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o we S,
@ descent: (i,j) such thati < jand w(i) = w(j) + 1

@ (w,231)-pattern: a triple (i,7,k) withi < j < kin
different a-regions such that w(i) < w(j) and (i,k) is a
descent

@ (w,231)-avoiding: does not have an (&, 231)-pattern
~ ©,(231)
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@ « composition of n

@ n-partition: a set partition of 7, where a block intersects
an a-region in at most one element

@ bump: two consecutive elements in a block
@ diagram: graphical representation of a-partitions

@ noncrossing: no bumps cross in the diagram  ~~» NC,
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o weE B,

@ inversion: (7,j) such thati < jand w(i) > w(j)
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o weE G,

@ inversion: (7,j) such thati < jand w(i) > w(j)
o (left) weak order: w <; @' if and only if
Inv(w) C Inv(w')

@ parabolic Tamari lattice: 7, def (64(231),<1)

Theorem (¢, N. Williams; 2015)

For every integer composition w, the poset T, is a quotient lattice
Of(sz; SL)
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@ valley: coordinate preceded by E and followed by N

@ rotation at valley: exchange east step with subpath
subject to a distance condition ~ <y

@ v,-Tamari lattice: 7, def (Da, <4)
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o uecD,

@ valley: coordinate preceded by E and followed by N

@ rotation at valley: exchange east step with subpath
subject to a distance condition ~ <y

@ v,-Tamari lattice: 7, def (Da, <4)

Theorem (L.-E. Préville-Ratelle, X. Viennot; 2017)

For every integer composition w, the poset Ty, is a lattice.




o uecD,

@ valley: coordinate preceded by E and followed by N

@ rotation at valley: exchange east step with subpath
subject to a distance condition ~ <y

@ v,-Tamari lattice: 7, def (Da, <4)

Theorem (L.-E. Préville-Ratelle, X. Viennot; 2017)

For every integer composition w, the poset Ty, is a lattice.

Holds for arbitrary Dyck paths v.
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For every integer composition w, the lattices T, and T, are
isomorphic.

N/ N/ NSNS
2-\/1-

N/
1234 4



e PP cIIl,

@ (dual) refinement: every block of P is contained in
some block of P’ ~ < dref
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e PP cIIl,

@ (dual) refinement: every block of P is contained in
some block of P’ ~ < dref

@ noncrossing a-partition poset: NC, def (NCa, <dref)

Theorem (¢; 2018)

For every integer composition , the poset NC, is a ranked
meet-semilattice, where the rank of an a-partition is given by the
number of bumps.




e PP cIIl,

@ (dual) refinement: every block of P is contained in
some block of P’ ~ < dref

@ noncrossing a-partition poset: NC, def (NCa, <dref)

Theorem (¢; 2018)

For every integer composition , the poset NC, is a ranked
meet-semilattice, where the rank of an a-partition is given by the
number of bumps.

NC, is a lattice if and only if « = (n) ora = (1,1,...,1).




o L = (L, <) finite lattice; A edge-labeling
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o L = (L, <) finite lattice; A edge-labeling; x € L

def
@ nucleus: x| = Ay
yeLy<x
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@ nucleus: x| = Ay
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def
o nucleus:x; = A y
yeLy<x
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o L = (L, <) finite lattice; A edge-labeling; x € L

def
@ nucleus: x| = Ay
yeLy<x

@ core: interval [x|, x|

o core labels: ¥, (x) & {A(w,v) | x) <u<ov<x}




o L = (L, <) finite lattice; A edge-labeling; x € L

def
@ nucleus: x| = Ay
yeLy<x

@ core: interval [x|, x|

o core labels: ¥, (x) & {A(w,v) | x) <u<ov<x}

Y,(x) ={3,4,5}




o L = (L, <) finite lattice; A edge-labeling; x € L

o core label order: x C y if and only if ¥ (x) C ¥, (y)
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o L = (L, <) finite lattice; A edge-labeling; x € L

o core label order: x C y if and only if ¥ (x) C ¥, (y)

o CLO,(£) ¥ (L,C)

