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o The Shuffle Lattice



o X = {x11x2/~~~/xm}/ Y - {y1,y2,~~~,yn}

def def
@ X = X1Xo Xy, Y = Y1Y2 - Yn



o X = {x11x2/~~~/xm}/ Y = {y1,y2,~~~,yn}

def
0 x= xlxz---xm,ydéfylyz---yn,uE (XWY)*

m=3,n=4

u = X2lY1X3X1Y4



o X = {x11x2/~~/xm}/ Y - {y1,y2,~~~,yn}

° xd:efxlxz---xm,ydéfylyz---yn,uE (XWY)*

@ subword: obtained by deleting letters without
changing positions

m=3,n=4

u = X2lY1X3X1Y4



° X = {x11x2/~~/xm}/ Y = {y1/y2,~~~,yn},A g (XH—JY)

° xd:efxlxz---xm,ydéfylyz---yn,uE (XWY)*

@ subword: obtained by deleting letters without
changing positions

@ uy .. restriction of u to letters in A

m=3n=4A={x,x311}

u = XY1X3X1Y4



° X = {x11x2/~~/xm}/ Y = {y1/y2,~~~,yn},A g (XH—JY)

° xd:efxlxz---xm,ydéfylyz---yn,uE (XWY)*

@ subword: obtained by deleting letters without
changing positions

@ uy .. restriction of u to letters in A

m=3n=4A={x,x311}

ug =x2 X3 Y4



X = {x11x2/~ . '/xm}/ Y = {y1/y2/~ . ~/yn}

° xd:efxlxz---xm,ydéfylyz---yn,u € (XWY)*

@ subword: obtained by deleting letters without
changing positions
@ uy .. restriction of u to letters in A

@ shuffle word: u € (X W Y)* such that uy is a subword
of x and uy is a subword of y ~~ Shuf(m, n)

m=3,n=4

u = Xy x3x1Y & Shuf(3,4) u = x1y3%0y3x3 ¢ Shuf(3,4)

u = ypx1x3y3Y4 € Shuf(3,4)



o X = {x11x2/~~/xm}/ Y - {y1,y2,~~~,yn}

f f
X dé X1X2 - Xm, ¥ dé Viy2 - Yn, W,V € Sth(mrn)

o shuffle order: u <q,s v if and only if v is obtained from
u by adding y’s or deleting x’s

m=3,n=4

X1X0X3 Sshuf Y1Y2Y3Y4 Y2x1X3Y4 Sshuf Y1Y2X1Y4

Y2X1X3Y4 Lshuf Y2X1Y4X3



o X = {x11x2/~~/xm}/ Y - {y1,y2,~~~,yn}
def

@ X = X1Xp: Xy, Y def YViY2 -+ - Yn, , v € Shuf(m, n)

o shuffle order: u <q,s v if and only if v is obtained from

u by adding y’s or deleting x’s
Shuf(2,1) / \

nn X1Y1 X2l1 nx2

X XXy Yixixe X1Y1X2

\\//

X1X2




o X - {x11x2/ .. /xm}/ Y - {yllyZI .. /yn}

o x & X1X0 Xy, Y def YiY2 -+ Y, 0, v € Shuf(m, n)

o shuffle order: u <q,s v if and only if v is obtained from
u by adding y’s or deleting x’s

Theorem (C. Greene, 1988)

For every m,n > 0, the poset Shuf(m, n) f (Shuf(m, n), <shuf)

is a lattice; the shuffle lattice. -




Theorem (%, 2020)

For n > 0, the shuffle lattice Shuf(n — 1,1) arises via a certain
reordering (the core label order) from the Hochschild lattice
Hoch(n).




Theorem (%, 2020)

For n > 0, the shuffle lattice Shuf(n — 1,1) arises via a certain
reordering (the core label order) from the Hochschild lattice
Hoch(n).

Al
n / | \
71NN (e
i € X1y1 X2y1 yixz X1 nxix2 x2y1

“anny X1Y1X2 X1 X2

x| XiYo YiXiX2 Xy XiYiXp |
\\ // X1X21

X1X2 X1X2
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For n > 0, the shuffle lattice Shuf(n — 1,1) arises via a certain
reordering (the core label order) from the Hochschild lattice
Hoch(n).

o is there a family of lattices L,, , such that Shuf(m, n)
arises in an analogous way?
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extends <gp,f?



