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Abstract
We study braided Hochschild and cyclic homology of ribbon algebras in braided monoidal

categories, as introduced by Baez and by Akrami and Majid. We compute this invariant for
several examples coming from quantum groups and braided groups.

1 Introduction

Braided Hochschild homology H HY (A) was first defined by Baez [B] for an algebra A in a braided
monoidal category C. Baez defined HHY(A) by an explicit chain complex, and showed that
HHY(A) = TorA®4™ (A, A), where AQAP is the braided enveloping algebra of A. However, his
constructions relied on the assumption that A is weakly U-commutative, meaning that o U2 = p,
where p is the multiplication morphism of A. This was overcome by Akrami and Majid [AM], who
replaced weakly W-commutative algebras by ribbon algebras, namely algebras A in C possessing
an invertible morphism o € Morc(A, A) that satisfies 0 o = po (00 ® o) o W2, They showed that
there is a corresponding cyclic theory (in the sense of Connes [C1]), which they called braided
cyclic homology HCY 7 (A). If C is the category of C-vector spaces with braiding given by the flip
v®w — w® v, then an algebra in C is simply an associative C-algebra, ribbon automorphisms are
precisely algebra automorphisms, and the Akrami-Majid cyclic object reduces to the cyclic object
defining twisted cyclic homology as studied by Kustermans, Murphy and Tuset [KMT].

In this paper we first show that the ribbon automorphism o is also the missing ingredient
required to make Baez’s realisation of braided Hochschild homology as a derived functor work in
full generality. We prove a braided analogue of a result of Feng and Tsygan [F'T], namely for Hopf
algebras, Hochschild homology can be realised as a derived functor in the category of modules over
the algebra itself. We apply this machinery to concrete examples of algebras and Hopf algebras in
braided monoidal categories: the braided line, braided plane and braided quantum SL(2).

From the viewpoint of braided monoidal categories, braided Hochschild and cyclic homology
are the natural abstractions of the original definitions of Hochschild and of Connes, and therefore
natural objects to study. The computations carried out in this paper also show that braided

Hochschild homology is (similarly to twisted Hochschild homology [KMT), H, [HK1l [HK2, [BZ, [S])
often less degenerate than classical Hochschild homology, for example in the sense that it overcomes
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Figure 1: The braiding ¥ : V@ W — W ® V and its inverse.

the so-called dimension drop observed for quantisations of Poisson varieties [ET]. To show whether
the standard applications of cyclic homology in noncommutative geometry admit generalisations
to the braided setting seems a promising direction for future research.

A summary of this paper is as follows. Throughout for convenience we work over C as ground
field. In Section [2] we recall the definitions of a ribbon algebra and a Hopf algebra in a braided
monoidal category C, with particular reference to the motivating example C = C(H), the category
of comodules of a coquasitriangular Hopf algebra H. In Section Bl we define braided Hochschild
homology H, 7 (A, M) for a ribbon algebra (A, o) and an A-bimodule M in C as the homology of
a specific complex. We show that for C = C(H) this can be realised as a derived functor over an
appropriate braided enveloping algebra A¢ (Theorem [B7), thus generalising Baez’s result to the
case o # id. We discuss the precise relation to the Akrami-Majid cyclic object associated to (A, o).

In Section M we prove a braided analogue of a result of Feng and Tsygan [F'T], namely that for
a Hopf algebra A in C(H) there is an isomorphism of vector spaces HY? (A, M) ~ Tor (R(M), C),
for a suitable right A-module R(M) associated to any A-bimodule M (Theorem F.2). In Section
we apply this machinery to the braided line and braided plane.

In the final Section we consider braided Hopf algebras associated to coquasitriangular Hopf
algebras via the process known as transmutation. For quantum SL(2), we obtain a no dimension
drop type result (along the lines of [HKIl [HK2| [BZ]) for the associated braided Hopf algebra B,
namely that HY°(B, B) = 0 for n. > 3, and Hy°(B, B) = C.

2 Braided monoidal categories

2.1 Ribbon algebras and Hopf algebras in braided monoidal categories

Recall [M] that a monoidal category is a category C together with a functor ® : C x C — C,
an object 1 € Ob(C) and isomorphisms of functors ® : (- ® -) ® - = - @ (- ® -) (the associator),
£:-®1—id and r : 1 ® - — id, assumed to satisfy certain consistency relations. A monoidal
category is Ab-monoidal if for any V', W € Ob(C), the set Hom(V, W) is an additive abelian group
such that composition and tensor product of morphisms are bilinear.

Given a monoidal category C, we define a new functor ®°P : CxC — C by °P(V, W) = WRV.
A braided monoidal category is a monoidal category C equipped with a braiding, an isomorphism of
functors ¥ : ® — ®°P, obeying the so-called hexagon relation. As in [Bl[AM], we shall use standard
graphical notation to depict morphisms in C. For example the braiding ¥ : V@ W — WV
and its inverse are shown in Figure [l Note that C equipped with ¥ ! is also a braided monoidal
category. The choice of ¥ rather than W~ is simply a matter of convention.

An algebra in C is an object A of C with morphisms u : A ® A — A (multiplication) and
n:1— A such that po (p®id) = po (id® p) and po (n®id) = id = po (id ® n). Here and
in the sequel we suppress ®, ¢, r. Dually, a coalgebra in C is an object A of C with morphisms
A:A— A® A (comultiplication) and € : A — 1 (counit) satisfying (A ® id)o A = (id® A) o A
and (e ®id) o A =id = (id ® €) o A. Given an algebra A in C, we define the opposite algebra A°P
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Figure 3: The ribbon property ooy = po (¢ ® o) o U2,

to be the object A equipped with multiplication u°? = po W. Similarly we define the coopposite
coalgebra AP,

Given algebras A and B in C, the braided tensor product algebra A®B is defined to be the
object A ® B with multiplication

fags = (Ha®@pup)o(id®V¥®id): (A®B)®(A®B) — A® B

A bialgebra A in C is an algebra and coalgebra for which A : A — A®A and e : A — 1 are
algebra morphisms (Figure[), i.e. Aoy = (p@u)o(IdRV¥®id)o(A®A), and oy = e®e. Further,
a Hopf algebra (or braided group) in C is a bialgebra A together with a morphism S : A — A
(antipode), satisfying po (S®id)oc A =noe = po(id® S)o A. It follows that S is a braided
antihomomorphism, i.e. Sou=po¥o (S®S).

