtained
from p as in the proof of Proposition 4.2.17 and let p’ = Zp,en (T) be the a-Dyck path ob-
tained from T as in the proof of Proposition 4.2.15. Since every valley of p corresponds
to an internal node of T, which in turn corresponds to a valley of p’, we conclude that
p and p’ have the same number of valleys.

Let (a,b) be a valley of p and let u be the corresponding internal node of T, which is
the (ps — a + 1) node of color s in the LR-prefix order of T. Let m; be the maximal
y-coordinate of a lattice point on p with x-coordinate p;. By Remark 4.2.18, the number
of active nodes in the (s + 1)** step of Construction 4.1.24 (before coloring) is precisely
qs = ms—ps. The rightmost child of u is thus the (m; —b)* activenode of T (in LR-prefix
order) at step s of Construction 4.1.24. According to the proof of Proposition 4.2.15,
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the internal node u and its rightmost child contribute a valley (a’,b’) to p’, where
a'=ps—(ps—a+1)+1=aand b’ =ps +qs — (ms —b) = b. Thus, the valleys of p and
p’ agree and it follows that p = p’.

To show that Apath © Zpatn = id, for T € Tree(a) let p = Z,0n(T) and T/ = Apaen(p).
For s € [r] let T, T, denote the induced subtrees of T and T’, respectively, consisting of
nodes of color at most s. We prove by induction on s that T, = T, holds for all 0 < s < .
The base case s = 0 is trivially true, since both trees Tp and T consist only of a root
node that is colored by 0. Suppose that Ts_; = T/_;. Suppose that u is a node of T;_;
that has k > 0 children in T. By Lemma 4.2.19, either p starts with k north steps (if u
is the root) or the valley corresponding to u is followed by k north steps. According
to the proof of Proposition 4.2.17, the node u’ (which is either the root or the node
corrresponding to the previously considered valley) of T, ; also has k children. We
also notice that, by construction, the positions of u and u’ among all active nodes of
Ts—1 and T/, are the same. Therefore, we have T = T/, which completes our induction.
We conclude that T =T, =T/ =T’ and we are done. O

We may now conclude the proof of Theorem 4.2.1.
Proor. This follows from Theorems 4.2.2,4.2.4,4.2.8,4.2.11 and 4.2.14. O

We end this section by showing that the diagram in Figure 48 commutes.

Proposition 4.2.20. For every p € Dyck(«), we have (D;alth (1) = Znonc © Apath(p).

Proor. Let T = Apath(p), P = Znonc(T), P’ = q);alth(p). By Theorem 4.2.14, we know
that every valley of p corresponds to an internal node u of T with its coordinates dictat-
ing the exact position of u and its rightmost child v in the «-regions. By Theorem 4.2.11,
every such pair of nodes (u,v) corresponds to a bump (a,b) € Bump(P), where a and b
are determined by the positions of u and v. Following the proof of Theorem 4.2.4, we

see that (a,b) is also a bump of P’. It follows that P = P’. O

Proposition 4.2.21. For every P € Nonc(o), we have @ perm(P) = Zperm © Anonc(P).

PrOOF. Let T = Anonc(P), W = Zperm(T) and W’ = Operm (P). We prove by induction
on n that w = w’. The base case n = 0 is clearly true. Now suppose that our claim is
true for all compositions &’ - n’ with n’ < n.

We take the block of P containing 1 and denote it by B, = {a1, as,..., ax} with a; <
az < --- < ax and a; = 1. By Proposition 4.2.3, we have w'(a;) = w'(az) +1=--- =
w'(ax) +k—1. The remaining values are determined inductively from two noncrossing
o/-partitions P; and P, with strictly less than n elements each. By induction hypothesis,
we have @perm (Pi) = Eperm © Anonc(Pi) for i € {1,2}.

On the other hand, by Proposition 4.2.13, the elements of B, correspond to nodes in T
on the rightmost branch of the first child u of the root, i.e., the set of nodes visited from
u by always moving to the rightmost child when possible. The label of u according
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to Proposition 4.2.9 is always w(1) and the label of the rightmost child of any node
v is always one less than the label of v itself. Finally, by comparing the constructions
from Propositions 4.2.3 and 4.2.13, we see that the elements contributing to w’(1) are
precisely the nodes in the subtree of u, and we conclude that w and w’ agree on B..

Now let T, be the induced subtree of T consisting of all the nodes that are descendants
of all but the first root children, and let w(?) = Zp¢m(T2). Moreover, we construct a
new tree T; from T by first deleting the root and all nodes of Ty, and then contracting
the rightmost branch of u into a new root node, while keeping the LR-prefix order
of the remaining nodes. Let wl) = Zperm(T1). The nodes of T; and Ty, respectively,
are in the same relative order as in T with respect to LR-postfix order. Hence, w can
be reconstructed from the values w(a;), w(as), ..., w(ax), the values in w!) and the
values in w(? increased by w(1). This is precisely the way in which w’ is constructed,
and we conclude w =w’. O

4.3. Posets

We now move to the study of various posets defined on «-Catalan families. These results

have appeared in [45,66,132].

4.3.1. The weak order on 6,(231). The pattern avoidance characterization of the c-aligned
elements of &, from Lemma 4.1.16 provides us with a good combinatorial understanding of
these elements. We will now study their behaviour under weak order and eventually prove

Conjecture 3.2.6 in linear type A.

The next lemma is a key result in this study, and states the existence of a well-defined

projection map

(4.15) 8 G — G4 (231),

where for any w € &, 75 (w) is the greatest (o, 231)-avoiding permutation below w in weak

order.

Lemma 4.3.1. For every w € S, there exists a unique w’ € S4(231) such that Inv(w’) is
the maximal set under inclusion among all o-aligned inversion sets Inv(u) C Inv(w).

Proor. We proceed by induction on the cardinality of Inv(w). If Inv(w) = @, then
Inv(w) is a-aligned and the claim holds trivially. Suppose that [Inv(w)| = r, and that
the claim is true for all u € &, with |Inv(u)| <.

If Inv(w) is already «-aligned, then we set w' = w and we are done. Other-
wise, Lemma 4.1.17 implies that w contains an («, 231)-pattern, which means that there
are indices i < j < k such that |{reg, (1), reg,(j), reg, (k) }| = 3, wi = wi. +1 and w; > wy.
Consider the lower cover u of w in which w; and wy are exchanged. In particular, we
have Inv(w) = Inv(u) W {(i,k)}. By the induction hypothesis, there exists some u’ € &
such that Inv(u’) is the unique maximal x-aligned inversion set that is contained in
Inv(u). We claim that w’ =u’.

In order to prove this claim, we choose some element v € &4 such that Inv(v) is «-
aligned and Inv(v) C Inv(w). By construction, we have (i,j) ¢ Inv(w), and hence (i,j) ¢
Inv(v). Since Inv(v) is «x-aligned it follows by definition that vi # v + 1. We want
to show that Inv(v) C Inv(u), which amounts to showing that (i,k) ¢ Inv(v) because

Inv(w) \ Inv(u) = {(i,k)}.



4.3. POSETS 111

We assume the opposite, and in view of the argument above it follows that vi > vy + 1.
Let d be the index such that vq4 = vi + 1, and let e be the index such that vi = v, + 1.
Since wi = wy + 1, we observe the following:

(D) either wg <wy or w;<wg, and
(E) either we <wy or wi;<we.
We have the following relations:

Vj > Vi > Ve = Vg > Vk.

(If vj < vy, then (i,j) € Inv(v) C Inv(w), which is a contradiction.) We now distinguish
five cases.

(i) Let d < i < k. Then (d,k) € Cov(v) C Inv(w). It follows that wgq > wy, and (D)
implies wg > w;. Lemma 4.1.1 implies that d and i lie in different a-regions. Since
Inv(v) is a-aligned, we conclude (d,1) € Inv(v). Hence vi < vq = vk + 1 < vi, which is a
contradiction.

(ii) Let i < d < k. Then (i,d), (d,k) € Inv(v) C Inv(w). It follows that w; > wq > wy,
which contradicts (i, k) € Cov(w).

(iii) Let i < e < k. Then (i,e), (e,k) € Inv(v) C Inv(w). It follows that w; > we > wy,
which contradicts (i, k) € Cov(w).

(iv) Leti < k < e. Then (i, e) € Cov(v) C Inv(w). It follows that w; > w,, and (E) implies
Wwe < wy. Lemma 4.1.1 implies that k and e lie in different a-regions. Since Inv(v) is
o-aligned, we conclude (k,e) € Inv(v). Hence vi = ve +1 < vy +1 < v;, which is a
contradiction.

(v) Let e < i < k < d, which in particular implies that (e, d) € Inv(v) C Inv(w). Moreover,
(e,k), (i,d) € Cov(v) C Inv(w). It follows that w; > wq as well as w. > w,. Now (D)
and (E) imply wgq < wi and we > wy, respectively. Lemma 4.1.1 implies that e, i, k and
d all lie in different x-regions.

Let e’ be the smallest element in the a-region of e such that ve: > vq, and let d’ be
the largest element in the x-region of d such that vq: < ve,. We record that e’ < e <
i1 <j <k <d<d, and we proceed by induction on ver —vgr. If ver = vg + 1, then
(e/,1),(e’,j) € Inv(v), since Inv(v) is x-aligned. Lemma 4.1.1 implies that ve > vesr > v; >
vi = Ve + 1, which is a contradiction. If ve > v4, + 1, then there must be some index f
with ver > v¢ > vas 4+ 1. By construction we have vi =ve +1 > ve > ver > vy,

If f < i and they do not lie in the same a-region, then we can consider the triple (f,1i,d’),
and obtain a contradiction by induction, since v¢ —vq: < ver —vgq/. If f > i and they
do not lie in the same «-region, then we can consider the triple (e’,1,f), and obtain a
contradiction by induction, since ve: —v¢ < ver —vg-. If f and 1 lie in the same «-region,
then we have f < i. We can consider the triple (f,j,d’), and obtain a contradiction by
induction, since v¢ — vqr < Ver —vgr.

We have thus shown that (i, k) ¢ Inv(v), which implies Inv(v) C Inv(u). By the induction
assumption it follows that Inv(v) C Inv(u’), which proves w’ =u’'. O

For o = (1,1,...,1), Lemma 4.3.1 is [147, Lemma 5.6]. We obtain the lattice property of
Weak (5(231)) as a consequence.

Proposition 4.3.2. For every composition « of n > 0, the poset Weak (& (231)) is a lattice.
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Proor. Letu,v € 64(231). By Corollary 3.1.3, Weak(S «) is a lattice and we denote
by w the meet of u and v in Weak(S4). Then, 7k (w) is the greatest («, 231)-avoiding
permutation below u and v and must thus be the meet of u and v in Weak(G‘x(231)).
By inspection of (4.2), we see that w,,o € 6(231). Lemma 1.1.11 then implies that

Weak(S«(231)) is a lattice. O

Let us write Tam(«) def Weak (&, ). Since Tam(a) is the linear type-A incarnation of a

parabolic c-Cambrian lattice, we follow the ordinary case and call Tam(«x) the o-Tamari lattice.
We now proceed with proving Conjecture 3.2.6(i) in linear type A. To that end we define
a binary relation ©, on &, by

(4.16) (w,w') € @y if and only if 7} (w) = 7k (w’).

It is immediate that ©4 is an equivalence relation containing exactly one («,231)-avoiding
permutation per equivalence class. Moreover, 7y maps w € G4(231) to the least element in
its equivalence class. Consequently, the equivalence classes of ©, each have a least element
under weak order.

We wish to show that © is a congruence relation of Weak(& ) exhibiting Weak (& (231))
as a quotient lattice. Thus, we need to check the properties stated in Lemma 1.1.27.

Lemma 4.3.3. The fibers of 7t are order convex, i.e., if W <yeak W <weak v and 14 (1) = & (v),

then 7k (u) = 7k (w).

PrROOF. Let u/ = mh(u) = mh(v) and w’ = wh(w). Since W <wesk W <weak V»
Lemma 4.3.1 implies W’ <yeak u'. Likewise, since ' <yeak U Sweak W, Lemma 4.3.1
implies U <yeak W'. O

We claim that the equivalence classes of ©, each have a greatest element, which would
prove that the equivalence classes of © are in fact intervals in Weak(S& ). We say that w € 64
has an («, 132)-pattern if there exist indices i < j < k all in different x-regions such that
wi = wx — 1 and wi < wj. An a-permutation without («, 132)-patterns is («, 132)-avoiding.
The proof of the following lemma is almost verbatim to the proof of Lemma 4.3.1.

Lemma 4.3.4. For any w € &, there exists a unique minimal («, 132)-avoiding permutation
w with w <yeak W'.

If we denote by 64(132) the set of all («, 132)-avoiding permutations, then Lemma 4.3.4
implies the existence of a map
4.17) T Gp — Gy (132),

where for any w € &, mh(w) is the least (. 132)-avoiding permutation above w in weak
order. We now prove some auxiliary results regarding the interaction between the maps 7ty
and 7th.

Lemma 4.3.5. The maps 7t and )y are order preserving.
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Proor. We prove this property only for 7t%; the reasoning for 7, is analogous.
Let u,v € 64 such that u <yesk v. By Lemma 4.3.1, 75 (1) Sweak U Sweak V- Moreover,
since 7% (v) is maximal among all (e, 231)-avoiding permutations below v—also by

Lemma 4.3.1—it follows that ﬂﬁc(u) Lweak nﬁ((v). O

Lemma 4.3.6. Let u,v € & with w <yeak v and suppose that Inv(v) \ Inv(u) = {(i,k)}. The
following are equivalent.

(i) There exists an index j € {i+1,i+2, ..., k—1} such that v; > v.

(if) & (u) = ma(v).

(iii) 7k (u) = 7k (v).

PROOE. If u <yeak v and Inv(v) \ Inv(u) = {(i,k)}, then vi = vi41 by construction. In
particular, u is obtained from v by swapping the entries in positions i and k.
If (i) holds, then v has an («,231)-pattern in positions (i,j,k) and u has an («, 132)-
pattern in positions (i,j,k). Lemmas 4.3.1 and 4.3.4 then imply (ii) and (iii), respec-
tively.
If (i) does not hold, then for any j in an «-region strictly between the a-regions con-
taining 1 and k, we have v; < vi. In particular, i and k do neither participate in an
(«, 231)-pattern of v, nor in an («, 132)-pattern of u. The maximality of 5 (v) implies
that (i,k) € Inv(mk(v)). However, since (i,k) ¢ Inv(u) we must have (i,k) ¢ Inv(mk(u))
implying 5 () # 7% (v). We have shown that (ii) implies (i). The proof that (iii) implies
(i) is similar. O

Lemma 4.3.7. I]‘n&(u) = 715 (v), then mth(u) = 7 (v).

PrOOF. Let u,v € G4. If u <yeak v, then the claim follows from Lemma 4.3.6. If
U <weak V, then the claim follows by repeated application of Lemma 4.3.6.
If u and v are incomparable, we consider their meet w in Weak(G,). If mh(u) =
7% (v), then we denote this element by w’. Since w’ is the maximal («, 231)-avoiding
permutation below u and v, it follows that % (W) = w'. Since w <peak 1 and W <ueak V,

we conclude 7t (1) = th(w) = 7tk (v) using the argument above. O

Proposition 4.3.8. The equivalence relation © is a lattice congruence on Weak(Sy). The
corresponding quotient lattice is isomorphic to Tam(«x).

Proor. Lemma 4.3.1 implies that the congruence classes of ©®, each have a least
element, and Lemmas 4.3.4 and 4.3.7 imply that the congruence classes of ©, each
have a greatest element. Lemma 4.3.3 then implies that the congruence classes of
O are actually intervals of Weak(S,). More precisely, for w € &4, the congruence
class W], equals the interval [nﬁc (w), 7t (w)} in Weak(S). Lemma 4.3.5 implies that

7ty and 7t are order-preserving maps, and the claim follows from Lemma 1.1.27 and

113
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a3 2 3
/ N
(2,4) (1,8)
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/ N / N
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/ AN / AN
41 28 Sl 1 4 21 3 4 M
N AN N
(1,4) (1,4) (1,4)
AN N N
o1 1 2§ 241 415 1 3 4 2
N / N /
(1,3) (3,4) (1,2) (2,4)
AN / AN /
20 1 3 g N 2 40
N /
(1,2) (3,4)
AN /
i 2 3 JEs

Figure 54. The (1,2,1)-Tamari lattices as it arises as a quotient lattice of
Weak(S (1 2.1)). The edges are labeled by A, see (4.22).

the consequence of Lemma 4.3.1 that congruence classes of ©, are in bijection with
(«,231)-avoiding permutations. O

The previous reasoning implies the following result, which is illustrated in Figure 54 for
o= (1,2,1). See also Figure 37a.

Theorem 4.3.9. For every composition ocof n > 0, Tam(«) is a quotient lattice of Weak(S ).

Corollary 4.3.10. For every composition « of n > 0, Tam(«) is congruence uniform and
semidistributive.

Proor. The first claim follows from Proposition 3.2.8 and Theorem 4.3.9. The sec-
ond claim follows from Theorem 1.1.30(ii). O

The fact that Tam(x) arises from Weak(G,) as a quotient lattice, where the minimal
elements per congruence class are («,231)-avoiding and the maximal elements per congru-
ence class are («,132)-avoiding yields the following duality result, which is illustrated in
Figure 55. Recall that for a composition o« = (&1, x2,..., ), its reverse is the composition
® = ((Xr,...,OCQ,(Xl).

Theorem 4.3.11. For every composition « of n > 0, the lattice Tam(«) is isomorphic to the
dual of Tam(w).
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12 4 1 4 2 3
1 3 2 4 2 113 4 1 3 2 4
1 2 3 4 1 2 3 4
(a) The lattice Tam(2,1,1)). (b) The lattice Tam(1,1,2)).

Figure 55. An illustration of Theorem 4.3.11.

Proor. For w € &,,, we define the reverse permutation W by setting w; = Wil i.
We construct a permutation w from w by reversing the order of the entries according
to the &-regions. Then, w € &4 if and only if w € &.

Now let u,v € &,. We prove that Inv(u) C Inv(v) if and only if Inv(i) 2 Inv(v). It is
enough to prove one implication, because the other one is analogous. So, suppose that
Inv(u) C Inv(v) and choose indices a < b in different &-regions such that (a, b) ¢ Inv(i).
Let a’,b’ be the unique indices with v,/ = Tis and uy = 1ip. Since the entries in each
®-region are ordered linearly, and by passing from u to 1 (resp. from v to V) we reverse
this order, we conclude that vy, = v, and vy = Vp.

Suppose that regg(a) = i and regg(b) = j. Since a < b, then i < j by assumption. By
construction, reg,(a’) =r+1—1iand reg,(b’) =r+1—j, and consequently b’ < a’.
Since (a,b) ¢ Inv(1t), we must have uqs = liq < tp = up’, which implies (b’,a’) €
Inv(u) C Inv(v). This means that vy = vy > var = Vq; thus (a,b) € Inv(V). By contrapo-
sition, we obtain Inv(V) C Inv(@).

We now show that w has an («, 231)-pattern if and only if W has an (&, 132)-pattern.
Once again, it is enough to prove one implication, because the other one is analogous.
So, suppose that w has an («,231)-pattern in positions (i,j,k). Let a = wi, b = wj,
¢ = wy. Then, i < j < k belong to different x-regions, and a < b and a = ¢+ 1. Let
i’,j’,k’ be such that wi; = a, Wj» = b and Wy = c. As before, we see that k' < j’ < i’
belong to different &-regions. By construction, this implies that W has an (&, 132)-
pattern in positions (k’,j’,i’).

Let w € 6. By Lemma 4.3.7, the least element in the congruence class [w]g, is the
(«, 231)-avoiding permutation 7% (w) and the greatest element in [w]g, is the («, 132)-
avoiding permutation i (W). Consequently, Tam(a) = Weak(&,(132)), too. We have
shown above that the assignment w — W is a bijection from &4(231) to G«(132), which
reverses the weak order. This proves the claim. a
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wag=[1 2 3 6 7 8 45 9 10

(p[;}m(wél,S): e o o e o/ 0 o O
4,7) (5,7) (6,7)

Inv(wag) = 4,8) (5,8) (6,9)

Figure 56. Illustrating the inversion set of a join-irreducible («, 231)-avoiding
permutation.

Example 4.3.12. Let w =4 7 1 5 6 1013 2 8 9€ Sy413). The reverse per-
mutation isw =9 8 2 [310 6 5 1 (7 4, and—after reordering—the associated -
permutationisw='2 8 9 31 1 5 6 104 T e S(31.4.2).

Note that w has an (x, 231)-pattern in positions (1,4, 7) induced by the values {3, 4,5} and W
has an (&, 132)-pattern in positions (4,6, 9) using the same values.

We henceforth use <, and < to denote order resp. cover relations in Tam(«); in partic-
ular when we need to distinguish them from order resp. cover relations in Weak(&). Our
next goal is a description of the canonical join representations of Tam(«). We start with a
characterization of the join-irreducible elements of Tam(«).

Proposition 4.3.13. For every a < b with reg,(a) < reg,(b), there exists a unique (x,231)-
avoiding permutation whose only descent is (a,b); denoted by wq p. Moreover,

(4.18) |nV(Wa,b)I{(k,l)|a<k<Pj,Pj+1<1<b}-

Proor. Suppose that reg, (a) = j, and consider the permutation wq 1, defined by

i, ifi<aori>b,
(4.19) wao®) E{atb—p;+k ifi=a+kfor0<k<p;—a,
at+k—1, ifi=pj+kforl <k<b—p;j.

It is quickly verified that wa, € &4(231) and that Cov(wqap) = {(a,b)}. Moreover,
every other w € & with Cov(w) = {(a,b)} necessarily has an («, 231)-pattern in posi-
tions (a, c,b) for some c appropriate ¢ with reg,(a) < reg,(c) < reg,(b).