Theorem (%, 2020)

For n > 0, the shuffle lattice Shuf(n — 1,1) arises via a certain
reordering (the core label order) from the Hochschild lattice
Hoch(n).

o is there a family of lattices L,, , such that Shuf(m, n)
arises in an analogous way? probably not

@ is there a (natural) partial order on Shuf(m, n) that
extends <gp,f? yes!



© The Bubble Lattice



@ indel: inserting y; or deleting x,

Shuf(2,1) / " \
nn € X1Y1 X2y1 Y1x2
X1 X1X2Y1 Y1x1x2 X2 X1Y1x2

\\//

X1X2




Definition (C. Greene, 1988)

<qhuf 1s the reflexive and transitive closure of <.

@ indel: inserting y; or deleting x, ~
Shuf(2,1) / " \
nn € X1Y1 X2y1 Y1x2
X1 X1X2Y1 Y1x1x2 X2 X1Y1x2

\\//

X1X2



Definition (C. Greene, 1988)

<qhuf 1s the reflexive and transitive closure of <.

@ indel: inserting y; or deleting x, ~

X1Y2Y4X3



Definition (C. Greene, 1988)

<qhuf 1s the reflexive and transitive closure of <.

@ indel: inserting y; or deleting x, ~

X1Y2YaX3 > Y2lf4X3



Definition (C. Greene, 1988)

<qhuf 1s the reflexive and transitive closure of <.

@ indel: inserting y; or deleting x, ~

X1Y2YaX3 — X1Y2Y4



Definition (C. Greene, 1988)

<qhuf 1s the reflexive and transitive closure of <.

@ indel: inserting y; or deleting x, ~

X1Y2YaX3 —> X1Y2Y3Y4X3



Definition (C. Greene, 1988)

<qhuf 1s the reflexive and transitive closure of <.

@ indel: inserting y; or deleting x, ~

X1Y2Y4X3 —> Y1X1Y2Y4X3



Definition (C. Greene, 1988)

<qhuf 1s the reflexive and transitive closure of <.

@ indel: inserting y; or deleting x, ~

X1Y2Y4X3 — X1Y1Y2Y4X3



@ indel: inserting y; or deleting x,

@ bubble move: replacing subword x,y; by v:x; ~ =

X1Y2Y4X3 — X1Y1Y2Y4X3



Definition (T. McConville & %, 2021)

The bubble order <, is the reflexive and transitive
closure of (— U =).

@ indel: inserting y; or deleting x, ~

@ bubble move: replacing subword x,y; by v:x; ~ =

X1Y2YaX3 = X1Y1Y2Y4X3 = Y1X1Y2Y4X3




Definition (T. McConville & %, 2021)

The bubble order <, is the reflexive and transitive
closure of (— U =).

Bub(2,1) Ml / 1L2\
/

lel

Xl]/lJ(z X1

X1 \Zyl /

Yl X2



Theorem (T. McConville & €, 2021)

For every m,n > 0, the poset Bub(m, n) &ef (Shuf(m, 1), <pup)
is a lattice; the bubble lattice.

n
Bub(2,1) / | \
/ o / ne H
X1Y1 1x1x2 oY1

X1Y1X2 X1

X2
X1X2Y1 /

X1X2

{

/



€ Combinatorial Considerations



@ u’ <pyp u is uniquely determined by either:
o a deletion of x;
e an insertion of v
@ a bubble move on x;y;

n

N

Bub(2,1) X y1x2

Y1x1x2

X1Y1

X2




@ u’ <pyp u is uniquely determined by either:

o a deletion of x;
e an insertion of v
@ a bubble move on x;y;

~~ edge labeling of Bub(m, n) by elements in
TEXwYw (X xY) /‘f\ A

Bub(2,1) X y1x2

/

X1 1x1x2

X1Y1X2 X X2
X1X2Y1 /




@ u’ <pyp u is uniquely determined by either:

o a deletion of x;
e an insertion of v
@ a bubble move on x;y;

~~ edge labeling of Bub(m, n) by elements in

y
TEXwyYw (X xY) AN
1 X2 N
I
Bub(2,1) y1xi / y1x2 N €
P Qﬁ/
’flyl yli\l\z r2y1 x2

Xn m
Ylyl X2
(22, /l)
I
X1X2Y1 X2 X1
\!/1 /
N

Xz




Proposition (T. McConville & #, 2021)
Every u € Shuf(m, n) is uniquely determined by
Can(u) def {A (W, u): v <pypu}.

