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Abstract

An analogue of a spectral triple over SU,(2) is constructed for which the usual assumption
of bounded commutators with the Dirac operator fails. An analytic expression analogous to that
for the Hochschild class of the Chern character for spectral triples yields a non-trivial twisted
Hochschild 3-cocycle. The problems arising from the unbounded commutators are overcome by
defining a residue functional using projections to cut down the Hilbert space.

1 Introduction

This paper studies the homological dimension of the quantum group SU,(2) from the perspective of
Connes’ spectral triples. We use an analogue of a spectral triple to construct, by a residue formula,
a nontrivial Hochschild 3-cocycle. Thus we obtain finer dimension information than is provided by
the nontriviality of a K-homology class, which is sensitive only to dimension modulo 2

The position of quantum groups within noncommutative geometry has been studied intensively over
the last 15 years. In particular, Chakraborty and Pal introduced a spectral triple for SU,(2),
and this construction was subsequently refined in [DLSSV] and generalised by Neshveyev and Tuset
in to all compact Lie groups G. These spectral triples have analytic dimension dim G and
nontrivial K-homology class. However, when Connes computed the Chern character for Chakraborty
and Pal’s spectral triple [CI], he found that it had cohomological dimension 1 in the sense that the
degree dim SU(2) = 3 term in the local index formula is a Hochschild coboundary. Analogous results
for the spectral triple from [DLSSV] were obtained in [DLSSV?2].

Contrasting these ‘dimension drop’ results, Hadfield and the first author [HK1, [HK2] showed that
SU4(2) is a twisted Calabi-Yau algebra of dimension 3 whose twist is the inverse of the modular
automorphism for the Haar state on this compact quantum group, cf. Section[2l They also computed
a cocycle representing a generator of the nontrivial degree 3 Hochschild cohomology groups (which
we call the fundamental cocycle), and a dual degree 3 Hochschild cycle which we denote dvol.

The starting point of the present paper is the concept of a ‘modular’ spectral triple [CNNR]. These are
analogous to ordinary spectral triples except for the use of twisted traces. The examples considered
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in [CNNR] arise from KMS states of circle actions on C*-algebras, and yield nontrivial K K-classes
with 1-dimensional Chern characters in twisted cyclic cohomology. In [KW] it was then shown that
they also can be used to obtain the fundamental cocycle of the standard Podle$ quantum 2-sphere.
Motivated by this, our construction here extends the modular spectral triple on the Podles sphere to
all of SU,(2). This extension is not a modular spectral triple, but as our main theorem shows, still
captures the homological dimension 3: we give a residue formula for a twisted Hochschild 3-cocycle
which is a nonzero multiple of the fundamental cocycle. We obtain this formula by analogy with
Connes’ formula for the Hochschild class of the Chern character of spectral triples, [Cl Theorem 8,
IV.2.7] and [BeE], [CPRSI]. A natural next question that arises is whether our constructions provide
a representative of a nontrivial K-homological class.

The organisation of the paper is as follows. In Section 2] we recall the definitions of SU,(2), the
Haar state on SU,(2) and the associated GNS representation, and finally the modular theory of the
Haar state. In Section B] we recall the homological constructions of HK2|, and prove some
elementary results we will need when we come to show that our residue cocycle does indeed recover
the class of the fundamental cocycle.

Section M contains all the key analytic results on meromorphic extensions of certain functions that
allow us to prove novel summability type results for operators whose eigenvalues have mixed poly-
nomial and exponential growth, see Lemma

Section [l constructs an analogue of a spectral triple (A, H, D) over the algebra A of polynomials in
the standard generators of the C*-algebra SU,(2). The key requirement of bounded commutators
fails, and this ‘spectral triple’ fails to be finitely summable in the usual sense (however, it is 6-
summable). Using an ultraviolet cutoff we can recover finite summability of the operator D on a
subspace of H with respect to a suitable twisted trace. However, our representation of A does not
restrict to this subspace, and so we are prevented from obtaining a genuine spectral triple.

In Section [0l we define a residue functional 7. Heuristically, for an operator T,

T(T) = Ressngrace(A_lQT(l 4 ’D2)_s/2)_

Here A implements the modular automorphism of the Haar state, D is our Dirac operator and ()
is a suitable projection that implements the cutoff. The existence, first of the trace, and then the
residue, are both nontrivial matters.

The main properties of 7 are described in Theorem [6.3] and in particular we show that the domain of
7 contains the products of commutators ag[D, a1][D, az][D, as] for a; € A. In addition, 7 is a twisted
trace on a suitable subalgebra of the domain containing these products. The main result, Theorem
65 proves that the map ag,...,as — 7(ao[D,a1][D,as][D,as]) is a twisted Hochschild 3-cocycle,
whose cohomology class is non-trivial and coincides with (a multiple of) the fundamental class.
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2 Background on SU,(2)

The notations and conventions of [KS] will be used throughout for consistency. We recall that
A = 0O(8U,4(2)), for g € (0,1), is the unital Hopf *-algebra with generators a,b, ¢, d satisfying the
relations



ab = gba, ac=qca, bd=qdb, cd=qdc, bc=cb
ad =1+ gbe, da =1+ ¢ tbe

and carrying the usual Hopf structure, as in e.g. [KS]. The involution is given by

a*=d, b'=-—qc, ¢"=—-q'b d=a.

We choose to view A as being generated by a, b, ¢, d explicitly, rather than just a, b, in order to make
formulae more readable.

Proposition 2.1 ([KS| Proposition 4.4]). The set {a™b™c", b™c"d® | m,r,s € Ng, n € N} is a vector
space basis of A. These monomials will be referred to as the polynomial basis.

Recall that for each [ € %No, there is a unique (up to unitary equivalence) irreducible corepresentation
V, of the coalgebra A of dimension 2/ 4+ 1, and that A is cosemisimple. That is, if we fix a vector
space basis in each of the V; and denote by téj € A the corresponding matrix coefficients, then we
have the following analogue of the Peter-Weyl theorem.

Theorem 2.2 ([KS, Theorem 4.13]). Let I; := {—l,—1l+1,...,1 — 1,1}. Then the set {té,j | 1 e
%No, i,7 € I;} is a vector space basis of A.

This will be referred to as the Peter-Weyl basis. With a suitable choice of basis in V%, one has

| vl
N

a=t b=t c=t d=t

[N
[N

1_ 1 _11 _1
2772 272 T2

[NIES

)

The expressions for the Peter-Weyl basis elements as linear combinations of the polynomial basis
elements can be found in [KS| Section 4.2.4].

