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Outline

@ Connection between resilience and valued CSPs
© Complexity results for resilience (new results for digraphs!)

© Valued cores for resilience
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Resilience of queries

database — a relational structure 2

conjunctive query — a formula g of the form Jyy, .
where 1); are atomic

oy (LA A ),
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Resilience of queries

database — a relational structure 2

conjunctive query — a formula g of the form Jy1,...,y; (Y1 A+ APm),
where 1); are atomic

Definition (resilience)

Fixed conjunctive query q.
Input: a finite database 2, v € N
Output: Can we remove < u tuples from relations of 2, so that 21 (= g?
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database — a relational structure 2
conjunctive query — a formula g of the form Jy1,...,y; (Y1 A+ APm),
where 1); are atomic

Definition (resilience)

Fixed conjunctive query q.
Input: a finite database 2, v € N
Output: Can we remove < u tuples from relations of 2, so that 21 (= g?

— core problem in reverse data management
< appears first in [Meliou, Gatterbauer, Moore, Suciu '10]
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Resilience of queries

database — a relational structure 2
conjunctive query — a formula g of the form Jy1,...,y; (Y1 A+ APm),
where 1); are atomic

Definition (resilience)

Fixed conjunctive query q.
Input: a finite database 2, v € N
Output: Can we remove < u tuples from relations of 2, so that 21 (= g?

— core problem in reverse data management
< appears first in [Meliou, Gatterbauer, Moore, Suciu '10]

Example: The resilience of A
A B
=3dx,y,z(R(x,y) A R(y, z
q y,2(R(x,y) AR(y,2)) ¥ p
with respect to 20 is 1 — remove (C, E). E
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Resilience of queries

database — a relational structure 2
conjunctive query — a formula g of the form Jy1,...,y; (Y1 A+ APm),
where 1); are atomic

Definition (resilience)

Fixed conjunctive query q.
Input: a finite database 2, v € N
Output: Can we remove < u tuples from relations of 2, so that 21 = g7

< core problem in reverse data management
< appears first in [Meliou, Gatterbauer, Moore, Suciu '10]

Goal: Classify complexity of resilience for all g.
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Translation to a dual problem

X y

Example: R
g :=3x,y(R(x,y) A S(y)) x i R(x,y)  S(y)

canonical structure incidence graph /(q)
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Translation to a dual problem

X y

Example: R \/I
g :=3x,y(R(x,y) A S(y)) x i R(x,y)  S(y)

canonical structure incidence graph /(q)

Theorem (Cherlin, Shelah, Shi '99)

Let q be a query and Q its canonical structure. If 1(q) is connected, then
there exists a dual structure B, such that for every finite 2A:

AKtqg e QAA & A= B,
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Translation to a dual problem

X y

Example: R \/I
g :=3x,y(R(x,y) A S(y)) x i R(x,y)  S(y)

canonical structure incidence graph /(q)

Theorem (Cherlin, Shelah, Shi '99)

Let q be a query and Q its canonical structure. If 1(q) is connected, then
there exists a dual structure B, such that for every finite 2A:

AKtqg e QAA & A= B,

@ B, can be chosen so that Aut(*B,) is oligomorphic.
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Translation to a dual problem

X y

Example: R \/I
q:=3x,y(R(x,y) A 5(y)) x i Rix,y) S(y)

canonical structure incidence graph /(q)

Theorem (Cherlin, Shelah, Shi '99)

Let q be a query and Q its canonical structure. If 1(q) is connected, then
there exists a dual structure B, such that for every finite 2A:

AKtqg e QAA & A= B,

@ B, can be chosen so that Aut(*B,) is oligomorphic.

e B, can be chosen finite iff q is homomorphically equivalent to q' such
that 1(q') is a tree. (NeSetfil, Tardiff '00; Larose, Loten, Tardiff '07)

v
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Translation to a dual problem

X y

Example: R
q:=3x,y(R(x,y) A S(y)) 5 R(x,y) S(¥)
canonical structure incidence graph /(q)

Theorem (Cherlin, Shelah, Shi '99)

Let q be a query and Q its canonical structure. If 1(q) is connected, then
there exists a dual structure B, such that for every finite 2A:

AKtqg e QAA & A= B,

@ B, can be chosen so that Aut(*B,) is oligomorphic.

e B, can be chosen finite iff q is homomorphically equivalent to q' such
that 1(q') is a tree. (NeSetfil, Tardiff '00; Larose, Loten, Tardiff '07)

v

oligomorphic — countable domain B, and the action of Aut(®B) on B/ has
finitely many orbits for every n >'1

Zaneta Semaniginova (TU Dresden) VCSP and Resilience in Database Theory Dagstuhl Seminar, 22 May 2025 4 /16



Translation to a dual problem

X y

Example: R \/I
q:=3x,y(R(x,y) A 5(y)) x i Rix,y) S(y)

canonical structure incidence graph /(q)

Theorem (Cherlin, Shelah, Shi '99)

Let q be a query and Q its canonical structure. If 1(q) is connected, then
there exists a dual structure B, such that for every finite 2A:

AKtqg e QAA & A= B,

@ B, can be chosen so that Aut(*B,) is oligomorphic.

e B, can be chosen finite iff q is homomorphically equivalent to q' such
that 1(q') is a tree. (NeSetfil, Tardiff '00; Larose, Loten, Tardiff '07)

v

Example: For every finite directed graph G we have:
4G & G-t
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Connection to min-CSPs

Resilience of g:
Input: a finite database 2, v € N
Output: Can we remove < u tuples from relations of 2, so that

AKEqge A B,7
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Connection to min-CSPs

Resilience of g:
Input: a finite database 2, v € N
Output: Can we remove < u tuples from relations of 2, so that

AKEqge A B,7

~ resilience of g = min-CSP(B)

Disadvantages of this approach:
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Connection to min-CSPs

Resilience of g:
Input: a finite database 2, v € N
Output: Can we remove < u tuples from relations of 2, so that

AKEqge A B,7

~ resilience of g = min-CSP(B)

Disadvantages of this approach:
@ missing good algebraic theory
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Connection to min-CSPs

Resilience of g:
Input: a finite database 2, v € N
Output: Can we remove < u tuples from relations of 2, so that

AKEqge A B,7

~ resilience of g = min-CSP(B)

Disadvantages of this approach:
@ missing good algebraic theory
@ does not allow to model non-removable tuples
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Connection to min-CSPs

Resilience of g:
Input: a finite database 2, v € N
Output: Can we remove < u tuples from relations of 2, so that

AKEqge A B,7

~ resilience of g = min-CSP(B)
Disadvantages of this approach:

@ missing good algebraic theory

@ does not allow to model non-removable tuples

More flexible approach: valued CSPs
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Valued CSPs

A valued structure ' consists of:
@ (countable) domain C
o (finite, relational) signature 7
o for each R € 7 of arity k, a function R": CX — QU {0}
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Valued CSPs

A valued structure ' consists of:
@ (countable) domain C
o (finite, relational) signature 7
o for each R € 7 of arity k, a function R": CX — QU {0}

Definition (VCSP(I"))

Input: u € QQ, an expression

¢(X1,---,Xn) = th

where each ); is an atomic 7-formula
Question: Is

inf ¢(t)<uwuinl?
tlenCn¢()_um
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Example: Max-Cut as a VCSP

Input: G = (V, E) — finite directed (multi)graph
Goal: Find a partition AU B of V such that E N (A x B) is maximal.
Equivalently: £N (A%2U B2U B x A) is minimal.

Zaneta Semaniginovad (TU Dresden)

VCSP and Resilience in Database Theory

Dagstuhl Seminar, 22 May 2025 7 /16



Example: Max-Cut as a VCSP

Input: G = (V, E) — finite directed (multi)graph
Goal: Find a partition AU B of V such that E N (A x B) is maximal.
Equivalently: £N (A%2U B2U B x A) is minimal.

Let 'vc be a valued structure where:
o C={a, b}
o 7 ={R}, R binary

: b
Oifx=aandy=0b 3 0

Rix,y) =4 > =2 T
1 otherwise
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Example: Max-Cut as a VCSP

Input: G = (V, E) — finite directed (multi)graph
Goal: Find a partition AU B of V such that E N (A x B) is maximal.
Equivalently: £N (A%2U B2U B x A) is minimal.