U1
/X1/ \!2 \!/1
|
Bub(2,1) y1x y1x2 N €
«\‘1,!/1/ \|2 o (2,
/ I /
X111 nxix x X2l x;
\Iz \v] l’w!h/ \yl
[ N
X1Y1X2 xq 1 X2




Proposition (T. McConville & #, 2021)
Every u € Shuf(m, n) is uniquely determined by
Can(u) def {A(W,u): v’ <pppu} CT.

U1
N,
|
Bub(2,1) y1x y1x2 N €
. m/ \,lz Y Py
/ » T
X1Y1 Y1X1X2 x X2Y1 x
\Iz \v] l’w!h/ \yl
I N
X1Y1X2 xq 1 X2




o T =XwWYW(XXY)



o T =XwWYW(XXY)
@ o C 7 is noncrossing if:
e each letter x; or i; appears at most once in o
o if (xs,y1,), (s, y1,) € o such thatsy < sy, thent; < tp
@ noncrossing matching complex: simplicial complex of
noncrossing subsets of 7~ ~ T'(m,n)



o T =XwWYW(XXY)
@ 0 C T is noncrossing if:

e each letter x; or i; appears at most once in o
o if (xs,y1,), (s, y1,) € o such thatsy < sy, thent; < tp

@ noncrossing matching complex: simplicial complex of
noncrossing subsets of 7~ ~ T'(m,n)

{x1,v2, (¥1, 1), (2, 1) }



o T =XwWYW(XXY)
@ 0 C T is noncrossing if:

e each letter x; or i; appears at most once in o
o if (xs,y1,), (s, y1,) € o such thatsy < sy, thent; < tp

@ noncrossing matching complex: simplicial complex of
noncrossing subsets of 7~ ~ T'(m,n)

{8, vo, 8, v3), (x2,y4) } #T(3,4)



o T =XwWYW(XXY)
@ 0 C T is noncrossing if:

e each letter x; or i; appears at most once in o
o if (xs,y1,), (s, y1,) € o such thatsy < sy, thent; < tp

@ noncrossing matching complex: simplicial complex of
noncrossing subsets of 7~ ~ T'(m,n)

{2102, (v1,13), (x2,y4) } € T(3,4)

{x3,92, (x1,¥3), (x2,11) }



o T =XwWYW(XXY)
@ 0 C T is noncrossing if:

e each letter x; or i; appears at most once in o
o if (xs,y1,), (s, y1,) € o such thatsy < sy, thent; < tp

@ noncrossing matching complex: simplicial complex of
noncrossing subsets of 7~ ~ T'(m,n)

{2102, (v1,13), (x2,y4) } € T(3,4)

{x3, 2, (08), B0 } £ T(3,4)



o T =XwWYW(XXY)
@ 0 C T is noncrossing if:

e each letter x; or i; appears at most once in o
o if (xs,y1,), (s, y1,) € o such thatsy < sy, thent; < tp

@ noncrossing matching complex: simplicial complex of
noncrossing subsets of 7~ ~ T'(m,n)

{2102, (v1,13), (x2,y4) } € T(3,4) x\
{x3,v2, (x1,13), (x2,y1) } € T(3,4) K



o T =XwWYW(XXY)
@ o C 7 is noncrossing if:
e each letter x; or i; appears at most once in o
o if (xs,y1,), (s, y1,) € o such thatsy < sy, thent; < tp
@ noncrossing matching complex: simplicial complex of
noncrossing subsets of 7~ ~ T'(m,n)

Proposition (T. McConville & ¢, 2021)
Form,n > 0,
I'(m,n) = {Can(u): u € Shuf(m,n)}.