It is immediate that the inversion set of w p is of the form given in (4.18). O

Proposition 4.3.13 implies that the inversion set of wq 1, can be read off easily from the
noncrossing x-partition (D;elrm(wa,b). In fact, the first components of an inversion of wq  are
the nodes that lie weakly to the right of a and weakly above the arc connecting nodes a and
b, the second components are the nodes that lie weakly below this arc. This is illustrated in

the following example in the case n = 10, a = 4, b = §; see also Figure 56.
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Example 4.3.14. Let o« = (3,2,1,2). Then, wyg =12 3 6 7 8 4 5 9 10. Its
inversion set is
II"IV(W4,8) = {(4; 7)7 (47 8)7 (5a 7)) (57 8)7 (67 7); (Ga 8)}

Lemma 4.3.15. For w € G«(231), the number of descents of w equals the number of elements
of Tam(«) covered by w.

ProoF. Let w € 64(231) and let n,, (resp. ny) denote the number of elements of
Weak(S ) (resp. Tam(x)) covered by w.
By definition of the weak order, n,, = |Cov(w)]. Since Weak(& ) is congruence uni-
form (and thus semidistributive), n,, equals the number of canonical joinands of w in
Weak (&) by Corollary 1.1.17. If w € 64(231), then 7% (w) = w and Proposition 1.1.28
implies that n,, is the number of canonical joinands of w in Tam(«), which is also
Ng. O

Corollary 4.3.16. A permutation w € S4(231) is join irreducible in Tam(«) if and only if
W =wgq,p for some a < b with reg, (a) < reg,(b).

ProOF. A permutation w € &4(231) is join irreducible in Tam(«) if and only if it
covers a unique element. By Lemma 4.3.15, w is join irreducible if and only if it has a
unique descent. Thus, Proposition 4.3.13 implies that w is join irreducible if and only

if w=wg p for some a < b with reg,(a) < reg,(b). O
Corollary 4.3.17. Let o = (x1,x2,...,). The number of join-irreducible elements of
Tam(«) is

r—1
)Joinlrr(Tam(oc))‘ = Z o5 - (o1 + o+ + o).
=1

We finish this section with the proof that Conjecture 3.2.6(iii) holds in linear type A by
showing that Tam(«) is trim; and we subsequently describe the Galois graph of Tam(«).
Since Tam(«) is semidistributive, it is enough to show that Tam(«) is extremal by virtue of
Theorem 1.1.24.

Proposition 4.3.18. For every composition « of n > 0, Tam(«) is extremal.

Proor. The semidistributivity of Tam(x) implies in conjunction with Lemma 1.1.18
that ‘Joinlrr(Tam(oc))‘ = ‘Meetlrr(Tam(oc))‘. The number of join-irreducible elements
of Tam(«) is given by

r—1
(4.20) flo) B Y o (o1 + gz + oo 0r);
j=1
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see Corollary 4.3.17. It remains to exhibit a chain in Tam(«) consisting of f(c) + 1
elements.

Let « = (a1, &g, ..., «). We apply induction on r. If r =1, then o = (n) and 64(231) =
{e}. Thus Tam(«) is the singleton lattice which is trivially extremal.

Now assume that the claim is true for all compositions of n with at most r — 1 compo-
nents, and recall that p; = &; + az +--- + «; for j € [].

We set v(%0) = e and for k € [n —p;] we define v =, 110V ). This means
that if the value of v(®*~1) in position p; is a, then we move to v(®*) by swapping
the values a and a + 1. (By construction, vi'* ") = p; + k —1.) Since we do this in
order from left to right, v(®%—1) < v(0%) and v(0:K) € &,(231) for all k € [n —p1]. Then,
v(0:n=p1) hag the one-line notation

(0,k—1

1a27"'7p1_17n‘p17p1+27"'7n_1'

x1 n—«i
(The vertical bar indicates the end of the first o-region.)
Now, for i € [p1 — 1], we set v(bl) =5, _; o v(i=1n=P1) (which means that we swap the
values p; —iand p; —i+1),and fork € {2,...,n—pi} weset vtk =5, i\ qov(bk=l),
As before, each of these elements is («,231)-avoiding. Then, v(P1=1"=P1) has the one-
line notation
n—pi+l,n—pi+2,....,n|1,2,....n—p;.

x1 n—xi
This constitutes a chain of length p; - (n —p1) from e to v(Pr=1n=P1) in Tam(«). The
interval [v(Pr=1n=P1) o ] in Tam(«) is isomorphic to Tam((«z,...,«,)), which by

induction has length f((ez, ..., «,)). It follows that
r—1
0(Tam(x)) =p1 - (n—p1) + Z o - (01 + oGy + -+ )
j=2
r—1
=oc1-(oc2+ocg+-~-+ocr)+Zocj-(ocj+1+ocj+2+~~-+ocr)
j—2
r—1
=) o5 (41 + ezt o)
=1
= f(x).

Hence, Tam(«) is extremal. O

Proposition 4.3.19. For every composition « of n > 0, Tam(«) is trim.

Proor. This follows from Corollary 4.3.10, Proposition 4.3.18 and Theorem 1.1.24.
O

Figure 57 shows Tam(«), for « = (2,1, 2), where the nodes are labeled by both («,231)-
avoiding permutations and noncrossing «-partitions, and the maximal chain constructed in
the proof of Proposition 4.3.18 is highlighted.
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Figure 57. The lattice Tam((2,1,2)).

Corollary 4.3.20. Let C be the maximal chain constructed in the proof of Proposition 4.3.18.
The label sequence A« (C) induces a total order on Joinlrr(Tam(x)) given by the following cover
relations:
Wa,bt1, ifpj+1<b<n,
Wa b < Wa—1,p;+1, ifa#pjfl +1landb =n,
WPJ‘»l’Pj>1+17 ZfCl:pj_l—f—laTldb:TL,

if reg. () = .

Proor. With the notation from the proof of Proposition 4.3.18, the first p; - (n—p;)
cover relations on C are:

(0,0) (0,1) 1,1)

e=v <aV <o g VO e
<o VP o VB g v L)
By construction, C is also a maximal chain in Weak(&) and it follows that

Wy, p1+1; lfIZkZO,
Ajsd (V(“k),v(l’kJ“U) = Wp,—i—1,pi+1, if0<i<p;—1,k=n—py,
Wp,—i,p1+k ifog<i<pr—1,0<k<n—p;.
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(If k =n —py, then we set k + 1 = 1.) The claim follows by induction. O

Example 4.3.21. Let o« = (2,1,2). The chain constructed in the proof of Proposition 4.3.18 is
highlighted in Figure 57. The total order of the join-irreducibles of Tam((2,1,2)) is

W23 < W24 <X W25 < W13 <X W14 < W15 < W3 4 =< W3 5.

Remark 4.3.22. If « = (1,1,...,1) & n, then the join-irreducibles of Tam((1,1,...,1)) =
Tam(n) correspond to all transpositions (a,b) for 1 < a < b < n. The total order defined in
Corollary 4.3.20 corresponds to the lexicographic order on these transpositions.

In general, this order seems to recover the inversion order Inv(w.,(C)) for arbitrary composi-
tions o.

Let us summarize the previous results in a handy theorem.

Theorem 4.3.23. For every composition o of n > 0, Tam(e) is a congruence-uniform, trim
quotient lattice of Weak(S ).

Proor. This follows from Theorem 4.3.9, Corollary 4.3.10 and Proposition 4.3.19.
O

In fact, as a byproduct of the above, we have gathered almost all ingredients to describe
the poset of join-irreducibles of Tam(c).

Corollary 4.3.24. Let wab, War,pr € Joinlrr(Tam(«)). Then, wqp <o Wa,p’ if and only if
a and o’ belong to the same a-region and a’ < a <b < b’.

Proor. This an immediate consequence of Proposition 4.3.13. O

Theorem 4.3.25. Let n > 0 and let o = (x1, X2, ..., otr) be a composition of n. The poset of
join-irreducible elements of Tam(«) consists of r—1 connected components, where for j € [r—1]
the jth component is isomorphic to the direct product of an os-chain and an (o1 + o2+ -+
o )-chain.

Proor. By Corollary 4.3.24 we conclude that for wq v <weak Wa’,b/ to hold, it is
necessary that a and a’ belong to the same o-region. This accounts for the r — 1
connected components of Weak(JoinIrr(Tam(oc))), because a can be chosen from any
but the last x-region and there is a total of r «-regions.

Now suppose that a lies in the j*" a-region, which means that a takes any of the values
{pj—1+1,pj—1+2,...,p;}. For any choice of a, we can pick some b € {p;+1,p;+2,...,n}
to obtain a join-irreducible element wq . Observe that whenever a # pj_i1+1, then
Wa,b Sweak Wa—1,b, and we always have wq b <weak Wa,b+1 When b < n. This implies



4.3. POSETS 121

w15
N
w1,4 W1,4 w2,5
| BN
w13 W24 w13 W24 W35
N N
w12 w34 w23 W34
(a) The poset Weak <Join|rr(Tam(1, 2, 1))). (b) The poset Weak(JoinIrr(Tam(Q, 1, 2))).

Figure 58. Two posets of join-irreducible «-permutations.

that the j*" component of Weak(JoinIrr(Tam(oc))) is isomorphic to the direct product
of an «j-chain and an (j4+1+a542+ - - -+t )-chain. O

See Figure 58 for an illustration of Theorem 4.3.25. The next result, illustrated in Figure 59,
characterizes the Galois graph of Tam(«).

Theorem 4.3.26. Let n > 0 and let « be a composition of n. The Galois graph of Tam(«) is
isomorphic to the directed graph whose vertices are the join-irreducible elements of Tam(x) and
in which there exists a directed edge wq v — Wa v/ if and only if wq v # Wa' pe and
e cither a and a’ belong to the same o-region and a < a’ < b’ < b,
e or aand a’ belong to different a-regions and a’ < a < b’ < b, where a and b’ belong
to different o-regions, too.

Proor. By definition, the vertex set of Galois(Tam(«)) is [K], where
K = |Joinlrr(Tam(«))| = f(a)

and f(e«) is defined in (4.20). There exists a directed edge s — t in Ganis(Tam(oc))
if s # t and j; £« m¢, where the join- and meet-irreducible elements of Tam(x) are
ordered as in (1.7). By Corollary 4.3.10, Tam(«) is also congruence uniform, so that
Corollary 1.1.25(i) implies s — t if and only if s # t and j¢ <« jt. V js. We may thus
view Galois(Tam(a)) as a directed graph on the vertex set Joinlrr(Tam(w)).

Now, pick wq b, Wa' b’ € Joinlrr(Tam(oc)) such that wy p # wq b/ and reg,(a) =i and
reg,(a’) =1’. We need to characterize when

(421) Wa’ b’ L« Wa’ v/, Vi« Wa,b-

For simplicity, let us write w = wq b, W =wq b and W, = (War b/ )«. Let z=w] Vo w.
By definition, Inv(w}) U Inv(w) C Inv(z). By Proposition 4.3.13, Inv(w}) = Inv(w’) \
{(a’,v")}. Then, (4.21) is satisfied if and only if (a’,b’) € Inv(z), which is the case if
(a’,b’) € Inv(w) or if there exists ¢ € {a’+1,a’+2,...,b'—1} such that (a’,c) € Inv(w])
and (c,b’) € Inv(w) or vice versa.

Let us first consider the case where a and a’ belong to the same «-region, i.e., i =1’
There are two cases.

(i) Let a < a’. If b’ < b, then Corollary 4.3.24 implies w’ <o w and (4.21) holds. If
b < b’, then by Proposition 4.3.13, (a’,b’) ¢ Inv(w). In fact, (c,b’) ¢ Inv(w) for any
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(a) The Galois graph Galois(Tam((l7 2, 1])). (b) The Galois graph Galois (Tam((Q, 1, 2))).

Figure 59. Galois graphs of two a-Tamari lattices.

¢ € [n], and if (a’,¢) € Inv(w), then p; + 1 < ¢ < b. However, if (c,b’) € Inv(w]), then
a’+1 < ¢ <pi. Thus, (a’,b’) ¢ Inv(z) so that (4.21) is not satisfied.
(ii) Let a > a’. If b < b/, then Corollary 4.3.24 implies w <4 W', so that (4.21) does not
hold. If b > b’, then by Proposition 4.3.13, (a’,b’) ¢ Inv(w). Again, (a’,c) ¢ Inv(w) for
any c¢ € [n], and if (c,b’) € Inv(w), then a < ¢ < p;. However, if (a’,c) € Inv(w}), then
pi+1<c<b’. Thus, (a’,b’) & Inv(z) so that (4.21) is not satisfied.

Let us now consider the case where a and a’ belong to different «-regions, i.e., i # 1’.
By Proposition 4.3.13, (a’,b’) ¢ Inv(w). As before, we may actually conclude (a’,c) ¢
Inv(w) for all ¢ € [n], and if (¢,b’) € Inv(w), then a < ¢ < py and p; < b’ < b. If
(a’,c) € Inv(w)), then piy +1 <c < b

(1) If i </, then p; < pi» + 1. Thus, (a’,b’) € Inv(z) so that (4.21) is not satisfied.

(ii) If i > i’, then a’ < a. If b’ < p;, then (¢, b’) ¢ Inv(w) for any ¢ € [n] and (4.21) cannot
be satisfied. If p; < b’, then we may choose ¢ = a to see that (a’,b’) € Inv(z) which
implies (4.21). O

4.3.2. The rotation order on Dyck(a). According to Section 4.1.3, the parabolic nonnest-
ing partitions of &, are in bijective correspondence with the northeast paths weakly above
b = NMEXMN*2E*2 ... N*E* when o = (1, &g, ..., & ). In Section 2.5.1, we have defined a
natural partial order on the set of lattice paths weakly above any northeast path. This yields a
second natural lattice structure associated with the parabolic quotient G; the v -Tamari lattice
Tam(vo) € (Dyck(a), <., )-

If x =(1,1,...,1) F n, then we have seen before that Tam(v) = Tam(«). Figures 60 and 61
display the lattices Tam(v(; 2 1)) and Tam(b (s 2)), respectively. If we compare these figures
with Figures 54 and 57, then we see that this isomorphism appears to extend to parabolic
quotients of the symmetric group. The main result of this section asserts that this is true in
general.

Theorem 4.3.27. For every composition « of n > 0, the lattices Tam(x) and Tam(vy) are
isomorphic.
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/ \
/ \
Figure 60. The lattice Tam(v(1 2 1)).
We prove Theorem 4.3.27 by generalizing the BW-codes from the end of Section 2.2.1. For
oo = (o1, 2, ..., &), let Codes(a) denote the set of all integer tuples (ci,co,...,cn) with the
following properties:
(CD: 0<ci SN —Preg, (4) forallic n];
(C2): c¢i < ciqq forall i € [n—1] such that reg, (i) =reg,(i+1);

(C3): cp, < Ci—Pa+tPreg, (i) forallie [pr_s]and all a € {reg, (i)+1,reg, (i)+2,...,7—1}
such that ¢; > pq — preg“

Remark 4.3.28. The statement of (C3) is directly true if a = v and trivial if i > pr_o, hence
the restriction to i € [p,_o] and a < .

Indeed, by (C1), cn = 0 so that the implication required by (C3) is trivially satisfied when
a=r. Ifi>pr_o, then reg, (i) > r—1, so that the only case one could consider is again a = r.

Example 4.3.29. If « = (2,1), then (C1)~(C3) boil down to requiring 0 < ¢; < ¢c2 < 1
and c3 = 0 for 01,02,03) to belong to Codes((2,1)). If « = (1,2), we obtam 0<c €2
and 0 < ¢o < ¢g < 0. This means that Codes((2,1)) and Codes(( 2)) both consist of three
elements.

For o« = (1,2,1), conditions (C1)—(C3) imply that Codes((1,2,1)) consists of tuples
(c1,c2,c3,cq) with 0 < ¢1 < 3,0 < cg < c3 < 1and cy =0. There are ten such tuples.

The componentwise order of two integer tuples a = (a1, az, ..., an) and b (b1,ba,...,bn)
is defined by a <comp b if and only if a; < b; for all i € [n]. Let Codes(«x ) & (Codes( ), <comp)-
The first step in proving Theorem 4.3.27 is the proof that Tam(«) and Codes(«) are isomor-
phic. For w € &, we define its a-code by cd«(w) = (c1,¢2,...,cn), Where

def
et = max{k | Wi >Wp LW > W, WS> Wk

In other words, c¢; counts the number of consecutive entries in w that are smaller than w;
starting from the first position after the a-region containing i. If cd«(w) = (c1,¢2, ..., cn), then
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Figure 61. The lattice Tam(b (21 2))-

we say that w; sees wy if 0 < k—preg_ (1) < ¢i. This means that w; sees all positions contributing
to c;. Clearly, if w; sees wy, then (i, k) € Inv(w) and w; sees exactly c; elements for each i € [n].

Lemma 4.3.30. For w € &, it holds that cd,(w) € Codes(w).

ProOOF. Let w € G, with cdy(w) = (¢1,¢c2,...,cn), and choose i € [n]. The maximal
number of inversions of w of the form (i,k) is n — preg_ (1), because wi < wy for all
ke {i+1,i+2, 500 Rz ) } Hence, c¢i <M —7preg_ (1), which establishes (C1). If reg, (i) =
reg,(i+ 1), then w; < wi;1 because w € &4. Thus, ¢; < ci+1, which establishes (C2).
Now let a € {reg,(i)+1,reg,(1)+2,...,7} be such that ¢; > pa — Preg_(1). In particular,
wy sees wp,, meaning that wy > w;, . Hence, w; also sees any wy which is seen by
Wy, . This implies that ¢; > ¢, +Pa — Preg_ (i), Which is (C3). O
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Example 4.3.31. Let us illustrate the definition of a-codes in the case when oo = (1,2,1).

w e 6 (1,2,1
3

cdii01)(w)
(0,0,0,0)
(0,0,1,0)
(0,1,1,0)
(1,0,0,0)
(1,0,1,0)
(0,1,1,0)
(2,0,0,0)
( )
( )
( )
( )
( )

1,0,1,0
1,1,1,0
3,0,0,0
3,0,1,0
3,1,1,0

N = =N === =N DN

)

4
3
2
4
3
1
4
2
1
3
2
1

B R R W W W NN N e
W W N RN R R W

The red and the blue pairs indicate that the assignment w — cd(w) is in general not injective.
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The previous example exhibits that in general several x-permutations have the same «-

code. We will show now that all elements in a congruence class of ©, share an x-code.

Lemma 4.3.32. Let u,v € Gy With u <yeak v. Then, cd(u) <comp cd«(v), and these tuples

differ by at most one element. Moreover, cd(u) = cd(v) if and only ifnﬁc(u) = 74 (V).

PROOE. Let u <eak v and cdy(u) = (a1, as,...,an) and cdy(v) = (b1, ba, ..., by).

By assumption, Inv(v) \ Inv(u) = {(i, k)} for some indices i < k in different a-regions
such that vi = vy + 1. It follows that any entry which sees vx must be bigger than v,
and any entry which does not see vi must be smaller than vi. Thus, a; = b; for all j # i.
By construction, u; = vx and uy = v;. Since u; < uy, we conclude that u; never sees .
If v; sees vy, then a; < b;. This is the case precisely when every j in x-regions strictly

between i and k satisfies v; < vi, which by Lemma 4.3.6 means that o5 (1) £ TR (V).

If vi does not see vy, then there exists an index j in an a-region strictly between i and

i

k such that v; < v;, which by Lemma 4.3.6 is equivalent to 75 (1) = 7 (v). If we choose
j as small as possible with this property, then any j’ < j in an «-region strictly between

i and k satisfies v; > vj-, and thus u; = vy > vj» = u;,, which entails a; = b;.

Corollary 4.3.33. If u <yeak V, then cdy (1) <comp cdu (V).

Proor. This follows from repeated application of Lemma 4.3.32.

Lemma 4.3.34. Let u € G4(231) and v € S4. If cdx(u) <comp cdu(V), then u <yeak V.
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ProoF. Let cdy(u) = (aj,as,...,an) and cdy(v) = (by,bo,...,bs) such that
cdg(u) Scomp cd(v).
Assume that there exists (i,k) € Inv(u) \ Inv(v), and among all these inversions choose
(1, k) such that u; — u; is minimal. Since (i, k) is not an inversion of v, we have v; < vy,
so that v; does not see vi. Since a; < b; it follows that u; does not see uy either. Since
w; > uy, reg, (i) < reg, (k) and there exists a smallest index j with reg, (1) < reg,(j) <
reg, (k) and u; < uj. Since u € 64(231), we have that u; > uy + 1.
Now, there cannot be any element between uy + 1 and u; — 1 in the same «-region as
u;. Indeed, if this was the case, since u; > wu;, uj—; would be such an element. But,
since it is seen by w; by minimality of j, and since b; > a;, the value v;_; would be
seen by v;, so that vi > v; > vj_;. In that case, (j —1,k) would be an inversion of u,
not an inversion of v and would violate the minimality of (i, k) among such elements
as defined earlier.
So all elements between uy and u; belong to a-regions different from the «-region
containing u;. Thus, among those, there is a smallest one, say u;, (which is not u but
can be u;) that is on the left of u;. This element belongs to an («,231)-pattern in w:
(1,3,1"), where 1’ is the position of u; — 1 in u, which is a contradiction.
Therefore, our assumption must have been wrong, and it follows Inv(u) C Inv(v), thus
U <yeak v by definition. O

Now we show that w — cd(w) is a bijection when restricted to («, 231)-avoiding permu-
tations.

Lemma 4.3.35. If w € G(231), then the left-most 0 in cds (w) corresponds to the position of
the 1 in the one-line notation of w.