Finally we need the notion of a ribbon algebra in a braided monoidal category, which is the
basic data needed for Akrami and Majid’s construction of braided cyclic (co)homology.

Definition 2.1 (Figure[3) A ribbon algebra in C is an algebra (A, p,m) together with an invertible
morphism o : A — A (the ribbon automorphism) such that

uo(g@a)o\l/2zao,u:A®A—>A, ocon=mn (1)

and (6 ®id)o ¥ =To (ld®o), ([d®eo)o¥ =To(oc®id) on M ® A, A® M respectively, for all
M € Ob(C).

Note that if (A, o) is a ribbon algebra in (C, ¥), then (A,0~!) is a ribbon algebra in (C, ¥~1).

Example 2.2 If we take C = C —Vec to be the category of complex vector spaces, then an algebra
A in C is simply an ordinary algebra over C. If we take the braiding ¥ to be the flip v@w — wwv,
then () becomes o(ab) = o(a)o(b), i.e. o is an ordinary algebra automorphism of A.

2.2 Coquasitriangular Hopf algebras and braided monoidal categories

We now recall the concepts of coquasitriangular and of coribbon Hopf algebras. We refer to
Kl [KS|L M| for more definitions and proofs. The most important example for us is H = C4[G]



(defined in Example[2.]), the standard quantised coordinate ring of a complex semisimple algebraic
group G, for ¢ € C\ {0} not a root of unity.

Definition 2.3 Let H be a bialgebra in C = C—Vec. Then H is called coquasitriangular (cobraided)
if there exist bilinear forms r, t on H such that for all f,g,h € H

r(f1),90)t(f2): 92)) = *(f1), 900))r(fr2)» 92)) = e(f)e(g),
gf =r(fa), 90)f292T(f(3),93));
r(fg,h) =x(f, ha))r(g,hey), r(f,gh) =r(fa), h)r(f2),9)

We call r a universal r-form on H.

Here we use Sweedler’s notation A(f) = f(1) ® f(2) (summation suppressed) for the coproduct.
As a consequence r satisfies r(1, f) = r(f,1) = (f), and the quantum Yang-Baxter equation
riari3rag = Irogri3ris. Here, and in the sequel, we use the convolution product of multilinear maps
from a coalgebra to an algebra, and lower indices refer to the components in tensor products where
these are applied. Thus explicitly the quantum Yang-Baxter relation reads

r(f1), 90))r(f2), h))r(9(2), hi2)) = r(901), h))r(fay, h))r(f2), 92)) Y fo9,h € H

The bilinear form ro9;(f, g) = T(g, f) is also a universal r-form. If H is a Hopf algebra with antipode

S, then ¥(f,g) = v(5(f), 9), x(f,9) = x(5(f), 5(9))-
For a bialgebra H, let C(H) denote the category of right H-comodules, and C;(H) the category

of finite-dimensional right H-comodules. The algebra structure of H corresponds to a monoidal
structure on C(H ), C¢(H) with tensor product that of underlying C-vector spaces, and coaction

VoW -VeWewH, VR W V() @ W) @ V(1)W(1)

The unit object is C with trivial coaction C>1+— 1® 1 € C® H. A coquasitriangular structure
on H turns C(H), C¢(H) into braided monoidal categories with braiding

V. VoW -WeYV, VR W = W) @ V() r(v(l),w(l)). (2)

Then ¥2(v @ w) = V(o) ® Ww(0)d(v(1), w(1)), where q = rojr. Replacing r by ra; corresponds to
replacing ¥ by ¥ 1.

Definition 2.4 A coquasitriangular Hopf algebra (H,r) is called coribbon if there exists an invert-
ible central element s € H® (the dual Hopf algebra) satisfying

s(fg) =s(fw))sgwy)alf2),9), s(1)=1, s(S(f)=s(f) Vf geH

Note that r(a,-), r(-,a) € H°. Thus sq(a,-) = q(a,-)s, and sq(-,a) = q(-,a)s, for all « € H.
For coribbon Hopf algebras, C¢(H) becomes a ribbon category [K| with ribbon structure

o: V=V, wvwgs(vy), veCy(H)

Since s is cocentral, this is a morphism in Cy(H). It is also well-defined for objects of C(H), and
turns algebras in C(H) into ribbon algebras in the sense of Definition 2l However C(H) is in
general not a ribbon category, due to the lack of duals. For a full discussion see [AM].

Example 2.5 The trivial Hopf algebra H = C is coquasitriangular, via r(1,1) = 1, and coribbon
via s(1) = 1. Hence C(H) is the braided monoidal category of Example[Z2, however the only ribbon
automorphism arising from s is o = id.



Example 2.6 Any coribbon Hopf algebra H becomes a ribbon algebra in C(H) with coaction A.
Then () is a direct translation of the defining property of . We call the resulting braiding

U(f®g)=9a)® fr(f2).92) (3)

the canonical braiding on H.

Example 2.7 Any Hopf algebra H is a right HP @ H-comodule algebra, via the coaction f +—
J2)® f)y® fz)- If H is coquasitriangular, then HP @ H is also coquasitriangular, with universal
r-form (f @ g,h @ k) — v(f,h)r(g, k). The resulting braiding on H is

U(f®@g)=1(f1),901) 92 @ f2) *(fi3), 9(3)) (4)

By the definition of coquasitriangularity, we have uw oV = pu. So H is W-commutative, in the
terminology of [B]. In particular o = id is a ribbon automorphism.

Example 2.8 Let G be a complex simple Lie group, with Lie algebra g. Let g € C\ {0} be not a
root of unity, and H = C4[G] and U,(g) be the standard quantised coordinate ring and enveloping
algebra of G and g respectively. Then C s (H) consists of (finite) direct sums of the so-called type
I representations of Uy(g) that are obtained by deformation of finite-dimensional representations
of G. Both are braided monoidal categories. The corresponding universal r-form on C4[G| can be
given explicitly in terms of the so-called Rosso form, see e.g. [Hd]. For the classical matriz Lie
groups G the ribbon functionals on C4[G] were classified by Hayashi [Ha).