T

A
vl
%

sﬁ}/s 2/0

v

PraN

S




o L = (L, <) finite lattice; A edge-labeling; x € L

o core label order: x C y if and only if ¥ (x) C ¥, (y)

e CLO, (,C) d=ef (L, E) (requires that x — ¥, (x) is injective)
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o L = (L, <) finite lattice; A edge-labeling; x € L

o core label order: x C y if and only if ¥ (x) C ¥, (y)

e CLO, (,C) d=ef (L, E) (requires that x — ¥, (x) is injective)

A
e {1,2,3,5} (3,45}

53 45 2/( /\ \K}\
yedt! {2,4} {3,4} {4,5} {3,5}

% /N X X

o (1} {2} {4 {3 {5
%5// RS

Q=




@ A, label w < w' by the unique descent of w' that is not
an inversion of w

o w— ¥, (w) is injective on &,(231)



@ A, label w < w' by the unique descent of w' that is not
an inversion of w

o w— ¥, (w) is injective on &,(231)

4-
4- 3-

=\ /\

3124 2143 1342
N/ N/
2134 1243

N/
1234

a=(1,2,1)



@ A, label w < w' by the unique descent of w' that is not
an inversion of w

o w— ¥, (w) is injective on &,(231)

4231

2d 1y

4132 3241

@4

4123 a9 (2,4 BQ

1)

3124 2143 1342

w3 eh 1y ed

2134 1243

12 6o

1234

a=(1,2,1)



@ A, label w < w' by the unique descent of w' that is not
an inversion of w

o w— ¥, (w) is injective on &,(231)

4231
edh 43 a=(1,21)
4132 3241
@4 \
4123 03 eh a2 {(1,2),3,4)} {(1,3), 3,49} {(1,2),(24)} {(1,3), (2,4)}
(1,4)
3124 2143 1342 / MN\
by od ay ed 2y (Ge)  {(aer {@e) {13}

2134 1243
12 G4

1234 %)

/



@ A, label w < w' by the unique descent of w' that is not
an inversion of w

o w— ¥, (w) is injective on &,(231)

4231
eh 1y =121
4132 3241
@4
4123 a3y ey 02 v wwes Qe
VAR A
3124 2143 1342
w3y GH (12 ed Avee s W T e oo aeNw e

a1 ~ ]

1234 ese e



@ A, label w < w' by the unique descent of w' that is not
an inversion of w

o w— ¥, (w) is injective on G,(231)

Theorem (¢; 2018)

Let a be an integer composition of n. We have
CLO,, (Ta) 2 NC, ifand only if &« = (a,1,1,...,1,b) for some
a,b>0.




@ A, label w < w' by the unique descent of w' that is not
an inversion of w

o w— ¥, (w) is injective on &,(231)

4231
eh 1y =121
4132 3241
@4
4123 a3y ey 02 v wwes Qe
VAR A
3124 2143 1342
w3y GH (12 ed Avee s W T e oo aeNw e

a1 ~ ]

1234 ese e



@ A, label w < w' by the unique descent of w' that is not
an inversion of w

o w— ¥, (w) is injective on &,(231)

4231
eh 1y =121
4132 3241
@4
4123 a3y ey 02 v wwes Qe
RV N & WA
3124 2143 1342
w3y GH (12 ed Avee s W T e oo aeNw e

a1 ~ ]

1234 ese e



@ &(y def (t,1,1,...,1) composition of n



@ &(y def (t,1,1,...,1) composition of n

@ a(,)-Dyck paths are essentially Ballot paths

i

«=(61,1,1,1,1,1)




o D‘(nt) d_ef (t 1 1

., 1) composition of n
@ «(,-Dyck paths are essentially Ballot paths

Theorem (¢; 2018)
Forn > 0and 1 < t < n, the common cardmalzty of the sets

Sa,,, (231), NCu,,, Da,,y, and Ta,,

def t+1 [2n—t
Cat(aus)) = n—+1(n—t)'




@ &(y def (t,1,1,...,1) composition of n

@ a(,)-Dyck paths are essentially Ballot paths

Theorem (¢; 2018)

Forn > 0and 1 <t < n, the number of noncrossing
& () -partitions with exactly k bumps is

B -G




@ &(y def (t,1,1,...,1) composition of n

@ a(,)-Dyck paths are essentially Ballot paths

Theorem (¢; 2018)

Forn > 0and 1 < t < n, we have CLO(’Y;W)) = NCMM).