Bub(2,1)

X1Y1x2 X1 1 X2
I
(vzlm) /
X1X2Y1 X2 X
n
N g g
x1X2 r(2,1)






e Enumerative Considerations



@ u € Shuf(m,n)
e bubble-degree: in_, (u) & {u': v <u,u’ = u}|
o indel-degree: in., (u) & {u': v <u,u’ < u}|

Y1
TN,

Bub(2,1) y1x1 y1x2 €
X1 ‘/1/ :(Iz X1 / (—"2:!/
/ ) | /
X1y1 Y1x1X2 X Y1 X2
|
I \y/l%"l,m/ \!/1
[ N
X1Y1x2 X1 1 X2

I
(lel 1)
X1X2Y1 X X
\1/1 /
N

X1X2




@ u € Shuf(m,n)
e bubble-degree: in_, (u) & {u': v <u,u’ = u}|

o indel-degree: in., (u) & {u': v <u,u’ < u}|

u = XoX3Y1Y2X5%6Y4Y5xs € Shuf(8,7)



@ u € Shuf(m,n)
e bubble-degree: in_, (u) & {u': v <u,u’ = u}|

o indel-degree: in., (u) & {u': v <u,u’ < u}|

u = XoX3Y1Y2X5%6Y4Y5xs € Shuf(8,7)

ins(u) =



@ u € Shuf(m,n)
e bubble-degree: in_, (u) & {u': v <u,u’ = u}|

o indel-degree: in., (u) & {u': v <u,u’ < u}|

u = X311 YaX5x6Yal5x8 € Shuf(8,7)

ins(u) =



@ u € Shuf(m,n)
e bubble-degree: in_, (u) & {u': v <u,u’ = u}|

o indel-degree: in., (u) & {u': v <u,u’ < u}|

u = X311 YaX5x6Yal5x8 € Shuf(8,7)

ins () =2



@ u € Shuf(m,n)
e bubble-degree: in_, (u) & {u': v <u,u’ = u}|

o indel-degree: in., (u) & {u': v <u,u’ < u}|

u = XoX3Y1Y2X5%6Y4Y5xs € Shuf(8,7)

in, (u) =



@ u € Shuf(m,n)
e bubble-degree: in_, (u) & {u': v <u,u’ = u}|

o indel-degree: in., (u) & {u': v <u,u’ < u}|

u = Doy 1y xgyaysag € Shuf(8,7)

in, (u) =



@ u € Shuf(m,n)
e bubble-degree: in_, (u) & {u': v <u,u’ = u}|

o indel-degree: in., (u) & {u': v <u,u’ < u}|

u = Doy 1y xgyaysag € Shuf(8,7)

ine,(u) =3



@ u € Shuf(m,n)
e bubble-degree: in_, (u) & {u': v <u,u’ = u}|

o indel-degree: in., (u) & {u': v <u,u’ < u}|

u = XoX3Y1Y2X5%6Y4Y5xs € Shuf(8,7)

in, (u) = 3+



@ u € Shuf(m,n)
e bubble-degree: in_, (u) & {u': v <u,u’ = u}|

o indel-degree: in., (u) & {u': v <u,u’ < u}|

u = 3012 X5X6YdY5xs € Shuf(8,7)

in, (u) = 3+



@ u € Shuf(m,n)
e bubble-degree: in_, (u) & {u': v <u,u’ = u}|

o indel-degree: in., (u) & {u': v <u,u’ < u}|

u = 3012 X5X6YdY5xs € Shuf(8,7)

in,(u) =342



@ u € Shuf(m,n)
e bubble-degree: in_, (u) & {u': v <u,u’ = u}|

o indel-degree: in., (u) & {u': v <u,u’ < u}|

u = XoX3Y1Y2X5%6Y4Y5xs € Shuf(8,7)

in,(u) =5



@ u € Shuf(m,n)
e bubble-degree: in_, (u) & {u': v <u,u’ = u}|

o indel-degree: in., (u) & {u': v <u,u’ < u}|

Lemma (T. McConville & €, 2021)