Let 'vc be a valued structure where:
o C={a, b}
o 7 ={R}, R binary

: b
Oifx=aandy=0b 3 0

Rix,y) =4 > =2 T
1 otherwise

Take vertices of G as variables. The size of a maximal cut of G is

mig g R(xi,x;j). The partition of V is given by the values a and b.
xecn
(X,‘,Xj)EE
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Example: Max-Cut as a VCSP

Input: G = (V, E) — finite directed (multi)graph
Goal: Find a partition AU B of V such that E N (A x B) is maximal.
Equivalently: £N (A%2U B2U B x A) is minimal.

Let 'vc be a valued structure where:
o C={a, b}
o 7 ={R}, R binary

R(x,y) = Oif x=aandy=5>b G@@
V)= 1 otherwise '

Take vertices of G as variables. The size of a maximal cut of G is

mig Z R(xi,x;j). The partition of V is given by the values a and b.
xec”
(X,‘,Xj)EE
every instance of VCSP(I'uc) corresponds to a directed multigraph
~» VCSP(T'mc) is the Max-Cut problem (NP-hard)
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Connection of resilience and VCSPs

query g (WLOG /(q) connected) ~» dual B4 ~» 0-1-valued structure I'q

Example:
q=3x,y,z(R(x,y) A R(y, z)) By Fq="Tmc
- 0
> > (l;vgl)

1

resilience of ¢ = VCSP(I'uc) = Max-Cut is NP-hard
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Connection of resilience and VCSPs

query g (WLOG /(q) connected) ~» dual B4 ~» 0-1-valued structure I'q

Example:
q=3x,y,z(R(x,y) A R(y, z)) By Fq="Tmc
0
> B —— > (l;vgl)

resilience of ¢ = VCSP(I'wc) = Max-Cut is NP-hard
Theorem (Bodirsky, S., Lutz '24)

The resilience problem for q equals VCSP(I'y).
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Connection of resilience and VCSPs

query g (WLOG /(q) connected) ~» dual B4 ~» 0-1-valued structure I'q

Example:

q =3x,y,2(R(x,y) AR(y,2)) Bq Mg =Twmc

resilience of ¢ = VCSP(I'wc) = Max-Cut is NP-hard
Theorem (Bodirsky, S., Lutz '24)

The resilience problem for q equals VCSP(I'y).

Remark: We have to consider bag databases — a database 2l might
contain a tuple with multiplicity > 1 (differs from the original setting).
Example: Input R(x,y) + R(x, y) for VCSP(I') corresponds to a database
with multiplicity 2 for R(x,y).

Zaneta Semaniginovad (TU Dresden) VCSP and Resilience in Database Theory Dagstuhl Seminar, 22 May 2025 8/16



Complexity dichotomy for resilience of acyclic queries

Recall: /(q) is a tree = [, can be taken finite
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Complexity dichotomy for resilience of acyclic queries

Recall: /(q) is a tree = [, can be taken finite

Follows from [Kozik, Ochremiak '15; Kolmogorov, Krokhin, Rolinek '15;
Bulatov '17; Zhuk '17]:

For a finite-domain valued structure T, VCSP(T') is in P or NP-complete.
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Complexity dichotomy for resilience of acyclic queries

Recall: /(q) is a tree = [, can be taken finite

Follows from [Kozik, Ochremiak '15; Kolmogorov, Krokhin, Rolinek '15;
Bulatov '17; Zhuk '17]:

For a finite-domain valued structure T, VCSP(T') is in P or NP-complete. I

Corollary (Bodirsky, S., Lutz '24)

Let q be a conjunctive query such that I(q) is acyclic. Then the resilience
problem for q is in P or NP-complete.
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Complexity dichotomy for resilience of acyclic queries

Recall: /(q) is a tree = [, can be taken finite

Follows from [Kozik, Ochremiak '15; Kolmogorov, Krokhin, Rolinek '15;
Bulatov '17; Zhuk '17]:

For a finite-domain valued structure T, VCSP(T') is in P or NP-complete. I

Corollary (Bodirsky, S., Lutz '24)

Let q be a conjunctive query such that I(q) is acyclic. Then the resilience
problem for q is in P or NP-complete.

