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Tam(ν)

)

1

2 3

3 2

4

FEENN(x, y) = 5x2+xy+6x+1

∅

{1} {2} {3} {4}

{2, 3}

MEENN(x, y) = x2y2−2xy2+4xy+y2−4y + 1
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FEENN(x, y) = 5x2+xy+6x+1

∅
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The M-Triangle of ν-Tamari Lattices

Perspectivity Irreducibility

Conjecture ( , 2021)
Let ν be a northeast path. Then,
Mν(x, y) = (xy− 1)deg(ν)Fν

(
1−y
xy−1 , 1

xy−1

)
if and only if ν does

not contain two consecutive east steps before two consecutive
north steps.
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Conjecture ( , 2021)

Let ν be a northeast path. Then, Asso(ν) is pure if and only if ν
does not contain two consecutive east steps before two consecutive
north steps.
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Open Questions

can we find other (geometric) intepretations of the F-
and H-triangles?
what is the (geometric) nature of the M-triangle?
(why) is pureness important?
we need more examples! Examples
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meet irreducible: m = p∧ q implies m ∈ {p, q}
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L = (L,≤) .. (finite) lattice

meet irreducible: m = p∧ q implies m ∈ {p, q}
 M(L) there exists a unique edge (m, m∗)

M-determined: for all (p, q) ∈ E(L) exists a unique
m ∈ M(L) such that (p, q) [ (m, m∗)
perspectivity labeling:

λ : E(L)→M(L), (p, q) 7→ m

such that (p, q) [ (m, m∗)
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L = (L,≤) .. (finite) lattice

meet-semidistributive:

p∧ q = p∧ r implies p∧ q = p∧ (q∨ r)

if L is meet-semidistributive, then

λ(p, q) def
= max{r | q∧ r = p}

is a perspectivity labeling

Proposition ( , 2021)
Every meet-semidistributive lattice is M-determined.
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L = (L,≤) .. (finite) lattice

meet-semidistributive:

p∧ q = p∧ r implies p∧ q = p∧ (q∨ r)

if L is meet-semidistributive, then

λ(p, q) def
= max{r | q∧ r = p}

is a perspectivity labeling

Conjecture ( , 2021)
A lattice is M-determined if and only if it is meet semidistributive.

34 / 31



Refined Face
Enumeration

in ν-
Associahedra

Henri Mühle

Posets from Polytopes

35 / 31



Refined Face
Enumeration

in ν-
Associahedra

Henri Mühle

Posets from Polytopes

cost function on vertices

35 / 31



Refined Face
Enumeration

in ν-
Associahedra

Henri Mühle

Posets from Polytopes

cost function on vertices

2 5

1

4

2

4

3
1 3

2

0 1

35 / 31



Refined Face
Enumeration

in ν-
Associahedra

Henri Mühle

Posets from Polytopes

cost function on vertices

2 5

1

4

2

4

3
1 3

2

0 1

35 / 31



Refined Face
Enumeration

in ν-
Associahedra

Henri Mühle

Posets from Polytopes

cost function on vertices

2 5

1

4

2

4

3
1 3

2

0 1

35 / 31



Refined Face
Enumeration

in ν-
Associahedra

Henri Mühle

Posets from Polytopes

counterexample to lattice property by F. Santos

35 / 31



Refined Face
Enumeration

in ν-
Associahedra

Henri Mühle

Posets from Polytopes

counterexample to lattice property by F. Santos

35 / 31



Refined Face
Enumeration

in ν-
Associahedra

Henri Mühle

Posets from Polytopes

counterexample to lattice property by F. Santos

35 / 31



Refined Face
Enumeration

in ν-
Associahedra

Henri Mühle

Posets from Polytopes

counterexample to lattice property by F. Santos

35 / 31



Refined Face
Enumeration

in ν-
Associahedra

Henri Mühle

Posets from Polytopes

Question ( , 2021)
Let L be a lattice arising from an orientation of the line graph of a
polytope P . Is L always meet semidistributive?
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L = (L,≤) .. lattice; p ∈ L; S ⊆ Succ(p)

CP(L) def
=
{
〈p, S〉 | p ∈ L, S ⊆ Succ(p)

}

Proposition ( , 2021)

If L is meet semidistributive, then the assignment (p, S) 7→ 〈p, S〉
is injective.
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L = (L,≤) .. lattice; p ∈ L; S ⊆ Succ(p)

CP(L) def
=
{
〈p, S〉 | p ∈ L, S ⊆ Succ(p)

}

Question
Can we define an “intersection” operation on intervals of a
meet-semidistributive lattice L that equips CP(L) with the
structure of a polytopal complex?
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L = (L,≤) .. lattice; p ∈ L; S ⊆ Succ(p)