The quantized universal enveloping algebra U, (s[(2)) is a Hopf algebra which is generated by k, k!, e, f
with relations

k2 — k2
g—q '

Note that in [KS] this algebra is denoted by U,(sly) and U (sla). The algebra U,(sl(2)) carries the
following Hopf structure

kk_l = k_lk = 1, k‘ek‘_l = qe, kfk_l = q_1f7 [67 f] -

Ak)=k®Ek Al)=exk+k'oe, A(f)=fk+tk'af
S(k)y=k"", S(e)=—qe, S(f)=—-q"'f
e(k) =1, e(e)=¢(f)=0.

Adding the following involution

K=k e =f [f=e
we obtain a Hopf x-algebra which we denote by U, (su(2)).



Theorem 2.3 ([KS, Theorem 4.21]). There exists a unique dual pairing (-,-) of the Hopf algebras
U,(sl(2)) and A such that

(ka)=q72, (k) =q?, (e,c)=(f;b)=1
(k,b) = (k,c) = (e,a) =(e,b) = (e,d) = (f,a) = (f,¢) = (f.d) = 0.
This pairing is compatible with the x-structures on Uy(sl(2)) and A, [KS, Chapter 1].

The dual pairing between the Hopf algebras (-,-) : Uy(sl(2)) x .A — C defines left and right actions
of Uy(sl(2)) on A. Using Sweedler notation (A(x) = > x(1) ® 7(9)) these actions are given by

g T = Zx(l) <g,x(2)> rdg = Zm g,a:(l for all =z € A, g € Uy(sl(2)).

The left and right actions make A a U,(s[(2))-bimodule [KS| Proposition 1.16].
Our definition of the g-numbers is

L q B qa o —a a
[a]q .—m—Q(q —q%) for any a € C,
where we abbreviated Q := (¢! — ¢)~! € (0,00). The following lemma recalls the explicit formulas
for the action of the generators on the Peter-Weyl basis.

Lemma 2.4. For alln € Z,
Kt tl = gt thoak™ = g
27.] Z7.7 27-] 27-]
1 _ 112 : l 1 _ 112 C 172 4
ert;; = \/UJr sl,— i+ ] tij+1 frti;= \/UJr sl 17— 3], tij

Later we will use the notation

Op =k, Oc:=ed> -, 0p = fo-,

especially when we extend these operators from A to suitable completions. Also observe that A(k™) =
k" @K™ for all n € Z, hence k™1>- and -<k™ are algebra automorphisms on .A. They are not x-algebra
automorphisms since for o € A we have (k>a)* = k~!'>a*, (a<k)* = a*<k~!. Finally, we introduce

On (t ;) = jti 5.

and we note that formally 9), = ¢%#

2.1 The GNS representation for the Haar state
We denote by A := C*(SU,(2)) the universal C*-completion of the x-algebra A [KS| Section 4.3.4].
Let h be the Haar state of A whose values on basis elements are
h(a'b ¥y = h(d'b ) = 6;,00;6(—1)F[k + 1], 1, Rt ;) = do.
Let Hj, denote the GNS space L?(A, h), where the inner product (z,y) = h(z*y) is conjugate linear

in the first variable. The representation of A on Hj, is is induced by left multiplication in A. The
set {té,j | 1 € 4Ny, i,j € I;} is an orthogonal basis for Hy, with

<t2],t21 /> - 51 1/52 Zléj]/q [2l + 1];1



2.2 Modular Theory
Following Woronowicz, we call the automorphism
Ia):=k?>a<k™, acA

the modular automorphism of A. The action of ¥ on the generators of A and the Peter-Weyl basis
is given by

9(a) = ¢*a, 9(b) =b, V() =c, I(d)=q2d, O(t.,) =g 2T
The modular automorphism is a (non *-) algebra automorphism; more precisely for any a € A
I(a)* =07 (a").
The Haar state is related to the modular automorphism by the following proposition.
Proposition 2.5 ([KS| Proposition 4.15]). For a, 8 € A, we have h(af) = h(9(B)a).

In fact, h extends to a KMS state on A for the strongly continuous one-parameter group 9, t € R,
of x-automorphisms of A which is given on the generators by

19t(a) = q_2itCL, 19t(b) = b, ﬁt(C) =c, 79t(d) = q2itd.

We extend this to an action 9. : C x A — A by algebra (not *-) automorphisms that is defined on
generators by

192(&) = q—2iza, 19,2(()) = b, 192(0) =c, ng(d) = q2izd’

so that the modular automorphism 9 is ¥;.
We can implement 9, in the GNS representation on Hj. To do this, we define an unbounded linear
operator Ar on A C H;, by
l 2042541
Ap(t; ;) == ¢t

and call this the full modular operator. Then we have

Oy(z)€ = Atz AL"¢,  forallz € A and &€ € Hy,.

The subscript F' denotes that this operator is associated to the full modular automorphism . In
addition, we define the left and the right modular operators on A C Hj, by

Ap(t ) = g%t

ij AR(té,j) = ¢*'t!

INE

so Ap = ApAr = AgAy. Just as A implements the modular automorphism group, the left and
right modular operators implement one-parameter groups of automorphisms of A:

l _2atsyl _ Adtgl —it l _ 2itrgl Aty —it
O-Lﬂf(tr,s) =4q tr,s - ALtr,SAL ) O-R,t(tr,s) =q tr,s - ARtr’,sAR :



As with the full action, the left and right actions are periodic and hence give rise to actions of T on
A. These may be extended to a complex action on the *-subalgebra A which we will denote oy, .
and og . In particular, we obtain for z = 4 the algebra automorphisms

UL(tf“,s) = q_2st£’,s O-R(tf“,s) = q_2rt£~7s
F(a)é = AplaApe or(a) = A taA g or(a)€ = ARl aARE.

The fixed point algebra for the left action on A is isomorphic to the standard Podles quantum 2-
sphere (’)(Sg). We will denote its C*-completion by B. As the left action is periodic, we may define
a positive faithful expectation ®: A — B by

In(g—2 27/1In(q~2)
O(z) = (gﬂ ) /0 op4(z)dt.

More generally, given n € Z and z € A we define

In(g—2 27/ 1In(qg~2)
q)n(;p) = %/0 t_nO'L’t(l‘)dt.

Since o, is a strongly continuous action on A, the @, are continuous maps on A. Observe that
b = Py and

(I)n(té,j) - 5n,2jtigj
Hence the ®,, can be extended to bounded operators on the GNS space Hj,, and in fact the ®,, are

projections onto the spectral subspaces of the left circle action. So we make explicit the decomposition
of A into the left spectral subspaces by defining

B :=0,(A) ={ac A|op(a) =¢""a} and H,:= L*(B,,h)

where h is the Haar state (restricted to B,,). This leads to the following decomposition for the GNS
space

Hp = é Hy,.

n=—0oo

The commutation relations for the projections @, and the operators dy, 0. and J;y are found from
the definitions on the Peter-Weyl basis to be

8k<1>n = <I>nak = q%q)n Og®, = ¢,05 = gq>n ArL®, =®,Ar = q"(I)n
0uB, = By 100, 0Py, = Byy_20; .