For m,n > 0, the number of u € Shuf (m,n) with in. = a and

ine,(u) =bis

()G ")




@ u € Shuf(m,n)
e bubble-degree: in_, (u) & {u': v <u,u’ = u}|
o indel-degree: in., (u) & {u': v <u,u’ < u}|

@ in-degree: in(u) def ine (u) +in_ (u)

Lemma (T. McConville & €, 2021)

For m,n > 0, the number of u € Shuf (m,n) with in. = a and

ine,(u) =bis

()G ")




@ u € Shuf(m,n)
e bubble-degree: in_, (u) & {u': v <u,u’ = u}|
o indel-degree: in., (u) & {u': v <u,u’ < u}|
@ in-degree: in(u) o in= (u) +ine (u)

o H-triangle: Hyu(p,q) & Y pin@gino@

ueShuf (m,n)

Lemma (T. McConville & €, 2021)

For m,n > 0, the number of u € Shuf (m,n) with in. = a and

ine,(u) =bis

()G ")




@ u € Shuf(m,n)

e bubble-degree: in_, (u) & {u': v <u,u’ = u}|

o indel-degree: in., (u) & {u': v <u,u’ < u}|
@ in-degree: in(u) def ine (u) +in_ (u)

o H-triangle: Hyu(p,q) & Y pin@gino@

ueShuf (m,n)

Proposition (T. McConville & ¢, 2021)

Form,n > 0,

Hun(p,q) =Y. (7:) (Z) P2 (1 4 pg)™ 22,

a>0




@ u € Shuf(m,n)
e bubble-degree: in_, (u) & {u': v <u,u’ = u}|
o indel-degree: in., (u) & {u': v <u,u’ < u}|
@ in-degree: in(u) o in= (u) +ine (u)

o H-triangle: Hyu(p,q) & Y pin@gino@

u€&Shuf (m,n)

Corollary (C. Greene, 1988)
For m,n > 0, the rank-generating polynomial of Shuf(m, n) is

Huu(p,1) =) (?) (Z)p“(1 4 p)mn2

a>0




Y1V1 Yz

(h fn ) /I/ /

X1 Xz_/] Xy X
N, /

X1%2

/

Hai(p,q) = P30+ 2pq+3pg+2p+1



X1%2

Hy:(p,1) = p>+5p*+5p+1



Yl‘/le
(hlm) /I/ / Shuf(2,1)
X1X2Y1 X3
\y| /
XX

nx Y1 21 Y1x2
Hy1(p,1) = p>+5p*+5p+1

/

X1 X1%2l1 Y1xix2 X1Y1%2

\\//

X1X2




@ Delannoy numbers:

Del(m,n) & Y (’Z) (Z) 2"

a>0

Proposition (T. McConville & ¢, 2021)

Form,n > 0,

Hun(p,q) =Y. (7:) (Z) P2 (1 4 pg)™ 22,

a>0




@ Delannoy numbers:

Del(m,n) & Y (’Z) (Z) 2" = Hyy (2,0)

a>0

Proposition (T. McConville & ¢, 2021)

Form,n > 0,

Hun(p,q) =Y. (7:) (Z) P2 (1 4 pg)™ 22,

a>0




@ Delannoy numbers:
Del(m,n) o Z (m> (n) 2" = Hy,n(2,0)
so\a)\a

@ Del(m, n) counts lattice paths in m x n-rectangle using
north, northeast and east steps

Proposition (T. McConville & ¢, 2021)
Form,n > 0,

Hun(p,q) =Y. (7:) (Z) P2 (1 4 pg)™ 22,

a>0




® iy .. Mobius function of Shuf(m, n)
@ M-triangle:

def rk(u) ,rk(v

Mun(p,0) S Y (11, 0)p™ g

u,veP



® iy .. Mobius function of Shuf(m, n)
@ M-triangle:

def rk(u) ,rk(v

Mun(p,0) S Y (11, 0)p™ g

u,veP

Conjecture (T. McConville & %, 2021)

Form,n > 0,

Mun(p, ) = (1 — )" " Hi (M L) |

1-gq 'p—-1




Bub(2,1)