CP(L) def
=
{
〈p, S〉 | p ∈ L, S ⊆ Succ(p)

}

not meet semidistributive
(p, S) 7→ 〈p, S〉 injective
not “polytopal”
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binary tuple: integer tuple (u1, u2, . . . , un) such that
ui ∈ {0, 1}  Bin(n)

Boolean lattice:
Bool(n) def

=
(
Bin(n),≤comp

)

Theorem (Folklore)
For n > 0, Hoch(n) is meet semidistributive.
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(0, 0, 0)

(1, 0, 0)
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(1, 1, 0) (1, 0, 1)

(0, 1, 1)

(1, 1, 1)

(0, 0, 0)

(0, 0, 1) (0, 1, 0) (1, 0, 0)

(0, 1, 1) (1, 0, 1) (1, 1, 0)

(1, 1, 1)

CLO
(
Bool(3)

)
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Theorem ( , 2019)

For n > 0, CLO
(
Bool(n)

)
is isomorphic to Bool(n).

(0, 0, 0)

(1, 0, 0)

(0, 1, 0) (0, 0, 1)

(1, 1, 0) (1, 0, 1)

(0, 1, 1)

(1, 1, 1)

(0, 0, 0)

(0, 0, 1) (0, 1, 0) (1, 0, 0)

(0, 1, 1) (1, 0, 1) (1, 1, 0)

(1, 1, 1)

CLO
(
Bool(3)

)
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For n > 0, CLO
(
Bool(n)

)
is isomorphic to Bool(n).

(0, 0, 0)

(1, 0, 0)

(0, 1, 0) (0, 0, 1)

(1, 1, 0) (1, 0, 1)

(0, 1, 1)

(1, 1, 1)

(0, 0, 0)

(0, 0, 1) (0, 1, 0) (1, 0, 0)

(0, 1, 1) (1, 0, 1) (1, 1, 0)

(1, 1, 1)

Bool(3)
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mark edges if perspective to atoms

Theorem ( , 2020)
For n > 0, we have

FBool(n)(x, y) = (x+y+1)n,

HBool(n)(x, y) = (xy+1)n,

MBool(n)(x, y) = (xy−y+1)n.
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mark all edges

Theorem ( , 2020)
For n > 0, we have

FBool(n)(x, y) = (x+y+1)n,

HBool(n)(x, y) = (xy+1)n,

MBool(n)(x, y) = (xy−y+1)n.
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=
(
[n],≤

)
let L(n1, n2, . . . , nk)

def
=

k
∏
i=1

Chain(ni)
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Open questions

chain poset: Chain(n) def
=
(
[n],≤

)
let L(n1, n2, . . . , nk)

def
=

k
∏
i=1

Chain(ni)

Theorem ( , 2020)
For n > 0, we have

FL(n1,n2,...,nk)(x, y) =
k

∏
i=1

(
(ni−1)x+y+(ni−1)

)
,

HL(n1,n2,...,nk)(x, y) =
k

∏
i=1

(
xy+(ni−2)x+1)

)
,

ML(n1,n2,...,nk)(x, y) =
k

∏
i=1

(
(ni−1)xy−(ni−1)y+1

)
.
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chain poset: Chain(n) def
=
(
[n],≤

)
L(2, 2, . . . , 2) ∼= Bool(k)

Corollary ( , 2020)
For n > 0, we have

FL(2,2,...,2)(x, y) =
k

∏
i=1

(
x+y+1

)
,

HL(2,2,...,2)(x, y) =
k

∏
i=1

(
xy+1

)
,

ML(2,2,...,2)(x, y) =
k

∏
i=1

(
xy−y+1

)
.
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(0, 2, 2) (1, 2, 2)

(0, 0, 2)

(1, 1, 2)

(1, 0, 2)

(1, 2, 1)
(1, 1, 1)

(0, 2, 0) (1, 2, 0)

(1, 1, 0)

(0, 0, 0) (1, 0, 0)
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(0, 2, 2) (1, 2, 2)

(0, 0, 2)

(1, 1, 2)

(1, 0, 2)

(1, 2, 1)
(1, 1, 1)

(0, 2, 0) (1, 2, 0)

(1, 1, 0)

(0, 0, 0) (1, 0, 0)

(0, 0, 0)

(1, 0, 0)

(1, 1, 0) (0, 2, 0) (0, 0, 2)

(1, 2, 0) (1, 1, 1) (1, 0, 2)

(1, 2, 1) (1, 1, 2) (0, 2, 2)

(1, 2, 2)
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triword: integer tuple (u1, u2, . . . , un) such that
ui ∈ {0, 1, 2}  Tri(n)
u1 6= 2
ui = 0 implies uj 6= 1 for all j > i