Question: For general queries, choose B, with oligomorphic Aut(‘B).
Can we use adapt some results for finite domains?
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Fractional homomorphisms

Definition

Let I and A be valued 7-structures with domains C and D, respectively.
A fractional homomorphism from A to I is a probability distribution w on
the maps f : D — C such that for every k-ary R € 7 and tuple t € DX

E[f — RT(f(t))] < RA(1).
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Fractional homomorphisms

Definition

Let I and A be valued 7-structures with domains C and D, respectively.
A fractional homomorphism from A to I is a probability distribution w on
the maps f : D — C such that for every k-ary R € 7 and tuple t € DX

E[f — RT(f(t))] < RA(1).

Special cases:
o fractional endomorphism —if A =T
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Fractional homomorphisms

Definition

Let I and A be valued 7-structures with domains C and D, respectively.
A fractional homomorphism from A to I is a probability distribution w on
the maps f : D — C such that for every k-ary R € 7 and tuple t € DX

E[f — RT(f(t))] < RA(1).

Special cases:
o fractional endomorphism —if A =T
e Dirac fractional homomorphism — if w(f) =1 for some f : D — C

Dagstuhl Seminar, 22 May 2025 10 /16
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Fractional polymorphisms

M = (C%(R™)ger) where

¢
1
RU((EL, .. ), .. (t ) = 7Rt
i=1
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Fractional polymorphisms

M = (C%(R™)ger) where

L

P, D), () Z Lt

=1

fractional polymorphism of arity ¢ — fractional homomorphism from ¢ to I
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Fractional polymorphisms

M = (C%(R™)ger) where

¢
1
P th), () :—ZZRr(t},...,t}‘).
i=1

fractional polymorphism of arity ¢ — fractional homomorphism from ¢ to I

Theorem (Kolmogorov, Krokhin, Rolinek '15)

Let T be a finite-domain valued structure. If T has a cyclic fractional
polymorphism, then VCSP(I') is in P .
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Fractional polymorphisms

M = (C%(R™)ger) where
RE((H ), (e ) = 2 D DR (e th).

fractional polymorphism of arity ¢ — fractional homomorphism from ¢ to I

Theorem (Kolmogorov, Krokhin, Rolinek '15)

Let T be a finite-domain valued structure. If T has a cyclic fractional
polymorphism, then VCSP(I') is in P .

Theorem (Bodirsky, S., Lutz '24)

If Ty has a fractional polymorphism which is canonical and pseudo cyclic,
then VCSP(Iy) is in P.
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Pp-constructability

o (I') — set of all valued relations expressible in I’
— analogy of pp-definable relations
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Pp-constructability

o (I') — set of all valued relations expressible in I’
— analogy of pp-definable relations

o pp-power of [ — on the domain C¢ for some d with relations in ()
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Pp-constructability

o (I') — set of all valued relations expressible in I’
— analogy of pp-definable relations

o pp-power of [ — on the domain C¢ for some d with relations in ()

o [ pp-constructs A — there exists a pp-power [’ of I, which is
fractionally homomorphically equivalent to A
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Pp-constructability

o (I') — set of all valued relations expressible in I’
— analogy of pp-definable relations

o pp-power of [ — on the domain C¢ for some d with relations in ()

o [ pp-constructs A — there exists a pp-power [’ of I, which is
fractionally homomorphically equivalent to A

K3 — complete graph on 3 vertices, viewed as a 0-co valued structure

Proposition (Bodirsky, S., Lutz '24)

If Aut(T) is oligomorphic and T pp-constructs K3, then VCSP(T') is
NP-hard.
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Pp-constructability

o (I') — set of all valued relations expressible in I’
— analogy of pp-definable relations

o pp-power of [ — on the domain C¢ for some d with relations in ()

o [ pp-constructs A — there exists a pp-power [’ of I, which is
fractionally homomorphically equivalent to A

K3 — complete graph on 3 vertices, viewed as a 0-co valued structure

Proposition (Bodirsky, S., Lutz '24)

If Aut(T) is oligomorphic and T pp-constructs K3, then VCSP(T') is
NP-hard.