The left actions of e and f are twisted derivations in the sense that for o, 5 € A



More generally, given a € A and £ € Hy,

De(0) = Bu()AZE + 0F ()00 (€) 95(a€) = () AZE + o ()D€ (2.1)
— 0,(a)AFE+ AL aAZ0,(€) — 0p(a)AZE + A;2aA20p(6).

See e.g. [BHMS] and the references therein for background on the generalisation of this setting in
terms of Hopf-Galois extensions.

3 Twisted homology and cohomology

We recall that the algebra A is a 9~ !-twisted Calabi-Yau algebra of dimension 3, see and the
references therein for this result and some background. Since the centre of A consists only of the
scalar multiples of 14, this means in particular that the cochain complex C* := Homc (A®c*+! C),
with differential by—1 : C™ — C™*! given by

n

(by-19)(@0s -+ ams i) = Y (~1)"0a0, g, )
=0

+ (_1)n+1(10(79_1(an+1)a07 ay, ... ,CLn),

is exact in degrees n > 3 and has third cohomology H?(C,by-1) ~ C. An explicit cocycle whose
cohomology class generates H3(C,by-1) can be constructed using the following incarnation of the
cup product -« in Hochschild cohomology:

Lemma 3.1. Let o0y, ...,03 be automorphisms of A, [+ A — C be a og o 9 1o ag_l—th'sted trace,
that 1is,

[as= [0 o5 @)
and 9; : A — A, i =1,2,3, be 0;,_1-0;-twisted derivations, that is,
di(aB) = oi—1()0;(B) + Di(a)oi(B).
Then the functional defined via the cup product by

</ w01~ Oy ~ 53) (ag,a1,az,a3) = /UO(GO)al(al)a2(a2)33(a3)

is a 9~ -twisted cocycle, by-1([ = 01~ 02— B3) = 0.

Proof. This is a straightforward computation:
<bﬁ1 / CO— e ag> (do0, a1, a3, a3, a1)
_ / o0(aga1 ) (a2)ds (az) s (as) — / 00(a0)d1 (a1a2)ds (a3)ds (as)
T / o0(0)n (1) (asas) D (a) — / oo(0)n (a1)Ds(as)s (asas)
+ / o0 (9™ (a1)a0)d1 (ar)Pa(az)s (as)

= —/Oo(ao)al(a1)32(a2)83(a3)03(a4)+/00(19_1(a4))00(ao)51(01)32(a2)33(a3)
= 0. O



Less straightforward is that when applying the above result with
co=01=k'>, oo=k?’>., o03=id,
nh=(Fk"v)ody, Oh=(T>>)00, 3= (k'1p-)00s
and a suitable twisted trace, one obtains a cohomologically nontrivial ¥~ '-twisted cocycle.

Lemma 3.2 ([HK2, Corollary 3.8]). Define a linear functional f[ll : A — C by
/ a™bmc = 5n,05m,05r,07 / b d? = 5m,05r,053,0-
(1] [

Then f[l] is a 02 o 9~ -twisted trace, and the cochain ¢ € C* given by

elag,...,a3) = /[1] (k™ > (ap O (a1))) (k73> De(az)) (k7' > 8¢ (as))

is a cocycle, by-1o = 0, whose cohomology class is nontrivial, by-11) # @ for all ¢ € C2.

Later, we will also have to consider the cocycles that are obtained by using the (twisted) derivations
0w, 0c, 0y in a different order. Explicitly, this is handled by the following result.

Lemma 3.3. In the situation of Lemma 31, define

A~

8320'100'2_1083, 82:28200'2_100'3, 82220'000'1_1082, 81228100'1_100'2.

Then we have
/V51V32V53+/V31V53V52=b191¢132,

/v51v32v53+/vé2v51v83=bz917/)213,

where
Y132(ao, a1, az) == /00(a0)31(a1)32(02_1(53(a2)))7
vans(an,a1,02) =~ [ ooao)r(o7 ! (Ba(@)On(as).
Proof. Straightforward computation. O

Applying Lemma B.3] repeatedly to the cocycle ¢ from Lemma gives cohomologous cocycles.

Corollary 3.4. The cocycle ¢ from Lemmal3Z is cohomologous to each of

@132(&0, ay, as, CL3) = —q_2 /[1] (k_4 > (ao 8H(a1))) (k_g > 8f(a2)) (k_l > Oe(ag)) ,

p213(ag, ar,as, az) == — /[1] (k™ > ag) (k73> 0e(a1)) (k72> 0 (a2)) (k7 > 9s(az)),



(,0312(610, ai, az, a3) = q_2 /m (k‘_4 > a(]) (k‘_3 > 8]0(&1)) (k’_2 > 8]{((12)) (k’_l > ae(ag)) s

@a31(ag, ar, az, az) = /[1] (k™" >ao) (k7> 0e(ar)) (k7' > 9g(a2)) (9m(asz))

and

@321(&0, ai, az, CL3) = —q_2 /H (k’_4 > ao) (k’_s > 8]0((11)) (k‘_l > ae(ag)) (6]{((13)) .
1
Proof. To begin, one applies Lemma 3.3l to ¢ with
3= (k3p)0d;, Oy=(k3>)0do(k*>-), Oy=(k3>)0d,, 1 :=(k *>-)ody(-)o(k’p-).

The formulae for these derivations can be simplified by commuting 0, and k> to obtain

D= (k3>)0d;, Oh=q 2k 'p)0d,, Oo=(k3>)0d, 01 :=(k2>-)0du().

This gives 132 and p213. Then we can apply Lemma [B.3] again to ¢o13. Going from 213 to @312
is easy, since it only involves exchanging e and f. Next we obtain @931 from (913 by applying
Lemma [3.3] with
00:]{7_4l>', 0120'2:]{7_2l>', ngid,
H=k(3>)00,, Op=(k%>)o0y, O3=(k'p-)od;
which gives .
03 201002_1083 =03 = (k‘_lb-)08f,
Dy =0hooy ooy = (k2 p-)odgo(k?>-)=0dy.

