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@ Chapoton’s F- and H-Triangle
© A Dyck Path Perspective
© F = H for Posets

@ Schroder Paths



@ Chapoton’s F- and H-Triangle



@ cluster complex: faces are pairwise noncrossing
diagonals of regular (1 + 3)-gon ~» Clus(n)
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@ cluster complex: faces are pairwise noncrossing
diagonals of regular (1 + 3)-gon ~» Clus(n)

@ two statistics pos and neg control two types of vertices

@ F-triangle: F,(x,y) def E xPOS(F)yneg(F)
FeClus(n)

Fs(x,y) = 523+5x2y+3xy?+1°

7 +10x2+8xy+3y2 +-6x+3y+1
-7/
1
)



e root poset: triangular poset with ("}') elements
~+ Root(n)
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e root poset: triangular poset with ("}') elements
~ Root(n)

@ enumerate antichains in Root(n) ~~ Anti(n)

@ statistic min controls number of minimal elements
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e root poset: triangular poset with ("}') elements
~ Root(n)

@ enumerate antichains in Root(n) ~~ Anti(n)

@ statistic min controls number of minimal elements




e root poset: triangular poset with ("}') elements
~ Root(n)

@ enumerate antichains in Root(n) ~~ Anti(n)
@ statistic min controls number of minimal elements

@ H-triangle: ﬁn(x,y) def Z x|A|ymin(A)
A€Anti(n)




e root poset: triangular poset with ("}') elements
~ Root(n)

@ enumerate antichains in Root(n) ~~ Anti(n)
@ statistic min controls number of minimal elements
o H-triangle: H,(x,y) & Yoo alAlymin(4)

A€Anti(n)
(14)
(13) (24) HAs(xy) = PP +322+22%

+x2+3xy+3x+1
12 23 218




Conjecture (F. Chapoton, 2006)




Conjecture (D. Armstrong, 2009)




Theorem (M. Thiel, 2014)




Theorem (M. Thiel, 2014)

Form,n > 0,
(m) _oagym) (x+1 y+1
S e = & ( e Pl )

~+ analytic/inductive proof



© A Dyck Path Perspective



@ Dyck path: northeast path from (0,0) to (1, n) weakly
above the diagonal ~~ Dyck(n)
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@ Dyck path: northeast path from (0,0) to (1, n) weakly
above the diagonal ~~ Dyck(n)

@ A € Anti(n) corresponds to valleys of i € Dyck(n)

@ minimal elements contained in A correspond to returns

Forn > 1,

ﬁn(x,y): Z xval(u)yret(y)_

u€Dyck(n)




@ let v be any northeast path from (0,0) to (m,n)
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@ let v be any northeast path from (0,0) to (m,n)
o v-Dyck path: northeast path from (0,0) to (m,n)
weakly above v ~+ Dyck(v)

o define: H,(x,y) def Z xva|(]4)yret(y)

u€Dyck(v)



@ define an F-triangle through Chapoton’s transformation

o degree: deg(v) & max{val(y): u € Dyck(v)}

e e x+1 +1
Fu(x,y) &f xd g(V)HV ( X ’z—i-l)




@ define an F-triangle through Chapoton’s transformation

o degree: deg(v) & max{val(y): u € Dyck(v)}

e e x+1 +1
Fu(x,y) &f xd g(V)HV ( X ’z—i-l)

g Z xdeg(V)—VEﬂ(]/l) (x + 1)Va|(.u)_r8t(y) (y + ]_)ret(l’l)
ueDyck(v)




@ define an F-triangle through Chapoton’s transformation

o degree: deg(v) & max{val(y): u € Dyck(v)}

F ) & sty (21,00
X x+
— Z xdeg(v)—val(y)(x+—l)val(//)fret(g/)(y_k1)ret(y)

ueDyck(v)

~+ summing subsets of non-return valleys/returns of



@ define an F-triangle through Chapoton’s transformation

o degree: deg(v) & max{val(y): u € Dyck(v)}

Foxy) def eV 3y (x-l—l y+1>

x ‘x+1

— Z xdeg(v)—val(y)(x + —l)val(//)fret(g/)(y + 1)ret(y)
ueDyck(v)

~+ summing subsets of valleys of u



@ v-associahedron:
Asso(v) & {(4,V): u € Dyck(v), V subset of valleys of u}
o dim Asso(v) = deg(v), dim(y, V) = |V|

@ partition V = V; W V5 into non-returns and returns

Theorem (C. Ceballos, A. Padrol & C. Sarmiento, 2019)

For any northeast path v, Asso(v) is a polytopal complex.




