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e P C IRY .. polytope

o face numbers: fi < |{F € P | dim(F) = k}|

o f-polynomial: fp(x) = ka xF

fr=1
f=8
fi=18
fo=12
faa=1

fp(x) = 8x3+18x2+12x+1



e P C R?.. polytope
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@ /-numbers: hy def ) (—1)k_l(j:;lc) i—1
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e P C R?.. polytope
k o

@ /-numbers: hy def Y (—1)k_l(j:;lc) i1
i=0

def

d
@ I-polynomial: hp(x) = ¥ Iyx?*
k=0

hy =3
hy = -3
h =9
ho =1

hp(x) = x3+9x2—3x+3



e P C IRY .. polytope

k . .
@ /-numbers: hy def Y (—1)k_l(j:;lc) i1
i=0

@ /-polynomial: hp(x) = fp(x — 1)

fs=1
fa=38
. fi=18
fo=12
faa=1

hp(x) = (x—1)34+12(x—1)2+18(x—1)+8
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@ (simple) associahedron: triangulations of a d+3-gon
connected by diagonal flips ~~ Asso(d)
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@ (simple) associahedron: triangulations of a d+3-gon
connected by diagonal flips ~~ Asso(d)

Proposition (C. Lee, 1989)
Ford > 0and 0 < k < d, we have
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@ (simplicial) associahedron: diagonals of a d4-3-gon,
connected if “noncrossing” ~+ Clus(d)
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@ (simplicial) associahedron: diagonals of a d4-3-gon,
connected if “noncrossing” ~+ Clus(d)

A,

== fr=14
KA, oea

G fo=9
f// faa=1

h(x) = x® +6x% + 6x + 1



@ (simplicial) associahedron: diagonals of a d4-3-gon,
connected if “noncrossing” ~+ Clus(d)

F(x,y) = 5x34+5x%y+3xy2+ 1> +10x2+8xy+3y> +-6x+3y+1
Y Y Yy Ty Yoy Y
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@ ¢; .. i unit vector in R%*1
@ (positive) roots: a;; e — gifori <j ~ O (d)
@ simple roots: &;;1 ~ T1(d)

e root system: &(d) & {£a;j|1<i<j<d+1}
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def

@ (d) & —~11(d)
@ S. Fomin and A. Zelevinsky defined a compatibility
relation on @ _1(d)

@ almost positive roots: ®»_1(d) =

o cluster complex: simplicial complex consisting of
compatible subsets of @ _1(d) ~+ Clus(d)
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def

@ (d) & —~11(d)
@ S. Fomin and A. Zelevinsky defined a compatibility
relation on @ _1(d)

@ almost positive roots: ®»_1(d) =

o cluster complex: simplicial complex consisting of
compatible subsets of @ _1(d) ~+ Clus(d)
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o for A € Clus(d) let
o neg(A) © |An (—11(d))|
e pos(A) def |AN\ (—T1(d)) |

@ F-triangle: F;(x,y) oy xPos(4)yneg(4)
AeClus(d)



o forA e CIus(d) let
o neg(A) = [AN(-T1(d))]
ATy @)

@ F-triangle: F4(x,y) = S xPos(A)yyneg(4)
A€Clus(d)

N

"‘12--- - -0‘13

0623
1‘7%— 012
I

1
1
1

X34



@ for A € Clus(d) let
e neg(A def |Aﬂ —T11(d))]|
o pos() |41, (-11(d))

° P-triangle: Fi(x,y) = S xPOS(A)yneg(A)
A€Clus(d
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F3(x,y) = 5x3+5x2y+3xy?+y>+10x2+8xy+3y*+6x+3y+1




o for A € Clus(d) let

o neg(A dﬁf |AN (—T1(d))|
o pos(A) & |A\ ( H(d))|
@ F-triangle: Fy(x,y) = oy xPos(A)yyneg(4)
AeClus(d)
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o for A € Clus(d) let

o neg(A dﬁf |AN (—T1(d))|
o pos(A) & |A\ ( H(d))|
@ F-triangle: Fy(x,y) = oy xPos(A)yyneg(4)
AeClus(d)
061(4
lxlz--- - -0413/
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o for A € Clus(d) let
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@ root order: « < Bif and only if p — & € Spany I1(d)
@ nonnesting partition: antichain in (P4 (d), <)
~> Nonn(d)
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@ root order: « < Bif and only if p — & € Spany I1(d)
@ nonnesting partition: antichain in (P4 (d), <)
~> Nonn(d)

@ H-triangle: Hy(x,y) S xAlylANTI(E)]
A€Nonn(d)

X1,4

/' \

1,3 X4

/' N/ \

&1,2 223 a34

Hj(x,1) = x3+6x2+6x+1



@ root order: « < Bif and only if p — & € Spany I1(d)
@ nonnesting partition: antichain in (P4 (d), <)
~> Nonn(d)

@ H-triangle: Hy(x,y) S xAlylANTI(E)]
A€Nonn(d)

X1,4

/' \

1,3 X4

/' N/ \

X1,2 X33 X34

Hs(x,1) = 3 +6x%+6x+1 = heus(3) ()
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Conjecture (F. Chapoton, 2006)

Ford 21, x4l y+1
Fa(x,y) = x"Hy (— y )

x ‘x+1

hCIus(d) (x) :fCIUS(d) (x - 1)
= (x = 1)%cs) (x i 1)

11
_ _1\d
=(x—1) Fd<x_1,—x_1)

=Hq (x,1)




Conjecture (F. Chapoton, 2006)

Fa(x,y) = x"Hy (ﬂ yx 1) :

x ‘x+1

@ E Chapoton: aiPd(x,y) Y Fau(xy)
Y aell(d)