(0, 0, 0)

(1, 0, 0)

(1, 1, 0) (0, 2, 0) (0, 0, 2)

(1, 2, 0) (1, 1, 1) (1, 0, 2)

(1, 2, 1) (1, 1, 2) (0, 2, 2)

(1, 2, 2)
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triword: integer tuple (u1, u2, . . . , un) such that
ui ∈ {0, 1, 2}  Tri(n)
u1 6= 2
ui = 0 implies uj 6= 1 for all j > i

Hochschild lattice:
Hoch(n) def

=
(
Tri(n),≤comp

)

(0, 0, 0)

(1, 0, 0)

(1, 1, 0) (0, 2, 0) (0, 0, 2)

(1, 2, 0) (1, 1, 1) (1, 0, 2)

(1, 2, 1) (1, 1, 2) (0, 2, 2)

(1, 2, 2)
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Freehedra

Open questions

triword: integer tuple (u1, u2, . . . , un) such that
ui ∈ {0, 1, 2}  Tri(n)
u1 6= 2
ui = 0 implies uj 6= 1 for all j > i

Hochschild lattice:
Hoch(n) def

=
(
Tri(n),≤comp

)

Theorem (C. Combe, 2020)
For n > 0, Hoch(n) is meet semidistributive.
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(0, 0, 0)

(1, 0, 0)

(1, 1, 0) (0, 2, 0) (0, 0, 2)

(1, 2, 0) (1, 1, 1) (1, 0, 2)

(1, 2, 1) (1, 1, 2) (0, 2, 2)

(1, 2, 2)

(0, 0, 0)

(0, 0, 2) (1, 1, 1) (1, 0, 0) (0, 2, 0) (1, 1, 0)

(1, 0, 2) (0, 2, 2) (1, 1, 2) (1, 2, 1) (1, 2, 0)

(1, 2, 2)

CLO
(
Hoch(3)

)
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Theorem ( , 2020)

For n > 0, CLO
(
Hoch(n)

)
is isomorphic to Shuf(n−1, 1).

(0, 0, 0)

(1, 0, 0)

(1, 1, 0) (0, 2, 0) (0, 0, 2)

(1, 2, 0) (1, 1, 1) (1, 0, 2)

(1, 2, 1) (1, 1, 2) (0, 2, 2)

(1, 2, 2)

(0, 0, 0)

(0, 0, 2) (1, 1, 1) (1, 0, 0) (0, 2, 0) (1, 1, 0)

(1, 0, 2) (0, 2, 2) (1, 1, 2) (1, 2, 1) (1, 2, 0)

(1, 2, 2)

CLO
(
Hoch(3)

)
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Open questions

Theorem ( , 2020)

For n > 0, CLO
(
Hoch(n)

)
is isomorphic to Shuf(n−1, 1).

(0, 0, 0)

(1, 0, 0)

(1, 1, 0) (0, 2, 0) (0, 0, 2)

(1, 2, 0) (1, 1, 1) (1, 0, 2)

(1, 2, 1) (1, 1, 2) (0, 2, 2)

(1, 2, 2)

23

2 231 123 3 213

12 ε 21 31 13

1

Shuf(2, 1)
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Freehedra

Open questions

mark edges if perspective to atoms

Theorem ( , 2020)
For n > 0, we have

FHoch(n)(x, y) = (x+y+1)n−2(nx2+2xy+(n+1)x+(y+1)2),
HHoch(n)(x, y) = (xy+1)n−2(x2y2+2xy+(n−1)x+1

)
,

MHoch(n)(x, y) = (xy−y+1)n−2

×
(
(n+1)

(
(x−1)y−xy2)+(n+x2)y2+1

))
.
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(2, 1, 0, 0) (3, 1, 0, 0)

(2, 0, 0, 0) (3, 0, 0, 0) (3, 2, 0, 0)

(0, 1, 0, 0) (0, 2, 0, 0)
(3, 2, 1, 0)

(3, 0, 1, 0) (0, 2, 1, 0)

(1, 0, 0, 0) (1, 0, 1, 0)

(0, 0, 0, 0) (0, 0, 1, 0)
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(2, 1, 0, 0) (3, 1, 0, 0)
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(0, 1, 0, 0) (0, 2, 0, 0)
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(0, 0, 0, 0)

(1, 0, 0, 0)

(0, 1, 0, 0)
(2, 0, 0, 0)

(0, 2, 0, 0) (0, 0, 1, 0) (3, 0, 0, 0)
(2, 1, 0, 0)

(1, 0, 1, 0)

(0, 2, 1, 0) (3, 1, 0, 0)

(3, 2, 0, 0) (3, 0, 1, 0)