@ v-associahedron:
Asso(v) & {(4,V): u € Dyck(v), V subset of valleys of u}
o dim Asso(v) = deg(v), dim(y, V) = |V|

@ partition V = V; W V5 into non-returns and returns

]'_v(x/y) — 2 xdeg(v)—val(y)(er 1)va|(;z) ret(u) (y+1)ret(;1)
u€Dyck(v)



@ v-associahedron:

Asso(v) & {(4,V): u € Dyck(v), V subset of valleys of u}
o dim Asso(v) = deg(v), dim(y, V) = |V|
@ partition V = V; W V5 into non-returns and returns

fv(x, y) = 2 xdeg(‘/)—val(#) (x Jr 1)\/3'(}[) ret(i‘ll) (y + 1)ret(‘u)
u€Dyck(v)
_ Z xdeg(v)—val(y)xval(y)—ret(y)—|\/1|yret(y)—|vz|

(u,V)€Asso(v)
V=ViyV,



@ v-associahedron:

Asso(v) & {(4,V): u € Dyck(v), V subset of valleys of u}
o dim Asso(v) = deg(v), dim(y, V) = |V|
@ partition V = V; W V5 into non-returns and returns

]'_v(x/y) _ 2 xdeg(v)—val(y)(er 1)va|(;z) ret(u) (y+1)ret(;1)
u€Dyck(v)
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@ v-associahedron:

Asso(v) & {(4,V): u € Dyck(v), V subset of valleys of u}
o dim Asso(v) = deg(v), dim(y, V) = |V|
@ partition V = V; W V5 into non-returns and returns

]:-V(xl y) — 2 xdeg(v)—val(y)(x + 1)va|(;1) ret(u) (y + 1)ret(‘u)
u€Dyck(v)
— Z xdeg(v)—ret(ﬂ)+|vzl—(|\/1|+|V2|)yret(ﬂ)—\V2|

(u,V)€Asso(v)
V=ViyV,



@ v-associahedron:

Asso(v) & {(4,V): u € Dyck(v), V subset of valleys of u}
o dim Asso(v) = deg(v), dim(y, V) = |V|
@ partition V = V; W V5 into non-returns and returns

]'_v(x/y) — 2 xdeg(v)—val(y)(er 1)va|(;z) ret(u) (y+1)ret(;1)
u€Dyck(v)
_ Z xcodim(y,V)—(ret(],l)—|V2|)yret(;4)—|\/2|

(u,V)€Asso(v)
V=ViyV,



@ v-associahedron:

Asso(v) & {(4,V): u € Dyck(v), V subset of valleys of u}
o dim Asso(v) = deg(v), dim(y, V) = |V|
@ partition V = V; W V5 into non-returns and returns

]'_v(x/y) — 2 xdeg(v)—val(y)(er 1)va|(;z) ret(u) (y+1)ret(;1)
u€Dyck(v)
_ Z xcodim(y,V)—(ret(],l)—|V2|)yret(;4)—|\/2|

(u,V)€Asso(v)
V=ViyV,

— Z xcorel(y,V)yreI(y,V)
(u,V)€Asso(v)



e F (x, y) déf Z xCOI’e|(H,V)yrel(y,V)
(u,V)€Asso(v)

o Hy(xy) & YT xelyretn)

ueDyck(v)

Theorem (C. Ceballos & <%, 2021)

For any northeast path v, we have
Folry) = x4, (

x+1 y+1
x ‘x+1/°




e F = H for Posets



@ rotating v-Dyck paths by valleys
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@ rotating v-Dyck paths by valleys




@ rotating v-Dyck paths by valleys




@ rotating v-Dyck paths by valleys




~> Tam(v)

@ v-Tamari lattice: rotation order on Dyck(v)
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~> Tam(v)

@ v-Tamari lattice: rotation order on Dyck(v)
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@ v-Tamari lattice: rotation order on Dyck(v)
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@ v-Tamari lattice: rotation order on Dyck(v)

/ xz_rr/l—éry
\

Heenen (x, y) = x2y2+x y+x%+2xy+3x+1



@ v-Tamari lattice: rotation order on Dyck(v)

/ xzf/réxy
\

Heenen (x, y) = x2y2+x y+x2+2xy+3x+1



@ v-Tamari lattice: rotation order on Dyck(v)

Xy
Xy

X2 y2

Heenen (%) = ¥2y2+x2y-+x24+2xy+3x+1



P=(P,<);peP
@ Succ(p) «f { eP:p<yp'}
@ out(p) def |Suce(p)|

N



@ P=(P,<);peP;A. 0l-labeling
@ Succ(p) «f { eP:p<yp'}
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@ P=(P,<);peP;A. 0l-labeling
@ Succ(p) «f { eP:p<yp'}