ProoF. Let cdy(w) = (c1,c¢2,...,¢cn), and let j, € [n] be such that w;, = 1. More-
over, if j = min{i | ¢; = 0}, then j < j,, since ¢j, = 0. Let w; = a. Since the entries in an
o-region are ordered increasingly, it must necessarily be that a is the smallest element
in its a-region.

Now, define m = min(wy,ws,...,wj). Then, if m # a, since m is strictly to the left of a
in w, it cannot be 1 either, so that we have a 231-pattern with the values m, a, and m—1
necessarily in that order in w and in different regions. Otherwise, m = a. If m # 1, the
region of a cannot be the rightmost region of w since a—1 did not appear in this prefix
of w. Let b be the smallest element in the (reg, (j) + 1)5t o-region, and let k = preg(j) + 1,
ie, wyx = b. Since ¢; = 0, we have a < b. We then have an («, 231)-pattern with the
values a, b, and a — 1.

It follows that j = j,. O

Proposition 4.3.36. For ¢ € Codes(o) there exists a unique w € &« (231) such that cdy(w) =
c.

Proor. We proceed by induction on n. For n < 3, the claim can be checked directly,
which establishes the induction base. Assume that the claim holds for all compositions
of n’ <n.
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(2,6,0,1,3,1,1,0) — 1
T
(1,5,-,1,3,1,1,0) — 1 2
T
(1,4,-,1,2,0,0,-) — 1 3 2
T
(1,3,-,0,1,-,0,-) — 1 4 3 2

T
(0727777a1777077) — 5 1 4 3 2
T

(772777771777077) — 5 1 4 3 6 2

(771777770777777) — 5 1 4 7 3 6 2

(770777777777777) — 5 8 1 4 7.3 6 2

Figure 62. Decoding the (2,3,2,1)-code (2,6,0,1,3,1,1,0). The arrows indi-
cate the left-most zero in each step; the red digits indicate the positions that
see the left-most zero.

Let ¢ = (c1,c2,...,¢cn) € Codes(x). By definition, c, = 0, which enables us to define
jo =min{j € n] | ¢; =0}. By (C2), jo =pa_1 + 1 for some a € [r], meaning that j, is the
first element in the a* a-region.

Let o/ = (of,0th,...,x.,) be the unique composition of n — 1 which is obtained by
subtracting 1 from oq. (If xq = 1, then we simply remove this component.) We define
Py, = &) + &) +--- + oy, and obtain

, Po, if b < aq,
Pv = .
po—1, ifb>a.

We define ¢’ = (cf,c},...,c},_;) by setting
Ci, i< jo and Pi < Pa-1 _preg‘x(i)a
Ci/ =qci—1, i<jo andpi 2pa717preg“(i)7

Cit1, 12jo.

It is straightforward to check that ¢’ € Codes(«’). By induction hypothesis, there exists
a unique w' € 64/(231) with cdy/ (W) =¢’.
We now “inject” 1 into w’ to construct a permutation w € &,, via

wi+1, if i <jo,

Wi = ]., lf il= j07

w41, ifi>,.
Since j, is the first element in the a'" a-region, it follows that w € &,. Assume that w
has an («, 231)-pattern (i,j,k). Since w’ € &4-(231), it must be that k = j,, and w; = 2.
By construction, w{ = 1, implying that ¢/ = 0. Since i < j,, it follows that ¢; = 0,
contradicting the choice of j,. Thus, w € 6(231). By construction, it follows that w is
the only («,231)-avoiding permutation with cd«(w) = c. O

127
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The construction of the («,231)-avoiding permutation associated with ¢ € Codes(o) from
the proof of Proposition 4.3.36 is illustrated in Figure 62. We now prove that the a-Tamari
lattice is isomorphic to the lattice of x-codes under componentwise order.

Proposition 4.3.37. For every composition o of n > 0, Tam(a) = (Codes(x), <comp)-

Proor. Proposition 4.3.36 establishes that G4(231) and Codes(x) are in bijection,
and Corollary 4.3.33 and Lemma 4.3.34 establish that for u,v € 6+(231) we have u <yeak
v if and only if cdy (1) <comp cdu(v). This finishes the proof. O

In fact, the preimages of the maps cdy: &4 — Codes(x) and 4 G4 — G (231) coincide.

Lemma 4.3.38. For u,v € G4 we have cdy(u) = cdy(v) if and only zfnﬁ((u) = 7t4 (V).

ProOOF. Let u,v € &4. Let cdy(u) = (ay, as,...,an) and cdy(v) = (b1, ba, ..., by).

If u <weak Vv, then the desired equivalence follows from repeated application of
Lemma 4.3.32.

Otherwise, u and v are incomparable. By Corollary 3.1.3, Weak (&) is a lattice and
thus the meet w = u A v exists and satisfies W <yeak U and W <peak v. If h (1) = 4 (v),
then 75 (u) = mh(w), by Lemma 4.3.1. It follows that cdy(u) = cdg(w) = cdy(v) by
Lemma 4.3.32.

Conversely, let cdy(u) = cd«(v). Lemma 4.3.1 implies 75 (1) <ueak U and 74 (v) Sweak V-
In view of the previous reasoning we find cda(nﬁc(u)) =cdy(u) =cdy(v) = cdfx(ﬂfx(v)).
Proposition 4.3.36 thus implies 5 (u) = mh(v). |

Figure 63 shows the weak order on &, 5 ; where the permutations are additionally labeled
by the corresponding (1,2, 1)-codes.

Now, as a second step in proving Theorem 4.3.27, we show that (Codes(oc), <Comp) is iso-
morphic to Tam(vy). To that end, we encode v, by an integer tuple of length 2n + 1 by listing
the y-coordinates of the lattice points on v, in order from left to right. This minimal bracket
vector bpin. « is thus given by

i+pj_1—1, ifk=2pj_1+ifor0<i<a,
bmin;cx(k) d;f Pis ifk:2pj_1 + & +ifor0<ig o,
n ifk=2n+1.

)

The k™ fixed position is fy 1+ Preg, (k+1)—1, Which is the last position, where k appears

in byin.«. In the case k =n, we take f,, =2n+ 1. We set F def {fo,f1,...,fn}k A vy-bracket vector
is an integer tuple b, whose ih entry is denoted by b(i), satisfying

(B1): b(fy) =kforall 0 <k <n;
(B2): bmin;ocﬁ-) <b@i) <y
(B3): b(j) < b(i) for all j with i <j < ().

Let Bracket(ot) denote the set of vy-bracket vectors. Given b € Bracket(«), we may con-
struct a v,-path inductively as follows: we add as many lattice points with y-coordinate k as
there are entries equal to k in b. These lattice points have consecutive x-coordinates with the
first x-coordinate being equal to the last x-coordinate of a lattice point added at y-coordinate
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4 2 3 1
1,1,0)
/ \
4 1 3 2 Bl 2 4 [
(3,0,1,0) (1,0,1,0)
4 1 2 3 3 1 4 2 2 3 4 1
(3,0,0,0) (1,0,1,0) (0,1,1,0)
3 1 2 4 2 1 4 3 1 3 4 2
(2,0,0,0) (1,0,1,0) 0,1,1,0)
20 1 3K 1 2 4 3
(1,0,0,0) (0,0,1,0)
\ /
1 2 3 4
(0,0,0,0)

Figure 63. The weak order on &(; 2,1), where the permutations are addition-
ally labeled by their (1,2, 1)- codes

(0,1,3,2,2,3,4,7,6,5,5,6,7,7,7,8,8) (0,1,8,4,2,3,4,8,6,5,5,6,8,8,7,8,8)
(a) An «-Dyck path with its associated bracket (b) Another «-Dyck path with its associated
vector. bracket vector.

Figure 64. Two «-Dyck paths for « = (2,3,2,1). The entries in the fixed
positions of the respective bracket vectors are marked in boldface.

k—1 (or 0 if k = 0). Conversely, for p € Dyck(x) we construct an integer tuple b of length
2n + 1 as follows: we fill in as many k’s as there are lattice points on p with y-coordinate k in
a right-aligned fashion in the unoccupied positions of b ending at the fixed position f. Let
Whrack denote the map that turns p to b in this fashion. Figure 64 shows two (2, 3,2, 1)-Dyck
paths with their associated bracket vector.
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Remark 4.3.39. More generally, v-bracket vectors can be defined for arbitrary northeast paths
v. The corresponding minimal bracket vector then collects the y-coordinates of the lattice points
on v, and the fixed positions are defined analogously. See [44, Section 4.1].

Theorem 4.3.40 ([44, Theorem 21]). For every northeast path v, the set of v-bracket vectors
under componentwise order is isomorphic to the v-Tamari lattice.

In fact, since the entries in the fixed positions are the same across all v,-bracket vectors,
we lose nothing if we delete these entries. More precisely, for b € Bracket(«), we define the
reduced vy-vector r by

r(p; 1+ k) = b(2p; 1+ o5 + k)
for all k € [oy] and all j € [r]. It is then clear that r is obtained from b by removing the entries
in the fixed positions. To recover b from r, we first insert the values of the fixed positions
according to (B1) into an integer tuple of length 2n + 1, and then insert the entries of r from
left to right in the empty positions of r. This is clearly a bijective correspondence. Let Qyeq
denote the “reduction” map from b to r and let Q. denote its inverse. Let RedBracket(e)
denote the set of reduced v,-bracket vectors.

Proposition 4.3.41. A tuple r € N" is a reduced v-bracket vector if and only if
(R1): preg_(i) <r(i) <nforallien);

o

(R2): I‘()) < I‘(l) fOT’ all i< ] < Preg, (r(i)+1)—1-

ProoF. Let r € N™ and let b = Qc(r). We only need to show that r satisfies
(R1)-(R2) if and only if b satisfies (B1)-(B3).
Condition (B1) for b is satisfied by construction. The equivalence between (B2) for b
and (R1) for r is trivial given the definition of bmin.«-
Now for the equivalence between (B3) for b and (R2) for r, we observe that for (B3)
to hold for b, for each i with b(i) = k, we only need to check b(j) < k for all j with
i <j < 2Preg, (k+1)—1, since all indices from 2p,eg_(k41)-1 + 1 to fy arein F. |

Lemma 4.3.42. For r € RedBracket(x), we have r(i) > r(j) for all i < j with reg, (i) =
reg,(j).

Proor. Let k = r(i). By (R1), we have k > preg (i) and thus preg 41y — 1 >
Preg, (i)+1 — 1> regcx(i). Since rega(i) = reg“(j), we have i < j < Preg, (1) < Preg, (x+1) — 1.
Then (R2) affirms that r(j) < k =r(i). O

Given any composition «, we consider the following transformation Y which transforms
r € RedBracket(a) into an integer tuple of length n by
(Y(I‘)) (1) déf r(2prega(i) — Kreg, (i) — i+ 1) — Preg, (i)-
Informally, we obtain Y(r) by first splitting r into regions according to «, then reverse the
order of the entries in each region while subtracting py for entries in the k™ region. We claim
that v is in fact a bijection from RedBracket(«) to Codes(x). This construction is illustrated in
Figure 65.
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(0,1,8,4,2,3,4,8,6,5,5,6,8,8,7,8,8) 4 (8,4,8,6,5,8,88) — (2,6,0,1,3,1,1,0)

m

m m
Bracket((2,3,2,1)) RedBracket((2,3,2,1)) Codes((2,3,2,1))

Figure 65. Illustration of the map Y for « = (2, 3,2, 1).

Proposition 4.3.43. For every composition « of n > 0, the map Y is a bijection from
RedBracket(«) to Codes(x).

ProOE. Let r € RedBracket(«) and let ¢ = Y(r) = (c1,c2,...,cn). We need to check
that c satisfies (C1)-(C3). By (R1) and the definition of 7, it is clear that c satisfies (C1).
Lemma 4.3.42 and the definition of ¥ imply that c satisfies (C2). Given that c satisfies
(C2), (C3) is satisfied by c if we can show that for any 1i,j with reg (i) < reg,(j), if
Ci = Preg, (j) — Preg, (i), theéN ¢j +Preg_ (j) < Ci +Preg, (i) 1ranslating to r, we need to check
that for any i’,j" with reg,(i’) < reg,(j’), if r(i") > Preg, (j), then r(j’) < r(i’). Now
suppose that r(i’) > preg, (5. We then have reg, (r(i’) + 1) > reg,(j’) by definition of
reg,.. As the values are integers, we have reg, (j') < reg, (r(i’)+1)—1, which means that
3" < Preg.. () < Preg, (r(i/)+1)—1, and by (R2) we have r(j’) < r(i’). Therefore c satisfies
(C3), and it follows that ¢ € Codes().

Now for the reverse direction, let ¢ = (ci,c2,...,¢n) € Codes(x) and r = Y 1(c). It
is clear that (C1) translates directly to (R1). We only need to show that (R2) holds
for r. Suppose that 1 < i < j < Preg, (r(1)+1)-1- If reg, (i) = reg,(j), by the definition
of Y1 and (C2), we have r(j) < r(i). If reg,(i) < reg,(j), then we need to check
that for any i’ < j’ such that reg,(i’) < reg,(j’) < regy(ci/ + Preg, (i/) + 1) — 1, we
have ¢j/ + Preg, (j1) < Cir + Preg, (i) By (C2), we may assume that j’ = p, for some
a € [r]. By the definition of reg,, we see that reg,(pa) < reg, (ci/ + Preg, (i) +1) — 1
implies pq < cir + Preg, (i/) + 1, thus pa < cir + Preg, (i7) since they are integers. By
(C3), we have c,, < pir —Pa + Preg, (i)- Therefore, r satisfies (R2), and it follows that
r € RedBracket(«). O

We may now conclude the proof of Theorem 4.3.27.

Proor orF THEOREM 4.3.27. We have

Prop. 4.3.37 Prop. 4.3.43
Tam(x) = (Codes(«), <comp) = (RedBracket(a), <comp)
trivial Thm. 4.3.40
= (Bracket(a), <comp) = Tam(v,).

O

Example 4.3.44. Let « = (2,1,1). The following table lists the (o, 231)-avoiding permuta-
tions, the associated o-codes, the resulting vy-bracket vectors and the corresponding o-Dyck
paths. In particular, we obtain a bijection from &(231) to Dyck(wx) that sends weak order to
rotation order.

Composing the bijections from Sections 4.2.1 and 4.2.2, we obtain another bijection from
6«(231) to Dyck(«x). It is well worth comparing this bijection to the previous one.
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P/ = Ppath © Pparm (W) WES(31,1)(231) c=cdp11)(W) b= (Qeco ¥ 1)(c) p=W,1,(b)

1 2 3 4 (0,0,0,0) (0,1,2,2,2,3,3,4,4)

i 4 B (0,0,1,0) (0,1,2,2,2,4,3,4,4)

i 2 E (0,1,0,0) (0,1,3,2,2,3,3,4,4)

i (0,2,0,0) (0,1,4,2,2,3,3,4,4)

i e (0,2,1,0) (0,1,4,2,2,4,3,4,4)

AU

(1,1,0,0) (0,1,3,3,2,3,3,4,4)
2 4 1 13 (1,2,0,0) (0,1,4,3,2,3,3,4,4)
3 4 1 (2 (2,2,0,0) (0,1,4,4,2,3,3,4,4)
3 4 2 1 (2,2,1,0) (0,1,4,4,2,4,3,4,4) Ly

LT T

Remark 4.3.45. We wish to remark that we have two different (composite) bijections from &
to Dyck(«). One passes through noncrossing o-partitions (or equivalently through «-trees; see
Propositions 4.2.20 and 4.2.21) and maps descents to valleys. The other one passes through
o-codes and v-bracket vectors, but it does not seem to map descents to a local statistic on
o-Dyck paths. We are not aware of a direct bijection.

Remark 4.3.46. In [45, Part 2], we have given a different proof of Theorem 4.3.27. In par-
ticular, it was shown that the bijection @y © @;elrm: G«(231) — Dyck(wx) restricts to an
isomorphism (of directed graphs) from the Galois graph Galois(Tam(a)) to Galois(Tam(vg)?).
In view of Theorem 1.1.22, the isomorphism Tam(o) = Tam(v)? follows. By Theorem 4.3.11,

the claim follows. Open Problem 2.23 in [45] asks for a proof that @ am o @yl extends to a

perm
lattice isomorphism from Tam(o) to Tam(vg)d.

We conclude this section with a proof of Conjecture 3.4.4 in linear type A.
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Theorem 4.3.47. For every composition « of n > 0, Clus(&, ¢) = Tam(a) .

Proor. We have seen in Theorem 4.1.13 that the set of facets of Clus(&,,¢) is in
bijection with Dyck(&). Moreover, it is straightforward to verify that this bijection
sends chute moves to flips. We thus obtain

Thm. 4.3.27 Thm. 4.3.11
Clus(G4,¢) = Tam(vy) =  Tam(x) =  Tam(w)". O

4.3.3. The core label order of Tam(«). By Corollary 4.3.10, Tam(«) is a semidistributive
lattice for every «, and as a consequence of Proposition 1.1.35, we may consider the core label
order CLO(Tam(«)). If « = (1,1,...,1) I n, then Theorem 2.3.13 implies that CLO(Tam(«)) =
Nonc(«).

In this section, we study the core label sets in Tam(«), for arbitrary «, and characterize the
compositions for which CLO(Tam(«)) = Nonc(«) remains true. We first describe the labeling
Ajsa of Tam(«); see Section 1.1.7.

Lemma 4.3.48. Let u,v € 64(231) with u < v. There exists a unique (a,b) € Cov(v) such
that (a,b) € Inv(u).

Proor. Let v € 64(231). By Lemma 4.3.15, the number of permutations u €
S«(231) with u <4 v equals |Cov(v)|. Thus, for every (a,b) € Cov(v), there exists a
unique u € 64(231) with u <4 v. It remains to show that (a,b) ¢ Inv(u).

Let U be the a-permutation that arises from v by swapping the values in positions a
and b. Then, @t <yek v and (a,b) ¢ Inv(it). By Lemma 4.3.1, u = 75 (1) <4 v, and
(a,b) ¢ Inv(u) by Lemma 4.3.5. O

Proposition 4.3.49. Let u,v € 64(231) with u <« v and let (a,b) € Cov(v) with (a,b) ¢
Inv(u). Then, (u,v) A (Wa,b,,Wa,u) in Tam(e).

PRrOOF. Letv € 6,(231) and let (a,b) € Cov(v). Lemma 4.3.48 ensures the existence
of the desired permutation u.
Suppose that reg,(a) =j. Since v € 64(231), v¢ < vy for all ¢ € {p;+1,p;+2,...,b}. By
Proposition 4.3.13, Inv(wgq ) C Inv(v) and thus wq b S<weak V-
Let 1t be the x-permutation that arises from v by swapping the entries in positions
a and b. Then @ <ek v and u = 7g(). Moreover, Inv() = Inv(v) \ {(a,b)} and
Inv(Wab,) = Inv(wap) \ {(a,b)}. In particular, wa b, € G4(231), and since % is a
lattice map, we conclude

u Ny Wa,b = 7'[]%((11) N T[‘&(me) == ﬂﬁc(ﬂ NAweak Wa,b) == 7'lf}%((‘/\)ct,b*) = Wa,b,»
u\/oc Wa,b = Wﬁ((ﬂ) \/oc 7TJ0'¢ (Wa,b) = 7-[& (11 vweak Wa,b) = Tfﬁ((\’) =V.

By definition, (Wq b, Wa,b) A (1,v) in Tam(o). O
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Proposition 4.3.50. For all n > 0 and every composition « of n > 0, the canonical join
representation of w € 6(231) in Tam( ) is

Can(w) = {way | (a,b) € Cov(w)}.

Proor. This follows from Proposition 4.3.49 using Propositions 1.1.15 and 1.1.16.
O

In fact, we may use the following labeling to slightly ease the notation:
(4.22) Aq: Covers(Tam(x)) = Nx N,  (u,v) — Cov(v) \ Inv(u).

Lemma 4.3.48 states that for (u,v) € Covers(Tam(«)), the set Cov(v) \ Inv(u) has a unique
element. A, assigns this element to the cover relation (u,v) (rather than the set containing this
element). Proposition 4.3.49 implies that A, is equivalent to Ajsq for Tam(«x).

Thus, the labels under A, are pairs of integers in different a-regions, which themselves
may be represented by «-arcs. As a consequence, the core label set of w € 64(231) can be
identified with a collection of «-arcs. Proposition 4.3.50 implies, together with the bijection
®Dperm from Section 4.2.1, that the canonical join representation of w € 64(231) corresponds to
the set of bumps of the noncrossing «-partitions @ (w).

For w € 64(231), we define

perm

X( def

Moreover, we abbrev1ate the core label sets in Tam(«) by Sh, rather than by Sh(

{wa, | there exists B € @, (w) with a,b € B}.

Tam (o) A )

Proposition 4.3.51. Let « be a composition of n > 0. For all u € §4(231), Sh(u) C X(u).

Proor. By Proposition 4.3.2, Tam(«) is a quotient lattice of Weak(S) by a lat-
tice congruence ©,. Let u € 64(231). If Shy(u) = 0, then there is nothing to show.
Otherwise, Proposition 1.1.15 implies that Cov(u) = {(a1,b1), (a2, ba), ..., (ar,be)} # 0.
We denote by G the subgroup of G generated by the transpositions corresponding to
these descents.

Since Shy(u) # 0, we may pick any wqap € Shg(u). By Lemma 1.1.38, wqap €

Sh(W L, )(u). Since Weak(S) is a principal order ideal in Weak(&,,) and &,
ea jsd

is a Coxeter group, Proposition 2.3.12 implies that wq v € G and Inv(wg ) C Inv(u).
Since wq b € G, we may write the transposition swapping a and b as a product of the
generators of G. This implies that a and b belong to the same part of @, ,(u) and
therefore wq b € X(u). O

Example 4.3.52. Let o = (1, 2 1) and consider w =3 2 4 e Sy Then, O (u) =
{1,2,4},{3}} and therefore X(u) = {w1 2, W1 4, W2 4}. The subgroup G from the proof of Propo-
sition 4.3.51 is generated by w1 2 and wa 4. It follows that X(u) C G.