Example 2.9 Specialising Example[Z8, the coordinate algebra H = C,[SL(2)] of quantum SL(2)
can be presented in terms of generators a, b, ¢, d with relations

ab = gba, ac=qca, bd=qdb, cd=qdc, bc=cb, ad—qgbc=1, da—q 'bc=1 (5)

The Hopf algebra structure on H is given by
a b a b a b
A{c d]_{c d]@{c d]
a b | d —q'b a b |10
S[c d}_{—qc a }’ 6[0 d]_{o 1} (6)

There are two useful vector space bases of H: One is of Poincaré-Birkhoff-Witt type and
is given by the monomials { e; jr = a'bick, i € Z, j,k € N}, where a* := d~% for i < 0,
and by convention z° = 1, for x € H, x # 0. The second relies on the fact that H is iso-
morphic as coalgebra to C[SL(2)] and hence cosemisimple (any comodule is the direct sum of its
irreducible subcomodules). Therefore, it admits a Peter-Weyl type basis consisting of the matriz

coefficients Cﬁ?’, meN, r,s=0,...,m, of the irreducible corepresentations of H. In particular,
C(l) O(l)
00 01

Cié) Cl(i) = [ @ Z } The universal r-form r of Example[2.8 is given on generators by

c

R I 50 0o
r(c:a) r(c:b) r(c:c) r(c:d) =q ' 0 g—q ! 0 0 (7)
r(d,a) r(d,b) r(d,c) r(d,d) 1 0 0 ¢

We refer to [KS|] for more details and proofs.



2.3 Gauge transformations and cochain twists

There is a natural notion of equivalence of braided monoidal categories, provided by functors
implementing an equivalence of categories that transforms the braided monoidal structures into
each other. We recall this explicitly for the case C = C(H), for H a coquasitriangular Hopf algebra.
We refer to [AML [BM| [K] for the precise definition in abstract braided monoidal categories.

Let H be a Hopf algebra, and f a convolution invertible bilinear form on H, with inverse f.
The multiplication of H can be twisted by f as follows:

a-¢b=flaq, b)) awbe) flas), b))

In general the result is a nonassociative algebra Hf (a so-called quasi-Hopf algebra) since

(a-£b)-¢c=0f(agn), by, cy) ag) 't (be) £ c2)) Hf(ap), ba), c3))s

where (?f(a, b, C) = f(a(l), b(l))f(a(g)b(g), C(n)f(a(g), b(g)C(g))?(b(4), 0(3)). fof =e®e® g, then f is
said to be a 2-cocycle [DT} D, M| and HY is associative. We say that f is a 2-coboundary if f(x, y) =

o(@y)e(ya))e(x@)y2) for some linear map ¢ : H — k. A 2-coboundary is automatically a 2-
cocycle, but not conversely. For Hf to be associative it is sufficient that Of is cocentral, meaning

Of(aq1), by, c(1)) (a@) @ by ® c(2)) = (ag) ® by @ cqry) 0f(az); brz); ¢(2))

and not necessarily a 2-cocycle. Since H = Hf as coalgebras, C(H) and C(H?) coincide. The two
algebra products correspond to different monoidal structures on this category. Both are given by
tensor product of vector spaces, but the twist is encoded in the isomorphism of vector spaces

F: VoW -VeaW, veww g &wg) f‘(v(l),w(l))

which transforms V ® W as an object of C(H) into an object of C(HY). Following [D] we refer
to F as a gauge transformation. This transforms an H-comodule algebra A € C(H) to an Hf-
comodule algebra Af € C(HF). A and Af coincide as vector spaces, but the multiplication in Af
is given in terms of the multiplication in A by uf = o F. For this to be associative f must be a
2-cocycle. Further, the r-form r on H transforms to fy;rf, which is an r-form on Hf provided f
is a 2-cocycle. For general f the formulae have to be modified by incorporating Of, the Drinfeld
associator. Twisting Hopf algebras and comodule algebras by coboundaries yields isomorphic
structures:

Lemma 2.10 Iff = Oy, then H = Hf as Hopf algebras, and A = AY as H-comodule algebras.

Proof. The isomorphisms are given by h — @(h))h2)e(h(s)), a — agyplan)) a

Finally we note that ribbon functionals and automorphisms are preserved under gauge transfor-
mations.

Example 2.11 Let (H,r) be a coquasitriangular Hopf algebra, and q = rair as in Section [2.2
Then an invertible central element s € H® is a ribbon functional if and only if @ = 05. In particular
q is then a 2-cocycle.

Taking this into account, we get:
Proposition 2.12 Let (H,r) be a coquasitriangular Hopf algebra such that r = Op. Suppose

further that p? is cocentral (i.e. in the centre of the dual Hopf algebra). Then @* is a ribbon
functional.



Proof. Indeed, if r = d¢, then q = 9p?:

q(a,b) = r(b(1)7 a(l))r(a@),b(z)) = @(b(l))@(a(l))¢(b(2)a(2))r(a(s),b(3))
o(bay)e(aqy)r(ac), b)) @(as)bs))T(auy, bay)r(aes), bes))
= plam)elae)e(ba))e(be)@(as b)) @lawba) = 0p*(a,b).

Example 2.13 The universal r-form of C4[G] is a 2-coboundary. This is essentially shown in
[KoS] Corollary 4.1.7, where the authors work with formal deformation quantisations.

Concretely, one can prove directly that for C4[SL(2)] the (convolution invertible) linear func-
tional @ defined by

(a1 k) = 0 = p(d k), pbIck) = qUHRO—I=R/Agink k>0, By =—¢ 3% (8)

satisfies v = Oy, for the r-form r defined by (7). For § = g V4 v = —¢5/* one obtains ¢ for
which ©? is cocentral, i.e., is the inverse of the ribbon functional. In terms of the Peter-Weyl basis,
this ¢ is given by

(—l)rq*’”’%m2 r+s=m

(m)y —
P(Crs™) { 0 otherwise

see [CP] p.262. The inverse of the ribbon functional is thus given by
m m, —imZ—m
‘P2(C£s )) =(-1) 2 Ors (9)

Note that this is cocentral.