@ out(p) def |Suce(p)|

o mrk(p) & [{p' € Succ(p): A(p,p') =1}

N



P=(P,<);p€P;A. 0l-labeling
o Ha(ry) & T ey

peP
1 1
Xy
xy x
1 1
x2
x3y?

xy xy



P=(P,<);p€P;A. 0l-labeling
o Ha(ry) & T ey

peP
. . 3,21 0221 12
Hp(x,y) = Xy"+2x7y+x*+2xy+x+4
vy
xy x
1 1

x2

By \/.

xy xy



P=(P,<);peP
@ deg(P) & max{out(p): p € P}

N



@ P=(P,<);peP;S C Succ(p)
@ deg(P) & max{out(p): p € P}
o rem(p,$) = mrk(p) — |{s € S: A(p,s) = 1}|
o corem(p,S) = deg(P) — |S| — rem(p, S)

N



@ P=(P,<);peP;S C Succ(p)

[+ JT:P,A (x,y) déf Z Z xcorem(p,S)yrem(p,S)
pEP SCSucc(p)

N



= (P, ) p€P;S C Succ(p)

o ,/_"PA def Z Z xcorem(p,S)yrem(p,S)
PEP SCSucc(p)

Fealxy) = 6x° +4x2y—|—xy2 +7x2
oy 2 HAx+2y+1

¥2(y+1) 2 (x+1)

x(x+1)2
)(y+1)? \/

x(x+1)(y+1) x(x+1)(y+1)




= (P, ) p€P;S C Succ(p)

def corem(p,S) , ,rem(p,S)
@ Fpa(x Y, ) X y
PEP SCSucc(p)

1
Fpa(x,y) = x4e®Hp (—1 yi—l)

¥2(y+1) 2 (x+1)

x(x+1)2
e )(y+1)2 \/

x(x+1)(y+1) x(x+1)(y+1)




@ P=(P,<);peP;S C Succ(p)
I+ -/T"P,A (x,y) déf Z Z xcorem(p,S)yrem(p,s)

pEP SCSucc(p)
() HPA X, y ZXOUt mrk(p
peP

Theorem (C. Ceballos & <, 2021)
For every finite poset P and every 01-labeling A,

R e

x ‘x+1




@ P=(P,<);peP;S C Succ(p)
I+ -/T"P,A (x,y) déf Z Z xcorem(p,S)yrem(p,s)

peP SCSucc(p)
° HPA X, y Zxout mrk(p
peP

Theorem (C. Ceballos & <, 2021)
For every finite poset P and every 01-labeling A,

For(x,y) = 6@, (x_+1 yj) _

x ‘x+1

~ multivariate extension



o fix integers m,n,t > 0

o let vy s & EMN(EMN)-1 ~+ Dyck(m, n, t)



o fix integers m,n,t > 0
o let vy s & EMN(EMN)-1 ~+ Dyck(m, n, t)
o t = 1: m-Dyck paths

(mn, n)

(0,0)



@ fix integers m,n,t > 0
o let vy s & EMN(EMN)-1 ~+ Dyck(m, n, t)
o t = 1: m-Dyck paths

|

Proposition (¢ & E. Tzanaki, 2022)
Form,n,t >0,

sl y ZO %( ( ) (mna—_bb— 1)

. n—t+1\ /mn—b—2 vy
a+1 o=l —1l 7




o fix integers m,n,t > 0
o let vy s & EMN(EMN)-1 ~+ Dyck(m, n, t)
o t = 1: m-Dyck paths

Corollary (# & E. Tzanaki, 2022)

Form,n > 0,

1/ n mn\ ,
o= 5,2

The coefficients are the (reverse) Fufi—-Narayana numbers.




@ fix integers m,n,t > 0
o let vy s & EMN(EMN)-1 ~+ Dyck(m, n, t)
o t = 1: m-Dyck paths

|

Corollary (# & E. Tzanaki, 2022)

Form,n,t >0,

—tn—t— ab—l—t
]:mntxy Z

n

y mn+a—1 mn vy
a n—t—a—b) V"




@ Fyuna(x,y) is not the correct F-triangle

|

Corollary (# & E. Tzanaki, 2022)

Form,n > 0,
—1— ab+1

Frm1(%,y) = Z E

b=0

« mn+a—1 mn vy
a n—1-a-b)"""




@ Fyuna(x,y) is not the correct F-triangle

Proposition (C. Krattenthaler, 2006)

