For an arbitrary Coxeter group W and an arbitrary Coxeter
element v € W, Reading and Speyer defined the v-Cambrian
semilattice C., as a sublattice of the weak order semilattice.

Cambrian semilattices constitute generalizations of the Tamari
lattice T, to which they reduce when W is the symmetric
group &, and 7 is the long cycle y = (12 --- n).

It W is a finite Coxeter group, and v € W is a Coxeter
element, then C, is a lattice. Considering its topological
properties it is known that:
C, is Cohen-Macaulay (in fact it is EL-shellable), and
every open interval of C, is either contractible or spherical.

Let W be a Coxeter group of rank n with simple generators
51,5,...,S;, and let v = s15p---s, € W be a Coxeter element
of W. Let 7™ =515 -+ - 5,518 - Sy - - -

Every w € W can be written as a subword of v, in the form
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where ¢;; € {0,1} and k > 0.
i-th block of w: the set bj(w) = {s; | 0;; =1}

~v-sorting word of w: the lexicographically first subword of
~v** among all reduced words for w

v-sortable element: some w € W such that the ~v-sorting
word of w satisfies by(w) 2D by(w) D -+ D by(w)

v-Cambrian semilattice C: the sub-semilattice of the
weak-order semilattice consisting of all v-sortable elements
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EXAMPLE — 7-SORTING WORDS

Let W = &, generated by s; = (i i+1) for i € {1,2,3}, and
let v = s15553. The following are reduced words of the same
element w € W:

W1 = 515253|51$2, Wy = 515 5153\52, W3 = 52|515253\527

Wq — 52|5153|5253, Wr 57253(5152S3.

and bQ(Wl) — {51, 52}, with bl(Wl) D bQ(Wl).

EXAMPLE — v-CAMBRIAN SEMILATTICES
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a. The Tamari lattice 74 is a Cambrian b. A Cambrian semilattice of the

lattice of the symmetric group S;,. affine Coxeter group A,

The 25th International Conference on Formal Power Series and Algebraic Combinatorics, June 24-June 28 2013, Paris, France

DEFINITIONS THE KEY LEMMA

What can be said about the topology of C, in general? More
precisely, can the previous results be generalized to infinite
Coxeter groups W7

We give an affirmative answer to the above question!

Let W be a (possibly infinite) Coxeter group and let v € W be
a Coxeter element.

Theorem 1
Every closed interval in C, is EL-shellable.

Theorem 2

Every finite open interval in C, is either contractible or spherical.

Lemma
Let u,v € C, with u <, v. If 5 £, v and s; <, v, then the

join s; V., u covers u in C,.

SKETCH OF PROOF — THEOREM 1

Define the set of positions of the v-sorting word of w as
a(w)={(i—1)-n+j|0;;=1} CN,

where the 0; ;'s are the exponents from (1). Note that o (w)

depends on a reduced word for ~!

Denote by £(C,) the set of covering relations of C., and define
an edge-labeling of C,, by

AN EC) =N, (u,v) = min{i|i€a(v)Na(u)}

Using induction on rank and length and the key lemma, we
show that for every closed interval of C, there exists a unique
rising maximal chain with respect to A, which is
lexicographically first among all maximal chains in this interval.

Thus, A\, is an EL-labeling of C,.

Let W = &4, and v = s;15553. Consider the following:

U = $3 — 55553 ~ a(u) = {3}, and
v = 5535, = s/5,53]515,55 ~ a.(v) = {2,3,5}.
Thus, we have \,(u,v) = 2.

SKETCH OF PROOF — THEOREM 2

A classical result on EL-shellable posets states that the
dimension of the k-th homology group of the corresponding
truncated order complex is given by the number of falling

maximal chains of length k + 2 (with respect to the
EL-labeling).

Using induction on rank and length and the key lemma, we
show that there exists at most one falling maximal chain in
every closed interval of C,.
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