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Definition of a loop

@ a loop is an algebra (Q, -, 1), where multiplication table of - is a latin
square (possibly infinite) and 1 is a neutral element of -

@ alternatively, loop can be defined as a universal algebra:

Definition (loop)
A loop is an algebra (Q, -, \, /,1) satisfying the following identities:

N\(x-y)=y, x-(x\y)=y,
(- x)/x=y, (y/x)-x=y,
x-1=x=1-x.

Example: (Z,2, *,0), where p is an odd prime and * is defined by

x*y=x+y+ px’y mod p
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Properties of loops

@ loops have Mal'tsev term x - (y\z) (satisfies x - (x\y) =y = y - (x\x))

Definition (multiplication group)
Let Q be a loop. For every x € Q, let Ly, Ry : @ — Q be defined by

L(y) = xy, R«(y) = yx.

and called left and right translations resp. The group generated by
{Lx, Rx : x € Q} is called the multiplication group of @ and denoted

MIt(Q).

e observe that L71(y) = x\y and R71(y) = y/x
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Nilpotence in loops and groups

Groups:
@ the center Z(G) is the set of all elements that commute with all of G
e define Zp(G) =1 and for i > 0 define Zj41(G) as a preimage of
Z(G/Zi(G)) under the projection of G to G/Z;(G)
e G is k-nilpotent if Z,(G) = G for some k >0

@ could be equivalently defined via commutator of two subgroups
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Nilpotence in loops and groups

Groups:
@ the center Z(G) is the set of all elements that commute with all of G
e define Zp(G) =1 and for i > 0 define Zj41(G) as a preimage of
Z(G/Zi(G)) under the projection of G to G/Z;(G)
e G is k-nilpotent if Z,(G) = G for some k >0

@ could be equivalently defined via commutator of two subgroups

Loops:

o the center Z(Q) is the set of all elements that commute and
associate with all of @

e we define Z;j(Q), i > 0 and k-nilpotence as in groups
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Nilpotence in loops and groups

@ a finite group is nilpotent iff it is a direct product of groups of prime
power order

@ this is not true for finite loops:

o every non-associative loop of prime order is not nilpotent, since |Z(Q)|
divides |Q)|

o there is a directly indecomposable nilpotent loop of order 6
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Nilpotence in loops and groups

@ a finite group is nilpotent iff it is a direct product of groups of prime
power order
@ this is not true for finite loops:

o every non-associative loop of prime order is not nilpotent, since |Z(Q)|
divides |Q)|
o there is a directly indecomposable nilpotent loop of order 6

Theorem (Wright, 1969)

A finite loop @ is a direct product of nilpotent loops of prime power order
if and only if M1t(Q) is nilpotent.
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Binary commutator

Definition (binary commutator)

Let A be an algebra and let o, 3, § € Con(A). We say that « centralizes
modulo ¢ if for every term operation t and for all tuples aab and ugv

t(a,u)d t(a,v)
4
t(b,u)d t(b,v)

The binary commutator [« 5] is the smallest congruence ¢ of A such that
« centralize 8 modulo §.
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Binary commutator in groups

@ observe that in abelian groups 1 centralizes 1 modulo Og since
every term is of the form

t(Z,W):Zki‘Zi+Z/J"M/j,
i J

so we have
t(a,u) = t(a,v) = t(b,u) = t(b,v)
@ hence in abelian groups [1¢,1¢] = O¢

@ more generally, if A, B < G and «, 8 are the corresponding
congruences then [« 3] corresponds to [A, B]
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Bulatov's definition of higher commutator

Definition (higher commutator; Bulatov, 2001)

Let A be an algebra, a1,...,a,, B, 6 € Con(A). We say that ai,...,an,
centralize 8 modulo ¢ if, for every term operation t and all pairs of tuples
ajajb;, ufv,

V(x1, ..., xn) €{a1,b1} x ... x {ap, bp} ~ {(b1,...,bs)}
t(X1y ey X, 1) 0 E(X1, ooy Xppy V)

i3
t(bl,...,bn,u)5t(b1,...,b,,,v).