@ &(y def (t,1,1,...,1) composition of n
@ a(,)-Dyck paths are essentially Ballot paths

@ zeta polynomial: evaluation at g + 1 counts
g-multichains



@ &(y def (t,1,1,...,1) composition of n
@ a(,)-Dyck paths are essentially Ballot paths

@ zeta polynomial: evaluation at g + 1 counts
g-multichains

Theorem (C. Krattenthaler; 2019)
Forn > 0and 1 <t < n, the zeta polynomial of NCy,, is

tg—1)+1 (ng—t
ZNCW)(L]):M( q )

nig—1)+1\n—t




@ &(y def (t,1,1,...,1) composition of n
@ a(,)-Dyck paths are essentially Ballot paths

@ zeta polynomial: evaluation at g + 1 counts
g-multichains

Theorem (C. Krattenthaler; 2019)

Forn > 0and 1 <t < n, the number of maximal chains in
NC,XW) is tn"—t-1,




e Chapoton Triangles in Parabolic Cataland
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o uecD,

@ peak: coordinate preceded by N and followed by E
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o uecD,

@ peak: coordinate preceded by N and followed by E

a=(1,3,1,2,4,31)

peak =8




o uecD,

@ peak: coordinate preceded by N and followed by E

@ bounce peak: common peak of y and v,

a=(1,3,1,2,4,31)

peak =8




o uecD,

@ peak: coordinate preceded by N and followed by E

@ bounce peak: common peak of y and v,
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peak =8




o uecD,

@ peak: coordinate preceded by N and followed by E

@ bounce peak: common peak of y and v,

a=(1,3,1,2,4,31)

peak =8
bouncepeak = 2




o uecD,

@ peak: coordinate preceded by N and followed by E
@ bounce peak: common peak of y and v,

@ base peak: peak at distance 1 from v,

a=(1,3,1,2,4,31)

peak =8
bouncepeak = 2




o uecD,

@ peak: coordinate preceded by N and followed by E
@ bounce peak: common peak of y and v,

@ base peak: peak at distance 1 from v,

a=(1,3,1,2,4,31)

peak =8
bouncepeak = 2




o uecD,

@ peak: coordinate preceded by N and followed by E
@ bounce peak: common peak of y and v,

@ base peak: peak at distance 1 from v,

a=(1,3,1,2,4,31)

peak =8
bouncepeak = 2
basepeak =1




o uecD,

@ peak: coordinate preceded by N and followed by E
@ bounce peak: common peak of y and v,
@ base peak: peak at distance 1 from v,

@ H-triangle:
H, (S, t) def Z Speak(y)—bouncepeak(y)tbasepeak(y)

UED,
a=(1,3,1,2,4,31)

peak =8
bouncepeak = 2
basepeak =1





































x=(1,21)

H ) (s,t) = 2 4252t 4+ 52 + 25t + 35+ 1
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a=(1,3,1,2,4,3,1)

S O A



e P e NC,

@ bump: number of bumps of P

a=(1,3,1,2,4,3,1)
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e P e NC,

@ bump: number of bumps of P

a=(1,3,1,2,4,3,1)

bump =7

S O A



e P e NC,

@ bump: number of bumps of P
@ upc,: Mobius function of NC,

a=(1,3,1,2,4,3,1)

bump =7

S O A



e P e NC,

@ bump: number of bumps of P
@ upc,: Mobius function of NC,

@ M-triangle:
M, (S, f) d:ef Z e (P, P/)Sbump(P’)tbump(P)
P,P’eNC,

a=(1,3,1,2,4,3,1)

bump =7

S O A









a=(1,2,1)

M(l,Z,l) (S, t) =1 + Sst



a=(1,2,1)