We immediately see that Inv(u) = { (1,2),(1,4),(2,4), (3,4)}. Moreover, we obtain from
Proposition 4.3.13 that

Inv(w { 1,2) }
|nv(wl,4) ={(1,2),(1,3),(1,4)},
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Figure 66. The poset CLO(Tam((1,2,1))). This is a subposet of

Nonc((1,2,1)), because it lacks the refinement of the partitions corresponding
to 4 1 2 3 and 3 2 4 1.

123
L)

|nV(W274) = {(2a4)a (354)}

Thus, Inv(wi 2) C Inv(u) and Inv(wa 4) C Inv(u), but Inv(wy 4) € Inv(u). Now, since wq b €
)(u) if and only if wap € G and Inv(wq ) C Inv(u) we conclude that wi 4 ¢

h(Weak(G“J’NQ (u). By Lemma 1.1.38, wy 4 ¢ Shg(u).
By inspection of Figure 54, we observe that Sh(

h
(Weak (&) Aa

Weak(6 o) Ana) (u) contains the irreducible per-

mutations j; =18 1 4 12 andjo, =12 3 4 [1, both of which contain an («,231)-pattern
in positions (1,3, 4).

Figures 66 and 67 show the core label orders of Tam((1,2,1)) and Tam((2,1,2)), respec-
tively. Note that the second poset is isomorphic to Nonc(2,1,2)), while the first one is not
isomorphic to Nonc((l, 2, 1)). The next proposition characterizes the compositions for which
equality holds in Proposition 4.3.51.

Proposition 4.3.53. Let « be a composition of n > 0. Then, Shy(u) = X(u) for all u €
6«(231) if and only if either x = (n) or « = (p, 1,1,...,1, q) for some integers p, q > 0.

Proor. If « = (n), then &4(231) = {e} and Shy(e) = § = X(e). Now, suppose
that « = (p,1,1,...,1,q) for some integers p,q > 0. Let u € 64(231) with Cov(u) =
{(a1,b1), (az,ba),..., (as, by}

By Proposition 4.3.51, Shy(u) C X(u). In order to show the reverse inclusion, we pick
Wq,p € X(u) and prove that wq p € Shy(u). Using Proposition 2.3.12 as in the proof of
Proposition 4.3.51 it is enough to show that Inv(wg ) C Inv(u).

By definition, there exists a sequence of integers ko, k1,...,k¢ such that a = ko and
b = k¢ and (ki—1,ki) is a bump of CD;elrm(u) for all i € [t]. In particular, all the k;
lie in different a-regions. By Theorem 4.2.2, (ki_1,k;) € Cov(u) for all i € [t]. Thus,
(a,b) € Inv(u).

If t =1, then (a,b) € Cov(u). By Proposition 4.3.50, wq, is a canonical joinand of u,
which implies wq 1, € Shy(u).

If t > 1, then we consider two cases. If a > p, then

Inv(wa,p) = {(a,a+1), (a,a+2),..., (a,b)}



4. PARABOLIC CATALAND: LINEAR TYPE A

35214

45 5 45123 1324 14213 12
els Qoo e ooo Ve e ele @eeNe e e e

Y/

12345
ee oo

Figure 67. The poset CLO(Tam((2,1,2))). This is also the poset
Nonc((2,1,2)).

by Proposition 4.3.13 and our assumption on the shape of a. Choose d €
{a+1,a+2,...,b}. By construction, there exists (ki_1,k;) € Cov(u) such that ki_; <
d < k;. Since u avoids any («, 231)-pattern, it follows that ug < uy, , < ux, , < -+ <
Uy, = Uq. Thus, (a,d) € Inv(u). It follows that Inv(wg ) C Inv(u) as desired.

If p < a, then Proposition 4.3.13 implies

Inv(wap) = {(a’,b") | @’ €{a,a+1,...,p},b" € {p+1,p+2,...,b}}.
As before we may show that (a, d) € Inv(u) for any d € {p+1,p+2,...,b}. Since u € S,

we have u, < ug for any a’ € {a+1, a+2,...,p}. This implies Inv(wq ) C Inv(u).
We conclude that wq , € Sh ( Since, by construction, wq b, € 6+(231), it

follows that wq b € Shq(u).

Now suppose that & = (ot1, o2, ..., &) is a composition of n which is not of the form
= (p,1,1,...,q). Then, r > 3 and there exists k € {2,3,...,r — 1} such that p, >

Pr—1 + 1.

Let a = px—1 and consider P € Nonc(x) whose only non-singleton blocks are {a, a+1}

and {a+1,n}, and let u = @perm(P). Then, u has one-line notation

Weak (& o) Ajq ) ().

1,2,...,a—1,n—oyx+1 | n—ay,n—o+2,...,n|a,a+1l,..., n—a—1.

Prk—1 X n—px
By construction, the join-irreducible permutation wq n € &+(231) is contained in X(u).
By Proposition 4.3.13,

Inv(wa,n) = {((17 (1—‘,—1)7 ((l, CL+2), LERE} ((l, Tl)},

in particular (a,px) € Inv(wq ). However, we notice in the one-line notation of u that
(a,px) € Inv(u), because ax = px — px—1 > 1. It follows that Inv(wg ) < Inv(u) and
therefore wq ¢ Shy(u). ]
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(a) The core label order of Tam((2,1,1)). (b) The core label order of Tam((1,1,2)).

Figure 68. Reversing the composition yields isomorphic core label orders.

We summarize the main result of this section in the following theorem, whose proof we
have just established. This also resolves Research Challenge 3.3.4 in linear type A.

Theorem 4.3.54. Let o be a composition of n. Then, CLO(Tam(«)) = Nonc(«) if and only
if either x = (n) or « = (p,1,1,...,1, q) for some integers p,q > 0.

We have explained in Example 4.1.22 that Nonc(«) is not necessarily a meet-semilattice.
The core label order of Tam(«), however, always has this property.

Proposition 4.3.55. For every composition o of n > 0, the poset CLO(Tam(w)) is a meet-
semilattice.

Proor. By Theorem 3.1.2, Weak(&,) is a principal order ideal of Weak(&,,),
which implies that CLO(Weak(S,)) is an order ideal of CLO(Weak(&,)). Since
CLO(Weak(&,,)) is a lattice (see for instance [11, Section 4], [136] or [152, Sec-
tion 4 and 5]), it follows that CLO(Weak(&)) is a meet-semilattice.

Thus, Weak (&) has the intersection property by Remark 1.1.33. Since Tam(«) is a
quotient lattice of Weak (&) by Theorem 4.3.9, Tam(x) has the intersection property,
too, by Proposition 1.1.39. Once again, Remark 1.1.33 implies that CLO(Tam(x)) is a
meet-semilattice. O

By Theorem 4.3.11, Tam(«) and Tam(x) are dual to each other. Computer experiments
suggest that the core label orders of these lattices are isomorphic. See Figure 68 for an illus-
tration.

Conjecture 4.3.56. For every composition o of n > 0, CLO(Tam(«)) = CLO(Tam(x)).

4.4. Chapoton triangles

In (3.6) we have proposed a straightforward generalization of the H-triangle to parabolic
quotients of Coxeter groups using parabolic nonnesting partitions. In type A, the parabolic
nonnesting partitions are antichains in the parabolic root poset.

We have explained in Section 4.1.3, that the a-root poset can be inscribed in the x-Ferrers
shape. Our conversion from antichains in the a-root poset to a-Dyck paths takes the elements
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Figure 69. The (1,2,1)-Dyck paths together with their contribution to
H1,2,1)(x,y). Valleys are marked in red, returns are circled in blue.

T
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Figure 70. The (2,1,2)-Dyck paths together with their contribution to
Hz2,1,2)(x,y). Valleys are marked in red, returns are circled in blue.

of the antichain and converts them to valleys of the path. From this perspective, the parabolic
H-triangle in type A takes the following form:

(423) g{cx(x7y) déf Z XvaIIey(p)yreturn(p)
peDyck(x)

)

where a return of p is a valley of p that is also a valley of v,.

Remark 4.4.1. In [130, Section 5], we have defined the H-triangle using certain peaks on
the o-Dyck paths. This is easily seen to coincide with our previous definition as follows. An
antichain in the o-root poset induces an order ideal, and the lattice path tracing out this order
ideal is an o-Dyck path. The contribution of this antichain to the parabolic H-triangle defined
in (3.6) then corresponds to the peak-statistics given in [130, Equation (5.2)].

Example 4.4.2. Let « = (1,2,1). Figure 69 shows the «-Dyck paths together with their
contribution to (1 2 1(x,y). This yields

H2.1)(x,y) =x*y% +2x%y +x% + 2xy + 3x + L.
See also Example 3.6.1.
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Example 4.4.3. Let « = (2,1,2). Figure 70 shows the «-Dyck paths together with their
contribution to (s 1 2y(x,y). This yields

Hz1.2)(x%,y) = x® +x2y? + 2x%y + 6x% + 2xy + 6x + 1.

We may now use the transformations from Theorem 2.6.2 to “reengineer” combinatorial
realizations for the F- and the M-triangles. We define

Malx,y) = (1 - y)*%a (% - 1)

x+1 y+1
x 'x+1/)°

Folx,y) © x5, (

If we want these rational functions to be polynomials, then—by definition of J(x,y)—we
need to require that d > max{valley(p) | p € Dyck(a)}. In order to avoid unnecessary redun-
dancy we use equality there, and call the maximum number of valleys of any «-Dyck path
the degree of «, and denote it by dy. In view of the bijections ®perm and ®pan (see Theo-
rems 4.2.2 and 4.2.4) and of the description of the canonical join representations in Tam(«)
(see Proposition 4.3.50), we find that

de = max{|Can(w)| |w e 6a[231)} = max{|Bump(P)| |Pe Nonc(oc)}.
With this definition, we obtain

)

M(X(X,y) — Z (X _ 1)valley(p)7return(p) (1 _ y)d‘vaalley(p)xreturn(p)yvalley(p)
peDyck ()

?a(x,y) _ Z qufvalley(p)(x_F l)valley(p)freturn(p)(y + 1)return(p).
peDyck(x)

Example 4.4.4. For « = (1,2,1), using Figure 69, we thus obtain
M1.2.1)(%y) = 4x*y? — 9xy? + 5xy + 5y? — 5y + 1,
Fa21)xy) = 5x2 + dxy +y2 4 9x + 4y + 4.

See also Examples 3.6.2 and 3.6.3.

Example 4.4.5. For « = (2,1, 2), using Figure 70, we thus obtain
M2,1.2)(x,y) = x*y? — 12x%y3 + 9x?y? + 25xy® — 30xy? — 14y3 + 8xy + 21y? — 9y + 1,
F212)(x,y) = 14x3 + 4x2y + xy2 +25%x2 + dxy + 12x + 1.

If we denote by Valley(p) (resp. Return(p)) the set of valleys (resp. returns) of p, then we
can rewrite the definition of the F-triangle as follows:

fT"cx(X,y) — Z Xd“—valley(p)(x + 1)valley(p)—return(p)(y + 1)return(p)
p€Dyck(x)
_ Z defvalley(p)HV\Return(p)IyIVﬂReturn(p)I

peDyck(a) VCValley(p)
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We have already argued in Example 3.6.2 that the core label order is suited better to define
a parabolic M-triangle than the poset of noncrossing partitions. We thus set

< def n n(v
(4.24) Ma(x,y) = Z ”CLo(Tam(a;)(W")X‘CE’ (wly|Can(v)],

u,veS 4 (231)

Example 4.4.6. Inspecting Figures 66 and 67, we obtain

M1.2.1)(%,y) = 4x%y? — Ixy? + 5xy + 5y — 5y + 1,

Ma1.2)(%,y) = x3y3 — dxy® + IxPy? + 5xy® — 22xy? — 2y3 + 8xy + 13y — 8y + 1.
In view of Examples 4.4.4 and 4.4.5, we see that J\N/[(Lg’l) (xy) = Mae1)(x,y) but
M2,1,2)(%,y) # M2,1,2)(x,y).
Moreover, we notice that Mz 1 2)(x,y) cannot arise as a generating function of the Mobius
function of some poset. Indeed, if there were a poset P such that M3 1 2)(x,y) arises analogously
to (4.24). Then, since the constant term of M(21,2)(x,y) is 1, P has a unique minimal element.
Since the coefficient of xy is 8, P has eight elements of rank 1. However, the coefficient of y is
—9, which forces that there are nine elements covering the bottom element.
Conwersely, we could also consider My (x,y) as a starting point, and define

Faeoy) = (ly — 1)+ )0t (g, XU,

For oo = (2,1, 2), we obtain
Hi21.2) (% y) = x3y3 +x3y? + 3x3y + 3x%y? — 43 + 6x%y + 3xy + 5x + 1.
Note that this polynomial has a negative coefficient.

Computer experiments suggest the following answer to Research Challenge 3.6.5 in linear

type A.

Conjecture 4.4.7. Let o be a composition of n > 0. Then, My (x,y) = Mq(x,y) if and only if
o has at most one component exceeding 1.

We support Conjecture 4.4.7 with the following proposition, which computes the F-, H-
and M-triangles in the case where « = (t,1,1,...,1) for t > 1. The proof of this result uses
generating functions, and requires quite some preliminary work. We have therefore decided
not to present this proof here. The interested reader is referred to [108].

Proposition 4.4.8 ([108, Theorems 4.2 and 5.13]). Let t > Oand let o« = (t,1,1,...,1) F n.

Then,
t k—1
t+h/m+ n yh
k t+k+h

(e

t\(t+k+h—1 n—t—k, n—t—k—h
) (TR e

-+

-3 3
-5 %

:!x‘
r'-O

I\’lr glvl

|
A”
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Figure 71. The (2,1,1)-Dyck paths together with their contribution to
H2,1,1)(x,y). Valleys are marked in red, returns are circled in blue.

n—tn—t—k

B t—1Dh+Kk)+n /My /n—-t+1\/Mn+h—-1
Maloy) =) ) (D" <k><h+k+1)< h )Xk”h+k'

k=0 h=0

Example 4.4.9. We illustrate Proposition 4.4.8 in the case o« = (2,1,1). Figure 71 shows the
nine (2,1, 1)-Dyck paths together with their contribution to H 31 .1)(x,y). This yields

Hiz1,1)(%Y) =x2y? +x%y + x> +2xy + 3x + 1,
F21,1)(xy) = 5x2 + 3xy +y2 + 8x + 3y + 1.
By inspection of Figure 68a, we compute

M2,1,1)(x,y) = 3x%y? — 8xy® + 5xy + 5y? — 5y + 1 = M(2,1,1)(x, y).

4.5. Applications

We now present two applications of Parabolic Cataland in linear type A. In particular, we
prove a conjecture of N. BERGERON, C. CEBALLOS and V. PILAUD concerning the dimensions of
the graded components of a certain Hopf algebra, and we give a combinatorial interpretation
of the zeta map from diagonal harmonics. The results of this section are published in [45].

4.5.1. A Hopf algebra on pipe dreams. We briefly recall the basics on (combinatorial)
Hopf algebras, and refer the interested reader to [86]. Let K be a field, and let V be a K-vector
space. Then, V is graded if V = @n20 V,, and we call V,, the nt" graded component of V.
Moreover, if Vg = K, then V is connected.

A K-vector space V is an associative K-algebra if there exists a K-linear associative map
m: V@V — V (the multiplication) such that

mo (idy ®m) =mo (m®idy)
and a K-linear map u: K — V (the unit) such that
mo (idy @ u) =idy =mo (u®idy).
An associative K-algebra is commutative if m is a commutative map.
Dually, V is a coassociative K-algebra if there exists a K-linear map A: V — V ® V (the
comultiplication) such that
(idy @ A)oA=(A®idy)o A
and a K-linear map e: V — K (the counit) such that
(idy ® €)oA=idy = (eoidy) o A.

A coassociative K-algebra is cocommutative if A is a cocommutative map.
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A bialgebra is an associative, coassociative K-algebra such that the following compatibility
conditions hold:

(mem)o(idyoToidy)o (A®A)=Aom,
mo(e®e)=e€eom,
(u@u)oA=Aou,

cou = idg.

where T: VRV - V@ Vgivenby T(u®@v) =v@uforallu,veV.
A bialgebra V is a Hopf algebra if there exists a K-linear map S: V — V (the antipode) such
that

mo(S®idy)oA=uoe=mo (idy ® S)oA.

A subset U C V is a Hopf subalgebra if it is a Hopf algebra in its own right, where all maps of
U are the restrictions of those from V and U contains the identity of V.

Example 4.5.1. One of the most important combinatorial Hopf algebras is the Malvenuto—
Reutenauer Hopf algebra KS on permutations [116]. The product of two permutations u €
Sy and v € &y is given as the formal sum over all shuffles of u, v, and the coproduct of w € &,,
is given as the formal sum over all possible ways to write w as a sum u @ v with uw € &; and
veGh_i.

Another important combinatorial Hopf algebra is the Loday—Ronco Hopf algebra KY on
plane binary trees [115]. The coproduct of a plane binary tree T is given by the formal sum of
all splits induces by the leaves of T, where a split induced by a leaf separates T into two trees,
one consisting of all edges weakly to the left of the unique path from the leaf to the root, and the
other consisting of all edges weakly to the right. Let Ty and Ty be two plane binary trees, and
suppose that Ty has s leaves. We may now split Ty into s pieces according to a multisubsets
with s elements of the leaves of Ty, and subsequently add the ith resulting factor to the ith leaf
of To. The formal sum over all choices of such multisubsets gives the product of Ty and To.

A global descent of w € &, is either 0 or k € [n] such that {w; | i < k} = {k+1,k+2,...,n}
An atomic permutation is a permutation in &, whose only global descents are 0 and n. For
u € &, and v € &y, their swapped sum is uwev € Gy defined by

_ s
(4.25) (u.v)i_{uﬁrn, if i < m,

Vim, ifi>m.

Compare this definition with the sum u @ v defined in (2.13). It is easy to see that every
permutation can be written uniquely as an iterated swapped sum of atomic permutations.
Recall the definition of a pipe dream from Section 2.4. In this section, for w € &,, we
denote by Pipe(w) the set of reduced pipe dreams for w with a total of n + 1 pipes, where we
add an “artificial” pipe from the topmost row to the leftmost column labeled by 0. We set

Pipe(&,) & {Pipe(w) |w € &, }.

In [20], the graded vector space KPipe «f @., KPipe(&,,) was equipped with a Hopf algebra
structure that we will recall next.

The coproduct on KPipe is given as follows. Let w € &,, and P € Pipe(w). For a global
descent k of w, we define the untangling Ay n_x(P) to be the tensor of pipe dreams P; ® Pa,
where Py is the restriction of P to the pipes k+1,k+2,...,n and P, is the restriction of P to the
first k pipes. See Figure 72 for an illustration. If k is not a global descent of w, then we set
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Figure 72. Untangling a pipe dream at a global descent.

Ay n—x(P) = 0. The coproduct on KPipe is defined by A =y

is given by

Amn. The counit on KPipe

m,neN

i 1, ifP=-,
e: KPipe - K, P~ .
0, otherwise.

Proposition 4.5.2 ([20, Proposition 1.2.2]). The maps A and e equip KPipe with a coasso-
ciative K-algebra structure.

The product on KPipe is given as follows. Let wp € &, and wg € &5, and let P € Pipe(wp)
and Q € Pipe(wg). f wp =uj euse---eu; and wg =v; evy e --- ev, are the factorizations
of wp and wq into atomic permutations, then a e-shuffle of wp and wq is any permutation
w=wiewye---ew, ; € Sy n that preserves the order of the factors of both wp and wq. We
simplify w by adding adjacent factors belonging to the same word. If in this simplified word,
there are k factors belonging to wq, then we untangle Q according to the positions of these
factors and obtain k pipe dreams Q1, Q2, ..., Qx. The w-tangling of P and Q is the insertion of
the factors Q1, Q2, ..., Qk into P so that the exit permutation is w. We write P ,, Q € Pipe(w)
for the resulting pipe dream. The product of P and Q is m(P, Q) &ef > w P *w Q, where the sum
ranges over all e-shuffles of wp and wq. The unit on KPipe is determined by u(1) = .

Example 4.5.3. Let wp = 6752431 =12e1e132e1 € &7 and wg = 35412 =132e12 € Gs.
The following permutations are e-shuffles of wp and wq:

w=111210798465231=231e132e132e12e1,
w=111281096752431=12e35412 e 52431,

while this one is not:
129111078562431=1e132012e12e1320e1.

Figure 73 shows the w-tangling and the w-tangling of two pipe dreams in Pipe(wp) and
Pipe(wq).
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Figure 73. Two examples of the tangling of pipe dreams.

Proposition 4.5.4 ([20, Proposition 1.2.6]). The maps m and u equip KPipe with an asso-
ciative K-algebra structure.

Proposition 4.5.5 ([20, Proposition 1.2.8]). The product m and the coproduct A equip KPipe
with a graded connected Hopf algebra structure.

We will now explain, that a certain Hopf subalgebra of KPipe arises in the study of Par-
abolic Cataland. If S is any set of permutations, then we denote by Pipe(S) the set of pipe
dreams whose exit permutations factors canonically into members of S.

Theorem 4.5.6 ([20, Theorem 2.1.1]). For any set S of atomic permutations, the space
KPipe(S) is a Hopf subalgebra of KPipe.