@ M. Thiel: %Hd(x,y) x E )Hd\zx(x YY)
ne



Theorem (M. Thiel, 2014)
Ford > 1,

Fa(x,y) = x"Hy (Jil v 1) ;

x ‘x+1

@ E Chapoton: %Pd(x,y) % )Pd\,x(x ,Y)
ae

o M. Thiel: &Hy(x,y) =x L )Hd\zx(x )
acll(d
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above the diagonal ~~ Dyck(n)
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@ Dyck path: northeast path from (0,0) to (1, n) weakly
above the diagonal ~~ Dyck(n)

@ A € Nonn(n) corresponds to valleys of u € Dyck(n)

@ simple roots contained in A correspond to returns
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@ Dyck path: northeast path from (0,0) to (1, n) weakly
above the diagonal ~~ Dyck(n)

@ A € Nonn(n) corresponds to valleys of u € Dyck(n)

@ simple roots contained in A correspond to returns
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@ Dyck path: northeast path from (0,0) to (1, n) weakly
above the diagonal ~~ Dyck(n)

@ A € Nonn(n) corresponds to valleys of u € Dyck(n)

@ simple roots contained in A correspond to returns

Hn(x, y) _ Z xval(y)yret(y).

ueDyck(n)







o orient edges of Asso(n) according to slope
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o orient edges of Asso(n) according to slope  ~+ Tam(n)
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o orient edges of Asso(n) according to slope  ~+ Tam(n)
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o orient edges of Asso(n) according to slope




o orient edges of Asso(n) according to slope  ~+ Tam(n)

Hs(x,y) = x31P 43212 +2x2y+x2+3xy+3x+1
Y Y Y Y



@ fix a northeast path v

v = EENEN



@ fix a northeast path v
@ v-path: northeast paths weakly above v ~~ Dyck(v)

v = EENEN
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@ rotating v-paths by valleys
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@ fix a northeast path v
@ v-path: northeast paths weakly above v ~» Dyck(v
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@ fix a northeast path v
@ v-path: northeast paths weakly above v ~+ Dyck(v)
@ v-Tamari lattice: rotation order on Dyck(v) ~-» Tam(v)

X2 y2

Hepnen (%, y) = X2y +x2y+x2+2xy+3x+1
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o v-incompatible nodes



o v-incompatible nodes

@ v-tree: maximal collection of v-compatible nodes
~ Tree(v)
®




@ the right-flushing bijection
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@ the right-flushing bijection
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@ the right-flushing bijection
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@ the right-flushing bijection
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@ the right-flushing bijection
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@ the right-flushing bijection

P
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@ the right-flushing bijection
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@ the right-flushing bijection
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@ the right-flushing bijection
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@ the right-flushing bijection



@ the right-flushing bijection




@ the right-flushing bijection

Theorem (C. Ceballos, A. Padrol & C. Sarmiento, 2020)
Right-flushing is a bijection from Dyck(v) to Tree(v).




@ rotating v-trees by ascent nodes




@ rotating v-trees by ascent nodes
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@ rotating v-trees by ascent nodes

p
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@ rotating v-trees by ascent nodes

p q/ - p“\r




Theorem (C. Ceballos, A. Padrol & C. Sarmiento, 2020)

Right-flushing converts rotation on v-paths into rotation on
v-trees.










@ v-face: collection of pairwise v-compatible nodes

@ v-Tamari complex: simplicial complex of v-faces
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@ v-face: collection of pairwise v-compatible nodes

@ v-Tamari complex: simplicial complex of v-faces

~ TC(v)

v = EENEN
(3,2)

dim 7C(v) =5



@ covering v-face: v-face containing top-left corner and at
least one node per row and column
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@ covering v-face: v-face containing top-left corner and at
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@ covering v-face: v-face containing top-left corner and at
least one node per row and column

@ v-associahedron: polytopal complex of covering
v-faces ~> Asso(V)

Theorem (C. Ceballos, A. Padrol & C. Sarmiento, 2019)

Asso(v) is a polytopal complex dual to the complex of interior

faces of TC(v).










@ The F=H-Correspondence



@ relevant node: node in first column and in row of a
valley of v



@ relevant node: node in first column and in row of a
valley of v



@ relevant node: node in first column and in row of a
valley of v



@ deg(v) &f
max{val
(1) | p € Dyck(
v)}



@ v goes from (0,0) to (m,n); C € Asso(v)
@ deg(v) & max{val(p) | u € Dyck(v)}
o dim(C) L m+n+1-|C|
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@ v goes from (0,0) to (m,n); C € Asso(v)
@ deg(v) & max{val(p) | u € Dyck(v)}
o dim(C) L m+n+1-|C|
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@ v goes from (0,0) to (m,n); C € Asso(v)
@ deg(v) & max{val(p) | u € Dyck(v)}
o dim(C) L m+n+1-|C|

o rel(C) is number of relevant nodes contained in C

° ° (5,4)
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@ v goes from (0,0) to (m,n); C € Asso(v)
@ deg(v) & max{val(p) | u € Dyck(v)}
o dim(C) L m+n+1-|C|

o rel(C) is number of relevant nodes contained in C

o ® (549
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v goes from (0,0) to (m,n); C € Asso(v)

deg(v) & max{val(p) | u € Dyck(v)}

dim(C) € m+n+1-1C|

o rel(C) is number of relevant nodes contained in C
@ corel(C) o deg(v) — dim(C) — rel(C)
° i (5,4)
@ mumm@

O @umm@mmm®  (orel(C) = 4
© °
00O



v goes from (0,0) to (m,n); C € Asso(v)

deg(v) & max{val(p) | u € Dyck(v)}
dim(C) € m+n+1-1C|
rel(C) is number of relevant nodes contained in C

@ corel(C) o deg(v) — dim(C) — rel(C)