M(l,Z,l) (S, t) =1 + Sst —+ 4Szt2



a=(1,2,1)

M11)(s, ) = 1+ 5st + 45*t> — 55



a=(1,21)

M) (s,t) =1+ 5st + 45212 — 55 — 1082t



a=(1,2,1)

M11)(s,t) = 1+ Bst + 452> — 5s — 105t + 65



x=(1,21)

M(1,2,1) (s,t) = 45242 — 1082t + 652 + 55t — 55 + 1



@ H-triangle:
Ha(S/ i’) d:ef Z Speak(y)—bouncepeak(y)tbasepeak(y)
ueD,
@ M-triangle:
Ma(s,) = Y e, (B, P)sPmp (P oume(®)
P,P'eNC,



@ H-triangle:
H(X(S/ t) d:ef Z Speak(y)—bouncepeak(y)tbasepeak(y)
ueD,
@ M-triangle:
Mi(s,t) < Y- i, (B, F)s>emp ) ume(t)
P,P'eNC,

Conjecture (; 2018)

The following equation holds if and only if « has r parts, where
either the first or the last may exceed 1:

H“(S,t) _ (S(t—l) +1)T_1Ma ( S(t—l) t >

(s(t—1)+1"t—1




@ H-triangle:
H, (S, t) d:ef Z Speak(y)—bouncepeak(y)tbasepeak(y)

ueD,
@ M-triangle:

My(s, ) & Y pag, (P, P/)sbump(P) jpump(P)
P,P'eNC,

Conjecture (; 2018)

The following equation holds if and only if « has r parts, where
either the first or the last may exceed 1:

H“(S,t) _ (S(t—l) +1)T_1Ma ( S(t—l) t >

(s(t—1)+1"t—1

Ifa = (1,1,...,1), then this is a theorem.



@ H-triangle:
H, (S, i’) d:ef Z Speak(y)—bouncepeak(y)tbasepeak(y)
ueD,
° M-triangle:d ) ,
M, (S, t) 1 Z HCLO(TL) (P, P/)Sbump(P )tbump(P)
P,P'eNC,



@ H-triangle:
H, (S, t) d:ef Z Speak(y)—bouncepeak(y)tbasepeak(y)
ueD,
° M-trianglezd .
Ma(s,t) = Y pcror) (P, P/)s?ump(F) foump(P)
P,P'eNC,

Conjecture (; 2018)

The following equation holds if and only if « has r parts, of which
at most one exceeds 1:

HAaﬂ:(ﬂr—n+4y”ph( s(t—=1) ¢ >.

(s(t—1)+1"t—1




@ H-triangle:
H, (S, t) d:ef Z Speak(y)—bouncepeak(y)tbasepeak(y)
ueD,
° M-trianglezd .
Ma(s,t) = Y pcror) (P, P/)s?ump(F) foump(P)
P,P'eNC,

Conjecture (; 2018)

The following rational function is a polynomial with positive
integer coefficients if and only if a has r parts, of which at most
one exceeds 1:

Fu(s,t) &5 1H, (

s+1 t+1
s 's+1)°




@ H-triangle:
H, (S, t) d:ef Z Speak(y)—bouncepeak(y)tbasepeak(y)
ueD,
° M-trianglezd .
Ma(s,t) = Y pcror) (P, P/)s?ump(F) foump(P)
P,P'eNC,

Conjecture (; 2018)

The following rational function is a polynomial with positive
integer coefficients if and only if a has r parts, of which at most
one exceeds 1:

Fu(s, 1) def s H, (

s+1 t+1
s 's+1/°

Ifa = (1,1,...,1), then this is a theorem.