3 Braided Hochschild and cyclic homology

3.1 Braided Hochschild homology

Let (A,0) be a ribbon algebra in a braided monoidal Ab-category C, which we assume possesses
kernels and cokernels. This is in particular true for C = C(H), with H coquasitriangular. There are
obvious notions of left and right A-module and A-bimodule in C. For example, by an A-bimodule,
we mean an object M of C, together with morphisms (left and right actions) > : A®@ M — M,
<4 : M®A— M such that (g ®id) =p(id®@p), <(id @ p) = <(«®id), >(id ® <) = <(> ® id), and

U(id®r) = (>oid)(id® ¥)(T®id) on A®A®M
U(id®<) = («®id)(id® ¥)(T®id) on Ao M® A

w7

and similarly replacing ¥ by ¥~!. From this point for convenience we drop the notation “o
for composition of morphisms. Given such M, define Cy = Co(A, M) = M, C,, = C,,(A, M) =
M @ A®™ for n > 1. In a diagram representing a morphism with source A®™ @ M ® A®", we
number the strands 0, 1,..., m + n (with M appearing as the strand labelled m, and represented
graphically in bold). We write

D1 = id® D @b @id®" 1 AP @ M @ A®" — AP @ M @ A®",

dmmr1 = 1A% @ 4@ id®" : AP @ M @ A" — A" @ M @ A®(~1

pije =id® @ p@id® "IN Ggm — 1m
For each n > 1, define maps d; : C,, = Cp,—1, 0 < j < n by

do =<o,1, dj = Mji+1 1 S] <n-— 1, dn = l>011(0' X id®n)\11[07n_1])n (10)



0 1 2 n 0 1 #1 n

Figure 4: The maps dy and d;, 1 <j<n—1
0 1 2 n
0 1 n-
Figure 5: The map d,

where we define, for m < n < p,

\I/[m,n],n-i-l = ‘Ijm,m+1lpm+1,m+2 cee \I/n,nJrl,
\I]m,[erl,nJrl] = \Ijn,n+1\11n+1,n+2 cee \Ijm,m-i-l
imnl 1.0 = Yimap-n—1p-1p - Yims1n41)mt2¥mn]nt1

_1 .
\I][m,n],[n—i-l,p] = (\Ij[m,n],[nJrl,p])

The maps d; are shown in Figures@land Bl Together with maps s; : Cp, — Ch41, 0 < i < n defined

by s; = id®Y @ n @ id®™?, this gives a simplicial object {C«(A, M)}. Thus b, : C,, — Cr_q
defined by b, = Z?:o(_l)jdja gives a chain complex {Cl,, by }n>0-

Definition 3.1 Braided Hochschild homology HE’U(A, M) of A with coefficients in M is the ho-
mology of the complex {Cy,, = M ® A®" b},>0.

Example 3.2 In the situation of Example[2.3, a bimodule M over A is a bimodule in the usual
sense, and HY7(A, M) reduces to H, (A, ,M), Hochschild homology of A with coefficients in the
A-bimodule M, which is M as C-module with bimodule structure x>a<y = o(x) - a -y, where -
is the original bimodule structure on M.

We now extend the derived functor interpretation of Hy (A, M) from [B] to this setting.

Definition 3.3 The braided enveloping algebra A€ is the object A ® A equipped with the multipli-
cation morphism (Figure[6)

pae = (p @ p) W5 3075 A% — A®? (11)

That is, A® is A®A°P taken in (C,¥~!) rather than (C, V). We use this convention in order
to be compatible with [AM]. Baez works with the opposite convention, taking A®A°P in (C, W),
resulting in a graphical calculus where braidings are replaced by inverse braidings.



Figure 6: The multiplication of the braided enveloping algebra A€.

A A M M A A

L |

Figure 7: The left and right actions of A° on M

Definition 3.4 For any A-bimodule M, we define morphisms (Figure[7)
P=ba U5 AQM - M, <4=v(0®id)Vq;: M@ A — M
It is straightforward to check that:
Lemma 3.5 » is a left action, and < is a right action of A° on M, i.e.
> (idae® ) =» (nae ®idpg), < (4 ®idge) =« (idps ® prac)
Proof. We check that

<« (4 ®idac) =p(0®id)¥ <1 >g1(0 @id®*) W1 <94
=p(0 ®@id)¥ g (0 @ id®*) W ;1 <01 pi1,295 3
=>Up2(1id®@ 0 ®@0)¥12<9,1 Ml)g\lfgé
=0(0 @id) V1,2V 5 <01 1,205 5 =< (idas @ prac)

where we used the ribbon property in the form p¥(oc ® o) = ou¥ 1.

O

So if A is a ribbon algebra, we can make any A-bimodule M into both a left and a right
A°-module. Baez performed these constructions under the assumption that A is weakly -
commutative, meaning W2 = u. The ribbon automorphism ¢ is the missing ingredient needed to
make Baez’s constructions work in full generality (the weakly ¥-commutative case corresponds to

o =1d). Conversely, it is easy to check that:

Lemma 3.6 If M is a left A°-module via », then M is an A-bimodule via

pi=p (da@nidy) : AQM - M, <:=p» (nQidagm)(cRidy)¥ : MRA— M



A - A M A " A

Figure 8: The equivalence relation ~ for which M ® 4e A®" = M @ A®("+2)/ ~

M A
M A
M A
M A L
1. M
4, M
M
3. M

Figure 9: Graphical proof of Theorem [3.7] in degree zero.