Form,n > 0,
—1— ab+1

Frmaliny) = Z E

b=0

9 mn+a—1 n vy
a n—1—a—b)"Y"




@ Fyuna(x,y) is not the correct F-triangle

@ solution: count only particular valleys

Proposition (C. Krattenthaler, 2006)

Form,n > 0,
—1— ab+1

Frmaliny) = Z E

b=0

9 mn+a—1 n vy
a n—1—a—b)"Y"




@ m-valley: a valley whose x-coordinate is divisible by m
~» mval(p)
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@ m-valley: a valley whose x-coordinate is divisible by m
~> mval(p)

@ every return is an m-valley

o define: H\") (x,y) & Y ymvalln)yren(n)

ueDyck(m,n,t)



@ m-valley: a valley whose x-coordinate is divisible by m

~> mval(p)
@ every return is an m-valley
o define: H\") (x,y) & Y ymvalln)yren(n)

ueDyck(m,n,t)
Proposition (¢ & E. Tzanaki, 2022)
Form,n,t >0,

o | Zm;)(( — 2)(nn_—tt_-|—a1>
(") e




@ m-valley: a valley whose x-coordinate is divisible by m
~> mval(p)

@ every return is an m-valley

o define: H\") (x,y) & Y ymvalln)yren(n)

ueDyck(m,n,t)

Corollary (# & E. Tzanaki, 2022)
Form,n > 0,

n—1
(m) _ 1 n mn 2
Hona (1) = 3 (a) <n —a— 1>x '

a=0 n

The coefficients are the Fuf3i—-Narayana numbers.




@ m-valley: a valley whose x-coordinate is divisible by m
~> mval(p)

@ every return is an m-valley

o define: 7" (x,y) & xn_tHr(nn;z,t (x " 1' i I 1)

m,n,t x

Corollary (# & E. Tzanaki, 2022)

Form,n > 0,

n—1
(m) _ 1 n mn 2
Hona (1) = 3 (a) <n —a— 1>x '

a=0 n

The coefficients are the Fuf3i—-Narayana numbers.




@ m-valley: a valley whose x-coordinate is divisible by m
~> mval(p)

@ every return is an m-valley
o define: _F( ) ( y) def P t”fnmﬁt (x-l-l y—|—1)

m,n,t x /x+1

|

Corollary (# & E. Tzanaki, 2022)
Form,n,t >0,

1ub+t
mntxy ZZ

b=0

9 mn+a—1 n vy
a n—t—a—b)"Y"




@ m-valley: a valley whose x-coordinate is divisible by m
~> mval(p)

@ every return is an m-valley
o define: _F( ) ( y) def P t”fnmﬁt (x-l-l y—|—1)

m,n,t x /x+1

|

Corollary (# & E. Tzanaki, 2022)

Form,n > 0,
—1— ab+1

mnlxy ZE

b=0

« mn+a—1 n vy
a n—1-a—b)"Y"




@ m-valley: a valley whose x-coordinate is divisible by m
~> mval(p)

@ every return is an m-valley

@ define: _F( )( y) défxn—tH(m)t<X+1 y—|—1)

m,n,t m,n, x /x+1

Proposition (C. Krattenthaler, 2006)

Form,n > 0,
—1— ab+1

Frn1(,y) = Z E

b=0

9 mn+a—1 n Y
a n—1-a—b)"Y"
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Hops(x,y) = x2y2+2x2y+2x>+2xy+4x+1






7-1,( 1(vy) = X2y +4xy+2x+5



Hop(x,1) = 5x2+6x+1

2
7—[; ),1 (x,1) = x> +6x+5



@ Schroder Paths



@ v-Schroder path: lattice path from (0,0) to (m,n)
weakly above v with possible diagonal steps
~ Schroder(v)
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@ two statistics dg and cd control diagonals and cornered
diagonals



@ v-Schroder path: lattice path from (0,0) to (m,n)
weakly above v with possible diagonal steps
~ Schroder(v)

@ two statistics dg and cd control diagonals and cornered
diagonals



Theorem (M. von Bell & M. Yip, 2020)

For any northeast path v, the sets Asso(v) and Schréder(v) are in
bijection.




Theorem (M. von Bell & M. Yip, 2020)

For any northeast path v, the sets Asso(v) and Schréder(v) are in
bijection.

i € Dyck(v)




Theorem (M. von Bell & M. Yip, 2020)

For any northeast path v, the sets Asso(v) and Schréder(v) are in
bijection.