The last cocycle is obtained analogously from ¢s12. O

A homologically nontrivial 3-cycle dvol in the (pre)dual chain complex C, := A®c**! (with differen-
tial dual to by-1) has been computed in [HKT, [HK2]:

dvol (=d®Ra®@b®c—d®a®RcRb+qd®cRa®b
—docRbRa+dRbRc®a—qdRbRa®c
+cRbRaRd—cRbbRIRVa+qgecRARXbRa
—c®d®a®b+c®a®d®b—q_lc®a®b®d
+ (@ —cRbocab (3.1)

With this normalisation, we have ¢(dvol) = 1.

4 Some meromorphic functions

In this section we demonstrate that certain functions have meromorphic continuations. These func-
tions arise in the residue formula for the Hochschild cocycle in the next two sections. We require the
following notation. For any I € 1Ng and — (20 + 1) < n < (20 + 1) define

o= () o (3], -[311). ()

q q

9



We also define the finite sets
7 {0,2,...,20 -1} 1€ (No+3)
“T1,3,...,20-1)  1eN '
Lemma 4.1. The formulas

2l 24

Z'_>f1 ZZZ 1+)\2 z/2

20=1i=—1 neJl

Y CE 9 Sp pv et

20=11=—1 ne]l

define holomorphic functions on Doms, where we abbreviate
Dom; :={z € C|Re(z) > t}, teR

Proof. We will show that the sums converge uniformly on compacta. To begin with, we take z =t €
(2,00), and compute the summation over the ¢ parameter for f; and fy giving

21 + 1], (20 4 1)g?—m
ZZ Tz W Sy y e i (42)
2= lnej +)\ / 2l1=1neJ, 1+)\ /
For [ € %No and n € J; we have the inequality

[+3],- 1, e

with equality attained for n = 2] — 1. This inequality implies
2 oo n\2 o
1+)‘l,n21+<§) +q [21]q21+<§> +q . (4.3)
Since the summands in Equation ([£2]) are positive, we may invoke Tonelli’s theorem to rearrange

the order of summation
SDIEDIDS

2l=1neJ; n=0]=(n+1)/2

Combining the elementary inequality ¢%[2] + 1], < ¢~Q with Equation (@3] gives the inequalities

) < —l@zz <zz 2””
9 +qn 2l+l)t/2 +qn 2l+l)t/2

n—= Ol 7l+1 n= Ol 7L+1

We reparameterise the sums defining f; and fy using y = 2/ — 1 — n with summation range y = 0 to
y = oo. This yields

n 1
<q1QZZ ) ZZ y+ +2qy+ )

=0 y=0 ( 1+ (%) e v)t/2 =0 y=0 ( e v)H?2

10



Next we employ the inequality a? + 32 > af3, valid for any positive real numbers « and 3, to fi(t).
This yields

oo 00 na 2 —t/4
t) < q_lQZZ gyt <1 + (5) > < 00 for all ¢ > 2.

n=0 y=0

For the function f5(t), we evaluate the sums over y on the right hand side to obtain, for some positive
constants C7 and Co,

ZZ y+n+2 y+1_i Cl—l—an

== (1+( ) )t/2 —~ (1+ (%)2>t/2'

This last sum is finite for all ¢ > 2, and bounded uniformly for ¢ > 2 4 ¢ for any ¢ > 0. This
establishes that fi, fo are finite for all Re(z) > 2, and the sums defining them converge uniformly on
vertical strips, and so on compacta. Finally, to show that fi, fo are holomorphic in the half-plane
Re(z) > 2, we invoke the Weierstrass convergence theorem. O

Lemma 4.2. For any positive reals x, y, r > 0, w € N, and z € Domgs, define
o rm

0o
e
Z l’27’L2 +y erm)z/2

n=1m=w

Then we have:
1. h is a holomorphic function on Domgs;
2. h has a meromorphic continuation to Domgy with a simple pole at z = 3;

3. This continuation can be written as

h ﬁ F(z—gl) e—Tw(z=3)/2 1 e Tw(z—2)/2
() = 2ey*l T(5) 1—e7(x-3)/2 T2l — e r(z-2))2

+ err(z)

where err is a holomorphic function on Doms that satisfies

1 —rw(Re(z) 2)/2
‘ — 2yRo(z) 1 — e—7(Re(2)-2)/2"

lerr(z)

Proof. Until further notice, we take z real and positive. Later we will extend our results to complex
z as in Lemma [l Inserting the Mellin transform of f(t) = e~ (@ n?+y?erm)t gives

Z Z / t5—Lemtatn® o—ty?e™ gy

nlmw

For z real, all terms above are positive. Therefore we can apply Tonelli’s theorem to exchange the
order of integration with summation. Having done this, we consider the sum Y 7, e~t"n®  The
Poisson summation formula provides the identity

00 p 00 9 9
t _ / | =
Ze z?n? ( m—2<1+2n§::1€ tfz) 1)

n=1

11



Substituting this identity into the expression for h(z) we find

Gl e (VATCE )
(=521 Z<7 ré) & )2‘1>

yerm2

1 7L27\'2 —t
E E e ta? vre™ gt

E
nlmw 2

To explore the convergence of the double sum we denote

0 242
gn(s) ::/ t72 e w? et
0

Later we will set s = y2¢"™ > 0, so we consider only positive, real s, making g,(s) a positive real
function. Using JOS| Section 26:14] to evaluate this Laplace transform gives

=2 (2) " e (25)

where u — K, (u) is the modified Bessel function of the second kind. For v > 0 and real v > 1/2,
u” K, (u) is positive, as both u” and K, (u) are positive. Also, the derivative (referring again to [OS])
is given by

0
ou

Thus the function u — u” K, (u) is positive and monotonically decreasing for all « > 0. Hence for all
e > 0 we have the bound

(W Ky(u) = —u’K,—1(u) <0 for all u > 0.

eZ(en)”K,,(en) < /000 u’ Ky (u)du. (4.5)
n=1

Evaluating the integral (using [OS, Chapter 51]) yields

[e.e]

S (en) Ky (en) < ézv—mé)m + 1),

n=1

If we now set s = y?e"™, we obtain the bound

nlmw nlmw

_ _u Cy2emm Z§1 2 rm/2
ZZ / o1 dt<222 (W) Ko <%)

Now estimating the sum over n on the right using Equation ([£3]) gives us

3 (5) T (M) 2 (5) TS () e ()

n=1




Hence by summing the remaining geometric series in m we obtain the bound

o0 zZ— 'n,27'r2 rm F 4 F l 0 rm

ZZ t / 1o e gy < D(E) ) 5 e
n=1m=w 5 F(i) Yy 2m m=w €
xr(%) e—Tw(z—2)/2

< .
~ oy2m 1 — e—T(2—2)/2
Evaluating the remaining geometric series in h(z) as above, we arrive at

\/7_.‘. F(%l) e—rw(z—S)/2 1 e—rw(z—2)/2
T 20yl T(E) 1—e G320 2y2 1 — e r(:-2)/2

+err(z) (4.6)

where

Thus the sum defining the function err converges for all z > 2, and this convergence is uniform on
compact intervals. Now we observe that for z € C we have |h(z)| < h(]z|) and similarly |err(z)| <
err(|z|). Hence the sums defining h converge uniformly on closed vertical strips in the half-plane
Domgs, and so on compacta. Similarly the sums and integral defining err converge uniformly on
compact subsets of the half-plane Doms.