@ H-triangle:
H, (S, i’) d:ef 2 Speak(y)—bouncepeak(y)tbasepeak(y)
ueD,
° M—triangle:d .
Ma(s,t) = ) pcrogr) (P, P/)sPamp(F) foump(®)
P,P'eNC,

Which family of combinatorial objects realizes F,? What are the
statistics?







x=(1,21)

H ) (s,t) = 2 4252t 4+ 52 + 25t + 35+ 1



a=(1,2,1)
H ) (s,t) = 2 4252t 4+ 52 + 25t + 35+ 1

M1 (s,t) = 45*> — 952t + 557 4 5st — 55 + 1



a=(1,2,1)
H ) (s,t) = 2 4252t 4+ 52 + 25t + 35+ 1

M1 (s,t) = 45*> — 952t + 557 4 5st — 55 + 1

F(l,Z,l) (S/ t) - 552 + 4st + tz +9s+4t+4






a=(2,2)

Hppp)(s,t) = s2+st+3s+1



a=(2,2)
Hppp)(s,t) = §2 4+ st+3s+1

My0)(s,t) = s21% — 282t + 57 4 4st —4s + 1



a=(2,2)
Hppp)(s,t) = §2 4+ st+3s+1

My0)(s,t) = s21% — 282t + 57 4 4st —4s + 1

5% +-st+6s+1
F(2,2)(s,t) = %



Thank You.
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@ &= (ay,a2,...,4): composition of n
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@ &,: symmetric group of degree n
@ &= (ay,a2,...,4): composition of n
o lets; d:efoq—i-uc2+---+zxi
@ a-region: aset{s;+1,s;+2,...,8141}
@ parabolic quotient:
cEwes, |wk) <wk+1)
forallk & {s1,52,...,5-1}}



@ &,: symmetric group of degree n
@ &= (ay,a2,...,4): composition of n
o lets; d:efoq—i-uc2+---+ai

@ a-region: aset{s;+1,s;+2,...,8141}

@ parabolic quotient:
def

Sy = {we &, |wk) <wk+1)
forallk ¢ {s1,s2,...,5-1}}
1234 1243 1324 1342 1423 1432
n=4 2134 2143 2314 2341 2413 2431

3124 3142 3214 3241 3412 3421
4123 4132 4213 4231 4312 4321



@ &,: symmetric group of degree n
@ &= (ay,a2,...,4): composition of n
o lets; d:efoq—i-uc2+---+ai

@ a-region: aset{s;+1,s;+2,...,8141}

@ parabolic quotient:
def

&y = {we &, | wik) <w(k+1)
forallk ¢ {s1,s2,...,5-1}}
1234 1243 1324 1382 1428 1432
n=4 2134 2143 2314 2341 2413 2431
a=(1,21) 3124 3142 3214 3241 3412 3421

4123 4132 4213 4231 4312 4321



@ &,: symmetric group of degree n

@ &= (ay,a2,...,4): composition of n

° letsid:Efocl—i-uc2+---+oci

@ a-region: aset{s;+1,s;+2,...,8141}

@ parabolic quotient:

s, &
1234
= 2134
«=(1,21)
3124
4123

1243
2143
3142
4132

{we &, | wk) <wk+1)

forallk ¢ {si1,s2,... ,sr,l}}



@ P = (P, <) finite poset
@ Mobius function: the map pp: P x P — Z given by

1, ifx=y,
up(xr,y) ={ = L pp(x2), ifx<y,

x<z<y
0, otherwise



@ P = (P, <) finite poset

@ Mobius function: the map pp: P x P — Z given by

1/ lf X = y,
() = { = 5 () ifx<y
0, otherwise

Theorem (G.-C. Rota; 1964)

Let P = (P, <) be a finite poset, and let f,g: P x P — Z. It
holds f(y) = Y.<y 8(x) if and only if g(y) = Lx<y (X) 1 (%, Y)-




@ P = (P, <) finite bounded poset; 0,1 least/ greatest
element
@ Mobius function: the map pp: P x P — Z given by

1/ lf X = y,
() =4 = 5 () ifx<y
0, otherwise

Theorem (P. Hall; 1936)

Let P = (P, <) be a finite bounded poset. The reduced Euler
characteristic of the order complex of (P \ {0,1}, <) equals

1p(0,1) up to sign.




o L = (L, <) finite lattice

@ join irreducible: j € L such thatj = x V y implies

je vyl ~ J(£)
@ meet irreducible: m € L such that m = x Ay implies
me {x,y} ~ M(L)