EE N

(1, V18 V5) € Asso(v)




Theorem (M. von Bell & M. Yip, 2020)

For any northeast path v, the sets Asso(v) and Schréder(v) are in
bijection.

f

S € Schroder(v)




@ enumerate v-Schroder paths with respect to diagonals
and cornered diagonals:

Sy Oy
SeSchroder(v)



@ enumerate v-Schroder paths with respect to diagonals
and cornered diagonals:

Sy Oy
SeSchroder(v)

Proposition (¢ & E. Tzanaki, 2022)

For any northeast path v, we have

Sv(x,y) =Hy (x—i— 1,w) )

x+1




@ positive v-Schroder path: S € Schroder(v) with
ret(S) =0
~ Schroder (v)

o Py Y Oy
SeSchréder (v)



@ positive v-Schroder path: S € Schroder(v) with
ret(S) =0
~ Schroder (v)

o Puxy) T Y xSy
SeSchréder (v)

Proposition (¢ & E. Tzanaki, 2022)

For any northeast path v, we have

Pu(x,y) = Hy (x—l—l _y)

+1




@ Schroder(™ (m,n,t) .. Uy n-Schroder paths where all
diagonal steps end in x-coordinate divisible by m



@ Schroder(™ (m,n,t) .. Vyu-Schroder paths where all
diagonal steps end in x-coordinate divisible by m

def c
R IETE B S C R

SESchréder(f) (mn,t)

|

Proposition (¢ & E. Tzanaki, 2022)

Form,n,t > 0, we have

a4+t a—>b
mntxy ZZ( ﬂ—b—l)

a=0b=0

" n—b—1\/mn+n—t—a—1 vy
a—b n—t—a v




o Hymlxy) = Y, xmelyen
ueDyck(m,n,t)

def ¢
o P (x,y) & y x8(3)ed(S)

SGSchréderT) (mm,t)

Corollary (# & E. Tzanaki, 2022)
For m,n > 0, we have
Pl (xy) = (1" 1Y) L (—xy).

mmn,1










1

Pz(,23),1 (x,y) = x2y? +4xy+2x+7



Thank You.



Proposition (¥ & E. Tzanaki, 2022)

For any northeast path v, we have

_ xy+1
Sv(x/]/) —HV (x+1/ x+1)-

H, (x 41, Xy +11) _ Z (x + 1)va|(y)fret(y) (xy + 1)ret(y)
X+ ueDyck(v)



Proposition (¥ & E. Tzanaki, 2022)

For any northeast path v, we have

_ xy+1
Sv(x/]/) —HV (x+1/ x+1)-

H, (x 41, Xy +11) _ Z (x + 1)va|(y)fret(y) (xy + 1)ret(y)
X+ ueDyck(v)

_ Y Vil (xy) V2

(u,V)€eAsso(v)
V=V,8V,



Proposition (¥ & E. Tzanaki, 2022)

For any northeast path v, we have

_ xy+1
Sv(x/]/) —HV (x+1/ x+1)-
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Proposition (¥ & E. Tzanaki, 2022)

For any northeast path v, we have

_ xy+1
Sv(x/]/) —HV (x+1/ x+1)-

H, (x 41, Xy +11) _ Z (x + 1)va|(y)fret(y) (xy + 1)ret(y)
X+ ueDyck(v)

= Z x|V|y‘V2‘
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V=V,8V,
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Proposition (¥ & E. Tzanaki, 2022)

For any northeast path v, we have

— *Yy
Pv(x/y) — 7'lv (x+1/x+1) :

Xy _ val(p)—ret(p) ret(p)
m(x+1 2 )= ¥ @ ()
ueDyck(v)



Proposition (¥ & E. Tzanaki, 2022)

For any northeast path v, we have

— *Yy
Pv(x/y) — 7'lv (x+1/x+1) :

Hy (x +1, x?l) = Z (x + 1)va|(y)fret(y) (xy)ret(y)
n€Dyck(v)
= Z x|V1|+ret(l’l)yret(V)
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V=V,wV,



Proposition (¥ & E. Tzanaki, 2022)

For any northeast path v, we have

Pu(x,y) =Hy (x+1 %)

Hy (x +1, i ) = Z (x + 1)va|(y)fret(y) (xy)ret(y)

x+1 ueDyck(v)
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Proposition (¥ & E. Tzanaki, 2022)

For any northeast path v, we have

Pu(x,y) =Hy (x+1 %)

Hy (x +1, i ) = Z (x + 1)va|(y)fret(y) (xy)ret(y)

x+1 ueDyck(v)
= Z lel |+ret(l’l)yret(l’l)
(u,V)€eAsso(v)
V=114V,
= Y x8S)yretS) — P (x,y)

SeSchrader. (v )
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