If M is a right A°-module via 4, then M is an A-bimodule via
b=« (idy @ ®ida)(idy @ U AR M — M, <:=<(idyga®n): M@ A— M

As for any simplicial object, {C.(A4, A)} gives rise to a resolution of A in C, called the bar
resolution, when considered with the differential b, : A®("*Y) — A®" defined by b,,, =

S (=1 iy (again, in A2 we number the strands 0,1, ..., 7, and ;41 = id® @ p®
id®("_i_l)). In general, projectivity (in C) of this resolution is a subtle question. However, if we
take C = C(H) for a coquasitriangular Hopf algebra H (over C) as in Section [2.2] then we have a
forgetful functor C — C —Vec, and we can consider A¢ simply as a C-algebra. Since C is a field
A€ is projective as a C-module, and the bar resolution will then be a projective resolution in the
category of modules over the C-algebra A¢ (in the usual sense). Tensoring the bar resolution over
A€ on the left by M (with right A°-module structure given by <€) gives, up to isomorphism of
complexes of C-vector spaces, the complex defining braided Hochschild homology. Hence we have:

Theorem 3.7 For C = C(H), with H a coquasitriangular Hopf algebra, there is an isomorphism
of C-vector spaces Hy 7 (A, M) = Tor (M, A).

~

We give a graphical illustration. Figure § shows the relation ~ for which M ®4c A®" =
M®A®("+2) ) . Figure@shows that Tor) (M, A) = M®ac A= M/{a ~ >(c®id)¥}, illustrating
Theorem B.7 in degree zero.

10



Bl

Figure 10: The cyclic operator ¢,

3.2 Braided cyclic homology

Suppose now that M = A, and for each n > 0 define, as in Figure [I0]
t, = (0 ® id®n)\11[01n,1]7n : A®("+1) — A®("+1)

This makes {C,(A, A)} into a paracyclic object (see [GJ93] for this notion). Passing to the coin-
variants of T}, := t"*1 that is considering the cokernels C¥» := coker(id — T},) we obtain the
cyclic object of Akrami and Majid [AM].

Definition 3.8 Braided cyclic homology HCE”U(A) 1s defined to be the cyclic homology of this
cyclic object.

Example 3.9 In the setting of Example [3.2, HHY °(A) and HCY " (A) reduce to Kustermans-
Murphy-Tuset twisted Hochschild and cyclic homology HHZ(A), HC?(A) [KMT].

Note that the simplicial homology of this cyclic object, which we will denote by HHy 7 (A), is

in general different from HY (A, A) as defined in the previous section. The short exact sequence
of complexes
0—C —C.—CP7 =0, C}:=ker coker(id — T (12)

yields a long exact sequence
.. — H,(C})) = H,(C,) = H,(C¥°) = HHY°(A) — H,_1(C}) — ...
but in general C} is not exact, as we see from the following simple example.

Example 3.10 Let A be the 3-dimensional unital C-algebra generated by x, y with relations ¥ =
0=y?=ay=yx. Let ¥ be the flip, and o the automorphism defined by o(x) =z, o(y) = = + .

Then [1 ® x] € H1(CL) is nontrivial.
However, in good cases the morphism Hy' " (A, A) — HH,°(A) is an isomorphism:

Theorem 3.11 If C, = C° @& C} for all n, for CY = ker(id — T,,) and C} = ker coker(id — T},),
then HHY " (A) = HY" (A, A).

See Proposition 2.1 of [HK1] for a proof.

It was shown in [AM] Theorem 9 that ribbon algebras A, Af obtained from one another by
gauge transformation (as discussed in Section 2:3)) possess isomorphic cyclic (and in fact paracyclic)
objects. Thus braided cyclic and Hochschild homology are invariant under gauge transformations.

11



Example 3.12 The standard quantised coordinate ring C4[G] of a complex simple Lie group G
(Example [2.8) is obtained by twisting the classical coordinate ring C[G| by the famous Drinfeld
twist . This is not a 2-cocycle, but Of is cocentral. Hence although C4[G] is associative, twisting
C[G]-comodule algebras produces in general nonassociative algebras [AM, [BM].

Theorem 9 of [AM)] thus allows us to express braided Hochschild homology of C4[G] as braided
Hochschild homology of C|G]. Indeed, for any quasi-Hopf algebra H, and any 2-cochain f, we have
(HeP)f = (H")°P. Hence (H*P @ H)ff = (Hf)*P @ H'. Tuwisting the H* @ H-comodule
algebra A := H by f & f gives

aeb=a@beflen),ba)flae);be) = flan), ba))aebe flae), be)

i.e. as an algebra, A™®F is isomorphic to the twisted quasi-Hopf algebra HE. Apply this with
H = C,|G], r the standard universal r-form, and f the inverse of the Drinfeld twist. This gives
the braiding ¥ as in [f)) on C,[G] considered by Baez. Then Hf = C[G], but the braiding obtained
from ¥ is not the flip. In particular, it does not immediately follow from [AM|], Theorem 9 that
braided Hochschild homology of C4[G] can be identified with standard Hochschild homology of C|G].

4 Braided Hochschild homology of Hopf algebras in braided
categories

In this Section we extend a result of Feng and Tsygan [F'T], giving a simpler description of braided
Hochschild homology as a derived functor in the case when A is a Hopf algebra. Throughout we
keep the assumptions and notations of the previous Section, in particular (A4, o) will always denote
a ribbon algebra in a braided monoidal category C.

Lemma 4.1 Assume that A is a Hopf algebra in C with invertible antipode and let M € Ob(C) be
an A-bimodule. Then the map

<«=4dpg; [0S @id®?*) ¥, (id @ A) (13)
gives a right action of A on M (Figure[ld]). We write R(M) for the corresponding right A-module.
Proof. Writing A, for id®™ ® A ®id®"™ (m > 0), we check that

< (4®id) =gy (057 @id®?) Vo141 <1201 (087 @id¥?) W1 A
= 9<0,120,1(0S7 @id®?) W 1 ¥y 200 (057! @id®N) W 1A A,
=<apog [P (0S™ ® oS @id®?) W 1 93,4 T2, 301 A2
=<apoy (0571 ® id®2)uo,1‘1’0,[1,2]M3,4‘I’2,3A1A2
= a1 (087 @1d®?) W10 2 p3,4P2 301 As
=<app1 (057 ®id®?) g1 (id @ A)(id @ p) =< (id ® p)
where we used the identity p¥(cS~ !t ® oS™1) = oS~ p. O

Working with the coopposite Hopf algebra yields the straightforward generalisation of the
action considered in [F'T]. However the above variant is more convenient for graphical calculations.