@ C € Asso(v)
@ rel(C) is number of relevant nodes contained in C

@ asc(C) is number of ascent nodes of C



@ C € Asso(v)
@ rel(C) is number of relevant nodes contained in C

@ asc(C) is number of ascent nodes of C

Lemma (C. Ceballos & %, 2020)
Right-flushing sends val to asc and ret to rel.




o recall: Hy(x,y) = L xval(ﬂ)yret(y)
u€eDyck(v)

Corollary (C. Ceballos & 2, 2020)

For any northeast path v,

H, (x’ y) _ Z xasc(T)yreI(T) )
TeTree(v)




recall:

1
e (51,422






— ydeg(v) 2 (
(v)

TeTree



asc(T) v+ 1 rel(T)
x x+1

— 2 xdeg(v)—asc(T) (x + 1)asc(T)—reI(T) (y + 1)reI(T)

T€Tree(v)

T€Tree(v)



@ Asc(T) is set of ascent nodes of T
@ Rel(T) is set of relevant nodes of T

F, (x, y) — Z xdeg(v)—asc(T) (x + 1)asc(T)—re|(T) (]/ + 1)re|(T)
TeTree(v)



@ Asc(T) is set of ascent nodes of T
@ Rel(T) is set of relevant nodes of T

F, (x, ]/) — Z xdeg(v)—asc(T) (x + 1)asc(T)—reI(T) (]/ + 1)re|(T)
T€Tree(v)

_ ydeg(v)—rel(T)= 14"

TeTree(v) (A”QASC(T)\ReI(T)

x Y yrel<T>—|A')
A'CRel(T)



@ Asc(T) is set of ascent nodes of T
@ Rel(T) is set of relevant nodes of T

B(vy)= Y ( Y el rel(D) 4]

TeTree(v) \A”CAsc(T)\Rel(T)

x Y yrel(T)—m')
A'CRel(T)

xdeg(v)—reI(T)—|A” rel(T)—|A|

TeTree(v) ACAsc(T)
A'=ANRel(T)

A"=A\Rel(T)



Proposition (C. Ceballos & V. Pons, 2019)

The map (T, A) — T\ A is a bijection from
{(T,A) | T € Tree(v),A C Asc(T)} to Asso(v).

B(vy)= Y ( Y el rel(D) 4]

TeTree(v) \A”CAsc(T)\Rel(T)

x Y yrelm—m')
A'CRel(T)

=YY el DA el

TeTree(v) ACAsc(T)
A'=ANRel(T)
A"=A\Rel(T)



Proposition (C. Ceballos & V. Pons, 2019)

The map (T, A) — T\ A is a bijection from
{(T,A) | T € Tree(v),A C Asc(T)} to Asso(v).

F, (x, ]/) — Z Z xdeg(v)—rel(T)—|A”|yre|(T)—\A’|

TeTree(v) ACAsc(T)
A’=APRel(T)
A"=A\Rel(T)

— Z xdeg(v)—dim(C)—reI(C)yreI(C)
CeAsso(v)



Proposition (C. Ceballos & V. Pons, 2019)

The map (T, A) — T\ A is a bijection from
{(T,A) | T € Tree(v),A C Asc(T)} to Asso(v).

F, (x, ]/) — Z Z xdeg(v)—rel(T)—|A”|yre|(T)—\A’|

TeTree(v) ACAsc(T)

A’=APRel(T)
A"=A\Rel(T)
— Z xdeg(v)—dim(C)—reI(C)yreI(C)
CeAsso(v)

— Z xcoreI(C)yrel(C)
CeAsso(v)



Foxy) = Y xeorel©yrel©

CeAsso(v)



Theorem (C. Ceballos & 2, 2021)
For every northeast path v,

_ deg(v) x+1 y+1
F,(x,y) =x Hv( pa el B

Z xcoreI(C)yrel(C)

CeAsso(v)

xdeg(v)—asc(T) (x + 1)asc(T)—reI(T) (]/+ 1)reI(T)

T€Tree(v)















P=(P,<);peP
o Succ(p) = {p' € P |p<p'}
@ out(p) def |Suce(p)|
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@ P=(P,<);peP;A. 0l-labeling
o Succ(p) = {p' € P |p<p'}
@ out(p) def |Suce(p)|

N



P=(P
° Succ(p) def {PeP|p<p'}
e out(p) = = |SUCC p)|

o mrk(p) = |{p' € Succ(p) | A(p,p') = 1}]

,<);p € P; A .. 0l-labeling

N



@ P=(P,<);peP;A. 0l-labeling
o Succ(p) = {p' € P |p<p'}

@ out(p) def |Suce(p)|

o mrk(p) = |{p' € Succ(p) | Alp,p') =1}

1 1

Xy
xy x



P=(P,<);p€P;A. 0l-labeling
® Hp,(x,y) & ¥ xout(p)ymek(p)

peP
1 1
Hp \(x,y) = 32 +2x2y+x2+2xy+x+4
xy
xy x
1 1
xz
Py \/.

xy xy



-,
° deg(P) = max{out |peP}

)peP

N



= (P, <) p € P;S C Succ(p)
° deg(P) = max{out |peP}
o neg(p, ) = mrk(p) — |{s € S| A(p,s) =1}
o pos(p, 5) < deg(P) S| — neg(p,S)

N



= (P, <) p € P;S C Succ(p)
° deg(P) = max{out |peP}
o neg(p, ) = mrk(p) — |{s € S| A(p,s) =1}
o pos(p, 5) < deg(P) S| — neg(p,S)

N

xy



= (P, <) p € P;S C Succ(p)
° deg(P) = max{out |peP}
o neg(p, ) = mrk(p) — |{s € S| A(p,s) =1}
o pos(p, 5) < deg(P) S| — neg(p,S)

N

K2y+a?