Hence the Weierstrass convergence theorem implies that err is holomorphic on the half-plane Doms
and that h is holomorphic on Doms. Moreover the formula for h, Equation (.6), provides a mero-
morphic continuation of h to the half-plane Doms. O

Lemma 4.3. The formula

ZZ 1+)\2 z/2

n= Ol n+1

defines a holomorphic function on Doms. Moreover f has a meromorphic continuation to Doms, a
simple pole at z = 3 with residue 4¢Q~2/In(q™1).

Proof. First we write
14+, =1+ 4" ([l+%]2— [3}2) In? £ Q%72 1+ Oy
where C,,; is uniformly bounded in n,/, and is given by
Cot =1+ Q%" =2) —q" [3]",  [Cotl < 1+3Q%
Now we reparametrise the summation by letting m = 2 — n, yielding

—m

q
Z Z Tl2 + Q2q—1q—m + Cn,m)z/2

nOml

13



where we understand C, = C), 1—(r4.m)/2- The function

0o —m 00 m(Z—1)
q g™
Z =
mZ:l (Q%*qtg=™ + Com)*/? mZ::l (Q%q + ¢ Com)*/?

has summands with absolute value bounded by M qm(g _1), M > 0 constant, and so by the Weierstrass

convergence theorem is holomorphic for Re(z) > 2. Hence for some holomorphic function holo on
Domsy we have

0 —-m

q
1= 3 g

n,m=1

- " ( Cr,m ) o
= Z 1+ + holo(z). (4.7

(In2 + Q2q~Tq—m)?/? In2 4 Q¢ 1g—m

n,m=1

The strategy now is to perform a binomial expansion on

—z/2
1+ Cn,m
I+ Q2 g™

ending up with a new sum of functions mek Dy, i h(2 4 2k) where h is as in Lemma The
binomial expansion requires the inequality

Cn,m

<1
1n2 4+ Q2q~1g—m

which holds for sufficiently large m. Recall that |Cp .| < 1+ 3Q* =: C uniformly in n, m, and so
we may choose p € N such that

Cnm
%n2 + Q2q_1q_m

P >qQ %0 — <1l Vn>1, m>np.

Now, for any fixed p, sums of the form

oo p—1 —m

q
;::1 mzzl (0% + Q2 g™ + Com)*/?
can immediately be seen to be holomorphic for Re(z) > 2 as the sum can be bounded by a constant
multiple of the Riemann zeta function. Hence for such a choice of p € N and for some holomorphic
function holo on Domy we have

0o 00 —z/2
"™ Cnm
_ 14 ’ + holo(z).
f(Z) Z Z (1n2 4 Q2q—1q—m)z/2 < %772 4 Q2q—lq—m) o O(Z)

Now we perform the binomial expansion, separating the resulting infinite sum » ;° ; into the k =0
term and »_,~ ;. This gives

14



where h is as in Lemma [L2] with 2 = 1/2, y = ¢ V2Q, r = In(¢g~!) and w = p. Our aim now is to
show that f— h is a holomorphic function on Doms. We need to show that the remaining summation
converges to such a function. This remaining sum is bounded by

< -3 ) — q—m(C%ka
z+2k

rimep (302 + Q%qgm) e

Ck "
n=1m=p (%772 + Q2q—1q—m)

Re(z)+2k
2

C*h(Re(z) + 2k).

To estimate this sum of functions, we infer from Lemma that there exists a positive function M
which is defined for Re(z) > 3 and such that

e—Re(z)rp/Z

c. L(p+1) H—1\Re(2)
e = M@,

[h(z)] < M(2)

Hence

00
<
k=1

k=1 n=1m=p (%nQ + Q%qtq™m) 2

< _k% >‘CkM(Z+Qk)(qé(p+1)Q_l)Re(z)+2k.

Recall that p was chosen such that ¢ > ¢@Q~2C. Also the function z — M (%) is uniformly bounded
for Re(z) > 4. Hence, for all z with Re(z) > 2, the function k — M (z + 2k) is uniformly bounded
in k, by M say. It thus follows that the sum

0 z o0 z

) k L(p+1) H—1\Re(2)+2k -3 p+1 =2\ k
S|( )| et s amaeg e <myo|(F ) @reo
k=1 k=1
converges for Re(z) > 2, by comparing with the binomial expansion on the right hand side. The
convergence is again uniform on compacta, so invoking Weierstrass’ convergence theorem we conclude
that f(z) — h(z) is holomorphic for Re(z) > 2. Hence there exists a function holo which is defined

and holomorphic for Re(z) > 2 such that

JT o T(E) gt
(q—%Q)z—l L(%) 1—q=3/2

f(z) = + holo(z)

So we see f(z) is holomorphic for Re(z) > 3, meromorphic for Re(z) > 2 and has a a simple pole at
z = 3 with residue 4¢Q~2/In(q™1). O

15



5 An analogue of a spectral triple

We now introduce an analogue of a spectral triple over A. Let H := Hj; & Hj, be the Hilbert space

given by two copies of the GNS space Hj, = L?(A, h). We define a grading on H by I' = ( (1) _01 )
For any operator w on H we abbreviate

1+ 1+7T 1-T" 1-T
wh = Lf,uL Ti= e w—. (5.1)

2 2 Y T T YT
The algebra A is represented on H by

ar < ﬁh(()a) Wh?a) >

for « € A. Here 7, denotes the GNS representation by left multiplication on each copy of the
space. In the sequel we will omit the symbol 7. We now introduce some unbounded operators and
projections

A AR 0 A q_lAL 0 . (I)n+1 0
AR_(O AR> AL_( 0 gAp =00 e,

on A® A C H and use them to define (on the same domain)

ERERS n 0 A (0 0
D_gn;oo%<0 —n>+AL<af 0>'

We will see in the following lemma that the commutators [D, o] of D with algebra elements are not
necessarily bounded, yet unbounded in a very controlled manner. Even though (A, H, D) thus fails to
be a spectral triple, we will still be able to construct an analytic expression for a residue Hochschild
cocycle from the commutators.