@ length: maximal length of a chain ~L(L)



o L = (L, <) finite lattice

o extremal: |7 (L)| = 4(L) = |M(L)]

[ T(£)] =4
|IM(L)] =4
0L)=3



o L = (L, <) finite lattice

o extremal: |7 (L)| = 4(L) = |M(L)]

|T(£)] =3
|IM(L)] =3
0L)=3



o L = (L, <) finite lattice

o extremal: |7 (L)| = 4(L) = |M(L)]
[+) CZX0<JC1<"'<X[(E)
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@ sort irreducibles such that

JIVRV Vg = X = My Atgp A= Ay gy



o L = (L, <) finite lattice

o extremal: |7 (L)| = 4(L) = |M(L)]
[+) CZX0<JC1<"'<X[(L)
@ sort irreducibles such that
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o L = (L, <) finite lattice
o extremal: |7 (L)| = 4(L) = |M(L)]
[+) CZX0<JC1<"'<X[(L)

@ sort irreducibles such that

JIVRV Vg = X = My Atgp A= Ay gy



o L = (L, <) finite lattice

@ Galois graph: directed graph on {1,2,
i — kif and only if i # k and j; £ my

.. (L)} with
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o L = (L, <) finite lattice
@ Galois graph: directed graph on {1,2,...,¢(L)} with
i — kif and only if i # k and j; £ my

@ orthogonal pair: (X,Y) such that XN'Y = @ and no
arrows from X to Y



o L = (L, <) finite lattice

@ Galois graph: directed graph on {1,2,...,¢(L)} with
i — kif and only if i # k and j; £ my

@ orthogonal pair: (X,Y) such that XN'Y = @ and no
arrows from X to Y

@ order: (X,Y) C (X, Y') ifand only if X C X’



o L = (L, <) finite lattice

@ Galois graph: directed graph on {1,2,...,¢(L)} with
i — kif and only if i # k and j; £ my

@ orthogonal pair: (X,Y) such that XN'Y = @ and no
arrows from X to Y

@ order: (X,Y) C (X, Y') ifand only if X C X’

Theorem (G. Markowsky; 1992)

Every finite extremal lattice is isomorphic to the lattice of
maximal orthogonal pairs of its Galois graph.




o L = (L, <) finite lattice

@ Galois graph: directed graph on {1,2,...,¢(L)} with
i — kif and only if i # k and j; £ my

@ orthogonal pair: (X,Y) such that XN'Y = @ and no
arrows from X to Y

@ order: (X,Y) C (X, Y') ifand only if X C X’



o L = (L, <) finite lattice

@ Galois graph: directed graph on {1,2,...,¢(L)} with
i — kif and only if i # k and j; £ my

@ orthogonal pair: (X,Y) such that XN'Y = @ and no
arrows from X to Y

@ order: (X,Y) C (X, Y') ifand only if X C X’

>
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o L = (L, <) finite lattice

@ Galois graph: directed graph on {1,2,...,¢(L)} with
i — kif and only if i # k and j; £ my

@ orthogonal pair: (X,Y) such that XN'Y = @ and no
arrows from X to Y

@ order: (X,Y) C (X, Y') ifand only if X C X’

N

(1,23) 1

(—,123)



o L = (L, <) finite lattice

@ Galois graph: directed graph on {1,2,...,¢(L)} with
i — kif and only if i # k and j; £ my

@ orthogonal pair: (X,Y) such that XN'Y = @ and no
arrows from X to Y

@ order: (X,Y) C (X, Y') ifand only if X C X’



o L = (L, <) finite lattice

@ Galois graph: directed graph on {1,2,...,¢(L)} with
i — kif and only if i # k and j; £ my

@ orthogonal pair: (X,Y) such that XN'Y = @ and no
arrows from X to Y

@ order: (X,Y) C (X, Y') ifand only if X C X’

A

(12,3 2 e
(3,1) l .
123) 1

(—,123)



o L = (L, <) finite lattice

@ Galois graph: directed graph on {1,2,...,¢(L)} with
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