= (P, <)'p € P;S C Succ(p)
° deg(P) = max{out |peP}

o neg(p,S) & mrk(p) — [{s € S| Ap,s) =1}
o pos(p,S) = deg(P) — |S| — neg(p, S)

N

x2y+x2+ay



= (P, <)'p € P;S C Succ(p)
° deg(P) = max{out |peP}

o neg(p,S) & mrk(p) — [{s € S| Ap,s) =1}
o pos(p,S) = deg(P) — |S| — neg(p, S)

N

xPy+x24xy+x



= (P, <)'p €P; 5 C Succ(p)
° deg(P) = max{out |peP}
o neg(p, ) = mrk(p) — |{s € S| A(p,s) =1}
© pos(p, ) = deg(P) — |S| — neg(p, S)




@ P=(P,<);peP;S C Succ(p)

o Fp (x,y) L ¥ ¥ xpospS)ynce(ps)

pPEP SCSucc(p)

Fpa(x,y) = 6x° +4x2y—|—xy2 +7x2
oy 2 HAx+2y+1

x2(y+1) 2(x+1)

x(x41)2
)(y+1)? \/

x(x+1)(y+1) x(x+1)(y+1)




@ P=(P,<);peP;S C Succ(p)

o Fp (x,y) L ¥ ¥ xpospS)ynce(ps)

pEP SCSucc(p)

1
Fpa(x,y) = x46(P)Hp , (% Z%)

¥2(y+1) 2 (x+1)

x(x+1)2
)(y+1)? \/

x(x+1)(y+1) x(x+1)(y+1)




@ P=(P,<);pecP;SC Succ(p)
o Hpa(x,y) = L xoutllymi(p)

peP
® Fpa(x,y) &f Y,y xPos(pS)ynee(rs)
pPEP SCSucc(p)

Theorem (C. Ceballos & 2%, 2021)
For every finite poset P and every 01-labeling A,

PP,A(x/y) _ xdeg(P)HP’/\ (x +1 y == 1) .

x ‘x+1




The M-Triangle






o P=(P,<).. poset
@ Mobius function:

L P=4

ue(p,q) € {— L pelpr), p<gq,

p<r<q
0, otherwise



o P=(P,<).. poset
@ Mobius function:

L, P=4a

def ) — 1), p<4q,

up(p,q) £ pg;qw(p ), p<4q
0, otherwise

u(e,0) =1



o P=(P,<).. poset
@ Mobius function:

L, P=4a

def ) — 1), p<4q,

up(p,q) £ pg;qw(p ), p<4q
0, otherwise

ple o) = -1



o P=(P,<).. poset
@ Mobius function:

L, P=4a

def ) — 1), p<4q,

up(p,q) £ pg;qw(p ), p<4q
0, otherwise

p(e,0) =0



o P=(P,<).. poset
@ Mobius function:

L, P=4a

def ) — 1), p<4q,

up(p,q) £ pg;qw(p ), p<4q
0, otherwise

u(e,0) =1



@ P = (P,<) .. ranked poset

@ M-triangle: Mp(x,y) &f ZP up(p, q)xr<P)y@
pac



@ P = (P,<) .. ranked poset

@ M-triangle: Mp(x,y) &f ZP up(p, q)xr<P)y@
pac

Mp(x,y) = x*y* =223y +2x313 412y
—3x2134-2x2y2 —2xy?
+y3+2xy—2y+1






Ms(x,y) = ¥3y> —6x2y3+6x2y?+10xy> —16xy> — 53 +6xy+ 10> —6y+1



@ Fi(x,y) =
5x3+5x%y+3xy? +y3 +10x%+-8xy+3y> +6x+3y+1

Ms(x,y) = ¥3y> —6x2y3+6x2y?+10xy> —16xy> — 53 +6xy+ 10> —6y+1



@ Fi(x,y) =
5x3+5x%y+3xy? +y3 +10x%+-8xy+3y> +6x+3y+1

Ti .m§ m.i o LN n‘n
Lo o - eleney e e



o Fn (x, y) déf 2 xPOS(A)yneg(A)
A€eClus(n)
def

o M, (x/]/) ) HNonc n)(pi ) P)y K@)

p.g€Nonc(n)

Conjecture (F. Chapoton, 2004)

}\/In(x,y) = (xy — 1)"'F, ( 1-y 1 ) .

xy—1"xy—1




o Fn (x, y) déf 2 xPOS(A)yneg(A)
A€eClus(n)
def

o M, (x/]/) ) HNonc n)(pi ) P)y K@)

p.g€Nonc(n)

Theorem (C. Athanasiadis, 2007)




o L = (L, <) .. (finite) lattice



o L = (L, <) .. (finite) lattice, p € L

d€t

@ nucleus: p' o pV V Succ(p)



o L = (L, <) .. (finite) lattice, p € L

@ nucleus: p' &« pV V Succ(p)



o L = (L, <) .. (finite) lattice, p € L

@ nucleus: p' &« pV V Succ(p)



o L = (L, <) .. (finite) lattice, p € L

@ nucleus: p' &« pV V Succ(p)

«—pt



o L = (L, <) .. (finite) lattice, p € L

@ nucleus: p' &« pV V Succ(p)



o L = (L, <) .. (finite) lattice, p € L

d€t

@ nucleus: p' o pV V Succ(p)