Lemma 5.1. The triple (A, H,D) has the following properties:

1. The unbounded operator D is essentially self-adjoint.

2. The commutator [D,a] is given by S(a) + T(a)AL, where the linear maps S,T: A — B(H)
are given by

5(a) = ()T Fla) ( C 0, e ) )

Proof. First we recall from Section M the numbers

A 1= (g)z +q" ([l + %]z — [g} z> , (5.2)

where [ € %NO and —(214+1) <n < (20+1). Alsorecall I} := {—I,—1l+1,...,0l —1,1l}. Then the set

16



!
) () ey, ) e g vens
5 ’ cle =Ny, i€, je \{-I}
l ) ) 0 s J l )
{ <tivl 0 Cla tija 2

+Noj1—(j— 2
where C’]l-i = - L2l 2(‘7 2) =
j—1 1 S 1
7l - -3,
is an orthogonal basis for H comprised of eigenvectors of D. The corresponding eigenvalues are

—( + %), —(l + %) and £\;2j_1 respectively. This spectral representation establishes that D is
essentially self-adjoint.

Next, the commutator of D with a homogeneous algebra element «

= ®,(a), for some p € Z,
is computed directly. It is sufficient to consider just this case, because A consists of finite linear

combinations of homogeneous elements (the generators are homogeneous). For such an element «
we have

1 n 0 10 0.

D, o] n_z_:oo%a<0 _n>+AL<af 0>a
1 — n 0 10 0
_§n;mozllfn<0 _n>—ozAL<af 0>

It follows from the definition of the projections ®,,, now regarded as a linear operator on Hj, that

a®, = &, ,a for any n € Z. Using this, together with the definition of the derivations d, and 0y in
Equation 2] the commutator simplifies to

1 2y o7 1
+A%< o (9e(@)A} + 07 ()de) > oA ( ao 0. >
(Op(@)A] + 07 (0)y) 0 ;0
Since o

11
a7} as operators on A®A C H, the last expression for the commutator simplifies
to

No=
—
Q
~—
Il
>
h

and hence

17



6 The residue Hochschild cocycle

The main step in the definition of the residue Hochschild cocycle is the construction of a functional
that plays the role of an integral. In the situations considered in the literature thus far, [C| [BeF]

IGVF| [CNNR] [KW], functionals of the form
T+ 7(T(1+D*)%/?)

were used, where z € C and 7 is a faithful normal semifinite trace, or at worst a weight, on a von
Neumann algebra containing the algebra of interest. Often, the von Neumann algebra is just B(H),
and the functional 7 is the operator trace.

In this example, we need to apply our functional to products of commutators [D,a] ~ Ay with
o € A, so it has to be defined on an algebra of unbounded operators. We will deal with this using a
cutoff that is defined by the projections

L Lok L) th, 1<k
k= Ly ks E\*i5) = 0 otherwise

and

- t; ti 0 0
P1 = Z \I/n P2 O’ = (1 — 5_7'7_[) d P2 tl ' = (1 - 5j,l) tl ) :
n=0 b b

0 O

I
PV >> , and that the projections L converge strongly
f

Observe P, is the projection onto (ker (

to the identity in B(H).
For s € RT we now define a functional T on positive operators w € B(H) in the following way:

L1 1 . PO

Ty(w) := supTr <P1P2Lk(1 + D) ALTWAL (1 + D2)—S/4P1P2Lk> , Ap=ARAp
keN

where Tr is the operator trace on B(H). This expression continues to make sense for possibly

unbounded positive operators defined on and preserving the subspace A ® A C H.

Lemma 6.1. For each s € Ry the functional Yy is positive and normal on B(H) 4. It is faithful and
semifinite on Py PyB(H)+ Py Ps.

th 0
Proof. We will compute the operator trace using the Peter-Weyl basis {< 89 ) , < 4 >} for H.
i7j
The operators (1 +D?), Ag, P, P» and Ly, are all positive Aand diagonal in this basis. By using the
definition of the operator trace, the value of the operators A}l and (1 + Dz)_s/ 4 on this basis, and

the symmetry property for self-adjoint operators, we compute Ys(w) for w € B(H)+ (or even w > 0
and affiliated to B(H)) by

18



a1 1
Tr <P1P2Lk(1 + D) HALPWAL (1 + DQ)_S/4P1P2Lk> =

9i-(2j-1) <P+P+th w+P1+P;L,€t§J>

— Z Z Z 1+/\2 s/2 <thl7j’ ”>

20=01i=—1j=

o200 (POPT Lt w0 POR Lyt )

O s

21=01i=—1j=—1

where w' and w™ are as in Equation (5.0)). Now,

l 1 . 1
b 0 otherwise
o l<ji<i-1i<i<k

Py Py Lyth =
1o2 b {O otherwise.

So if we set n = 27 + 1 and recall the sets

T = {0727---,21—1} lE(NQ—l—%)
{1,3,...,20 -1} leN

we may express the trace as

Tr <P1P2Lk(1 +D2)MA L wA (1 + D)~ 3/4P1P2Lk> =

<tén_+17w+tf;n_+1> <t§n_*17w_t§n_*1>
= Z Z 2 T ) s 2
1+/\ <tl i > <tl " >
gl byt g.on=ls%; n—-1
L) v 2 ’ 2

(6.1)

20=11=— lnGJ
72
This shows that T is a supremum of a sum of positive vector states and so automatically positive
and normal. To see that it is faithful on Py PaB(H)4+ Py P, we observe that the operator trace is
faithful and that PlPQA;vl/ 2(1 + Dz)_s/ 4 is injective on P; PyH. The semifiniteness comes from the
fact that finite rank operators are in the domain of Y. O

We extend Y5 to an unbounded positive normal linear functional on B(#) as usual. In fact, we
extend it also to unbounded operators w defined on and preserving A & A by decomposing LjwLy
for each k into a linear combination of positive bounded operators.

If for an operator w (not necessarily bounded) the function s +— Y¢(w) has a meromorphic continu-
ation to Doms_gs for some § > 0, then we define

T(w) := Res,=3Y . (w).