As in Theorem B.7] we now restrict to C = C(H), for H a coquasitriangular Hopf algebra. We
note that for A a Hopf algebra in C, then 1¢(z) = C is a left A-module via the counit . We now
have the following generalisation of [ET], Corollary 2.5:

Theorem 4.2 Let A be a Hopf algebra in C(H) with ribbon automorphism o and invertible an-
tipode, and M an A-bimodule. Then there is a natural isomorphism of vector spaces

HY7(A, M) ~ Tor’}(R(M),C)
where R(M) is the right A-module of Lemma [{-1}

12



Figure 11: The right A-module structure of R(M), and the maps &1, &]

Proof. Define maps &,, &, : M @ A®™ — M ® A®" n=1,2,... by

& =po1[oST ®id®*) ¥ (id ® A)
Snt1 = \I/flyln]ynﬂ(fl @1d®™) W1 ) nt1(&n ®id)
& =poalo®id®? ¥y, (id ® A)
G =(6® id)‘l’[}}n],n+1(§i ®id*")Wp ) ni1 (14)

&1 and & are shown in Figure [[1l We have:
Lemma 4.3 §,0¢, =id=¢), 0&,
Proof. We prove this by induction. First of all

go&i =rvoip1(oc®0S™ @A) 201 W1 2024
=o,1(0 ®1d¥?) Vo 111207 5(1d%° © S71 @ id) Ty 2A0A
=101(0 ®id®?) W4 [id @ (uo T HS™ @id)A) @id]A,
=001V01(ld®@noe®id)A; = idpga

where we used the identity po W=1(S™! ®id)A = noe. Suppose that £, o &, = id. From (I4),
€410 €t = (€, @IDTTL (606 © ™) Wiy i (n @1d) = € 06, @1d = id

The proof that &, o &, = id is completely analogous. O

Recall (I0) the maps d; : M @ A®(FD — M @ A®" 0 < j <n+ 1. We also define
do, dpy1: M ® AP(FD 5 M @ A®" by dy =4 ®id®", dpypq = 1id®H) @ e,

Lemma 4.4 £ odyo&,1 = dy =4 ®id®", for alln > 0.
Proof. First, do o &1 = 4o [0S @ 1d®?Wg 1 (id ® A) =, by definition of « ([I3). Next,

godgoby =& <01V, (6 @id)¥2(6 ®id)
=01 (0 ®@1d®*)Wo1A1 <01 Vo1 (087! @id®?)Wo 1 A1 T 51 (057! @1d®%) W 1Ay
=<1 P73 P01 (0 ®1d¥?)Wo 1 A1 b (057 @1d®) Vo1 A1 b0 (057" ®id®?)Wg 1 Ws 34,
= <0107 3P0, (057 ®1d®?)Wo 1 Wa 3A1 = <g1 o1 (057! @1d®%) W1 A1 =<4 ®id

13



By induction, if &/, o dg 0 &, 1 =4 ®id®", then

bhiiodoobnyr =(6,® id)\If[lln] i1 (61 ® 1d®™) U1 ) nt1 <01 ‘I’[_l,ln],nﬂ(& 91" )W 1y mso(Enss © id)
=& @ id)\ll[lln] n+1(§1 ® id®n)\1’[1,n],n+1 <o,1 ‘I’[flyanrl]ynJrQ bo1 (0871 ® id®n+2)\11071
Al‘l’ 1 n+1],n+2(§n+1 ®id)
= (& @) P L, (6 ®id®") (6 @A%™) P41 <0 (Gnsr ®id)
= (&, ®1d) €01 (§nt1 ®1d) =< ®id®ntt

Lemma 4.5 &, 0dy 0&,11 =dy for alln > 1.
Proof. First of all,

fodioby =p01(0®id*?*)(Id®@ Ao p)Uy)pe (05 ®@id®?)Wo 14101 5(& ®id)
=o,1(0 ®id®?)Wo 11,2034 V2381 A0 W] 3 b0y (05 ®1d®?) Vo1 A1 W1 5(&1 @ id)
=001V0,101,2(0d ® 0 @ 0SS! @id) Wy 2p1 203.4V3 4024301 2A0 (& ® id)
=0,1(0 ®id®*)Wo 111,207 5(1d © ST @ 1d%?) 2 3104,5 V5,480 A3W1 9 A5 (&1 @ id)
=01 (0 ®id¥?)Wg 1 111,2V2 3401 213,4 V0 3(1d®° @ 571)A1A2‘1/2_,§A2(§1 ®id)
=00,1(0 ®id®?)Wg 11 0410,3V3 a3 4 V2 3(1d®° ® 5_1)A1A2‘1’§,;1),A2(§1 ®1id)
01(0® 1d®2)\1/0,1m,m,g\1/3,4%,4\1/2,3\1/;;\1/;}1(id®3 ® ST @id®?) A1 A A0 (& ®1id)
1 YWo 11 213,4V2,3A: (1d®? @ [p¥~H(S™! @id)A] @ id) Az (& @ id)
a( )Wo,11,203,4 V2,301 (1% @ o e ®id) Az (&1 ® id)
= p1,2 01 (0 @1d®?) W1 A1 (& ®@id) = 1 2(& ®1d) (6 @ id) = p1o = dy

Now suppose that £/, ody 0 &,41 = di. Then

Giprodiobuye = (6@ (6 @A) di VY a6 ©1d2F
U 11 nt2(&np1 ®1d)
= (£, ® id)‘I’[lln g1 (1 ® 1d®"™) (& © 1d®™) g, 3V (1 nt1)mt2(Enr1 ®id)
= (€ @IV 12,3V ) 2 (Enrr ©1d)
= (&, ®@id)p1,2(6ns1 ®@1d) = (§, 0d1 0 &ny1) ®id = dy

Lemma 4.6 &, 0d,y1 08,11 = (id®nle ®e) = Jn+1 for alln > 1.
Proof. We have

dio& =1g1(0 ®id)¥g 1oy (057! @id®*) g 1A,
=p0,1(0 @id)¥g1p1,2¥12(d® ST ®id)A; =id®e
= &hodnp10&nr =&,001(0® id®"+1)‘I’[o,n],n+1‘1’[71,1n],n+1(51 ®1d®™" )W (1 ) g1 (€n @ id)
=& (dy 0 & @1d®™") Uy 1) g1 (& ®id)
=&, (1d®e@id®™") U ppi1 (& ®id) =1d®" T @ e
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Figure 12: Graphical proof of Theorem in degree zero.
for all n > 1. O

Finally it is straightforward to check that:
Lemma 4.7 &, od;o&,y1 =d; for 1 <i<n.