X X2,y
g m/ /
lel 1‘(1‘(2

\ - UIV/
lel’fz
(h ) /|,/

N / n \Shur(zl)

X1X2Y1 X
\y] /
X1%2

_ 33 5 ) nx € xXin X211 nx
Hy1(p,q) = p’q*+3p°7°+2p*q+3pg+2p+1

/

/

X1 X1X2}1 Y1xix2 X1Y1%2

//

X1X2




Bub(2,1) y1x 2 N
/,\Mﬂ/ X XIW
1
X141 Y1x1x2 X X1 X
1

. \%V/ N
x1Y1%2 ;

1
(x2,11) /

N / " \Shur(z,l)

X1X2Y1 X
N
y1\ / //
X1X2

y1x1 € X1Y1 X2Y1 yixz
Hai(p,q) = P30+ 2pq+3pg+2p+1

3 qp—1) p
(1-9q) Hz,l( 1-¢

7 . . v,
p— 1 X X1X2Y1 Y1x1x2 X2 X1Y1X2

= PP =SP4+ Tp \\ ‘ //
—12pq®—34°+5pg+74*—5q+1

X1X2




X1
1

-le %YMHV/ \yl\
X1y1x2 )
(,\.2':}/]) / /
X101 Py 21 Shuf(2,1)
N
Y
1\ / // \
X1X

y1x1 € X1Y1 X2Y1 yixz
Hai(p,q) = P30+ 2pq+3pg+2p+1

3 qp—1) p
(1-9q) Hz,l( 1-¢

7 . . v,
p— 1 X X1X2Y1 Y1x1x2 X2 X1Y1X2

= PP +5° 0+ 7pp \\ ‘ //
—12p4*—3¢°+5pq+79>—5q+1 = M1 (p,q)

X1X2




@ some conjectures:
e T'(m,n) is a vertex-decomposable, hence shellable,
complex
e Bub(m, n) orients the 1-skeleton of a simple polytope



@ some conjectures:

e T'(m,n) is a vertex-decomposable, hence shellable,
complex

e Bub(m, n) orients the 1-skeleton of a simple polytope
~- this leads to the corresponding F-triangle




@ some conjectures:
e T'(m,n) is a vertex-decomposable, hence shellable,
complex
e Bub(m, n) orients the 1-skeleton of a simple polytope
~- this leads to the corresponding F-triangle
@ some extensions:
e word shuffles using repeated letters



Thank You.



* Insertion - when a base is added to the sequence.

Original sequence

Insertion

frameshift

A A G A 6 G

https://www.knowyourgenome.org/facts/what-types-of-mutation-are-there


https://www.knowyourgenome.org/facts/what-types-of-mutation-are-there

+ Deletion - when a base is deleted from the sequence.

Original sequence

Deletion
frameshift

https://www.knowyourgenome.org/facts/what-types-of-mutation-are-there



https://www.knowyourgenome.org/facts/what-types-of-mutation-are-there

* Inversion - when a segment of a chromosome
reversed end to end.

Original sequence

Inversion

https://www.knowyourgenome.org/facts/what-types-of-mutation-are-there


https://www.knowyourgenome.org/facts/what-types-of-mutation-are-there

* Point mutation - a change in one base

DNA' sequence.

Original sequence

Point mutation

https://www.knowyourgenome.org/facts/what-types-of-mutation-are-there


https://www.knowyourgenome.org/facts/what-types-of-mutation-are-there

¢ Substitution - when one or more bases in the sequence
is replaced by the same number of bases (for example, a
cytosine’ substituted for an adenine ).