19



Lemma 6.2. The functional T is defined on the positive operator c*c, and 7(c*c) = 0. Indeed, for

allm > 1,
(7 )3 )

Proof. The action of the operator ¢ = ¢ +c¢~ may be described using the Clebsch-Gordan coefficients
(see for example [DLSSV], [KS]): we have

+4l l+ I+3 Lo Jd4e
ctt . t. +Z,]—— C t = 2] ti-i—z,j—%’
where
At = )2 ([ +i+1gll — 5 + 1) = = g2 ([ = ilgll + 51)"?
“ 20 + 1], ’ K 20+ 1]q
Using this description of ¢ to compute the action of ¢*c¢, we find
(ol = g1 ([l it gl =g+t [ ll +j]q> !
J 20 + 1]4[21 + 2], [20]4[20 + 1]
gt ([ + Ul =i+ gl +j + Ugll = j +1])2 g1
[20 +1]4121 + 2], J

([ + )l = gl + 3l — 31o)? 1o
* 20,20 + 1], fis )

Let ¢, = Q(1 — ¢%*), so that [k], = ¢ ¥ex. Then the above expression can be written as

(c*c)tl- o qgl <q2j €l+i+1€1—j+1 + qgi €l—i€l+j> e
1, .
J €2]+1€2(+-2 €2(€2]+1 J

ij T
€214-1€214-2 €20€2]41

1 1
_q2l+i+j <(€l+i+16l—z‘+1€l+j+1€l—j+1)2t;+1 (El—i-iel—zfl—i-jel—j) tl 1>
7-7
Define the scalars Ci (1,4, ) and Ca(l,1,7) to be

€l4+i+1€1—j+1 €l—i€l+j
Ci(l i, §) = ———— Co(l,i, j) == ——2.
€214-1€2]4-2 €20€2]41

The definition of ¢ implies that C; and C5 are uniformly bounded for all [, 7, j appearing in the
formula for Y, (c*c).
As in the proof of Lemma we compute for z € R

0 0

_ Z Z Z +)\2 T <q2l+n+1C (1,4, L) + PEO (14, nT—i-l)> 7

2l=1i=—1 nej

A1 * A1
Tr <P1P2Lk(1—|—p2)_z/4AF2 ( cc 0 >A 2(1—|—D2) Z/4P1P2Lk>
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0

L1
Tr <P1P2Lk(1 +D2)_Z/4AF2 < 0 e

N1
) ALz (1 +D2)_Z/4P1P2Lk>

2k - 1 —2i—n .
— Z Z Z GL\W <q2l+n+101(l,i, nT—l) —+ q2l+22C2(l,i, nT—l)> )

2l=1i=—IlneJ,

The uniform boundedness of C7 and Cy, together with Lemma 1] demonstrate that the limits as
k — oo of the two sums above exist for z > 2. Hence

(5 8)) (5 8)

are well-defined functions for z > 2. Indeed the arguments of Lemma [L]], together with the Weier-
strass convergence theorem, show that these functions extend to holomorphic functions on Doms. In
particular, these functions are holomorphic at z = 3 and hence

(5 8)=r((5 &))=>

By linearity it follows that 7(c*c) = 0 also. Using the normality of ¢, for any operator X we have
the operator inequality

X*(c* o)™ X < |c*e|™" X * et eX,
and so for z > 2 real, we have Y,((c*c)™) < ||l¢[|*™2Y.(c*c). Thus for z > 2, the sum defining

T.((c"¢)™) converges. Omnce more invoking the Weierstrass convergence theorem shows that z +—
T.((c*¢)™) extends to a holomorphic function for Re(z) > 2. Similar estimates now show that

A(CT 0N = (o)) -0 )

Theorem 6.3. Let o € A and X,Y be any closed linear operators on Hjy, which are defined on and
preserve A. Then we have the following well-defined evaluations of T:

() ()

2. 7(al) =0

(a5 ) (3 2)) -

where f[l]: A — C is the functional defined in Lemma[32 and R = 4(¢~* — q)/In(q71).

Proof. Throughout this proof we assume without loss of generality that any element of A is homo-
geneous with respect to both the left and right actions (that is o7 (a) = ¢?a, og(a) = ¢”’a for some
p,p’). This is because finite linear combinations of homogeneous elements span A (cf. Theorem [2.2)).
Indeed, if & € A is homogeneous of a non-zero degree for either the left or right action, then
<t£,j’ ati ;) = 0 and so for any linear operator C' that is diagonal in the Peter-Weyl basis, Ts(Ca) =
0 for all s € R,. Hence, we need only consider those elements of A that are homogeneous of
degree zero for the left and right actions. A convenient spanning set for these algebra elements is

{14, (c*¢)™: m e N}.

21



1. By definition Y 8 i)( = 0 for all s > 0, and similarly for < 3 8 >

2. Lemma [6.2] has established that for all m > 1,

(G ) B (CE ) B

By linearity we can extend this to conclude that 7((c*¢)™I') = 0. Finally, for z large and real we
compute Y, (I") using the proof of Lemma Now

Tr <P1P2Lk(1 +D?)FAAL QFA (1 +D?)~ Z/4P1P2Lk>

_ZZZ 1+)\2 )2/2 ZZZ +)\2 )22’

21=1i=-1 nEJ 2l=11i=—1 ne]

and for each k£ the summands above are finite and hence subtract to give zero. Hence T, (I') = 0 for
all z and so 7(I') = 0.

3. For z large and real, the evaluation of T, as sums of positive real numbers (as in the proof of
Lemma [6.T]) implies the numerical inequality

To(AL(ce)™) < Ta((ce)™).

This is because the introduction of A% multiplies each summand by ¢ < 1 (cf. Equation (G)).
Lemma [6.2] demonstrates that T,((c*c)™) extends to a function that is holomorphic in a neighbour-
hood of z = 3, and together with the Weierstrass convergence theorem the result follows.

Finally we analyse T, <A% < (1) 8 >> and T, <A% < 8 (1) >> Again using the proof of Lemma
we find

PO N A1
Ty <P1P2Lk(1 + %) ALEAY ( o > AP+ D2>—Z/4P1P2Lk>

A1, 1
— Ty <P1P2Lk(1 L D) AL AR ( 00 >A 2(14D?)" Z/4P1P2Lk>

SV Y

2l=11i=-1 nejl
n+2l

—Qq_lzz +)\2 22 quz +)\2 22

2l= lnej 2l= lnEJ

For z real, the sum 23?:1 > ned: "1+ /\l2’n)z/2 is bounded above by f(z) from Lemma [A.T]
for all k. By the Weierstrass convergence theorem we conclude that as k — oo, this sum con-
Verges to a function with a holomorphic extension about z = 3. Next, when considering the sum
221 12 ned; "2/ (1 + )\l2n)z/ 2 observe by rearranging the order of summation

ZZZZ

2l=1neJ; n=0]=(n+1)/

22



that Lemma3] proves that the sum has a limit as k — oo and the corresponding function of z extends
to a meromorphic function with a simple pole at z = 3. The residue at z = 3 is 4¢Q~2/In(¢~!) and
from the definition of 7 we conclude that for R = 4(¢~! — q)/In(¢™}),

(20 0)) (2 (5 7)) =

Finally, we compare the definition of R f[l} in Lemma to the evaluation of 7 on A derived here
and observe that they agree on A. O

Lemma 6.4. Given any matriz M € May(A) and any o € A then T(MA%OZ) = T(ﬁ_l(a)MAQL).