Let idx denote the identity permutation in &y. Then, the set Pipe<{id1}> consists of all pipe
dreams whose exit permutation is wx, =1 @k k—1 ... 1 for some k. Note that by convention
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we have chosen the top left corner to contain an elbow, which accounts for the first summand
1. By Theorem 2.4.12, this set collects all clusters of linear type A. The corresponding Hopf
subalgebra KPipe({id,}) is isomorphic to the Loday-Ronco Hopf algebra on binary trees [20,
Section 2.1.1].

By construction, for any composition o« = (1, x2,..., ), the longest permutation wo.«
canonically factors as idy, e idy, ® --- @ idy, see Section 4.1.2. Therefore, any pipe dream
of w(yy, see Section 4.1.4, belongs to Pipe<{id1,id2,id3,...}>. When computing the graded
dimension of this Hopf subalgebra, the authors of [20] observed that this sequence corre-
sponds to the sequence [169, A151498] which counts for instance certain lattice walks in the
positive quarter plane, starting at the origin, ending on the x-axis and using only steps in

{(-1,1),(1,-1),(0,1)}. Such walks were for instance considered in [32,124,125]. Let ‘Q

denote the set of such walks using a total of n steps. The list of cardinalities of '\Rn begins as
follows:

n

1,1,3,12,57,301, 1707, 10191, 63244, 404503.

The main result of this section resolves [20, Conjecture 2.2.1], which describes a combina-
torial interpretation of the basis of KPipe,, ({idy,id2, ids, .. .}).

Theorem 4.5.7. For n > 0, the graded dimension of KPipe, ({id1,id2,ids,...}) equals the
cardinality of "gn.

We prove Theorem 4.5.7 combinatorially by designing a bijection from the basis elements

of KPipe, ({idy, idz,ids, ...}) to the elements of '\Rn using the a-trees we have defined in Sec-
tion 4.1.7.

A marked Dyck path is p € Dyck,, for which some north steps are marked. We denote the
marked north steps by N, and the unmarked ones by N,. A marked Dyck path is level marked
if for any lattice point along this path, the number of unmarked north steps before this point
does not exceed the number of east steps before this point. Let Dyck®(n) denote the set of
level-marked Dyck paths with a total of n steps.

We may “unfold” such a lattice walk into a level-marked Dyck path as follows. For a

lattice walk in R'Rm, we start at the origin and successively replace each step of the form (0, 1)
by a marked north step, we replace each step (—1,1) by an unmarked north step and we
replace each step (1,—1) by an east step. See the top-left of Figure 74 for an illustration.

We now show how to obtain a level-marked Dyck path with n steps from an o-tree for
any composition « of n > 0.

Proposition 4.5.8. Let « - n. For every T € Tree(«), there exists a naturally associated
level-marked Dyck path p$ € Dyck®(n).

Proor. Let y denote the x-coloring of T. We perform a right-to-left traversal of T.
Whenever we visit a new node in T with a y-color that we have not seen before, we
add a marked north step, otherwise we add an unmarked north step. When we visit
a node that we have seen before, we add an east step. The resulting lattice path is
denoted by p$.

In traversing the tree, we visit each edge twice, the first time we add a north step and
the second time we add an east step. Since T has n non-root nodes, this indicates that



146

4. PARABOLIC CATALAND: LINEAR TYPE A
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Figure 74. Illustrating the bijection from ‘Qn to Pipe,, ({idy,id2, ids,...}) for
n = 16.

p} has 2n steps and ends at (n,n). It is also clear that there can never be a prefix which
contains more east steps than north steps. Hence, p} € Dyck(n).

It remains to show that p$ is level marked. Let (p, q) be the coordinate of a north step
in p}. This north step corresponds to the first time we visit a node u in the right-to-left
traversal of T. By Lemma 4.1.25(i), all nodes on the path from u to the root, including
u and excluding the root, have different colors. There are exactly q — p such nodes,
meaning that up to (p, q) we have seen at least q —p colors. Equivalently, at least ¢ —p
marked north steps come before the point (p,q) which is equivalent to the defining
condition of level-marked Dyck paths. Thus, p} € Dyck®(n). O

Conversely, we may as well construct a colored tree from any p*® € Dyck®(n).

Construction 4.5.9. Let n > 0 and p* € Dyck®(n) such that p® has exactly r marked north
steps. We initialize our construction with the tree Ty consisting of a single root node, the empty
coloring fo and a list of colors Ly = [0], where O stands for the color of the root. Throughout
this construction, we maintain a pointer on the colors. Initially, this pointer points to the 0 in
Lo. In each step of this construction, we are visiting a certain node, the current node. Initially,
the root of Ty is the current node.
We parse p® as a word. Suppose that p; is the ith letter of this word. We update T;_1, fi_1,
Li_1 as follows.
(i) If pi = N, then we extend T;_y to T; by adding a node v; to the current node of Ti_1 as
its leftmost child. We set the current node of Ty to be vi. We insert a new color ¢ into
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Li_ right after the pointer, and move the pointer to c. We extend f;_y to f; by setting
fi(vi) = c.

(ii) If pi = N, then we extend T,y to Ty by adding a node v; to the current node of T,_1 as
its leftmost child. We set the current node of T, to be vi. We take L; to simply be Li_;
with the pointer moved to the next color ¢’. We extend fi_; to f; by setting fi(vi) =c’.

(iii) If pi = E, then we take T; to simply be T;_y with the current node set to the parent of
the current node of T_1. We take L; to be Li_1 with the pointer moved to the previous
color. Since p® is a Dyck path, such a color (it may be O for the root) must exist. We set
fi=~fi_1.

Let ] be the coloring of T; that is obtained from f; by renaming the colors according to the first
appearance in the left-to-right traversal of T;. After 2n steps, we have parsed p® completely, and
we output Tye = Ton with the coloring 4. Note that t} uses precisely r different colors.

Lemma 4.5.10. At the end of the ith step of Construction 4.5.9, the list L; of colors (renamed
by first appearances in left-to-right traversal) is increasing. In particular, if u is a non-root
node of T, and v is a descendant of u, then f{(u) < f/(v).

Proor. By Construction 4.5.9, the colors in the unique shortest path from the root
of T; to v exactly coincide with the colors in L; from the beginning of the list to the
current position of the pointer, and they appear in the same order on that path and in
Lge
Now, suppose that there are two colors c¢; and ¢, such that c¢; comes after c; in L;. Let
u; be the first node in the LR-prefix order of T; with f{(u;) = ¢;. There must be an
ancestor uy of u; with f{(uz) = co by the argument in the first paragraph.

Since uy precedes u; in the LR-prefix order of T;, it follows that ¢z < c¢; due to the
renaming. This yields f{(u2) < f{(u;) as desired. a

We observe that for p* € Dyck®(n), forgetting the markings determines the tree while the
markings determine the coloring. More precisely, if f’ is the coloring of T,. obtained from
Construction 4.5.9, then we set «; to be the number of nodes of T, whose f’-color is 1, and we

def
set ope = (001, 0ty - -0y ).

Example 4.5.11. We illustrate Construction 4.5.9 with the path p® = NeNJEN.EENNGEE €
Dyck®(5):

The following table lists the steps in Construction 4.5.9. The current node is marked in gray,
the color currently pointed at is underlined.

i Pi Ti Li
0 - . (0]
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Thus, xye = (1,2,2).

Therefore, any p*® € Dyck®(n) determines a pair (T, ), where T is a plane rooted tree and
o is a composition. We will see soon that in this case T € Tree(a). We thus define the set of
LAC trees by

(4.26) LAC(n) & {(T, &) [+ n, T € Tree(w)}.
With this notation, Proposition 4.5.8 induces a well-defined map:
(4.27) Zlevel: LAC(n) — Dyck®(n), (T, ) — p%,

where « - n, T € Tree(«) and p} is the level-marked Dyck path from Proposition 4.5.8.
We show next that Construction 4.5.9 induces the following well-defined map, which is
illustrated in the top-right of Figure 74:

(4.28) Ajevel: Dyck®(n) — LAC(n), p® — (Tpe, xpe ).
Proposition 4.5.12. For a level-marked Dyck path p* € Dyck®(n), let T, be the colored tree

obtained from Construction 4.5.9 and let «,« be the composition of n obtained from the coloring.
Then, Tye € Tree(aye ).
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PrOOF. Suppose that p® has exactly r marked north steps, and let T be the colored
tree obtained from Construction 4.5.9 and let f be the corresponding coloring. It follows
that f uses exactly r colors. We have already seen before that ope = (1, x2,..., ) is a
composition of n, where «; counts the number of nodes of T whose f-color is i.

For s € [r], let T, be the restriction of T to the nodes of f-color at most s. We prove by
induction on s that the induced subtree T/ of T whose nodes are colored at the end of
step s in Construction 4.1.24 is precisely Ts.

The base case s = 0 is clear, since both Ty and T consist of a single root node. Now sup-
pose that T, = T,. By Lemma 4.1.25(i), we see that T/, ; is connected. By Lemma 4.5.10,
the f-color of any node is bigger than that of its ancestors, so Ty is also connected.
Let u be the last node with f(u) = s 4+ 1 in the LR-prefix order of T. Consider a node
v ¢ T/ that is a child of some node in Ty = T, while strictly preceding u in LR-prefix
order. Suppose that v is created in step i of Construction 4.5.9 with L; being the list of
colors (after renaming) available just after. Note that every ancestor of v has f-color at
most s so that u is in particular not an ancestor of v. Therefore, v comes after u in the
right-to-left traversal of T, which means that s + 1 is already present in L;. The pointer
of L; cannot be after s+ 1, because that would imply the existence of an ancestor of v of
f-color s + 1, which is contradiction. The pointer of L; cannot be before s + 1, because
otherwise, by Lemma 4.5.10 we would have the contradiction s + 1 > f(v) > s, because
v ¢ T,. It follows that f(v) = s 4+ 1, which holds for all nodes of T/ ; \ T; that come
before u in LR-prefix order.

Since u is the last node in LR-prefix order that has f-color s 4+ 1, no descendant of u
belongs to T1. Let X be the set of nodes in Ts41 \ T;. We have just shown that X
contains all the nodes T/, \ T, that precede u in LR-prefix order. Moreover, all nodes
in X are active in the (s + 1)** step of Construction 4.1.24. Since |X| = o1, all the

vertices in X receive color s + 1 in Construction 4.1.24. We conclude that Ts,1 =T/, ;.
This completes the induction step, and we see that T is indeed compatible with .
and f is the «,.-coloring of T. a

Theorem 4.5.13. For every integer n > 0, the map Zievel s a bijection whose inverse is Ajeyel.

Proor. In view of Propositions 4.5.8 and 4.5.12 it remains to show that Zjeye|0Ajevel =
id and Ajevel © Zievel = id. We observe that the map Zje,e) Without markings and colors
is a slight modification of the well-known bijection from the set of plane rooted trees
with n non-root nodes to the set of Dyck paths with 2n steps, described for instance in
[60, Appendix E.1].

To show that Zieye © Aevel = id, for p* € Dyck®(n), let (T, &) = Aja(p®) and p* =
Zlevel ((T7 oc]). As mentioned before, the underlying Dyck paths p and p are equal, so it
remains to show that the marked north steps are in the same positions. By construction,
the marked north steps of p* determine the right-most nodes per color in T, which in
turn determine the marked north steps in p* in the same way. We conclude that p® = p°®.

Conversely, to show that Ajeyel © Zievel = id, for (T, ) € LAC(n), let p® = Zjeyel ((T, oc)) and
(T, ') = Ajevel(p®). As before, we conclude that T = T/, and it remains to show that
o = «’. We observe already that « has the same number of components as «’, as both
are equal to the number of marked north steps in p® by construction.

149
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Let Ts, T, denote the subtrees of T and T’, respectively, that consist of all nodes of color
at most s, including the root. We show that T, = T/ by induction on s. The base case
s = 0 is clear, since both Ty and T consist of the root only. Now suppose that T, = T/.
At least one of the active nodes of T, must belong to the set V of last nodes per color
with respect to (T, «). We denote by u the first active node in V in the LR-prefix order
of T. It follows that all active nodes of T; up to u in LR-prefix order receive color s + 1.
The same reasoning works for T, as « and «’ have the same number of components,
and we conclude that T, ; = T/, ;. This completes the induction step, and we obtain
=o', O

We may now prove Theorem 4.5.7, which is illustrated in Figure 74.

Prook. By [20, Theorem 2.1.2], a basis of KPipe, ({id,ido,ids,...}) is given by the
set of pipe dreams, whose exit permutation lies in &,, and factors into identity permu-
tations. These are precisely the elements of | J,, ,, Pipe(wy). Using the concatenation

Apath © ‘P;;e, we see that this basis is in bijection with LAC(n). Theorem 4.5.13 states

that LAC(n) and "Qn are in bijection, finishing the proof. O

4.5.2. A zeta map from diagonal harmonics. The second application of Parabolic Cata-
land concerns certain rings of invariant polynomials under an &G,-action. Our explanation of
the underlying theory mainly follows [87]. Recall from Remark 2.1.4 that if W is a finite Cox-
eter group, the ring AW of (real or complex) polynomials invariant under a certain W-action
is again a polynomial algebra.

Let us have a closer look at this when W = &, is the symmetric group. Let A =
Clx1,x2, ..., xn] be the ring of complex polynomials in n variables. The usual &,,-action on A
is given by

w-f(X1,%2, -, Xn) = T(Xwy, Xwgs - - s Xy )
for w € 6,, and f € A. The invariant ring

ASn déf{feA|w-f:ff0rallw€6n}

is the ring of symmetric functions and is for instance generated by the power sum symmetric
functions

for k € ] [87]. The ring of coinvariants is the quotient R™ % A/(mt1, 7o, .. ., 7)), which inherits
a grading RV = R{VaRV &RV & - ., where R\ is spanned by all homogeneous polynomials
in x1,x2,...,xn of degree k. Since 7,72, ..., 7, are algebraically independent, it follows that
dim¢ (RW) =n! and

n n—1
(4.29) Y dime(R)a =1 +a+q*+-+qh)
k=0 i=1

Now, 7y has degree k, so that the exponents of &,, are e; =1 for i € [n]. Thus (4.29) recovers

precisely the type-A case'* of the generating series Ws(q); see Theorem 2.1.1.
The Vandermonde determinant Vi, < [li<i<j<n (i —%;) provides a different perspective to

RM. Let HY) denote the complex vector space spanned by V,, and all its partial derivatives; the

HMNote the index shift, i.e., &, is isomorphic to A, _1.
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space of harmonic polynomials. It was shown in [90] that, for all n, R'Y) and H(!) are isomorphic
as C-vector spaces.

A. Garsia and M. HAIMAN generalized the above construction to two sets of variables [79].
More precisely, let B = Clx1,%2," -+ ,Xn,Y1,Y2, - - -, Ynl. Then, &, acts diagonally on B by

def
W'f(X17X2>---meUbU%---yyn) = f(xw17XWQ7'"7XWn7yW17yW2a"'7yWn)

for w € &, and f € B. As before, we denote by B~ the ring of invariant polynomials under
this diagonal action. Analogous to the case of one set of variables, we may consider polarized
power sum symmetric functions

n
def h. k
Thk = E XiYi
i=1

for h,k € N. Then, BS" is generated by the m, x as long as h+ k > 0 [87], and the quotient
ring of diagonal coinvariants is R?) & B(2) /1, where

1% (7, | for all h,k € N with h + k > 0).

Remarkably, dim¢ (R(?)) = (n+ 1)™~! is the number of trees with n labeled nodes [91]. More-
over, R?) = @ Rg), where Rf ) is spanned by all polynomials homogeneous of degree 1 in
the x-variables and degree j in the y-variables. The ring of diagonal harmonics is defined by

H() & {fe B

i=1 "t Ji

T9h ok
—wf=0forallh,ke Nwithh+k >0,.
X !

We wish to turn our attention to the alternating component of H?), i.e.,

H®)e € e HP |y f = (—1)™OVIf forall w € &,
because dimc (H(2)€) = Cat(n) [78]. The bigraded Hilbert series of H?)¢ is defined by

3 (q,0) Y tigidime (HE),
1,j>0
where ngz)e denotes the bigraded components of H?)¢. Note that 3¢ (1,1) = dim¢(H®¢) =
Cat(n). The series HE(q,t) is usually called the q, t-Catalan number [78], and is by definition
symmetric in the variables ¢ and t. There are two intriguing combinatorial interpretations of
J5 (q,t) in terms of Dyck paths.

Recall from Section 2.5 that a Dyck path is a northeast path that fits inside a staircase
shape and its area is the number of boxes below the path. A Dyck path p € Dyck(n) is bounce
if it can be written as p = NUEUN2ER ... N"E where i; +1i + --- + i, = n. The name
“bounce” comes from the fact that a bounce path goes north for a while, then goes east until
it hits the diagonal, from which it bounces off and goes north again, then goes east until it
hits the diagonal once more, and so on.

With any p € Dyck(n) we can associate a canonical bounce path ppounce that essentially
“bounces” between the path and the diagonal. Say that the bounce path of p hits the diagonal
in the coordinates (ig,ig), (i1,11), ..., (ir,1ir), where ig = 0 and i, = n. Then, the bounce

parameters of p are the x-coordinates 0 = ig,1i1,...,1, = n of the contact points of ppounce With
the main diagonal. The bounce statistic of p is defined by bounce(p) def L_:ll (m—1ik).

For p € Dyck(n), let a; denote the number of boxes in the ith row of the staircase shape

containing p which lie below p. We call the vector a(p) def (a1, as,...,an) the area vector. Then,
clearly, area(p) = a1 + as + - - - + an. Moreover, the dinv statistic of p is

dinv(p) < |{(1,) 11 <i<j < ai e a0+ 1}
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Figure 75. A Dyck path and its image under the inverse zeta map. The area
vectors are written to the left and the bounce paths are drawn in dashed red.
In the left path, we have labeled the steps as described in Construction 4.5.16.

In other words, dinv(p) counts the pairs of rows of the same length as well as the pairs of rows
which differ by one with the longer row below the shorter. See Figure 75 for an illustration of
these statistics. These statistics may be used to combinatorially realize H (q,t).

Theorem 4.5.14 ([87, Chapter 3]). For every n > 0, it holds that

j{i(q,t) _ Z qarea(p)tbounce(p)
peDyck(n)

_ Z qdinv(p)tarea(p).
pEDyck(n)

Example 4.5.15. For n = 4, Figure 76 lists the fourteen Dyck paths of semilength 4 together
with the values of the statistics area, bounce and dinv. This yields

H5(q,t) = q° +q°t+q* 2 + q*t* + ¢*t* + qt® + 0+ q*t + ¢* 2 + g2 > + qt* + g3t + q?t* + qt?
in two different ways in accordance with Theorem 4.5.14.

The phenomenon described in Theorem 4.5.14 is explained bijectively via the so-called
zeta map . This is a bijection on Dyck(n) which sends the pair of statistics (area, bounce) to
(dinv, area). Let us briefly recall the construction of the inverse of ¢ following [2] and [87, Proof
of Theorem 3.15]; this map is illustrated in Figure 75. The interested reader is referred to
[6,42,184,188] for further background and variants of the zeta map.

Construction 4.5.16. Let p’ € Dyck(n), let p[ ... denote its bounce path with bounce pa-
rameters ig,i1,...,i,. For k € [r], we denote by P = (ix—1,1k) the peak of v/ e at
height ix. By construction, Py is also on p’. The number of steps between Py and Pyi1 is
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statistics.

The fourteen Dyck paths of semilength 4 together with various

(ik —ik—1) + (iks1 —ik) = k1 — k. For k € [r—1], the sequence a') arises from the subpath
of p’ between Py and Pr41 by replacing each east step by k — 1 and each north step by k.

We fashion these r — 1 sequences together by interlacing the sequence a®) and a**b for all
k € [r — 1], where we insert the values k — 1 and k + 1 relative to the values k so that we never
put a k — 1 directly before a k + 1. The resulting sequence a has precisely n entries, i1 — ix

of which are equal to k for k € {0, 1, ..

L, r—1}%L

Proposition 4.5.17 ([87, Proof of Theorem 3.15]). For p’ € Dyck(n), the sequence a obtained
by Construction 4.5.16 is the area vector of some Dyck path p € Dyck(n), and we have {(p) =

p’.

Now, let p € Dyck(n) and let ppounce denote its bounce path. If ppounce hits the diagonal in
the coordinates (ig,i0), (i1,11), ..., (ir,1ir), then by construction p € Dyck((i1, i, . ..,i;)). Thus,
for any p € Dyck(n) there is a naturally associated pair (p, «), where o - n. Using the bijection
Apath from (4.14) this pair maps into LAC(n) and by means of the bijection Zeyel from (4.27) we

obtain a level-marked Dyck path p* € Dyck®(n) associated with p.

For pi,p2 € Dyck(n) we say that the pair (p1,p2) is nested if p; always stays weakly below
p2, and we refer to p; as the bottom path and to p» as the top path of such a nested pair. By
construction, for any p € Dyck(n), (Pbounce, #) is indeed a nested pair of Dyck paths. We define
the set of bounce pairs by

BouncePair(n) % {(pl,pg) € Dyck(n) x Dyck(n) | (p1, ps) is nested and p; is bounce}.

The right side of Figure 77 shows the elements of BouncePair(3).
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Figure 77. The sets SteepPair(3), LAC(3) and BouncePair(3) arranged accord-
ing to Asteep and Zpounce-

We will now explain that any level-marked Dyck path can be described by a particular
nested pair of Dyck paths, too. A Dyck path is steep if it does not contain two consecutive east
steps, except possibly at the end. Let us consider the set of steep pairs defined by

SteepPair(n) def {(p1,p2) € Dyck(n) x Dyck(n) | (p1, p2) is nested and p, is steep}.

The left side of Figure 77 shows the elements of SteepPair(3). Eventually, we describe a bijec-
tion from SteepPair(n) to BouncePair(n); see Theorem 4.5.19.

