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Dresden, June 4, 2012Comments on some re
ent work by Shouryya RayRe
ently the news has spread in national and international newspapers about a 16 yearold high s
hool student from Dresden, Shouryya Ray, who �has solved a mathemati
alproblem whi
h has stumped mathemati
ians for 
enturies�, a problem �in fundamentalparti
le dynami
s posed by Sir Isaa
 Newton over 350 years ago�. The solution makes�it possible to now 
al
ulate not only the �ight path of a ball, but also to predi
t howit will hit and boun
e o� a wall. Previously it had only been possible to estimate thisusing a 
omputer� 1. The news was dis
ussed on the internet, but unfortunately withoutany information stating what the problem of Newton a
tually was, and what the worka

omplished by the young student was. The work has now been shown to us, and withthe 
onsent of the young student, we are able to report more details of the work and todes
ribe its relation with results in the literature.Condu
ting an internship at the Chair of Fluid Me
hani
s at TU Dresden, ShouryyaRay en
ountered two ordinary di�erential equations whi
h are spe
ial 
ases of Newton'slaw that the derivative of the momentum of a parti
le equals the for
es a
ting on it. Inthe �rst one, whi
h des
ribes the motion of a parti
le in a gas or �uid, this for
e is thesum of a damping for
e, whi
h depends quadrati
ally on the velo
ity, and the (
onstant)gravitational for
e:
u̇ = −u

√
u2 + v2, u(0) = u0 > 0

v̇ = −v
√
u2 + v2 − g, v(0) = v0.

(1)Here, u and v are the horizontal and verti
al velo
ity, respe
tively. The fa
t that thedamping depends quadrati
ally on the velo
ity, in a 
ertain range of Reynolds numbers,is a 
lassi
al assumption and goes ba
k to Newton2.
1See http://www.thelo
al.de/edu
ation/20120523-42687.html. This arti
le is basi
ally a trans-lation from an arti
le in Die WELT; see http://www.welt.de/vermis
htes/arti
le106354044/16-jaehriges-Mathegenie-loest-uraltes-Zahlenraetsel.html
2See the dis
ussion in Prandtl, Ludwig; Oswatits
h, Klaus; Wieghardt, Karl: Führer dur
h die Strö-mungslehre, Vieweg & Sohn, Korrigierter Na
hdru
k der 9. Au�age, 1993, p.254�.



The se
ond equation reads̈
z = −ż − z3/2, z(0) = 0, ż(0) = z1, (2)and des
ribes the traje
tory of the 
enter point z(t) of a spheri
al parti
le during a normal
ollision with a plane wall. The term z3/2 has been proposed by Hertz3 for purely elasti
deformation of the parti
le. The linear term ż a

ounts for additional damping. At t = 0the parti
le hits the wall and the distan
e between the 
enter of the parti
le and thewall is equal to the radius. This is identi�ed with z(0) = 0, while ż(0) > 0 is the initialvelo
ity. It should be mentioned that all our equations above are dimensionless and allphysi
al 
onstants (ex
ept for the gravitation) have been put = 1. This is not done inShouryya Ray's work so that at the end of the analysis he 
an also 
onsider limiting 
aseswhen 
ertain 
onstants tend to 0 or ∞.We wish to emphasize that the amount of literature absorbed by the young student isimpressive, and the same is true for for the variety of te
hniques for solving ordinarydi�erential equations that he learned, applied, and sometimes developed by himself. Thework is without doubt ex
eptional for a high s
hool student and it merits the attentionthat it re
eived in a national s
ien
e 
ompetition for high s
hool students4. However, itsometimes la
ks the theoreti
al ba
kground of mathemati
al analysis.Problem (1) is 
onsidered as a system of two �linear� equations for u and v � with unknown
oe�
ient fun
tion √

u2 + v2. By introdu
ing the s
alar fun
tions
Ψ(t) =

∫ t

0

exp[

∫ τ

0

√

u2(s) + v2(s) ds] dτ, and
ψ(t) = (v0 − gΨ(t))/u0,Shouryya Ray observes on the one hand that the solutions 
an be represented as

u(t) =
u0

Ψ̇(t)
,

v(t) =
v0 − gΨ(t)

Ψ̇(t)
,and on the other hand that ψ satis�es the se
ond order ordinary di�erential equation

ψ̈ = g
√

1 + ψ2, ψ(0) = v0/u0, ψ̇(0) = 1. (3)By multiplying this equation with ψ̇, and by integrating the result, this equation istransformed into the �rst order ordinary di�erential equation
ψ̇ = (gψ

√

1 + ψ2 + g arsinhψ − C)1/2,

ψ(0) = v0/u0, C = gv0/u0
√

1 + (v0/u0)2 − 1,
(4)

3Hertz, H.: Über die Berührung fester Körper. Journal für die reine und angewandte Mathematik 92(1882), 156�171.
4This 
ompetition is 
alled Jugend fors
ht https://www.jugend-fors
ht.de/. See inparti
ular http://www.jufo-dresden.de/projekt/teilnehmer/matheinfo/m1 or http://jugend-fors
ht-sa
hsen.de/2012/teilnehmer/fa
hgebiet/id/52



the solution of whi
h is given impli
itly by
∫ ψ(t)

ψ(0)

1

(gx
√
1 + x2 + g arsinh x− C)1/2

dx = t. (5)Equations (3)-(5) appear in the literature5, but it seems not possible to 
ompute theintegral in (5) and to invert the resulting fun
tion in order to obtain ψ expli
itly. At thispoint, Shouryya Ray applies a re
ent result of D. Domini
i6 in order to obtain a powerseries representation for ψ,
ψ(t) =