Conjecture: If I, does not pp-construct K3, then the tractability theorem
applies and VCSP(I;) and hence resilience of q is in P.
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Resilience for digraphs

R — binary relation symbol
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Resilience for digraphs

R — binary relation symbol

qe := Ix R(x,x)
g :=3x,y R(x,y)
gc :==3Ix,y R(X7y)R(y7X)
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Resilience for digraphs

R — binary relation symbol

qe := Ix R(x,x)
g :=3x,y R(x,y)
gc :==3Ix,y R(X7y)R(y7X)

— for all queries q above, ' has a canonical pseudo cyclic fractional

polymorphism
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Resilience for digraphs

R — binary relation symbol

qe := Ix R(x,x)
g :=3x,y R(x,y)
gc :==3Ix,y R(X7y)R(y7X)

— for all queries q above, ' has a canonical pseudo cyclic fractional
polymorphism

Theorem (Bodirsky, S. '25)

Let g be a minimal connected conjunctive query over the signature {R}.
Then either q is equal to q;, g1 or q. and the resilience of q is in P, or the
resilience problem of q is NP-complete.
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Resilience for digraphs

R — binary relation symbol

qe := Ix R(x,x)
g :=3x,y R(x,y)
gc :==3Ix,y R(X7y)R(y7X)

— for all queries q above, ' has a canonical pseudo cyclic fractional
polymorphism

Theorem (Bodirsky, S. '25)

Let g be a minimal connected conjunctive query over the signature {R}.
Then either q is equal to q;, g1 or q. and the resilience of q is in P, or the
resilience problem of q is NP-complete.

Conjecture: NP-hardness always comes from pp-constructing K3.
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Valued cores for resilience

Assume oligomorphic automorphism groups.
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Valued cores for resilience

Assume oligomorphic automorphism groups.

model-complete core — relational structure 98 such that End(B) = Aut(5)
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Valued cores for resilience

Assume oligomorphic automorphism groups.

model-complete core — relational structure 98 such that End(B) = Aut(5)
valued core — valued structure I such that for every w € fEnd(I') and every
measurable S, w(S) = w(S N Aut(l))
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Valued cores for resilience

Assume oligomorphic automorphism groups.

model-complete core — relational structure 98 such that End(B) = Aut(5)
valued core — valued structure I such that for every w € fEnd(I') and every
measurable S, w(S) = w(S N Aut(l))

Theorem (Bodirsky, Jahel, S. '25)

Let I be a valued structure such that all of its valued relations attain

values from {0,1,00}. Then there exists a valued core A with Aut(A)
oligomorphic such that:

@ A is a substructure of I';

o [ and A are fractionally homomorphically equivalent and the
fractional homomorphisms can be chosen to be Dirac;

@ every valued core which is frac. hom. equiv. to I is isomorphic to A.
v
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Connection to model-complete cores

underlying crisp structure of ' — relational structure on the same domain,
contains all 0-oc-valued relations from (I')
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Fact: [ pp-constructs K3 if and only if its underlying crisp structure does.
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Connection to model-complete cores

underlying crisp structure of I' — relational structure on the same domain,
contains all 0-oc-valued relations from (I')

Fact: [ pp-constructs K3 if and only if its underlying crisp structure does.

Proposition (Bodirsky, Jahel, S. '25)

Let I be a valued structure such that all of its valued relations attain
values from {0,1,00}. Then [ is a valued core if and only if the underlying
crisp structure of I' is a model-complete core.
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Connection to model-complete cores

underlying crisp structure of I' — relational structure on the same domain,
contains all 0-oc-valued relations from (I')

Fact: [ pp-constructs K3 if and only if its underlying crisp structure does.

Proposition (Bodirsky, Jahel, S. '25)

Let I be a valued structure such that all of its valued relations attain
values from {0,1,00}. Then [ is a valued core if and only if the underlying
crisp structure of I' is a model-complete core.

Question: Can the results on valued cores be generalized to all valued
structures with an oligomorphic automorphism group?
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Thank you for your attention |
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