The (n+ 1)-ary commutator [a1, ..., an, 3] is the smallest congruence §
of A such that ay, ..., a, centralize 8 modulo §.
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Nilpotence and supernilpotence

Definition (nilpotence)

An algebra A is said to be k-nilpotent if

[Las [La, [ [La, L] 1] = Oa:
ki1

@ in groups and loops this definition yields the same nilpotence

Definition (supernilpotence)

An algebra A is said to be k-supernilpotent if

[1a,....,1a] = Oa.

k+1
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Supernilpotence vs. nilpotence

@ cl,y(A) - class of nilpotence of A
@ clgy(A) - class of supernilpotence of A
@ cly(Q) - class of nilpotence of Mlt(Q) for a loop Q

e if an algebra is not (super)nilpotent, we say that the class is co

Theorem (Aichinger, Mudrinski, 2010)

If Ais a Mal'tsev algebra, then cl,(A) < clsy(A).

Theorem (Aichinger, Ecker, 2006)

If G is a group, then cl,(G) = cln(G) = cly(G).
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Supernilpotence vs. nilpotence in loops

Theorem (Bruck, 1946)
If Q is a loop, then cly(Q) < clyn(Q).

Theorem (Aichinger, Mudrinski, 2010; Wright, 1969)

If Q is a finite loop then clg,(Q) < oo iff cly(Q) < oo iff it is a direct
product of loops Q; of prime power size, cl,(Q;) < oo.

Theorem (Z.S., D.S.)
Let Q be a loop, then cly,(Q) < clsn(Q).

@ we found algorithmically 8-element supernilpotent loops @ such that

cln(Q) < cln(Q) < clsn(Q)
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Proof of the theorem

Let Q be a loop, then cly,(Q) < clgn(Q).

Proof by example.

@ 2-supernilpotent loop Q, a,b,c € Q,

@ a group term t(xy, xp,x3) = X2X3X1_1,

o fi=LiLy, g1 =Lp=LiLy,

o fh=Rl;'=RLRY, @ = RuRyY = RpLT'R; L,
o u=R1=RR,v="R,=R 'Ry

Define term t’ as

1 .02 1.2 3 1 2 1.2.3
(X1, XT, X0, X5, X5, X3, X3)

_ 1.2/.1.2\—1
= xx55x3x5 (X1 x1)
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Proof of the theorem

The following are equivalent:

t(h, o, u) = t(f, 2, v)
t(Lalp, ReLy 'Ry Y, RIIR) = t(Lalp, ReLy P Ry: R—lR,,)
t'(Lay Ly, Re, Ly R7Y REY Ry) = t/(Lay Loy Re, LY RYY, RUY, Ry)
RL;'RIIRC 1R1Lb1L; = RL'RIIRTIRy LML
Rl 'Ry RMRIRIL, ML, H(q) = ReL Ry R M RoRa L, L (q)
s(a,b,c,a,1,¢,1,1,q9) = s(a, b,c,a,1,1, b, a,q)

for all g € Q and a suitable loop term s.

The other equations are translated similarly. By 2-supernilpotence of Q,

we derive the equation t(g1, g2, u) = t(g1, &, v) first in @ and then
translate it to Mlt(Q).
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Absorbing polynomials

Definition (absorbing polynomial)

Let A be an algebra, a,e € A. A polynomial operation f of A is called
absorbing at a into e if f(u) = e whenever there is i such that u; = a;.

@ in loops it is enough to considera=1and e=1

Theorem (Aichinger, Mudrinski, 2010)

A Mal’tsev algebra is k-supernilpotent iff every absorbing polynomial of
arity k + 1 is constant.
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|dentities defining supernilpotence

The following mappings generate the group Inn(Q) = Mlt(Q);:
Ly =L Lily, Rey=RIRR,, Ti=R'L.
Using absorbing polynomials, we can derive the following:

Proposition (Z.S., D.S.)

© A loop is 1-supernilpotent if and only if it is an abelian group.
@ A loop is 2-supernilpotent if and only if it is a 2-nilpotent group.

© In a 3-supernilpotent loop @, for every x,y,u,v € Q the following is
true:

o L.,, R, and [Ly, R,] are automorphisms of Q,
° [Lx,ya Lu,v] = [Lx,ya Ru,v] = [Rx,ya Ru,v] = [Lx,y7 Tu] = [Rx,ya Tu] =1

v
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Proof sketch

Proof sketch.

@ supernilpotence implies nilpotence in loops, hence (<) in (1) and (2)

.