@ core: interval [p,p'] in L



o L = (L, <) .. (finite) lattice, A .. edge labeling



o L = (L, <) .. (finite) lattice, p € L, A .. edge labeling

@ core: interval [p,p!] in L

o core label set: ¥, (p) & {)\(p’,q’) lp<p <qg < pT}



o L = (L, <) .. (finite) lattice, p € L, A .. edge labeling

@ core: interval [p,p!] in L

o core label set: ¥, (p) & {)\(p’,q’) lp<p <qg < pT}



o L = (L, <) .. (finite) lattice, p € L, A .. edge labeling

@ core: interval [p,p!] in L

o core label set: ¥, (p) & {A(p’,q’) lp<p <qg < pT}



o L = (L, <) .. (finite) lattice, p € L, A .. edge labeling

@ core: interval [p,p!] in L

o core label set: ¥, (p) & {)\(p’,q’) lp<p <qg < pT}



o L = (L, <) .. (finite) lattice, p € L, A .. edge labeling

@ core: interval [p,p!] in L

o core label set: ¥, (p) & {)\(p’,q’) lp<p <qg < pT}

AL
2/<] 5>
Y

N
A4

AN



o L = (L, <) .. (finite) lattice, p € L, A .. edge labeling

@ core: interval [p,p!] in L

o core label set: ¥, (p) & {)\(p’,q’) lp<p <qg < pT}

@ core labeling: assignment p — ¥, (p) is injective

5/.\1
2/<] 5>
Y

N
A4

AN



o L = (L, <) .. (finite) lattice, p € L, A .. edge labeling

@ core: interval [p,p'] in L
o core label set: ¥, (p) & {)\(p’,q’) lp<p <qg < pT}

@ core labeling: assignment p — ¥, (p) is injective

AN
< + > not a core labeling
N



o L = (L, <) .. (finite) lattice, A .. edge labeling

@ core label order: CLO, (L) def (L,C),

where p C gif and only if ¥, (p) C ¥ (9)



o L = (L, <) .. (finite) lattice, A .. edge labeling

@ core label order: CLO, (L) def (L,C),

where p C gif and only if ¥, (p) C ¥ (9)

5/\]
(2/<]Y5>
{1,5} {1,2,3,4}
3 4 /'\N 7\
N {5} {1} {2} {3} {4

1\/2 \\(L//









{3,4,6







Theorem (N. Reading, 2011)

For n > 0, the core label order of Tam(n) is isomorphic to the
noncrossing partition lattice Nonc(n).




@ labeling edges of Tam(v) by perspectivity
~» CLO(Tam(v))

—

/<
NS

_

1

N



@ labeling edges of Tam(v) by perspectivity
~» CLO(Tam(v))



@ labeling edges of Tam(v) by perspectivity
~» CLO(Tam(v))

—

d

INN NN

{1} {3} {2} {4} {5}

N Y

.
=
SN\ 4,—3" (1,23} {34} {2,45)
3 4



@ labeling edges of Tam(v) by perspectivity
~» CLO(Tam(v))

A
SN\ ,—l' (1,23} {34} {2,45)
_’/ SR AN VARNGA
N 3.4 {1} {3} {2} {4} {5}

N\

MEegNen (%, y) = 3x2y? —8xy?+5xy+5y* —5y+1



@ labeling edges of Tam(v) by perspectivity
~» CLO(Tam(v))

® Feenen(x,y) = 5x% +3xy + > +8x + 3y +3

[
4/ 2.
r
S\ ,:F {1,2,3} {3,4} {2,4,5}
_r/ pESTE ANV
3.4 {1} {3} {2} {4} {5}
\2 /J_' \\| //
\_‘_l/l %)

MEeenen (x,y) = 3x%y? —8xy?+5xy+5y>—5y+1



@ labeling edges of Tam(v) by perspectivity
~» CLO(Tam(v))

® Feenen(x,y) = 5x% +3xy + > +8x + 3y +3

[
4/ 2.
r
S\ ,:F {1,2,3} {3,4} {2,4,5}
_r/ pESTE ANV
3.4 {1} {3} {2} {4} {5}
\2 /J_' \\| //
\_‘_l/l %)

1_
Meenen(x,y) = (xy — 1)*Fgenen (xu_—ylf xl/l—l)




@ labeling edges of Tam(v) by perspectivity
~» CLO(Tam(v))

[
4}
|_|_
2o
o /\
2 3 {1+ {2} {3} {4}
1 Pan \\@//
_I/ MEeenn (x%,y) = x2y? —2xy? +dxy+y? —4y + 1

PEENN (x, y) = 5x2+xy+6x+1



@ labeling edges of Tam(v) by perspectivity
~» CLO(Tam(v))

[
4}
|_|_
/3/% {2,3}
o /\
2 3 {13 {2} {3+ {4}
1/-‘_' \\@//
_I/ MEeenn (%, y) # (xy — 1)*Feenn (%, %)

Feenn(x,y) = 5% +xy+6x+1



Conjecture (4, 2021)
Let v be a northeast path. Then,

M, (x,y) = (xy — 1)%e™F (xy_yl’ T 1) if and only if v does

not contain two consecutive east steps before two consecutive
north steps.




Conjecture (4%, 2021)

Let v be a northeast path. Then, Asso(v) is pure if and only if v
does not contain two consecutive east steps before two consecutive
north steps.




@ can we find other (geometric) intepretations of the F-
and H-triangles?

@ what is the (geometric) nature of the M-triangle?

@ (why) is pureness important?

@ we need more examples!