Therefore &,, &/, define isomorphisms of complexes between the braided Hochschild complex

and the complex { M®A®™ b, }, where by, 1, = clNO—I—Z?:l (—1)jdj+czn+1 c M@A®MTD) 5 M A®n,

That the homology of the latter complex is Tor2 (R(M), C) follows from [CE] Cor. IX.4.4, applied
with K, A, A, B being C, A, C, R(M) respectively. m]

Figure [12 shows a graphical proof in degree zero.

5 Braided line and braided plane
In this section we consider the braided line and braided plane. We observe that braided Hochschild

homology is less degenerate than ordinary Hochschild homology of the classical counterparts.
Throughout this section ¢ € C will denote a nonzero parameter which is not a root of unity.
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5.1 The braided line

Let H be the commutative Hopf algebra CZ = C[t,t~!], with coproduct A(t) =t ®t. Then H is
coquasitriangular, via r(t™, t") = ¢™" for all m, n € Z. Let C[z] be the unital C-algebra in a single
indeterminate 2. Then C|x] is a right H-comodule algebra, via ™ — 2™ ®t™, for all m > 1. The
braiding @) is ¥ (2™ ® ™) = ¢™"2™ ® 2. The braided line A is the braided Hopf algebra given
by C[z] with

Al)=1®1, A@)=z®1+1®z, &)=0 Sk)=-2

It follows from the ribbon relation o (6 ® o) 0o U2 = g o u that any ribbon automorphism satisfies
o(1) =1, o(a") = ¢"" " Vo(z)" for all n > 1. Taking o(x) = 3,5, \na™, compatibility with the
braiding forces A, = 0 for n # 1, so o(z) = Az, o(z") = (A\g"~1)"a™ for all n > 1. Since we need
o to be invertible, A # 0.

Every elementary tensor £™° ®...® 2™ is an eigenvector of T},, hence Theorem [3.11] applies
and HHY7(A) = HY°(A, A) for all n.

Proposition 5.1 We have HHY7(A) = 0 for all n > 2, for all q, \.

1. For A ¢ ¢, then HHy ° (A) = C[1], HH,"°(A) = 0.

2. For \=q N, some N €N, then HHy °(A) = C[1] @ C[zN+1], HH"(4) = C[zN © z].
Proof. We use Theorem .2l Consider the resolution of C by free left A-modules: 0 — A —% A —¢
C — 0, where p(2") = z"*1. Tensoring on the left by R(A) ®4 —, where R(A) has underlying
space A and right action

" 4x=a"" 4+ ¢"o(S7 (2))2" = (1 — Ag")z" !
gives HH,"""(A) as the homology of 0 — R(A) ®4 A —% R(A) @4 A. Here
pa" @) =2"Rr~1" 4z®1=(1-N\")2" @1

It follows that if A ¢ ¢~N, then HHY °(A) = C[1], HH,""(A) = 0, whereas if A = ¢, then
ker(¢) is one-dimensional, and coker(¢) is two-dimensional, with generators as above. a

Using standard spectral sequence arguments [HK1] we calculate the braided cyclic homology.
We note that for the map By : HH, ° (A) — HH,""" (A) we have By[z""!] = (n + 1)[z" ® z].

Corollary 5.2 For q not a root of unity, we have HC;I;’L(A) =0,

o - Cl1 A g gV
HC3%5(A) = C[1], forn >0, and HCy"(A) = { cij @ ([C[]INH] ) f ZfN

Remark 5.3 In the classical case N = 1 = q, HH,(A) = 0 for n > 2, and HH,(A), HHy(A)

are both infinite dimensional, spanned by {[z™ ® |}n>0, {["]}n>0. Hence HCy(A) is infinite
dimensional, HC3p,41(A) =0 and HCqp,42(A) = C[1], for n > 0.

5.2 The braided plane

In this section, A denotes Manin’s quantum plane, that is, the unital algebra (over C) generated
by indeterminates x, y satistying yx = gzy. This is a right H = C,[SL(2)]-comodule algebra via

S

b =lyR®a+z®c,y®@b+ax®d]
c d

el ol |
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One can identify A with the subalgebra of H generated by a,b. Under this identification, y
becomes a, x becomes b, and the coaction becomes A (so A is an “embeddable quantum space” of
H). Obviously, the monomials 2™y™ form a vector space basis of A. Under the embedding into

H these monomials become proportional to the Peter-Weyl basis elements Céer"). The precise
factor is given e.g. in [KS], but it is irrelevant for us.

The braiding () induced from the coquasitriangular structure of H is determined by:
Veer)=¢z0r, Vaoy) =q¢ Pyo

(
Vyor) =q Proy+g-q Yy, Vyoy = yoy
(Imyn ® :E) — q(mfn)/2x ® xmyn + q(n7m72)/2f(n)y ® :Eerlynfl’
(

(

¢
s

] Y xmyn) — q(n—m)/2$myn Qy+ q(m—n—Z)/2f(m)Im—lyn+1 ®

where f(n) = ¢" — ¢~ ™. There is a braided Hopf algebra structure on A given by [M]:
Al) =z@l+loz, Aly)=y@l+10y, @) =0=cy), Sk)=-z Sy =-y

Proposition 5.4 The ribbon automorphisms of A are parametrised by X\ # 0 and given by

O_(Imyn) — )\m+nq(m+n)(m+n—l)/2$myn.