Given a level-marked Dyck path p® € Dyck®(n), we denote by 9(p) the pair (p1, p2), where
p1 is p* without the marking, and p, is obtained from p*® by forgetting the east steps, replacing
each marked north step N, by a northstep N and each unmarked north step N, by a valley
EN, and adding as many east steps at the end as necessary. Clearly, (p1,p2) is a pair of Dyck
paths. In fact, it is a nested pair of Dyck paths where the top path is steep, and every steep
pair is obtained in this way.

Proposition 4.5.18 ([20, Section 2.2.3]). The map §: Dyck®(n) — SteepPair(n) is a bijection.

In view of Theorem 4.5.13 and Proposition 4.5.18, the following map is thus a bijection:
(4.30) Zsteep: LAC(n) — SteepPair(n), (T, &) = ¥(Zievel (T, &)));

its inverse is denoted by Asteep. The top of Figure 78 illustrates Zgteep.

Let « = (x1,x2,...,0) Fn. If T € Tree(«), then (T,«) € LAC(n). Moreover, the path
p1T = Zpath(T), see Proposition 4.2.15, belongs to Dyck(«), which is the set of all Dyck paths
lying weakly above vy, = N*EXN*2E*2...N*E* . By construction v, is bounce, which
implies that (v, p) € BouncePair(n). If Zy5nce denotes the assignment (T, x) — (v, p), then we
obtain a bijection

(4.31) Zbounce: LAC(n) — BouncePair(n), (T, &) — (04, Zpath(T)),

whose inverse is denoted by Apounce- The bottom of Figure 78 illustrates Zyounce. We may then
concatenate these maps to obtain a bijection

(4.32) I': SteepPair(n) — BouncePair(n),  (p1,p2) — Zbounce (Asteep (P1,P2)).

Figure 78 illustrates this map on an example for n = 16, and Figure 77 shows the bijective
correspondence between SteepPair(3) and BouncePair(3).
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/@’( v Tt ) E'E‘S' 19)
path E—
€ BouncePair(16)

Figure 78. Illustration of the map I' from SteepPair(n) to BouncePair(n) for
n = 16.

€ SteepPair(16)

(1

Theorem 4.5.19. For n > 0 and every r € [n], the map T is a bijection from
o the set of nested pairs (p1,p2) of Dyck paths of semilength n, where ps is steep ending
with exactly r east steps with y-coordinate equal ton,  to
e the set of nested pairs (p], p4) of Dyck paths of semilength n, where p; is bounce and
touches the main diagonal exactly v + 1 times.

Proor. We have already argued that I' is a bijection. Let (p;,p2) € SteepPair(n)
where p; ends with r east steps, and let (p{,p5) = I'((p1,p2)). By construction, the pa-
rameter r corresponds to the number of marked north steps of the level-marked Dyck
path 9! (p1,p2)), and by Construction 4.5.9 this equals the number of components of
the composition « obtained by (T, &) = Asteep((p1,p2)). The way that p] is obtained
from « makes clear that p; touches the main diagonal exactly v + 1 times. a

Perhaps somewhat surprisingly, the map T" generalizes the zeta map ( appearing in Con-
struction 4.5.16. We have already argued that any p € Dyck(n) has a naturally associated
bounce path ppounce- There is also a naturally associated steep path pieep, Obtained as follows:
we start at the origin and move north until, for the first time, we can add an east step while
still staying weakly above p. We continue with at least one north step until we reach another
coordinate where we may add an east step while still staying weakly above p. We continue in
this manner until we reach y-coordinate n. We then finish by adding as many east steps as
necessary to reach coordinate (n,n). The left side of Figure 79 shows a Dyck path p € Dyck(16)
whose associated steep path is marked in dashed blue.

As remarked in Section 4.1.7, any plane rooted tree T admits a horizontal composition
ot = (1, x2,...), where oy equals the number of nodes of T whose distance to the root is
exactly i. In this setting, the level vector of T, denoted by a(T), is obtained by marking the
levels of the nodes of T in right-to-left traversal.
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Ebour_]ce

Figure 79. The zeta map is a restriction of I'. Compare with Figure 75.

We now show that for any p € Dyck(n) there exists a unique plane binary tree T, such
that Asteep (P, Psteep)) = (T, &) and Zpounce ((T, &1)) = (P{ounce: P’) such that p’ = ¢(p); see Theo-
rem 4.5.22. This is illustrated in Figure 79; see also Figure 75.

Proposition 4.5.20. For every n > 0, the map Zgeep restricts to a bijection from

e the set of pairs (T, at), where T is a plane rooted tree with n non-root nodes,  to
o the set of pairs (p, Psteep), Where p € Dyck(n).

Moreover, if (p, Psteep) = Zsteep (T, 1)), then a(p) = a(T).

ProoF. Recall that Zgeep = 9 0 Sjevel. Let T be a plane rooted tree with n non-root
nodes and let ar - n be its horizontal composition. Let p* = Zjevel (T, 7)) be the
associated level-marked Dyck path and let (p1,p2) = d(p®) be the steep pair associated
with p®. Let a(p;) = (a1, aq2,...,ay) be the area vector of p;. Recall that p; is obtained
from p*® by forgetting the marking. The proof proceeds in three steps.

We first show that a(p;) = a(T). By Proposition 4.5.8, p; is obtained from the left-
to-right traversal of T: whenever we visit a new node, we add a north step; every
time we go back up one level, we add an east step. The contribution of a north step
to the area vector of p; is therefore equal to the number of north steps preceding it
minus the number of east steps preceding it. This is clearly the distance (in T) of the
corresponding node from the root.

We now prove that T € Tree(ar) if and only if p® is such that the jth north step is
marked whenever a; < qj for all i <j.

Observe that for every p € Dyck(n), there is a unique way to mark its north steps such
that the above condition is satisfied. Moreover, every plane rooted tree has exactly one
horizontal composition. Since the set of Dyck paths with 2n steps is in bijection with
the set of plane rooted trees with n non-root nodes (see for instance [60, Appendix E.1])
and the map Zjee is a bijection, it remains to show that whenever T € Tree(xt), the
image p*® = Zievel (T, 1)) has the desired property.

The color of a node in T equals its level, and by Proposition 4.5.8, every time we reach
the first node of a certain level in right-to-left traversal, we add a marked north step
to p®. All other north steps correspond to unmarked north steps. Since a north step
contributes an entry to the area vector which is equal to the level of its corresponding
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node, the marked north steps in p* are exactly those that contribute an entry a; with
a; < qj for all 1 <j.

We finally prove that p; is the steep path of p; if and only if p® is such that the j*" north
step is marked whenever a; < q; for all i <j.

This is straightforward in view of the following alternative description of the steep
path of p;. We parse p; as follows: in the beginning, for each north step, we write
down NE until we reach a north step that contributes a 1 to the area vector of p;; in
this case we write down NN. We then continue to append copies of NE for each north
step until we reach one that contributes a 2 to the area vector, for which we append
NN again. We continue this process until we have written down a total of n N-letters,
and we finish by adding the necessary number of E-letters at the end.

The word so written corresponds to the steep path of p; and its valleys are precisely
the entries a; of the area vector of p; with a; < aj for all i < j. By the construction
before Proposition 4.5.18, the valleys of py correspond precisely to the marked north
steps of p°.

These three claims together show that T € oy if and only if Zgteep (T, 1)) = (p1, plsteep)
and that a(T) = a(pq).

Proposition 4.5.21. For every n > 0, the map Apounce testricts to a bijection from

e the set of pairs (Pbounce, P), Where p € Dyck(n), to
o the set of pairs (T, oet), where T is a plane rooted tree with n non-root nodes.

Moreover, if (T, x1) = Abounce (Pbounce, P), then a(C~1(p)) = a(T).

ProOF. Let « = (a1, 02,...,a:) b n, let (vy,p) € BouncePair(n) and let (T,«) =
Abounce (0, p). For i € [r], recall that p; = o1 + a2 + -+ + &4 and that q; denotes the
number of active nodes at the beginning of the (i + 1)** step of Construction 4.1.24. By
definition pg = 0 and qq is the number of root children in T. If « = &7, then qi = i1
for i € [r —1]. The proof proceeds in two steps.

We first show that o = «r if and only if by = ppounce. As in the second part of the proof
of Proposition 4.5.20 we exploit the bijection from plane rooted trees with n non-root
nodes to Dyck paths with 2n steps. Since ppounce is uniquely determined by p, it suffices
to prove that & = at implies vy = Ppounce- By assumption v, is weakly below p, so that
we need to show that each peak of v, touches p at the initial point of an east step
of p. Equivalently, we need to show that, for each i € [r — 1], the path p has a valley
with coordinates (a, b) such that p;—1 < a < p; and b = p;. This valley corresponds to
the rightmost internal node of color i, say u, which is the j*" node of color i for some
j € [oy]. Since we have assumed that « = o, it follows that the rightmost child of u
is the rightmost node of color i + 1, which is the oft,; active node in the it" step of
Construction 4.1.24. By definition of Zpoynce, We see that pi_1 < a=p; —j+ 1 < p; and
b =7pi + qi — ai+1 = pi as desired.

We now show that o = ot implies a(¢*(p)) = a(T).

Let p’ = ¢"1(p) as described in Construction 4.5.16. The path ppounce touches the di-
agonal at (0,0) = (po,po), (p1,P1),---, (Pr,pr) = (n,n). Therefore, a(p’) has exactly
Pi+1 — Pi = 41 entries equal to 1 for 0 < i < r— 1, which is exactly the number of
entries equal to iin a(T).
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For i € [r — 1] we denote by a;(p’) and a;(T) the restrictions of a(p’) and a(T) to the
values {i — 1, i}, respectively. It remains to show that a;(p’) = a;(T).

The vector a;(T) can be obtained from the right-to-left traversal of T: each time we
reach a new node at level 1— 1, we add a value i — 1 and each time we add a new node
at level i, we add a value i.

The vector a;(p’) = a; (¢(p)) can be obtained from the subpath of p between (pi_1,p:)
and (pi,pi+1) by replacing each east step by i — 1 and each north step by i. Recall
that T = Apan(p) as described in Proposition 4.2.17. By Lemma 4.2.19, for j € [«], the
number of north steps in p with x-coordinate p;_; + j equals the number of children
of the j*" node of color i in the right-to-left traversal of T. From this, we deduce that
ai(T) = ai(p). g

We now obtain the announced result.

Theorem 4.5.22. For n > 0, the map T restricts to a bijection from

o the set of nested steep pairs (p, psteep), Where p € Dyck(n), to
o the set of nested bounce pairs (p{ ., p’), where p’ € Dyck(n).

Moreover, if T((p, Psteep)) = (Ppounce P'), then {(p) =p’.

Proor. Propositions 4.5.20 and 4.5.21 imply that I' restricts to the desired bijection,
and states that a(p) = a(¢"*(p’)). Since the area vector uniquely determines a Dyck
path, we conclude ¢(p) =p’. O

Remark 4.5.23. We may as well obtain the equivalent descriptions of HE(q,t) in terms of
(area, bounce) and (dinv, area) stated in Theorem 4.5.14 directly using our bijections.

Let & = (o1, x2,...,x) and let T be the unique plane rooted tree which satisfies ot = «.
Consider Zteep (T, 0t1) = (, Psteep) 14 Zbounce (T, 1) = (Ppounce>P’).  Since p is simply
Zlevel ( (T, ocT)) without markings, we know that each north step corresponds to a non-root node
of T, with the corresponding entry in the area vector area(p) being the level of that node. There-
fore, we have (summing over all non-root nodes):

r—1
area(p):ZIeveI(u) = Z Z 1:Z Z 1:Z(n—bi) = bounce(p’).
ueT ueT v above u veT u below v i=1

The pairs contributing to dinv(p) correspond to pairs of nodes (u,v) such that v comes before u
in the right-to-left traversal of T and level(v) — level(u) € {0, 1}. Now, if we order the nodes in
T first by increasing level and then by occurrence in the right-to-left traversal, then each node
can be identified with an integer between 1 and n. It follows that the cells below p’ correspond
precisely to the pairs contributing to dinv(p), and we see that area(p’) = dinv(p).

Remark 4.5.24. The bigraded Hilbert series of the full module H'?) of diagonal harmonics ad-
mits a combinatorial interpretation as a sum over two types of labeled Dyck paths using some
modifications of the statistics dinv, area, and bounce. This was conjectured in [88] (see also
[87, Conjecture 5.2]) and recently proven in [39]. Our constructions can be used to recover
these interpretations by adding appropriate labels to the a-trees with respect to a horizontal
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composition. See [45, Section 3.3.4] for the details and some illustrations. Generalizing Theo-
rem 4.5.19 to a labeled setting currently remains open.
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CHAPTER 5

Epilogue

In this thesis, we have first given a broad overview of Cataland, i.e., the entirety of combi-
natorial families associated with finite, irreducible Coxeter groups enumerated by the Coxeter—
Catalan numbers, their order-theoretic structures and their interactions. We have then recalled
a generalization to parabolic quotients of finite, irreducible Coxeter groups, and we have
posed a number of conjectures and research challenges. In linear type A we have answered
most of these questions, we have given concrete combinatorial realizations of the parabolic
Catalan families and we have uncovered two intriguing applications of the theory to certain
combinatorial Hopf algebras and to the theory of diagonal harmonics.

In this epilogue, we outline four potential streams of follow-up research together with
various concrete research questions.

5.1. Arbitrary type A

The next step towards proving any of Conjectures 3.2.6, 3.3.2, 3.4.3, 3.4.4 and 3.5.3 is
evidently to extend the constructions from linear type A to arbitrary type A.

Let us briefly review what happens combinatorially for ordinary Catalan families, when
we consider arbitrary Coxeter elements in type A. Recall that any choice of Coxeter element
induces an acyclic orientation of the Coxeter graph of A,,_; see Theorem 1.2.14. Recall further
that the Coxeter graph of A,,_; is a path of length n, whose nodes correspond to the adjacent
transpositions (i i+1) for i € [n — 1], where two adjacent transpositions are connected by an
edge if and only if they do not commute. Thus, any i € {2,3,...,n — 1} can be identified

with the edge {(i—l i), (1 i—i—l)}. We represent the orientation of such an edge from (i—1 1)

to (i i+1) by writing i; we represent the other orientation by writing i. In other words, an
(acyclic) orientation of the Coxeter graph of A,_; (and therefore a Coxeter element of A,,_1)
determines a map

1 if 1
e {2,3,...,n—1) = [~1,1), ib—>{ ot
-1, ifi;
a so-called barring of {2,3,...,n — 1}—where —1 represents an underbar and 1 represents an

overbar; see Figure 80.

N. READING then proposed the following combinatorial model for the c-aligned elements
of A,,_1. Given any barring ¢, a permutation w € &, is 231-avoiding (resp. 312-avoiding) with
respect to ¢ if there do not exist indices i < j < k such that wi < w; <wj (resp. wj < wi < wy)
and ¢(j) =1 (resp. ¢(j) = —1).
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2 3 4 5 6 7

C = 85182545356S55S7

Figure 80. An acyclic orientation, a Coxeter element and a barring for A~.

Proposition 5.1.1 ([148, Lemma 4.8]). Let n > 0 and let ¢ be a barring of {2,3,...,n— 1}.
Let ¢ be the Coxeter element corresponding to e. Then w € &, is c-aligned if and only if w is
both 231- and 312-avoiding.

We now generalize this construction to parabolic type A. Let o = (x1,x2,..., ;) be a
composition of n. An w«-barring is a map €:{2,3,...,r — 1} — {—1,1}. We indicate ¢ in the
one-line notation of &, by putting an overbar over the whole ith a-region if and only if ¢(i) = 1
and an underbar below the whole it" a-region otherwise.

Then, w € &4 has an («, 231)-pattern (resp. («, 312)-pattern) if there exist indices i < j < k
with reg, (i) < reg,(j) < regy(k) such that w; = wi + 1 and wi < wj, e(reg,(j)) = 1 (resp.
wi > wj, £(reg,(j)) = —1). A permutation without («, 231)-patterns (resp. («, 312)-patterns)
is («, 231)-avoiding (resp. (e, 312)-avoiding). We write Sort(«, ¢) for the set of (e, ¢)-sortable
elements, i.e., all a-permutations that are simultaneously («, 231)- and («, 312)-avoiding.

Given what we have seen in Chapter 4, the («, ¢)-sortable elements appear to be a suitable
combinatorial model for the (W, c)-aligned elements in type A. Since the Coxeter graph of
An_1 is a path with n — 1 nodes, Theorem 1.2.14 implies that the number of Coxeter elements
of A1 is 2" 2. However, given a composition o = (a1, 2, ..., ) there are only 22 «-
barrings, and in most cases r < n. This discrepancy is indeed relevant as the next example
shows.

Example 5.1.2. Let n = 4 and o« = (1,2,1). There are two «-barrings e and —e, where
¢(2) = 1. The two lattices Weak (Sort(«, €)) and Weak (Sort(«, —¢)) are shown in Figure 81.
Note that each lattice is dual to the other.
Let ¢ = sos3sy be a Coxeter element of As, and choose | = {s2}. Then w)(c) = s3s1528351,
whose inversion set is
Inv(w]) = {s1, 53, 5152535251, 525352, $18251 };

see also Example 3.2.7. The (W', ¢)-aligned elements are the following:

€, S1, $3, $281, $283,

$3581, 28381, S1S283S1, 3528381, S3815283S1.
Figure 82 shows the lattice Camb(W/, ¢), which is not isomorphic to any of the lattices from
Figure 81.

Therefore, the (o, €)-sortable elements do not fully explain the parabolic aligned elements
in type A. Nevertheless, we still think that the («, ¢)-elements possess an interesting combina-
torial structure. We pose a few conjectures.

Conjecture 5.1.3. Let o be a composition of n > 0 and let ¢, €1, €2 be a-barrings. Then,
(i) |Sort(«,e1)| = |Sort(ex, €2)];
(ii) The poset Weak (Sort(w, ¢)) is a congruence-uniform, trim lattice;
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472 3 42 301
_/ \ N\
4171 3 B A1 3B 32 40
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471 2 B 372 10 31 2M 31 48 313 40
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(a) The lattice Weak (Sort(a, €)). (b) The lattice Weak (Sort(x, —¢)).

Figure 81. The two posets of («, €)-sortable permutations for « = (1,2, 1).

835815283851
/ \
835828381 51828351
S281 528381
\
5183 S§283

SN
N/

Figure 82. The lattice Camb (A2’ s5s35,).
(iii) The poset Weak (Sort(«, €)) is a quotient lattice of Weak(S«);
(iv) Weak (Sort(«, ¢)) = Weak(Sort(oc,—e))d.
For w € &4, we say that Inv(w) is (e, e)-aligned if for all 1 < j < k with reg, (i) < reg,(j) <
reg (k):
o if e(reg,(j)) = 1, then (i, k) € Cov(w) implies (i,j) € Inv(w);

o if ¢(reg,(j)) = —1, then (i,k) € Cov(w) implies (j,k) € Inv(w).

Lemma 5.1.4. An o-permutation is («, €)-sortable if and only if Inv(w) is (o, €)-aligned.

Proor. The proof is essentially verbatim to the proof of Lemma 4.1.16. g
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{{1, 7}, {2}, {3, 11,16}, {4}, {5, 15}, {6}, {8}, {9}, {10}, {12, 17, 22}, {13}, {14}, {18}, {19}, {20, 23, 24}, {21}}

o o L[] e//e e /e T. Q\m

121310 1 5 6 1114 2 7 9 1819 3 4 8 1715 20 23 24 16.22 [l

Figure 83. A e-noncrossing «-partition together with its diagram and an
(«, €)-sortable permutation.

Analogously to the noncrossing «-partitions from Section 4.1.6, we conjecture that the set
of cover inversions of the («, ¢)-sortable permutations can be modeled as certain «-partitions
that can be drawn in a noncrossing fashion.

Let P € TT,. Once again, we draw n nodes labeled by 1,2,...,n on a horizontal line. If
(a,b) is a bump of P, then we draw a curve that leaves the node labeled a to the bottom, stays
below the a-region containing a, proceeds above every subsequent overbarred o-region and
below every subsequent underbarred «-region until it enters the node labeled b from above. If
such a drawing is possible such that no two arcs cross, then we call P e-noncrossing. We denote
by Nonc(e, €) the set of all e-noncrossing «-partitions. Figure 83 illustrates this definition and
the following conjecture.

Conjecture 5.1.5. For every composition o of n > 0 and every w-barring e, there exists a
bijection

@: Nonc(a, ¢) — Sort(e, €)
that sends bumps to descents.

We conjecture the following complicated but explicit characterization of the e-noncrossing
x-partitions.

Conjecture 5.1.6. An «-partition P € Tl is e-noncrossing if and only if any two bumps
(a,b), (a’,b") € Bump(P) satisfy the following conditions:
e ifa<a' <b<b/,then

— if reg,(a) =reg,(a’), then reg,(b) = reg,(b’) or e(reg, (b)) = 1;
— if reg,(a) < reg,(a’), then reg,(a’) = reg,(b) or:

* if reg, (b) = reg,(b’), then e(reg,(a’)) = —1;

* if reg, (b) < reg, (b’), then e(reg,(a’)) # e(regy(b));

e ifa<a' <b’' <, then
- if reg,(a) =reg,(a’), then reg,(b) # reg,(b’) or e(reg, (b")) = —1;
— if reg,(a) < reg,(a’), then:
* if reg, (b') = reg,(b), then e(regy(a’)) = 1;
* if reg, (b) < reg,(b), then e(reg,(a’)) = e(reg,(b')).

We have seen in Example 5.1.2 that the various sets Sort(c, ¢) do not fully explain the
(W], c)-aligned elements in type A. However, we may extend ¢ to a map from {2,3,...,r— 1}
to {—1,0,1, 2} where 0 indicates no bar and 2 indicates both an overbar and an underbar. If we
encode this extension into the diagrams of a e-noncrossing «-partition by requiring that an
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o-arc may never pass an x-region without bars and it may pass an a-region with both bars on
either side, then we obtain a parabolic analogue of the permutrees introduced in [142].