Thank You.



e L = (L, <) .. (finite) lattice



e L = (L, <) .. (finite) lattice

@ edge: (p,q) suchthatp <gandnop<r<gq ~ &(L)

@ perspective: (p,q) A (r,s) such thatg Ar = p and
gqVr=s(orsA\p=randsVp=q)



e L = (L, <) .. (finite) lattice

@ edge: (p,q) suchthatp <gandnop<r<gq ~ &(L)

@ perspective: (p,q) A (r,s) such thatg Ar = p and
gqVr=s(orsA\p=randsVp=q)



e L = (L, <) .. (finite) lattice

@ edge: (p,q) suchthatp <gandnop<r<gq ~ &(L)

@ perspective: (p,q) A (r,s) such thatg Ar = p and
gqVr=s(orsA\p=randsVp=q)

perspective



e L = (L, <) .. (finite) lattice

@ edge: (p,q) suchthatp <gandnop<r<gq ~ &(L)

@ perspective: (p,q) A (r,s) such thatg Ar = p and
gqVr=s(orsA\p=randsVp=q)

not perspective



e L = (L, <) .. (finite) lattice

@ edge: (p,q) suchthatp <gandnop<r<gq ~ &(L)

@ perspective: (p,q) A (r,s) such thatg Ar = p and
gqVr=s(orsA\p=randsVp=q)

not perspective



e L = (L, <) .. (finite) lattice



e L = (L, <) .. (finite) lattice

@ meet irreducible: m = p A q impliesm € {p,q}
~ M(L)



e L = (L, <) .. (finite) lattice

@ meet irreducible: m = p A q impliesm € {p,q}
~ M(L)

< meet irreducible



e L = (L, <) .. (finite) lattice

@ meet irreducible: m = p A q impliesm € {p,q}
~ M(L)

< not meet irreducible



e L = (L, <) .. (finite) lattice

@ meet irreducible: m = p A q impliesm € {p,q}
~ M(L)

< not meet irreducible



e L = (L, <) .. (finite) lattice

@ meet irreducible: m = p A g implies m € {p,q}
~~ there exists a unique edge (m, m*) ~ M(L)



e L = (L, <) .. (finite) lattice

@ meet irreducible: m = p A g implies m € {p,q}

~~ there exists a unique edge (m, m*) ~ M(L)
o M-determined: for all (p,q) € £(L) exists a unique

m € M(L) such that (p,q) A (m, m*)



e L = (L, <) .. (finite) lattice

@ meet irreducible: m = p A g implies m € {p,q}

~~ there exists a unique edge (m, m*) ~ M(L)
o M-determined: for all (p,q) € £(L) exists a unique

m € M(L) such that (p,q) A (m, m*)



e L = (L, <) .. (finite) lattice

@ meet irreducible: m = p A g implies m € {p,q}

~~ there exists a unique edge (m, m*) ~ M(L)
o M-determined: for all (p,q) € £(L) exists a unique

m € M(L) such that (p,q) A (m, m*)

A\

1 2



e L = (L, <) .. (finite) lattice

@ meet irreducible: m = p A g implies m € {p,q}

~~ there exists a unique edge (m, m*) ~ M(L)
o M-determined: for all (p,q) € £(L) exists a unique

m € M(L) such that (p,q) A (m, m*)

A\

1 2

v

3



e L = (L, <) .. (finite) lattice

@ meet irreducible: m = p A g implies m € {p,q}

~~ there exists a unique edge (m, m*) ~ M(L)
o M-determined: for all (p,q) € £(L) exists a unique

m € M(L) such that (p,q) A (m, m*)



e L = (L, <) .. (finite) lattice

@ meet irreducible: m = p A g implies m € {p,q}

~~ there exists a unique edge (m, m*) ~ M(L)
o M-determined: for all (p,q) € £(L) exists a unique

m € M(L) such that (p,q) A (m, m*)

A\

2

o
\

\/



e L = (L, <) .. (finite) lattice

@ meet irreducible: m = p A g implies m € {p,q}
~~ there exists a unique edge (m, m*) ~ M(L)

o M-determined: for all (p,q) € £(L) exists a unique
m € M(L) such that (p,q) A (m, m*)

a
LA



e L = (L, <) .. (finite) lattice

@ meet irreducible: m = p A g implies m € {p,q}

~~ there exists a unique edge (m, m*) ~ M(L)
o M-determined: for all (p,q) € £(L) exists a unique

m € M(L) such that (p,q) A (m, m*)



e L = (L, <) .. (finite) lattice

@ meet irreducible: m = p A g implies m € {p,q}

~~ there exists a unique edge (m, m*) ~ M(L)
o M-determined: for all (p,q) € £(L) exists a unique

m € M(L) such that (p,q) A (m, m*)



e L = (L, <) .. (finite) lattice

@ meet irreducible: m = p A g implies m € {p,q}

~~ there exists a unique edge (m, m*) ~ M(L)
o M-determined: for all (p,q) € £(L) exists a unique

m € M(L) such that (p,q) A (m, m*)



e L = (L, <) .. (finite) lattice

@ meet irreducible: m = p A g implies m € {p,q}
~~ there exists a unique edge (m, m*) ~ M(L)

o M-determined: for all (p,q) € £(L) exists a unique
m € M(L) such that (p,q) A (m, m*)

AN



e L = (L, <) .. (finite) lattice

@ meet irreducible: m = p A g implies m € {p,q}

~~ there exists a unique edge (m, m*) ~ M(L)
o M-determined: for all (p,q) € £(L) exists a unique

m € M(L) such that (p,q) A (m, m*)



e L = (L, <) .. (finite) lattice

@ meet irreducible: m = p A g implies m € {p,q}
~~ there exists a unique edge (m, m*) ~ M(L)

o M-determined: for all (p,q) € £(L) exists a unique
m € M(L) such that (p,q) A (m, m*)
@ perspectivity labeling:
A EL) = M(L), (pgq)—m

such that (p,q) A (m, m*)



e L = (L, <) .. (finite) lattice

@ meet-semidistributive:

pAg=pAr implies pAg=pA(gVr)



e L = (L, <) .. (finite) lattice

@ meet-semidistributive:

pAg=pAr implies pAg=pA(gVr)

yes



e L = (L, <) .. (finite) lattice

@ meet-semidistributive:

pAg=pAr implies pAg=pA(gVr)

no



e L = (L, <) .. (finite) lattice

@ meet-semidistributive:

pAg=pAr implies pAg=pA(gVr)

no



e L = (L, <) .. (finite) lattice

@ meet-semidistributive:
pAg=pAr implies pAg=pA(gVr)

o if L is meet-semidistributive, then

ef
Mp,q) € max{r | g A1 =p}

is a perspectivity labeling

Proposition (2%, 2021)

Every meet-semidistributive lattice is M-determined.




e L = (L, <) .. (finite) lattice

@ meet-semidistributive:
pAg=pAr implies pAg=pA(gVr)

o if L is meet-semidistributive, then

ef
Mp,q) € max{r | g A1 =p}

is a perspectivity labeling

Conjecture (4%, 2021)

A lattice is M-determined if and only if it is meet semidistributive.