Original sequence

Substitution ,\

https://www.knowyourgenome.org/facts/what-types-of-mutation-are-there



https://www.knowyourgenome.org/facts/what-types-of-mutation-are-there
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@ P = (P,<) .. graded (finite) poset with bounds 0 and 1

@ (reverse) characteristic polynomial:

xe(p) Y e (0, u)p™ )

uepP
@ M-triangle:
def r r
Me(p,q) = Y pe(u,0)p* gt

u,veP

® Mp(p,q) = Y (p9)™ " xp,1,(9)-

ueP
e xr(p) = Mp(0,p).




o L = (L, <) .. (finite) lattice, u € L



o L = (L, <) .. (finite) lattice, u € L

o Pre(u) & {welL|uw<u}

@ nucleus: u LU A Pre(u)



o L = (L, <) .. (finite) lattice, u € L

o Pre(u) & {welL|uw<u}

@ nucleus: u LU A Pre(u)



o L = (L, <) .. (finite) lattice, u € L

o Pre(u) & {welL|uw<u}

@ nucleus: u LU A Pre(u)

u—

u¢—>



o L = (L, <) .. (finite) lattice, u € L

o Pre(u) & {welL|uw<u}

@ nucleus: u LU A Pre(u)

u—

u¢—>



o L = (L, <) .. (finite) lattice, u € L

o Pre(u) & {welL|uw<u}

@ nucleus: u LU A Pre(u)

—u

<—u¢



o L = (L, <) .. (finite) lattice, u € L

o Pre(u) & {welL|uw<u}

@ nucleus: u LU A Pre(u)
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o L = (L, <) .. (finite) lattice, u € L, A .. edge labeling

@ core: interval [u|,u|in L
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@ core: interval [u|,u|in L

@ core label set: ¥ (u) &f {/\(u’,v’) luy <u' <v' < u}
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o L = (L, <) .. (finite) lattice, u € L, A .. edge labeling

@ core: interval [u|,u|in L

@ core label set: ¥ (u) &f {/\(u’,v’) luy <u' <v' < u}

@ core labeling: assignment u — ¥ (u) is injective

5/\1
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o L = (L, <) .. (finite) lattice, u € L, A .. edge labeling

@ core: interval [u|,u|in L
@ core label set: ¥ (u) &f {/\(u’,v’) luy <u' <v' < u}

@ core labeling: assignment u — ¥ (u) is injective

AN
< + > not a core labeling
%



o L = (L, <) .. (finite) lattice, A .. edge labeling

@ core label order: CLO(L) def (L, <co),

where u <, v if and only if ¥(u) C ¥(v)

pe

5 1
2/<1 5>
{1,5} {1,2,3,4}

/N /NN
5y {13 {2} {38} {4}

NS N7

AN
<
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o triword: an integer tuple (uy, uy, ..., u,) such that
o u; €40,1,2} ~> Tri(n)
e U 7& 2
o u; = 0implies u; # 1 forallj > i (1,

2
@ Hochschild lattice: / |
,1,

HOCh(I’l) déf (Tri(n), Scomp)
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o triword: an integer tuple (uy, uy, ..., u,) such that
o u; €40,1,2} ~ Tri(n)
e U ;A 2
o u; = 0implies u; # 1 forallj > i
@ Hochschild lattice:
Hoch(n) & (Tri(n), <comp)

Theorem (C. Combe, 2020)
Forn > 0, Hoch(n) is a lattice.




o X Xwix), V¥ yw{y}

TdefXUyU ((X % y) \ {(xo,yo)})

@ ¢ € T is noncrossing if
° xo, Yo €0
o each letter x; or y; appears at most once in o
o if (x5, 1), (s, y1,) € cand sy < sy, thent; <ty
@ bipartite noncrossing complex: simplicial complex of
noncrossing subsets of T ~ A(m,n)









° for(fETlet
olp |{a€(7 HEXUY}|
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° for(fETlet
olp |{a€(7 HEXUY}|
e ed(o |{a6(7 ae (XxY)\{(xo0,v0) }}|

° F-triangle: Fun(p,q) déf Y ped(@)glp(@)

ceT



@ foro € Tlet

° Ip(c |{a€a aeXyY}|
o ed(e) € [{acoiae (XxV)\{(x0,y0)}}]
° F-triangle: Fun(p,q) déf Z p™ U)qlp( )
oceT

Conjecture (T. McConville & %, 2021)
Form,n > 0,

sz”(pl q) = pm+nHm,n (—, —) .




Fy1(p,q) = 3p>+5p*q+3pq”
+q3+7p*+8pq
+34%+5p+34+1
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