∞
∑

n=0

dn t
n, (6)with a re
ursion formula for the 
oe�
ients dn. He thus obtains an analyti
 solution of theproblem (3), and hen
e of problem (1). In addition, he validated his result by 
omparingapproximate solutions obtained by taking partial sums in (6) with approximate solutionsobtained with a Runge-Kutta s
heme.While the above derivation is mathemati
ally 
orre
t, we have to say that the 
lassi
altheory of ordinary di�erential equations provides two fundamental theorems whi
h are ofrelevan
e in this 
ontext7. The theory yields(i) existen
e and uniqueness of 
lassi
al (C1) solutions of equations of the type as
onsidered above, and(ii) that these solutions are analyti
, that is, they admit a power series representation,if the data in the equation are analyti
 (for example, the fun
tion ψ 7→

√

1 + ψ2 isanalyti
).Both points are 
lassi
al, but it is true that point (ii) may not be part of every undergra-duate 
ourse on ordinary di�erential equations, and not even of every textbook on thesubje
t. Having these existen
e theorems at hand, the 
oe�
ients dn = ψ(n)(0)/n! mayalso be obtained from equation (3) or (4) by su

essively di�erentiating the equationsand thus obtaining a re
ursion formula for the higher order derivatives of ψ at 0.The situation is a little bit di�erent for problem (2) sin
e the fun
tion z3/2 is not analyti
at z = 0 while the initial 
ondition is z(0) = 0. Shouryya Ray tried to give an analyti
solution also for this problem, but the arguments given in the original work were partlyerroneous and would need to be revised. In a re
ent dis
ussion, however, he has shownto us a new ansatz towards a solution whi
h is analyti
 for positive times. This ansatzagain reveals the impressive talent as far as 
omputational te
hniques are 
on
erned.
5See Parker, G. W.: Proje
tile motion with air resistan
e quadrati
 in the speed. Ameri
an J. Phys. 45(1977), no. 7, 606�610, where the equation is dedu
ed in a di�erent way. In the blog http://www.reddit.
om/user/vaporism we found also a referen
e to Didion, Isidore: Traité de balistique, Paris,1860, pp. 200�, and espe
ially page 211, where the fun
tion under the integral appears, or page 218,where power series solutions are dis
ussed.
6Domini
i, Diego: Nested derivatives: a simple method for 
omputing series expansions of inverse fun
-tions. Int. J. Math. Math. S
i. 58 (2003), 3699�3715.
7Kamke, Eri
h: Di�erentialglei
hungen. (German) Lösungsmethoden und Lösungen. I: Gewöhnli
he Dif-ferentialglei
hungen. Neunte Au�age. Mit einem Vorwort von Detlef Kamke. B. G. Teubner, Stuttgart,1977. 3



Let us 
ome ba
k to problem (1) whi
h was the starting point of the media stories. Inthe 
ontext of Shouryya Ray's work it was an unfortunate 
ir
umstan
e, that a re
entarti
le from 20078 
laims that no analyti
 solution of problem (1) was known, or thatit was known only in spe
ial 
ases, namely for falling obje
ts9 This might have misledShouryya Ray who was not aware of the 
lassi
al theory of ordinary di�erential equations.A
tually, many mathemati
ians have 
onsidered the problem of proje
tile motion in airover a long time. An additional approa
h, for example, was proposed by Johann Bernoulliwho transformed the problem (1) in a di�erent way in order to obtain the equation
dw

dϕ
= tanϕw + α2 secϕw3, (7)whi
h today is known as a Bernoulli di�erential equation. Here, the velo
ity w is para-metrized over the angle ϕ. The points (i) and (ii) apply also to this ordinary di�erentialequation, and there is an analyti
 solution. The 
oe�
ients of the power series of w 
anagain be 
omputed by su

essively di�erentiating equation (7).To 
on
lude, Shouryya Ray has obtained analyti
 solutions of the problem (1), by trans-forming it su

essively to the problems (3)-(5), and by applying a re
ent result of D.Domini
i in order to obtain a re
ursion formula for the 
oe�
ients of the power seriesrepresentation of ψ. He then validated his results numeri
ally. Given the level of prerequi-sites that he had, he made great progress. Nevertheless all his steps are basi
ally knownto experts, and we emphasize that he did not solve an open problem posed by Newton.We do not know how this regrettable 
laim entered several newspapers. Apparently, this
laim was not endorsed by experts in the �eld who should have been involved in theevaluation of the work. We hope that this small text gives the ne
essary information tothe mathemati
al 
ommunity, and that it allows the 
ommunity to both put in 
ontextand appre
iate the work of Shouryya Ray who plans to start a 
areer in mathemati
s andphysi
s.

Prof. Dr. Ralph Chill and Prof. Dr. Jürgen Voigt
8Yabushita, Kazuki; Yamashita, Mariko; Tsuboi, Kazuhiro. An analyti
 solution of proje
tile motionwith the quadrati
 resistan
e law using the homotopy analysis method. J. Phys. A 40 (2007), no. 29,8403�8416,
9We 
ite from this arti
le, page 8404: �The motion equation of this 
ase (that is, the 
ase of quadrati
resistan
e) is unsolvable analyti
ally, although the problem is fundamental and pra
ti
al in elementa-ry dynami
s. ... The analyti
 solutions of falling motion problems with linear air resistan
e and withquadrati
 air resistan
e have already been obtained. Also, the 
ase of proje
tile motion with linear air re-sistan
e has already been solved. As mentioned before, the 
ase of quadrati
 air resistan
e has previouslybeen unsolvable without adding some spe
i�
 
onditions.�
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