@ cost function on vertices




@ cost function on vertices




@ cost function on vertices




@ cost function on vertices




@ counterexample to lattice property by F. Santos



@ counterexample to lattice property by F. Santos



@ counterexample to lattice property by F. Santos



@ counterexample to lattice property by F. Santos



Question (%, 2021)

Let L be a lattice arising from an orientation of the line graph of a
polytope P. Is L always meet semidistributive?




o L= (L <). lattice;p € L; S C Succ(p)



o L=
= (L <
<) .. lattice;p € L; S
;S C Suc
c(p)

p—



o L= (L <). lattice;p € L; S C Succ(p)

P Suce(p) = {e,*}



o L= (L <). lattice;p € L; S C Succ(p)
® p1s def pVv\VS

def
e (p,S) = [p,prsl

Pro =P — Succ(p) = {», ¢}



o L= (L <). lattice;p € L; S C Succ(p)
® p1s def pVv\VS

def
e (p,S) = [p,prsl

Pr{e}—

P Suce(p) = {e,*}



o L= (L <). lattice;p € L; S C Succ(p)

® p1s def pVv\VS
def
e (p,S) = [p,prsl



o L= (L <). lattice;p € L; S C Succ(p)

® p1s def pVv\VS
def
e (p,S) = [p,prsl



o L= (L <). lattice;p € L; S C Succ(p)

e CP(L) def {(p,S) |lpeL,SC Succ(p)}

Succ(p) = {+,}



o L= (L <). lattice;p € L; S C Succ(p)
e CP(L) «f {(p,S) |lpelL,SC Succ(p)}
def

e dim(p,S) = |S|

Succ(p) = {+,}



o L= (L <). lattice;p € L; S C Succ(p)

e CP(L) def {(p,S) |lpeL,SC Succ(p)}

Proposition (2%, 2021)

If L is meet semidistributive, then the assignment (p,S) — (p,S)
is injective.




o L= (L <). lattice;p € L; S C Succ(p)

e CP(L) def {(p,S) |lpeL,SC Succ(p)}



o L= (L <). lattice;p € L; S C Succ(p)
e CP(L) = &f {(p,S) |lpeL,SC Succ(p)}

[o o]:< {o o}>



o L= (L <). lattice;p € L; S C Succ(p)
e CP(L) = &f {(p,S) |lpeL,SC Succ(p)}
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o L= (L <). lattice;p € L; S C Succ(p)
e CP(L) = &f {(p,S) |lpeL,SC Succ(p)}

[o o]:< {o o}>



o L= (L <). lattice;p € L; S C Succ(p)
e CP(L) = &f {(p,S) |lpeL,SC Succ(p)}

[oo]:< {ooo}>



o L= (L <). lattice;p € L; S C Succ(p)

e CP(L) def {(p,S) |lpeL,SC Succ(p)}

Can we define an “intersection” operation on intervals of a
meet-semidistributive lattice L that equips CP(L) with the
structure of a polytopal complex?




o L= (L <). lattice;p € L; S C Succ(p)

e CP(L) def {(p,S) |lpeL,SC Succ(p)}



o L= (L <). lattice;p € L; S C Succ(p)
e CP(L) «f {(p,S) |lpelL,SC Succ(p)}

not meet semidistributive
(p,S) — (p,S) injective
not upolytopallr












., Uy) such that
~> Bin(n)

1,1,1)
(1,1,0‘/\ lm)\

1
\
(0,1,0 0,0,1)
(1,0,0
\
(0.0.0

@ binary tuple: integer tuple (uy, uy, . .
@ U; € {0,1}

:o/

-
-



@ binary tuple: integer tuple (u1,uy, ..., u,) such that

o u; €{0,1} ~ Bin(n)
@ Boolean lattice:
def .
Bool(n) = (Bin(1), <comp) -

:o/

-
-

(1,1,0 1,0,1)
(0,1,0 0,0,1)

(1,0,0

(0,0,0



., Uy) such that
~> Bin(n)

@ binary tuple: integer tuple (uy, uy, . .
@ U; € {0,1}

@ Boolean lattice:
Bool(1) ¥ (Bin(1), <comp)

Theorem (Folklore)

For n > 0, Hoch(n) is meet semidistributive.




1,1,1)

CLO(Bool(3))
1,1,1) (1,1,0 1,0,1)
(0,1,1)/(1,(|],1)\(1,1,0) \(0,1,0 \0,0,1)
(0,(|J, 1)><(0,1,0)><(1,(|),0) (1,0,0 /



Theorem (%, 2019)

CLO(Bool(3))

g

Forn > 0, CLO(Bool(n)) is isomorphic to Bool(n).
(

(1,1,1)

(1,0,1)

0,1,0)

N

)
\,|,/(1,0,0) (1,0,0\ /
(0,0,0) (0,00

1,1,1)

/

0,1,1

1,0,1)

N

1,1,

Va




Theorem (%, 2019)
Forn > 0, CLO(Bool(n)) is isomorphic to Bool(n).