Proof. From Lemma [32] the linear functional f[l} is a 0% o ¥~ -twisted trace. That is, given any

a,Be A
— 2 19—1 )
/m o8 /m 2 (071(8))a

Now we separate the matrix M = My + M, into diagonal and off-diagonal matrices respectively.
Then by Theorem [6.3], T(MdAQLoz) and T(MOAQLoz) are both well-defined, so by linearity

T(MA20) = 7(MyA20) + 7(M,A20) = 7(MyA2a) +0
Since My is diagonal, we may write
MyA2 = A3 6% (My)

where o, acts componentwise on the matrix. Using the value of T(A 202 (My)a) from Theorem [6.3]
we have

T(MA2a) = 7(A202 (My)a R/1 ot M+a+R/1 o? (M

=R [ o}(¥ (M+ +R | o7 (¥ (a))U%(MJ)a
1] 1]

by the twisted trace property of f[l}' Recombining these two terms yields

(Ao} (Ma)a) = T(ALoF (07 (@)oF (M) = (0~ ()AL o] (M) = 7(0~" (@) MaA).
Now, 7(9~ () M,A2) is well defined and has value zero, so we can write

r(MAYa) = 707 (@)MA}) + 7(07 (@) MoAD) = 7(07 (@) MA]). O

Theorem 6.5. Given any ag,...,a3 € A, the map ¢res : ao,...,a3 — 7(ag[D,a1][D,as][D,as])
is a 9~ '-twisted Hochschild 3-cocycle, whose cohomology class is non-trivial. The cocycle ¢res has
non-zero pairing with the 9™ -twisted 3-cycle dvol defined in B1)), giving

Trqgqgt—g¢

2 In(¢7!)

<¢remdv01> = 3R(q_l +q) =4! q

The cocycle may be written as
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bres = CR(p + pa13 + p231) + R(p132 + 312 + 0321)
where @ and @1, are the cocycles described in Lemmal3.2 and Corollary [3.4)

Proof. First consider mp(ag, a1, as,as) = ag[D, a1][D, a2][D, as] as an unbounded operator on A®.A C
H. Using the equality [D,a] = S(a) + T(a)A L, we see that mp(ag, a1, az, as) can be expanded into
8 terms. Recall that by Theorem the functional 7 vanishes on off-diagonal operators. Four of
the eight terms in the expansion of mp(ag, a1, ag,as) are off-diagonal since, for all @ € A, S(a) is
diagonal and T'(«) is off-diagonal. Thus

T (ao (T(al)ALS(ag)S(ag) + 5(a)T
+5(a1)S(a)T(as)Ar + T(a1)ALT(a2)Ar T(ag)AL>> —0.

(a2)ALS(as)

Therefore, ¢res(agp, ai,as,az) reduces to

bres a0, 01, a3, a5) = 7 (o (S(a1)S(a2) S(az) + S(a1) T (a2) AL T (ag)As
+T(a1)ALS(as)T(as)A L + T(al)ALT(ag)ALS'(ag))) . (6.2)
From Lemma [5.1] it follows that

aog(al)g(ag)g(ag) = aoﬁH(al)aH(@)@H(ag)F
)

and recall that from Theorem [6.3] 7(al') = 0 for all a € A. Since ayOy(a1)0n(a2)0n(as) € A we
have

T(aog(al)g(ag)g(ag)) = 0.
We now move all the AA 1’s to the right in the remaining terms in Equation (6.2)). For o € A, we use
ApS(a) = S(o; ()AL , and

ALT(a) :( S0 M ALg 300, % () )
qALqiaf(ffL *(@)) 0

Pqio;! af o %())) 0

( q—%aew;%(a)) ) A,
(o

q28f UL () 0

a)Ar.
This yields

bres(a0, a1, az,a3) = 7 (a0 (S(an)T(a2)T (o7 (a3))

+1(a1) (07 (@2) T (o7 () + T(an) T (o7 (2))S (072 (a3)) ) AR )
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In this form Theorem tells us that ¢res is a well defined, multilinear functional on A%, In order
to demonstrate that this cochain is indeed a twisted Hochschild cocycle, it remains only to show that
the boundary operator maps the cochain to zero. This result follows from the Leibniz property of
the commutators together with Lemma Explicitly,

(bgil(ﬁres)(ao, . ,CL4) = T(aoal [D, CLQ][D, ag] [D, CL4]) — T(ao [D, alag] [D, ag] [D, CL4])
+ T(CL() [D, al] [D, CLQCLg] [D, a4]) — T(CL() [D, al] [D, CLQ] [D, a3a4]) + T(ﬁ_l(a4)a0 [D, al] [D, ag] [D, CLg])
= —7(ag[D, a1][D, as][D, aslas) + 7(0~ 1 (ag)ao[D, a1][D, as][D, as]) = 0,

where the last equality follows from LemmalG.4l In order to identify ¢,cs, we use Lemma [5.1] to write,
for ag,...,a3 € A,

a0 (S(a)T(@) (07 (0s)) + Tla1)8 (07, () T(07 (05)

T i _—1 Sl —2 _ 7T1((10,...,CL3) 0
) (o (a)Sloy a) = ("0 0 )
for some multi-linear maps w1, m: A®* — A. Again using Lemma [5.1], we have

3

r1(ag, .. a3) = aodsr(a1)de(07 2 (a2))0 (07 2 (as)) — aode(0y % (a1))ds (07 (a2)) 0y (07 2 (a3)
+agde(0p,* (a1))0f (0, % (a2))0m (0 (a3)), (6.3)

1 pa——

_1 _3 _1
7T2(CL(), N ,CL3) = —aoc‘)H(al)(‘)f(aL 2 (ag))(‘)e(aL 2 (ag)) + aoc‘)f(aL 2 (al))aH(O'Zl(ag))ae(O'L 2 (CLg))
_1 _3
— a0y (07 (@) o (020 (77 2(as)). (6.4)
Then by Theorem [6.3], and the oy, invariance of f[l}’ we have
Pres(ao, a1, az, a3) = R/Hﬂl(ao,---ja?,) +R/H7T2(ao,---,a3)- (6.5)
1 1

Comparing Equations ([6.3]), [6.4]), (6.5]) with the expressions for the cocycles identified in Lemma
and Corollary B4 we find

bres = P R(¢ + pa13 + pa31) + R(p132 + 9312 + 0321)-

The evaluation of this cocycle on the cycle dvol (see Equation (B])) is a straightforward computation
using the explicit expressions obtained. The result is

<¢r05y d'UOl> = 3R(q_1 + Q)' U
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