= = = = =
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Proof sketch

Proof sketch.
@ supernilpotence implies nilpotence in loops, hence (<) in (1) and (2)
1) (=)

o terms T.(y)/y = ((xy)/x)/y and Ly, (2)/z = (xy\(x(y2)))/z are
absorbing, therefore constant

@ hence a 1-supernilpotent loop needs to be commutative and
associative — abelian group

= =7 = = =
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Proof sketch

Proof sketch.
@ supernilpotence implies nilpotence in loops, hence (<) in (1) and (2)
1) (=)

o terms T.(y)/y = ((xy)/x)/y and Ly, (2)/z = (xy\(x(y2)))/z are
absorbing, therefore constant

@ hence a 1-supernilpotent loop needs to be commutative and
associative — abelian group

@) (=)

@ the second term from (1) is constant, hence 2-supernilpotent loops
are associative — 2-nilpotent groups

= =7 = = =
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Proof sketch

Proof sketch.
@ supernilpotence implies nilpotence in loops, hence (<) in (1) and (2)
1) (=)

o terms T.(y)/y = ((xy)/x)/y and Ly, (2)/z = (xy\(x(y2)))/z are
absorbing, therefore constant

@ hence a 1-supernilpotent loop needs to be commutative and
associative — abelian group

@) (=)

@ the second term from (1) is constant, hence 2-supernilpotent loops
are associative — 2-nilpotent groups

(3)
@ asin (1), (2) we show that appropriate terms are absorbing and hence
constant, e.g. Ly, (uv)/(Lx,y(u)Lx,y(v))

Ol

= =7 = = = - -
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Relational description of the commutator

@ original definition of supernilpotence does not provide a natural
algorithm

@ there is an equivalent relational description by Opr3al using a certain
. k+1 . .
relation A(1a,...,14) < A2 given by its generators
N———

k+1

A(la,14,14) is generated by the tuples of the form (a, b, a, b, a, b, a, b),
(a,a, b, b,a,a,b,b)or (a,a,a,a,b,b,b,b).
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Relational description of the commutator

@ original definition of supernilpotence does not provide a natural
algorithm

@ there is an equivalent relational description by Opr3al using a certain
. k+1 . .
relation A(1a,...,14) < A2 given by its generators
N———

k+1

A(la,14,14) is generated by the tuples of the form (a, b, a, b, a, b, a, b),
(a,a, b, b,a,a,b,b)or (a,a,a,a,b,b,b,b).

Theorem (Opr3al, 2016)

A Mal’tsev algebra A is k-supernilpotent if and only if A contains no
non-trivial fork in the last coordinate, that is, a pair of tuples of the form

(u1,...,u2k+1_1,a),(u1,...,u2k+1_1,b), 37é b.

= = =
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Algorithmic testing of supernilpotence

@ for finite loops @ and k € N we generated A and checked existence
of non-trivial forks

@ we represented collections of tuples as rooted trees to make the check
for forks and duplicates faster

e this allows us to perform the check in O(|Q] - 2k*1)

@ in the straightforward list representation it takes O(25*1s), where s is
the size of the collection (bounded by |Q|2H1)
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Results of tests

@ we tested 3-supernilpotence in non-associative loops @, where:

e |Q =8, cln(@)=3
o |Q| =9 (they have cl,(Q) = 3)

o we found 8-element supernilpotent loops where
2=clpy(Q) <3 =cln(Q) < cln(Q)

@ we were unable to confirm 3-supernilpotence of any of the tested
loops (some tests were running for > 3 hrs)
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New results

@ D. Stanovsky and P. Vojtéchovsky characterized 3-supernilpotent
loops by finitely many identities using commutator and associator

terms
@ might be possible to generalize the characterization to
k-supernilpotence
@ allows to test 3-supernilpotence in finite loops very fast
@ 8-element loops:
e confirmed the previous results (loops that are not 3-supernilpotent)
o showed the rest to be 3-supernilpotent
@ 9-element loops:

@ just part of the loops is 3-supernilpotent
o the former algorithm was not fast enough to find forks
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Open problems

Problem

Let Q be a supernilpotent loop. Find a function
Q f such that clg,(Q) < f(cly(Q)), or
@ g such that cls, (Q) < g(cln(Q))

or prove that no such function exists.
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Open problems

Let Q be a supernilpotent loop. Find a function
Q f such that clg,(Q) < f(cly(Q)), or
@ g such that cls, (Q) < g(cln(Q))

or prove that no such function exists.

Does the equivalence

clan(Q) < 00 & clp(Q) < 0

hold for every loop Q?
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Thank you for your attention |
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