1,1,1)
0,1,1)
Bool(3)
(1,1,1) (1,1,0 1,0,1)

I N N

0,1,1) (1,0,1) (1,1,0) 0,1,0 0,0,1)
(0,(|J, 1)><(O,1,0)><(1,0,0) (1,0,0 /
\(0,0,0)/ \(0,0,0

/




@ mark edges if perspective to atoms

Theorem (%, 2020)

For n > 0, we have
FBooI(n) (X,y) = (x+y+1)n,

HBooI(n) (x/y) = (xy+1)n,
MBooI(n) (X,y) = (xy_y+1)n'




o mark all edges

Theorem (%, 2020)

For n > 0, we have
FBooI(n) (X,y) = (x+y+1)n,

HBooI(n) (x/y) = (xy+1)n,
MBooI(n) (X,y) = (xy_y+1)n'




o chain poset: Chain(n) & ([n], <)

@ letL(ny,ny, ..., ng) = def H Chain(n;)
i=1



For n > 0, we have

@ chain poset: Chain(n

° let L(nl/ np,...

k
FL(Vll,I’lz,...,nk) (X,y) = H
=1

Theorem (@/ 2020)




o chain poset: Chain(n) & ([n], <)

e L(2,2,...,2) = Bool(k)

|

Corollary (%, 2020)

For n > 0, we have L
Frop,.2)(xy) = ]—[(X+y+1>,
i=1
k
Hypp, 2)(%y) = H(xy+1>,
i=1
k
Myp,...2) (xy) = H(xy—y—i-l).
i=1







(0,2,0)—(1, 2;0
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@ triword: integer tuple (uy,uy, ..., u,) such that
@ U; € {0, 1,2}
o Uy 7é 2

o u; = 0implies u; # 1forallj > i

1,21 1,
(1,2,0 1,1,1 ,0,2)
(1,1,0  (0,2,0

0,0,2
(1,0,0

~> Tri(n)

)

(0,0,0



@ triword: integer tuple (uy,uy, ..., u,) such that
@ U; € {0, 1,2}
o U £2
o u; = 0implies u; # 1forallj > i
@ Hochschild lattice:
Hoch(n) & (Tri(n), <comp)

~> Tri(n)



., Uy) such that

@ triword: integer tuple (uy, uy, . .
@ U; € {0, 1,2}
o U £2
o u; = 0implies u; # 1forallj > i
@ Hochschild lattice:
Hoch(n) & (Tri(n), <comp)

~> Tri(n)

Theorem (C. Combe, 2020)

For n > 0, Hoch(n) is meet semidistributive.




CLO(Hoch(3))

(1,2,2) (1,2,0

N

(1,0,2) (0,2,2) (1,1,2) (1,2,1) (1,2,0) (1,1,0

(0,2,0 0,0,2)

(0,0,2) (1,1,1) (1,0,0) (0,2,0) (1,1,0) (1,0,0

N

(0,0,0) (0,0,0

/XN
¥_/



Theorem (%, 2020)
Forn > 0, CLO(Hoch(n)) is isomorphic to Shuf(n—1,1).

1,2,2)

(1,2,2) (1,2,0

0,0,2) (1,1,1) (1,0,0) (0,2,0) (1,1,0) (1,0,0

N

(0,0,0) (0,00




Theorem (%, 2020)
Forn > 0, CLO(Hoch(n)) is isomorphic to Shuf(n—1,1).

Shuf(2,1)




@ mark edges if perspective to atoms

Theorem (%, 2020)

For n > 0, we have

Friocn(n) (X, y) = (x+y+1)""2 (na® +2xy+ (n+1)x+(y+1)?),
Hyoch(n) (%, y) = (xy+1)""2 (P> +2xy+(n—1)x+1),
Mhiocn(n) (%, y) = (y—y+1)""2

X ((n—|—1)((x—l)y—xyz)—|—(n+x2)y2—|—1)).

v
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., Uy) such that
~> Brac(n)

@ bracket vector: integer tuple (u1,uy, ..
o u; €{0,1,...,n—i}
o uy; <u;—jforallje {0,1,...,u}

(3,2,1,0)

N

(3,2,0,0) (3,0,1,0)

(0,2,1,0) (3,1,0,0)



@ bracket vector: integer tuple (u1, 12, ..., u,) such that

o u; €{0,1,...,n—1i} ~> Brac(n)
o uy; <u;—jforallje {0,1,...,u}
@ Tamari lattdicfe:
Tam(n) = (Brac(n),gcomp) (B,TK
/,z,o,m 3410
(0,2,1,0) (3,1,0,0)

=\




.., Uy) such that
~> Brac(n)

@ bracket vector: integer tuple (11,12, .
o u; €{0,1,...,n—i}
o uy; <u;—jforallje {0,1,...,u}

@ Tamari lattdicfe:
Tam(n) = (Brac(n)/ Scomp)

Theorem (A. Urquhart, 1978)

Forn > 0, Tam(n) is meet semidistributive.




(3,2,1,0)

(3,2,|0>0,1,0)
CLO(Tam(4))

(0,2,1,0) (3,1,0,0)




Theorem (N. Reading, 2011)

Forn > 0, CLO(Tam(n)) is isomorphic to Nonc(n).

(3,2,1,0)

(3,2,|0>0,1,0)
CLO(Tam(4))

(0,2,1,0) (3,1,0,0)




Theorem (N. Reading, 2011)

Forn > 0, CLO(Tam(n)) is isomorphic to Nonc(n).

(3,2,1,0)
(3,2,|0>0,1,0)
Nonc(4)
(0,2,1,0) (3,1,0,0)
//Z \\ | s \
(2,1,0,0)
134)2. 1]234_ 123]4_ 1342 14[23 12[34  (0,2,0,0) (0,0,1,0) \ (3,0,0,0)
(z,o,o,o)/
13[24 124&423 123/23|4 1234  (0,1,0,0 /
\\ / / \ 51

112|314 (0,0,0,0)
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