5.2. Linear type B

Let us now suggest a combinatorial model for linear type B. The constructions from this
section stem from work in progress with W. FANG and J.-C. NOVELLIL.

We observe in Figure 11 that the Coxeter graph of B, is a path with n nodes, where the
first edge is labeled by 4. Thus, there are two linear orientations, corresponding to the Coxeter
elements ¢ = sgs;---sn_1 and ¢’ = sn_1Sn_2- - SQ.

As we have explained in Example 1.2.3, we may realize the Coxeter group B, as the group
of sign-symmetric permutations of £[n] ={-m,...,—2,—1,1,2,...,n}. There are two types of

transpositions in B,: those that swap two entries i and j (and their negative counterparts'),

ie, (ij) def (ij)(—i —j) and those that swap the sign of an entry i, i.e., [i] def (i —1). With this

notation, the simple transpositions in By, are so = [1] and s; = (i i+1)) for i € [n —1].
Combinatorially, we realize the elements of B,, with their long one-line notation, i.e., we
represent w € B, by the string

W W_n41l -o- W1 W1 ... W1 Wq,

where w; = w(i) for i € £[n]. For stylistic reasons, it will be more pleasant if we represent
negative values in the long one-line notation by an overbar rather than a minus sign'®. Then,
a type-B inversion of w is either a pair (—i,1) for i € [n] such that w; < w_; or two pairs
(1,j)(—j, —i) with i < j such that w; > w; (and symmetrically w_; < w_)7. A type-B descent of
w is an inversion (—i, 1) with w; = —1 or an inversion (i,j)(—j, —i) with wy =w; + 1.

Since we consider right inversions, we obtain the following characterization.

Lemma 5.2.1. Let w € By, and let a,b € [n] with a <b. Then:

e [a] € Inv(w) if and only if wq < 0;

e ((ab) € lInv(w) if and only if wq > wy;

e (—ba) € Inv(w) if and only if w_q > wy.
Moreover,

e [a] € Cov(w) if and only if wq = —1;

e ((ab) € Cov(w) ifand only if wg =wy, + 1;

e (—b a) € Cov(w) if and only if w_q = wyp + L.

Example 5.2.2. Let n =9, and consider w = sgs1525755838280. 1hen,
w=-9-7-8-5-6,1,-3-4,2 24,3 —1,6,5,8,7,9.
Then,
Inv(w) = {[11, [41, (2 3)), (2 4)), (3 4), (5 6), (7 8)), (—4 1))},

and

Cov(w) = {[4l, (2 3)), (5 6)), (7 8)) }.

15Note that this notation does not imply that i and j have the same sign.
16This is not to be confused with the barring from the previous section.
70nce again, this does not imply that i and j have the same sign.
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Figure 84. The root poset of type B4 realized by vectors in R%.

Let us briefly comment on the geometric representation of B,. Let V = R™ and let e;
denote the it" unit vector. The roots of B,, are

D, :{ieiHG [n]}w{i(eiiej) [1<i<j gn},
We consider the following choice of positive roots
of ={elicmju{-e+eli<i<j<njw{e+ell<i<j<n}

and we identify a root e; with the transposition [i], a root —e; + e; with the transposition ((i j))
and a root e; + e; with the transposition ((—1 j)). Figure 84 shows the root poset (®§4, j) ; see
also Figure 14a.

We now recall a combinatorial description of the c-aligned elements of B, where ¢ =
5081 - - Sn—1. The c-sorting word of w, has length n™ and is

—

Wo(C) =Sn_1-"-S180Sn—1"""S150 " Sn—1-""8150 = (Sn—1-"-S150)™.

The corresponding inversion order can be described as follows. Given a € [n], we consider
the ordered list of pairs

((l,—(l), ((1,—(1—1)7 sy (a,—n), ((1,1), ((172)7 ey ((l, (1—1)

The n possible rows are arranged in an n x n array (increasingly with respect to first compo-
nents). If we now read from top to bottom, left to right, then we obtain the inversion order
Inv(w,(C)) by identifying a pair (a,—a) with the transposition [a], a pair (a,b) for a > b >0
with the transposition ((b a)) and a pair (a,—b) for a < b with the transposition (—b a)).

Example 5.2.3. Let n = 4. Then € = sos1s2ss and

W, (C) = $3828150535251505352515053525150-
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The previously mentioned array is

(1,-1) (1,-2) (1,-3) (1,-4)
(2,-2) (2,-3) (2,—4) (2,1)
(3,-3) (3,—4) (3,1) (3,2)
(4,-4) (4,1) (4,2) (4,3)

The inversion order Inv(wo(
M <e (=21) =<e
<z [2] <z

We may thus characterize the c-aligned elements of B, via their inversion sets.

Lemma 5.2.4. Let w € By,. Then, w € Align(Bn,€) if and only if for every 1 < a <b < n it
holds that
e if [a] € Cov(w), then [c] € Inv(w) forall 1 <c < a;
e if (ab)) € Cov(w), then ((ac)) € Inv(w) forall a < c <b;
e if (—b a)) € Cov(w), then
— [a] € Inv(w),
- (—ca) elnv(w) forall1<c<b,c#aq,
- (-bc) elnv(w) foralll <c<a.

Proor. This follows from Definition 2.2.6 and the representation of the roots of B,
as vectors in R™. O

We wish to realize the c-aligned elements of B, combinatorially in terms of pattern
avoidance. A signed permutation w € B, has a type-B 231-pattern if there exist indices
—n < i <j < k < n such that either wy = wi +1 or wi = 1,wy = —1, as well as w; > w;
and j,k > 0. In other words, we look for ordinary 231-patterns in the long one-line notation
of w with the requirement that the positions of the 2" and the "1’ form a descent and the
positions of the ’3” and the ’1” are positive. We write B,,(231) for the set of sign-symmetric
permutations without type-B 231-patterns.

Example 5.2.5. Let n = 5 and consider the signed permutation
u=4351221534.
The inversions of u are
(3,4)(—4,-3), (3,5)(—5,-3), (—2,1)(-1,2), (-1,1), (—2,2).

and the descents are (—2,2) and (3,5)(—5, —3).
In the Coxeter presentation, w admits the S-reduced factorization sosasssiSo. Thus,

Inv(w = {[11, 121, (-2 1)), (34),(85) } and Cov(u) = {[21,(35)}.

Comparing this with Lemma 5.2.4, we note that u is c-aligned.
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On the other hand, consider the signed permutation
v=2351441532.
The inversions of v are
(1,2)(=2,-1), (1,3)(=3,-1), (L,4)(—4,-1), (1,5)(=5,-1), (2,3)(=3,-2),
(2,5)(=5,-2), (4,5)(=5,—4), (=1,3)(=3,1), (=2,3)(=3,2), (—4,3)(-3,4),
(=2,5)(=9,2), (=3,5)(=5,3), (-5,5), (=3,3),
and the descents are
(1,4)(—4,-1), (-1,3)(=3,1), (—2,5)(—5,2).
In the Coxeter presentation, v admits the S-reduced factorization
$150515453525150535154535281 -
Thus,

Inv(v) = { (1 2, (1 3), (1 4), (1 5), (2 3), (2 5), (4 5), (=3 1), (-3 2),
(~34), (-3 5), (=5 2), 31, [51 },
Coviv) = {(14), (-3 1), (-5 2)}.

Comparing this with Lemma 5.2.4, we observe that v is not c-aligned, because for instance
(=3 1)) € Cov(v) but [1] ¢ Inv(v). This manifests in the type-B 231-pattern in positions
(—1,1, 3) highlighted above in boldface.

Lemma 5.2.6 ([148, Lemma 4.9]). A signed permutation w € By, is c-aligned if and only if
w does not have a type-B 231-pattern.

Proor. This is immediate from Lemmas 5.2.1 and 5.2.4. O

Analogously to type A, the subsets ] C {s1,s2, ..., sn—1} correspond bijectively to composi-
tions of n (where the components are determined by the complement of J). Thus, the subsets
J C{so0,s1,-..,Sn_1} correspond to signed compositions of n, which are compositions of n with
a possible 0-component in the first position. This 0-component, denoted by o, is present if
and only if sg € .

Suppose that « has r non-0-components. If we define p; def o1+ oo+ -+ oy fori e [r],
then we can partition +[n] symmetrically according to o:

H1,...,p1}, Hp1+1,. .., p2}, - -, Hpro1+1, ... ,pr}}, if 0 ¢ «,
{-p1,--,—L1,....p1}, Hp1+1,...,p2}s - .o, Hpro1+1, ... 7]E)T}}, if 0 € o

Thus, we partition +[n] into 2r parts if 0 ¢ « and into 2r — 1 parts if 0 € «. In both cases,
however, we use r colors.

The parts of this partition are type-B «-regions, and an a-region is positive if it contains only
positive entries. The zero-region, if present, is the unique x-region containing both positive and
negative entries. The positive a-region containing p; is the i" a-region.

The parabolic quotient of B,, determined by « consists of all sign-symmetric permutations
w € B;,, where the entries in each a-region are in increasing order. We denote this set by B.
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Example 5.2.7. For n = 3 we have S = {so, s1, s2}. We consider J1) = {so, sa} = S\ {s1} and
]2 = {s1} = S\ {so0, sa}. The corresponding compositions are o) = (0,1,2) and «(?) = (2, 1).
The set B, 1) consists of the following twelve elements:

322 3, 31 HE1 3, 3 1 HWI 3 21HE1 2,
32?2 3 21 HEE1 2 12EHE?2 1, 23HM:3 2,
1 B 2 1, 1 33 1, 1 3K 3 IR 3 Il 3 2
The set B (2) consists of the following 24 elements:

SN S A 2 E 2 2B EE 2
3 I B3, I 1 3 N NN 3, 1 T
1 S Y 1, 2 D NN 2 1 EE R 1, 2 N B 2,
2 BN N 2, |1 R 2 N R 2 ] R 1
TN BT S 2 E2 G,
1 I B 1 3 I B 3 2B 2 5 G

Definition 5.2.8. Let n > 0 and let « be a signed composition of n. Let w € By. Then, w has
a type-B («, 231)-pattern if and only if there exist indices 1 < j < k such that:

e 0¢ aand
- 0<i<j<kwithi,j, kin different a-regions, w; < wj and w; =wy + 1, or
- 0 <i<jwithi,jin different a-regions, w; = —1 and w; > 0, or
- 1< 0<j < kwith j, k in different «-regions, wy < wj and wy =wy +1;

e 0 e xand
- 0<i<j<kwithi,j,kin different a-regions, w; < wj and w; =wy + 1, or
- 1< 0<j < kwith j,k in different «-regions, wy =1, w,, = —1, and

* Wj >Ol.f)'>p1,
* wy <0ifj <py,or
- 1< 0<j < kwith j, k in different «-regions, wy =wy + 1, and
* Wj >Wil'fj>’p1,
* wj < wi if j < p1.

We write B, (231) for the subset of By consisting of those permutations without type-B
(«,231)-patterns.

Example 5.2.9. Let n = 3 and J'V) = {sq, so}. Then, o'V = (0,1,2). The longest element of

thll) is Wo;au) = 23 i 1 3 Q , and has 6—501’ti1’lg word WO;[X(M((?) = 8$1S0S82S1S0S2S1.-
The corresponding inversion order is

(12) =& (13) =< 21 =< (32) =<¢ (-21) =< B =<z (=31).
—— —— —

tq to t3 ty ts te t7
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The “forcing” of inversions that determines the membership in Align(B,),C) described in
Lemma 5.2.4 amounts to the following implications for any w € B, ):

to € Cov(w) = t1 € Inv(w), tg € Cov(w) = t; € Inv(w),
tg € Cov(w) = {t1,to,t3} C Inv(w), t5 € Cov(w) = {t1,t3} C Inv(w),
t5 € Cov(w) = {to, t3} C Inv(w), t7 € Cov(w) = {to, t5, tg} C Inv(w).
The next table lists the twelve elements of B, ) together with their inversion and descent sets

and their membership in Align(B ), €). If possible, we have highlighted a type-B («1),;231)-
pattern.

w € B, Inv(w) Cov(w) w e B, (231)
32 Il 23 ¢ 0 yes
3 112213 {u} {t:.} yes
311221 3  {tg,ts3} {ts} yes
2 1331 2 {t,t)} {t2} yes
3 211 2 3 {t1,t3,t5} {ts} yes
213 31 2 {t1,t2,t3} {t2,t3} yes
1 28338 2 1 {tytstst} {ts} yes
2 311138 2 {ti,t3tats} {ta} no
1 233 21 {tttsts,te} {te} yes
I 31223 1 {ti,to,ts,ta,t5} {t2,t5} yes
1 3122 3 1 {ti,tst3,ts,t5,t6} {t5,t6} yes
2 31 1 3 2 {ty,to,ts,ta,t5,t6,t7}  {tr} yes

Figure 85 shows the lattice Weak (B, 1)(231)). Compare this lattice with the flip lattice from
Figure 24a. Note that the subword complex considered in Example 2.4.2 is the parabolic cluster
complex of B3 with respect to J1).

Example 5.2.10. Let n =3 and ]?) = {s;}. Then, «'?) = (2,1). The longest element of B2

IS Wo.y = 3 11212 1 3, and has c-sorting word w2 (€) = sas1508180828180. The
corresponding inversion order is

=< (21) =< (31) =< [2
~— ——— ~——

L

~—
t1 to ts ty
<e (=32) =< B =< (23) =< (13).
—— ~— ~—— ———
ts5 tg t7 ts

The “forcing” of inversions that determines the membership in Align(B 2 ,¢) described in
Lemma 5.2.4 amounts to the following implications for any w € B (2):

ty € Cov(w) = t; € Inv(w), t3 € Cov(w) — {t1,t2} C Inv(w),
ty € Cov(w) = t; € Inv(w), t5 € Cov(w) = {tg, t3,ts} C Inv(w),
tg € Cov(w) = {t1,ts4} C Inv(w), tge Cov(w) = t7 € Inv(w).
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Figure 85. The lattice Weak (B, 1)(231)).

The next table lists the 24 elements of B =) together with their inversion and descent sets
and their membership in Align(B ), ). If possible, we have highlighted a type-B («'?),231)-
pattern.

w € B2 Inv(w) Cov(w) w € B, (231)
321123 ¢ 0 yes
3 B3 () {t:} yes
2131138 2 {t;} {t7} yes
2311 3 2 {t1,t7} {t1,t7} yes
312121 3  {t,t2} {t2} yes
o T (1) {ts} yes
32121 3 {ti,ts,ta} {ts} yes
13212381 [t5trts} {te} 1o
1322381 [ttt} {ts} no
2131831 2 {t,tt3} {ts} yes
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132231 {ttstetr} {te} 1o
2183183 1 2 {ti,t2t3,t4} {ts,ts} yes
213111 8 2 {t31t51tr,ts) {t5} 10
g o {t1,t2,t3, 7} {ta,to} yes
213118 2 {t,t3t6tr,ts)} {t1,ts} yes
123321 {titotstets) {t2,t6} 1o
12 33 21 {t1,t2,t3, t4, t5} {ts} yes
312111238  {t3t5t6tr,ts} {ts} 10
213131 2 {ti,tsts ts,te,t7} {ts} 1o
312111 238  {t,t3ts5t6tr} {ti,t5} 1o
1723832 1 {ttotsts,ts51t) {te} yes
312121 3  {ti,tats,t5,t6,t7,ts} {to,ts} yes
211313 1 2 {ti,tst3,ts,t5,t6,t7} {t4,t7} yes
311212 1 3  {ti,to,t3, ta, ts, te, tr,ts ) {ta,ts} yes

Figure 86 shows the lattice Weak (B ,(2) (231)).

These examples and further computer experiments suggest that Conjecture 3.2.6 is true in
linear type B.

Conjecture 5.2.11. For every signed composition o of n > 0, the poset Weak (B (231)) is a
trim, congruence-uniform lattice. Moreover, it is a quotient lattice of Weak(B ).

We expect that the proof of Conjecture 5.2.11 is essentially analogous to its type-A coun-
terpart.

While we do not have an explicit description of analogues of parabolic noncrossing par-
titions in linear type B, we may define such objects via Definition 3.3.1. More precisely, for
w € B«(231) we define P,, to be the set of connected components of the graph on +[n] where
iand j are connected if (i,j) or (j,1) is a descent of w. In Figures 85 and 86 we have suggested
a way to draw these partitions in a noncrossing fashion. In ordinary type B, noncrossing
arc diagrams modeling descents have been suggested for instance in [13, Section 3.2] and
[135, Part I1.2]. Type-B noncrossing partitions were introduced in [157].

Let Nonc®(«) denote the set of partitions obtained in such a way and let Nonc® («) def
(NoncB (x), gref). With this notation, we observe that the poset in Figure 87 is isomorphic to
the refinement order on the involved partitions, while this is not the case for the poset in
Figure 88. Computer experiments suggest the following answer to Research Challenge 3.3.4
in linear type B.

Conjecture 5.2.12. Let o be a signed composition of n > 0. Then, CLO(Weak(B(231))) =
Nonc®(«) ifand only if either « = (n), « = (0,n—1,1), or « = (p,1,1,...,1,q) forp € {0, 1},
q=>1
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/
32 11 2 3
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Figure 86. The lattice Weak (B 2)(231)).
2113312 132231 132 2 3 1
YN L7 7 R
30T BB s 300 Bl s 20T Bl e e 7 BhE e 0 B 2T B e
e o a . U\ Y O U\ VOR g D Y0 S

Figure 87. The core label order of Weak (B, (231)). This is also the refine-
ment order on the displayed partitions.

Similarly to type A, we may realize nonnesting partitions in type B as certain lattice paths.
By reflecting the root poset of B, on a vertical axis and rotating by 45 degrees counterclock-
wise, each order ideal in (d)g“, j) determines a northeast path using a total of 2n steps,
staying weakly above the diagonal x =y and ending on the diagonal y = 2n—x; see Figure 89.

Let Dyck®(n) denote the set of such northeast paths. We observe that we may complete
any such path by adding its mirror image by reflection across y = 2n—x. This in fact produces
a centrally symmetric Dyck path of semilength 2n.
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21311 3 2 1233 21 21331 2 213113 2 3121213 3121213 2 HISI BEN 2
0 .

Figure 88. The core label order of Weak (B, 2)(231)). The dashed edges indi-
cate missing refinement relations.

Figure 89. Interpreting order ideals in the type-B root posets as centrally sym-
metric Dyck paths.

Analogously to type A, parabolic root posets can be obtained using a suitable bounce
path. Let « be a signed composition of n whose non-0 components are «;, s, ..., &, from left
to right. The type-B «-bounce path is

B def | NOTESr . N*2E®2NME*  if 0 & «,
* I NeE®r . Ne2E*2N2e if 0 € «.

Now, let Dyck®(«) denote the set of all lattice paths in Dyck® (n) staying weakly above v®.
Figures 90 and 91 display the sets Dyck”((0,1,2)) and Dyck"®((2,1)).

Let p € Dyck®(«). A type-B valley is either a coordinate on p which is preceded by an east
step and followed by a north step, or the coordinate at which p ends if it is preceded by an east
step. A type-B return is a type-B valley of p which is also a type-B valley of v®. In Figures 90
and 91 we have marked the type-B valleys in red and the type-B returns are circled in blue.
With this notation, we may define the type-B H-triangle by:

def
(51) }(E(X,U) tet Z Xvalley(p)yreturn(p).
peDyck® ()
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e d g
P

Figure 90. The parabolic type-B Dyck paths for « = (0, 1, 2).

aeedade
i didl

Figure 91. The parabolic type-B Dyck paths for « = (2, 1).

As in linear type A, we define the type-B M-triangle using the core label order:

(5.2) MEy) &Y

u,veB 4 (231)

[Can(u)[,,ICan(v)]
HeLo (Weak (B (231)) A ) (u,v)x y )

We consider once again the degree parameter
d = max{valley(p) | p € Dyck® ()},

and conjecture the following answer to Research Challenge 3.6.5 in linear type B.

Conjecture 5.2.13. Let o be a signed composition of n > 0. Then,
- —1)
B _ . 1) 458 Y x(y
Haly) = (x(y—1)+1)"Mg STy -D 1
if and only if « = (n), « = (O,n), « = (0,n—1,1), « = (1,1,...,1), or a =
(1,1,...,1,2,1,1,...,1).

175
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Example 5.2.14. Let « = (0, 1,2). Using Figure 90, we obtain
Ho.1.2)%,Yy) =3x* +xy +6x + 1,
and we see that the degree is d = 2. From Figure 87 we may compute
M 1) (%, y) = 3x%y? — Txy? + Txy + 4y? — Ty + 1.
We have

. —1
(xly—1) + 1)*MB ) (y — X(’;(E T l 1> = x%y? + dxPy — 26% + 2xy + Bx + 1

# HF0,1,2)(X,U)~

See also Example 3.6.4.

Example 5.2.15. Let « = (2,1). Using Figure 91, we obtain
9{}3271)(x,y) = x2y% 4+ 3x%y 4+ 3x% + 2xy + 6x + 1,
and we see that the degree is d = 2. From Figure 88 we may compute
M1 (x,y) = Tx*y? — 17xy? + 8xy + 10y® — 8y + 1.
We have

: —1
(x(y—1) —i—l)dj\/[%’lJ (ylil’ X(:(E 1)_i1> =x%y? +3x%y + 3x? + 2xy + 6x + 1

=Hy (%, Y).
Let end this section with a few enumerative conjectures.

Conjecture 5.2.16. Let « = (1,1,...,1,2) be a signed composition of n > 0. The zeta
polynomial of CLO(Weak (B (231))) is
2n—1)g—n /nq—2
n—1 n—-2)

Consequently,

|Ba(231)] = 3“n_ 2 <2$:12>.