(3, 2, 1, 0)
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Associahedra

Open questions

bracket vector: integer tuple (u1, u2, . . . , un) such that
ui ∈ {0, 1, . . . , n− i}  Brac(n)
ui+j ≤ ui − j for all j ∈ {0, 1, . . . , ui}

(0, 0, 0, 0)

(1, 0, 0, 0)

(0, 1, 0, 0)
(2, 0, 0, 0)

(0, 2, 0, 0) (0, 0, 1, 0) (3, 0, 0, 0)
(2, 1, 0, 0)

(1, 0, 1, 0)

(0, 2, 1, 0) (3, 1, 0, 0)

(3, 2, 0, 0) (3, 0, 1, 0)

(3, 2, 1, 0)
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bracket vector: integer tuple (u1, u2, . . . , un) such that
ui ∈ {0, 1, . . . , n− i}  Brac(n)
ui+j ≤ ui − j for all j ∈ {0, 1, . . . , ui}

Tamari lattice:
Tam(n) def

=
(
Brac(n),≤comp

)

(0, 0, 0, 0)

(1, 0, 0, 0)

(0, 1, 0, 0)
(2, 0, 0, 0)

(0, 2, 0, 0) (0, 0, 1, 0) (3, 0, 0, 0)
(2, 1, 0, 0)

(1, 0, 1, 0)

(0, 2, 1, 0) (3, 1, 0, 0)

(3, 2, 0, 0) (3, 0, 1, 0)

(3, 2, 1, 0)
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Associahedra

Open questions

bracket vector: integer tuple (u1, u2, . . . , un) such that
ui ∈ {0, 1, . . . , n− i}  Brac(n)
ui+j ≤ ui − j for all j ∈ {0, 1, . . . , ui}

Tamari lattice:
Tam(n) def

=
(
Brac(n),≤comp

)

Theorem (A. Urquhart, 1978)

For n > 0, Tam(n) is meet semidistributive.
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(0, 0, 0, 0)

(1, 0, 0, 0)

(0, 1, 0, 0)
(2, 0, 0, 0)

(0, 2, 0, 0) (0, 0, 1, 0) (3, 0, 0, 0)
(2, 1, 0, 0)

(1, 0, 1, 0)

(0, 2, 1, 0) (3, 1, 0, 0)

(3, 2, 0, 0) (3, 0, 1, 0)

(3, 2, 1, 0)

(0, 0, 0, 0)

(2, 0, 0, 0) (0, 2, 0, 0) (3, 0, 0, 0) (0, 0, 1, 0) (0, 1, 0, 0) (1, 0, 0, 0)

(3, 0, 1, 0) (0, 2, 1, 0) (2, 1, 0, 0) (3, 2, 0, 0) (3, 1, 0, 0) (1, 0, 1, 0)

(3, 2, 1, 0)

CLO
(
Tam(4)

)
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Theorem (N. Reading, 2011)

For n > 0, CLO
(
Tam(n)

)
is isomorphic to Nonc(n).

(0, 0, 0, 0)

(1, 0, 0, 0)

(0, 1, 0, 0)
(2, 0, 0, 0)

(0, 2, 0, 0) (0, 0, 1, 0) (3, 0, 0, 0)
(2, 1, 0, 0)

(1, 0, 1, 0)

(0, 2, 1, 0) (3, 1, 0, 0)

(3, 2, 0, 0) (3, 0, 1, 0)

(3, 2, 1, 0)

(0, 0, 0, 0)

(2, 0, 0, 0) (0, 2, 0, 0) (3, 0, 0, 0) (0, 0, 1, 0) (0, 1, 0, 0) (1, 0, 0, 0)

(3, 0, 1, 0) (0, 2, 1, 0) (2, 1, 0, 0) (3, 2, 0, 0) (3, 1, 0, 0) (1, 0, 1, 0)

(3, 2, 1, 0)

CLO
(
Tam(4)

)
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Associahedra

Open questions

Theorem (N. Reading, 2011)

For n > 0, CLO
(
Tam(n)

)
is isomorphic to Nonc(n).

(0, 0, 0, 0)

(1, 0, 0, 0)

(0, 1, 0, 0)
(2, 0, 0, 0)

(0, 2, 0, 0) (0, 0, 1, 0) (3, 0, 0, 0)
(2, 1, 0, 0)

(1, 0, 1, 0)

(0, 2, 1, 0) (3, 1, 0, 0)

(3, 2, 0, 0) (3, 0, 1, 0)

(3, 2, 1, 0)

1|2|3|4

13|2|4 1|24|3 14|2|3 1|2|34 1|23|4 12|3|4

134|2 1|234 123|4 134|2 14|23 12|34

1234

Nonc(4)
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