By inspection of Table 1, we notice that the cardinality of B4 (231), when « = (1,1,...,1,2),
equals the type-D Catalan number.

Conjecture 5.2.17. Let o be a signed composition of n > 0. Then,

’B (231)| — 2t(2(nn7,t2+5)a #a:(t71715"'71)a
* (), if = (0,t,1,1,...,1).

5.3. (a, m)-Tamari lattices

We now present a possible extension of the m-Tamari lattices of [18] towards parabolic
quotients. Recall the definition of the ring H?) of diagonal harmonics in two sets of variables.
Without going into too much detail, we may as well consider rings H(™) of diagonal harmonics
in r sets of variables [18,90].
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M. HatMAN conjectured in [90, Section 2.8] that for r = 3:
dimc(H®)) = 2™ (n + 1)™ 2,
. 2 in+1
H(3)e) —
dlm(c( ) n(n—i—l)(n—l)’
while the situation for r > 4 becomes much more complicated.

If we fix r = 3, then F. BERGERON and L.-F. PREVILLE-RATELLE introduced a higher variant
of the space of diagonal harmonics. Let

C=Clx1,%2, - - - s X1, Y1, Y25 - - -y Yns Z1, 22, - -« , Zn)

and let &, act on C by permuting the x-, y- and z-variables simultaneously. Let C5~ denote
the ring of invariant polynomials of C and let C¢ denote the set of alternating polynomials.
The ring of higher trivariate diagonal harmonics is defined by

HGm) def ((Ce)m>m((ce)mflcsn>l
with respect to a certain scalar product. The following values for the dimensions of these
spaces were conjectured in [18]:
dimc (HB™) = (m + )™ (mn + 1)™ 2,

m+1 ((m+1)2n+m)

; 35 _
dImC(H( m)e) T n(mn+1) n—1

Remark 5.3.1. In the bivariate case, M. HAIMAN proved in [91] that
dimc(HZ™) = (mn+ 1)1,

dime (Hm)e) = ! C‘“*”“).

mn+ 1 n

These formulas are well known: the first one counts for instance m-parking functions of size
n and the second one recovers the Fu3-Catalan numbers, counting for instance m-divisible
noncrossing partitions of [n] or (m + 2)-angulations of a convex (mn + 2)-gon.

In order to realize the bigraded Hilbert series of these spaces, F. BERGERON and L.-
F. PREVILLE-RATELLE introduced the m-Tamari lattice. In our notation, this is the lattice Tam (nm),

where v, def ((N E‘“)“). The bigraded Hilbert series in question can then be expressed (conjec-
turally) as sums over all m-Dyck paths, i.e., the elements of Paths(v,,), with respect to certain
statistics generalizing dinv and area and using the interval structure of Tam(v,,,). We refer the
interested reader to [18] for the concrete statements and definitions.

We now propose a parabolic analogue of the m-Tamari lattice. Given o = (1, x2,..., ;) -
n, we consider the («, m)-bounce path

Uoc,m déf fol Emo(.leXQ Emocg - NCX,-EmO(r .

The (o, m)-Tamari lattice is the lattice Tam(o, m) def Tam(vy m). This way, for « = (1,1,...,1),
we recover the m-Tamari lattice and for m = 1 we recover Tam(o) by Theorem 4.3.27.
If = (t,1,1,...,1) b n, then the lattice paths in Paths(v ) can be enumerated in closed

form.
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Proposition 5.3.2. Let m,n,t > 0and let « = (t,1,1,...,1) - n. Then,

mt+1/(m+1n—t
mn+1 n—t ’

Paths(n“,m)) -

Proor. By construction, the elements of Paths(vy m) for « = (t,1,1,...,1) F n may
be viewed equivalently as those northeast paths starting at (0, 0), ending at (mn,n —1t)
and staying weakly above the line x = my. The number of these paths was computed
in [107, Theorem 10.4.5] to be

mt+1 <mn+n—t+1)_mt+1((m+1)n—t)

_ = O
mn+n—t+1 n—t mn+ 1 n—t

For p € Paths(vy, m ) we define an m-valley to be a valley of p whose x-coordinate is divisible

by m. Let Valley,, (p) denote the set of all m-valleys of p and let valley,, (p) def |Valley,, (p)|. Note
that by construction of vy m every return of p is an m-valley.
We define the H-triangle of Tam(x, m) by

def
f}f&m)(x’y) = Z Xva||8ym(p)yreturn[p)'
pePaths(v s, m)

Example 5.3.3. Let m =2, n =4, t = 2. Figure 92 shows the 25 elements of Paths(v(2 1 1),2),
and Figure 93 shows Tam((2,1,1),2).

Moreover, we have marked valleys and returns for each path in Figure 92, where the non 2-
valleys are hatched. We thus obtain

S{E?M) (x,y) = x*y? +x%y +x% + 5xy + 8x + 9.

We are currently unaware of a permutation model for Tam(x, m). However, drawing
inspiration from the cases m =1 and « = (1, 1,...,1) we strongly suspect that we can realize
Tam(x, m) using particular m-chains of Tam(«). This was achieved for o = (1,1,...,1) in
[143, Section 4.2].

For « = (t,1,1,...,1) - n we may, however, suggest a noncrossing partition model gener-
alizing the case o = (1,1, ..., 1). In fact, there is enumerative evidence that we should consider
the set Nonc(«, m) of noncrossing a-partitions of [mn] where each block has cardinality divis-
ible by m and no block contains more than one element of [t]. Using a generating function
approach we have (jointly with C. KRATTENTHALER) computed the cardinality of Nonc(et, m)
in [108].
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Figure 92. The elements of Paths(vy 2) for « = (2,1, 1). The valleys are marked
in red, the returns are circled in blue. Each path is also labeled by the term it
contributes to the H-triangle.

Proposition 5.3.4 ([108, Theorem 3.1]). Let m,n,t > 0 and let x = (t,1,1,...,1) F n.

Then,
mt+1 ((m+ 1)nft>

]Nonc(oc,m)]:mn+1 n—t

Thus, Propositions 5.3.2 and 5.3.4 imply that for all m, t:
‘Nonc((t, 1,1,..., 1),m)‘ = ’Paths(n(tylyly_”l)_,m)‘.

We are not aware of a bijective proof of this fact. In [108], we did as well compute the
corresponding M-triangle of Nonc(x, m), defined by

Y def m m
M&m)(xvy) = Z HNonc(oc,m)(Pv Q)X‘Bu p(P)Iy\Bu p(Q)l.
P,Q&Nonc(x,m)
Using Theorem 2.6.2, we define F- and H-triangles by
= +1 y—x
gj( (X ) efyn- tM (La 7) ’
Yy =y y—x" y
- et~ -1
™ (oY) E (xly —1) +1)" M <y vy _xy—l) ) .

We have the following result, see also Proposition 4.4.8.
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Figure 93. The lattice Tam((2,1,1),2).

Proposition 5.3.5 ([108, Theorems 4.2 and 5.13]). Let m,n,t > 0 and let o =
(t,1,1,...,1) = n. Then,
n—tn—t—k
~ t+h/mn+k—1 n
(m) _ k, h
=38 (M) ()

n—tn—t—k

~ —t+1\/t+k+h—-2
s 28 (M) ()

k=0 h=0

mn—t) (t+k+h—1\\ .k ontn
m(m (e
—tn—t—k

< pm—=—1nt+(t—1)(h+k)+n
Z (=1) nmn—t+1)

3

ME™ (x,y) =

~
Il

0

-
[en}

mn—t+1 mn+h-—1 eyt
k/\(m—1n+h+k+1 h L

S
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Figure 95. The poset Nonc((2,1,1),2).

Example 5.3.6. Let m = 2, n =4, t = 2. Figure 94 shows the 25 elements of Nonc((2,1,1),2),
and Figure 95 shows Nonc((2,1,1),2). We may compute directly or using Proposition 5.3.5
that

M5 1) () = 3x%y? — 16xy? + 13xy + 18y? — 26y + 9.

We obtain
j‘fg,)l,l)(x,y) =x%y2 + x2y +x% 4+ 5xy + 8x + 9
2
= 3{?23171)(7(713);
see Example 5.3.3.

Conjecture 5.3.7. Let m,n,t > 0and let o« = (t,1,1,...,1) - n. Then,
HEM (x,y) = HEV (x,y).

Remark 5.3.8. By inspection of Proposition 5.3.2, we observe that the ordinary case, i.e., & =
(1,1,...,1), also recovers the Fufi—Catalan numbers, see Remark 5.3.1.

There is yet another generalization of ordinary Catalan objects that is much more in line with the
constructions of Chapter 2. The “m-eralized” c-cluster complexes of a finite, irreducible Coxeter
group W were introduced in [71], m-divisible c-noncrossing W-partitions were introduced in
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[4] and an “m-eralized” version of the c-sortable elements was introduced in [180]. Each of
these families is enumerated by the W-Fufi-Catalan number
d + mhw
Cat™(w) & —
at!™ (W) II 1
deDeg(W)

It turns out that the “m-eralized” c-Cambrian lattices in type A are only isomorphic to the
m-Tamari lattices of [18] when m = 1. This raises the question if we can define a parabolic
analogue of the “m-eralized” Catalan families from [180]. To that end it seems necessary to lift
parabolic quotients of W into the corresponding braid group.

5.4. Parabolic multiclusters

An intriguing generalization of the c-cluster complex of a finite Coxeter group W was first
considered in [43]; see also [19,138,178]: the c-multicluster complex is, for k > 1, defined by:

(5.3) Clus(W, ¢, k) Subw (W; ¢*w, (c), wo),

where c* is the k-fold concatenation of the chosen S-reduced word for c. Clearly, for k = 1 we
recover the c-cluster complex of W; see Definition 2.4.3. However, in contrast to Theorem 2.4.9,
for k > 1 the flip order on Clus(W, ¢, k) is in general not a lattice.

Example 5.4.1. Let W = Ay, ¢ = s;s9 and k = 2. We consider

Q= c®Wo (C) = $1525152518281.

The fourteen occurrences of S-reduced words for the longest element of Ay in Q are:
$15251528159S1, S$1525152515251, S51525152515281, S152S1525152S1, S1525182815251,
$182515281S251, S51525152518251, S15251S2515251, S15251525182S1, S1525182515281,
S15251828152S1, 818251S2S51S281, $S182515281S2S1, S18281582S182S71.

Thus, the facets of Clus(A2, c,2) are:

{1,2,3,4}, {1,2,3,7}, {1,2,4,5}, {1,2,5,6}, {1,2,6,7},
{1,3,4,7}, {1,4,5,7}, {1,5,6,7}, {2,3,4,5}, {(2,3,5,6},
2,3,6,7}, {3,4,5,6}, {3,4,6,7}, {4,5,6,7})

The poset Clus(A2, c,2) is shown in Figure 96. We observe that, for instance, {1,4,5,7} and
{3,4,6, 7} do not have a meet.

It is not too much a leap to consider parabolic versions of the multicluster complex, see
also [192, Remark 4.5.8]. The (W/, ¢)-multicluster complex is

Clus(W/, ¢, k) def Subw(W; c*w,(c), w)).

For J = 0, there is a nice formula for the number of facets of Clus(W,c,k) when W is of
coincidental type, i.e., when W € {A,,, By, Hs, Io(m)}.
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{4,5,6,7}
/ \
{1,5,6,7} (3,4,6,7}
{1,4,5,7} (3,4,5,6}  {2,3,6,7}
>
(1,2,6,7}  {2,3,5,6}
]
{1,3,4,7} {1,2,5,6}  {2,3,4,5}
{1,2,3,7} {1,2,4,5}
\ /
{1,2,3,4}

Figure 96. The flip poset Clus(Az2, c, 2).

Theorem 5.4.2 ([43, Section 9]). Let (W,S) be a finite, irreducible Coxeter system with
Coxeter number h, and let ¢ € W be a Coxeter element. If W is of coincidental type, then for

k > 1, the number of facets of Clus(W, ¢, k) is given by
= I d+h+2j
d+2j

j=0 deDeg(W)

In linear type A, computer experiments suggest the following formula for the number of
facets of Clus(&q, ¢, k), when o = (t,1,1,...,1)Fnfort > 1.

Conjecture 5.4.3. Let n,k,t > 0and let « = (t,1,1,...,1) k- n. For any Coxeter element c
of Gy, the number of facets of Clus(&, ¢, k) is
—t— 3 2k+2j+t
") )
2j+t) 2(n—t)—2j+[ 25513\
j=0 2( t ) (G 2].7[]“771]2 )
0

Here we have to evaluate the expression 3" occurring in the second factor for j < [®5*] as 1.

Example 5.4.4. We illustrate Conjecture 5.4.3 in the case n = 4, t = 3 and k = 2. We choose
¢ = s98153 and obtain

Q= c?Wo (C) = $251835251535251 535251 83.
Since oo = (3, 1), the longest element wo.« is 123 4 1 and has only one S-reduced word,
namely sisas3. This word appears ten times as a subword of Q:
§28153825183525153525153, $281538251535251835251583, 5281535251538251835251S83,
$28153825153525153525183, $28153525153525153525183, 528153525153525153825183,
$251535281538525183525153, $25153528153525153525183, 525153528153525153825183,

825183525153528153825183.



184 5. EPILOGUE

{1,3,5,7,8,9,10,11,12}

/

{1,3,5,6,7,8,10,11,12}

N
/

{1,3,4,5,6,8,10,11,12}  {1,3,5,6,7,8,9,10,11}

N
/
N

{1,2,3,4,6,8,10,11,12}  {1,3,4,5,6,8,9,10,11}

/
N
/

{1,2,3,4,6,8,9,10,11} {1,3,4,5,6,7,8,9,11}

/
N

{1,2,3,4,6,7,8,9,11}

N

{1,2,3,4,5,6,7,9,11}

Figure 97. The flip poset of Clus(&4,c,2) for « = (3,1) and ¢ = s25153.

Thus, Clus(S«, ¢, 2) has the following ten facets:
(1,3,5,7,8,9,10,11,12}, {1,3,5,6,7,8,10,11,12}, {1,3,4,5,6,8,10,11,12},
{1,3,5,6,7,8,9,10,11}, {1,3,4,5,6,8,9,10,11}, {1,3,4,5,6,7,8,9,11},
{1,2,3,4,6,8,10,11,12}, {1,2,3,4,6,8,9,10,11}, {1,2,3,4,6,7,8,9,11},
{1,2,3,4,5,6,7,9,11}.

The flip poset Clus(S, ¢, 2) is shown in Figure 97.

For n = 4, t = 2, k = 2, we obtain a total of 40 parabolic multiclusters, which indi-

cates that the parabolic multiclusters and the elements of the (x, m)-Tamari lattices are indeed
structurally different.



APPENDIX A
Data

The indices in the tables in Appendices A.1 and A.2 correspond to the labels in Figure 11,
unless otherwise stated. The tables in Appendix A.2 were previously presented in [192, Sec-
tion 5.4.3], but were (re-)computed independently.

A.1. Parabolic Catalan numbers in rank 3

|Align(W/, c)| = |Nonc(W/, ¢)| = [Clus(W, )| = [Nonn(WJ)|

J W =As | W = B3 | W = Hj
) 14 20 32
{s1} 9 15 27
[s2} 10 16 28
(s3] 9 14 25
{81, 82} 4 6 12
{81, 83} 6 11 22
{SQ7 83} 4 8 18
{s1, 52,83} 1 1 1

Table 3. The various parabolic Catalan numbers in types A3, B3 and Hs. These
numbers are independent of the choice of Coxeter element. In type B3, we
have labeled the nodes of the Coxeter graph, see Figure 11, from left to right
by s1, s2, s3.
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A.2. Parabolic Catalan numbers in rank 4

| |Align(W7, ¢)| = [Nonc(W/, ¢)| = |Clus(W, ¢)| = |[Nonn(W7)|
= Ay | W =By

0 42 70
{s1} 28 56
{s2} 32 60
{ss} 32 o8
{sa} 28 50
{81, 52} 14 28
{81, 33} 22 48
{81, 84} 19 41
{SQ, 53} 17 40
{32, 34} 22 44
{53, 54} 14 30
{51, S2, 83} 5 8
{817 S2, 84} 10 22
{81, S3, 84} 10 26
{s2,s3, 84} 5 16
{s1,s2,53,54} 1 1

Table 4. The various parabolic Catalan numbers in types A, and By4. These
numbers are independent of the choice of Coxeter element. In type By, we
have labeled the nodes of the Coxeter graph, see Figure 11, from left to right
by $1,82, 83, 54.

|Align(D}, ¢)| = |[Nonc(DJ, ¢)| = |Clus(D}, c)]
] C =50S1528S3 € = S0S2S81S3 C = S0S3S2S1 C = S0S1S3S2 |Nonn(DZ]l)|
C = 83825081 C = 81838250 C = 815825083 C = $250S1S3

0 50 50
{30} 36 36
{s1} 36 36
{s2} 42 42
{s3} 36 36
{S0,s1} 27 27
{s0, s2} 21 22 21 22 22
{30, s3} 27 27
{s1,s2} 21 21 22 22 22
{817 83} 27 27
{s2, s3} 22 21 21 22 22
{s0, 81,82} 8 8
{s0, 81,83} 21 21
{50,52,83} 8 8
{81, S2, 53} 8 8
{50,51,52,83} 1 1

Table 5. The various parabolic Catalan numbers in type Dy.
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|Align(F),, ¢)| = |Nonc(F), ¢)| = |Clus(F}, c)]
] C = 81528354 C = $953S4S1 C = $451S2S3 C = $354S1S2 {Nonn(Fi)]
C = 8584838281 C = 854838182 C =8S3S4S2S1 C = S$482S83S1
0 105 105
{s1} 85 85
{s2} 95 95
{83} 95 95
{s4} 85 85
{s1,s2} 65 65
{517 53} 79 79
{Sl, 54} 71 71
{s2, s3} 57 62 62 62 63
{s2, 84} 79 79
{33, 84} 65 65
{517 S2, 53} 23 24
{517 S2, 84} 57 57
{81, $3, 84} 57 57
{s2, 83,54} 23 23
{s1,82,s3,84} 1 1

Table 6. The various parabolic Catalan numbers in type Fj.

J | [Clus(H], )| | [Nonn(H})|
0 280 280
{s1} 266 266
{s2} 270 270
{s3} 266 266
{s4} 248 248
{81, 52} 209 210
{81, 83} 256 256
(51,54} 239 239
{s2, 83} 245 245
{52, 54} 242 242
{53, 84} 216 216
{81, S92, 83} 95 106
{s1, 89,84} 197 198
{31, $3, 54} 212 212
{SQ, $3, 54} 191 191

{81,52,83,34} 1 1

Table 7. The various parabolic Catalan numbers in type H4. These numbers
are independent of the choice of Coxeter element. The cardinality of Nonn(H})
is computed using the four posets in Figure 33, all of which give the same
numbers.
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A. DATA

A.3. Answers to Research Challenge 3.3.4 in rank 4

DEORDRD) : C = 81828384 C = $28384S1 C = $481S283 C = $381S2S4
© : i C = S$483S82S1 C = S483S1S2 C = 838258481 C = S$482S83S1

J=0 | _yes . yes | yes i _yes | yes | yes [ yes | yes
yes | yes yes ! yes yes ! yes yes ! yes

| = (51} | _yes . yes | yes i _yes | yes | yes [ yes | yes
yes ' yes yes ! yes yes ' yes yes ' yes

= (s} | mo . mo |Tmo ; yes | yes [ mo | yes  yes
no ' no yes ' yes no ' no no ! yes

] = (55} om0y no | yes | no | mo , yes [ yes ,_ yes
yes | no yes | no yes ! yes yes ! yes

J = {s4} | _yes i yes | yes i _yes | yes | yes [ yes | yes
yes ' yes yes ! yes yes ' yes yes ' yes

| = {s1,52] | _yes (MO | yes [ mO | yes [mO | yes (MO
’ yes ' yes yes ! yes no ' yes no ' yes

T = (51, 53] (om0 mo | yes | no | mo ) yes [ yes ,_yes
’ yes ! no yes ! no yes ' yes yes ' yes

J ={s1,54) | _yes . yes | yes i _yes | yes | yes [ yes | yes
’ yes ! yes yes ! yes yes ' yes yes ! yes
= {59, 55} no ;| no | no ; no ~no | no no | no
’ no ! no yes ! mno yes ! mo no ! no

= {59, 54] | mo  no [Tmo j yes | yes [ mO | yes ,_yes
’ no ' no yes ' yes no ' no yes ' yes

= (s5. 54} | _yes . yes | yes i _yes | yes | yes [ yes ,_yes
’ yes ! yes yes ' yes yes ! yes yes ! yes

J=(snsoss)  |p-YeS oL YeS | yes i_yes | yes w, yes | yes i yes_
yes ! yes yes ' yes yes ! yes yes ! yes

J—fsn.ss.s4) | _¥eS UUMONE yes {TMOT yes [TMOT| yes (IO
yes ' yes yes ! yes yes ' yes yes ' yes

J—(sp.ss.s4) | _¥eS_r yes | yes . yes [ yes | yes | yes , yes
Y yes ! yes yes ! yes yes ! yes yes ! yes
es | yes es | yes es | yes es | yes

J={s2,83,84} I *geg o *?eg | %as* I %gg T %e; T *?es* | *zés* I %gg :

J=(s1,s0,sm,54) | -XSS -1 VS | YeS i yes_| yes | yes | yes ;_ yes
yes ! yes yes | yes yes ! yes yes ! yes

Table 8. Answers to Research Challenge 3.3.4 for the crystallographic Coxeter
groups of rank 4. The entries “yes” and “no” refer to the answer of the
question “Is CLO(Camb(W/, ¢)) = Nonc(W/, ¢)?”.
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