Proof. Applying the ribbon relation to o(yz — quy) gives o(y)o(x) = qo(x)o(y). It follows
that o(z) = Az, o(y) = py, for some A\, p € C. Compatibility with the braiding forces A =
p. Using the defining property, one easily checks that o extends to ™ and y™ by the formula
given. To derive the formula in general one can proceed as follows: Twist the H-comodule algebra
A by the 2-cocycle q = rojr, that is, consider the new product f e g := f0)9(0)a(f(1),901))-
The defining property of the ribbon automorphism is o(f e g) = o(f)o(g), and in particular
o(z™ e y") = Amtngmim=1)/24n(n=1)/2pmyn - Byt since q = dp? with ¢? given in (@), we have
also an isomorphism f — 1(f) := fi0)¢*(f(1)) between the two products, and using the explicit
formula for ¢? and the fact that 2™y" is proportional to Céz+"), we obtain
n(z™) en(y") =n(z"y")
= (_1)mq—(m2/2+m)xm ° (_1)nq—(n2/2+n)yn — (_1)m+nq—((m+n)2/2+m+n)xmyn

—-mn_, . m,n

s zMey' =g ™y

The claim follows. O

In other words, the ribbon automorphisms arise as o(f) = foysa(f)), where sx(C)}) =

Agmm=1)/25 Tt is now easily shown by induction that T, is in fact the ribbon automorphism
of A®"*1 that is, is given by T.(feg®---®h)= f(o) @Gy ® - ® h(o)s)\(f(l)g(l) e h(l))- In
particular, T}, acts by scalar multiplication on the irreducible subcomodules of A®™*1. Hence T},
is diagonalisable, and by Theorem B.11] we have:

Lemma 5.5 HHY°(A) = H" (A, A).

Proposition 5.6 1. If A\ ¢ ¢~V/2, then HHy °(A) = C[1], HH} " (A) = 0= HH, " (A).
2. If\=q N2, some N € N, then HHy °(A) = CN+3 HH}""?(A) = C2N+2, HH) 7 (A) = CN+!

Proof. We compute H Y 7(A, A) via an explicit resolution, then by Lemma[5.5] we identify this with
HHY°(A). Let My, M be the free left A-modules with bases {[z Ay]}, {[z], [y]} respectively, and
let My = A. Define left A-module maps f; : M; — M;_1,i=2,1 by

Ll Nyl =ylz] —qzly], filz] ==z, filyl=vy
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Then the sequence 0 — My —/2 M; —/1 My —¢ C is a free resolution of C (4 is a Koszul algebra,
and this is the Koszul resolution of the trivial A-module C). We tensor on the left by R(A), the
right A-module with underlying space A and right action

xmyn <r= qn(l _ )\q(m—i-n)/Q)xm—i-lyn7 xmyn <y= (1 _ )\q(m+n)/2)xmyn+1 (15)
So HH}"(A) is the homology of the complex 0 — A —9% A@® A —9 A where
92(a) = (a €4y, —qa 4 z), gi(a,b)=a 4z +bay

Using (@5)), then for X ¢ ¢~%/2 we have ker(g2) = 0, im(gs) = ker(g1), and A/im(g;) = C[1].
For A = ¢~/2 (N € N), then ker(go) = span{z™y™ | m +n = N } = CN*! ker(g)/im(g2) =
span{(z™y",0), (0,2™y") |m +n =N } =2 C? *2 and A/im(g1) = k[1] ® span{z™y" | m +n =
N +1} = CN*3. We can identify the generators of HHIP’U(A) with the 1-cycles 2y" ® x,
z"y" ®y, for m+n = N. m]

all n > 0.

Proof. We calculate HCY° (A) as total homology of the mixed (B, b)-bicomplex associated to the
cyclic object of Section 3.2 as in [HKI]. For A ¢ ¢~/2, the spectral sequence stabilises at the first
page. For A = ¢~ /2 we need to calculate with the maps B; : HH,"7(A) — HH, 7 (A), i = 0,1:

i+l
Bola]=[1®a]l, Bila®b =1 ((id—t1)(a®b))]
In the same way as in [HK1], Lemma 2.2, we have
Bolz¥ ] = (N+1)[2V ®@z], Bolz™y"] = nlz™y" ' @y]+mqg "z™ Y " @x], m+n=N+1

Since by(1®1®1) =1® 1 = By(1), we have ker(By) = C[1], im(By) = CN+2, hence HC} 7 (A) =
C¥, with generators the (equivalence classes of the) elements 27y =/ @z, equivalently 2/ T1yN—1-1g
y, for j =0,1,..., N — 1. Finally we show that im(B;) = CV. We have

Bi(z™y" @) =1@2"y" @z —q¢ "1eza™y")—q¢ " fn)(1eyoa™ !y (16)

Consider the linear functional 75+ : A — C defined by 7, ¢(2'y’) = 05 ;6; ;. Then for s+t =N +1,
Ts.¢ is a nontrivial braided cyclic 0-cocycle on A. In particular 75 ; 0 by = 0, where by : A®2 — A is
defined by b = p— po (0 ®id) o . Let 91, 92 : A — A be the derivations defined by

o(z)=z, 0Oi(y)=0, 0O2(x)=0, Oa(y)=y
and extended by 0;(ab) = 9;(a)b+ ad;(b). Then
Gspt AP 5 C, ¢oi(a®@b®c) =Tor(a[01(b) a(c) — D2(b) Bi(c) ])
is a braided Hochschild 2-cocycle, meaning ¢, o b3 = 0. Using (LG,
Gmi1n(Br(z™y" @ x)) = (m—n+1)¢" — (m+n+1)g ") Tmi1n(@™y")

which is nonzero for n # 0. Hence Bj(z™y" ® x) represent distinct nontrivial elements of
HHY"°(A), for n = 1,2,...,N. Since HH,°(A)/im(By) = CV, it follows that im(B;) = CV.
Hence HH, °(A)/im(B;) = C, and ker(B;) = im(By). The spectral sequence stabilises at the
second page, and we have:

HCY (A) = HHy°(A) = CN*3 HCY"(A) = HH,""(A)/im(B,) = CV,
HCy 7o (A) = ker(Bo) ® HHy °(A)/im(B1) = C2,  HCy,75(A) = ker(By)/im(Bo) = 0,

for all n > 0. O
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6 Braided SL(2)

6.1 Braided Hopf algebras associated to coquasitriangular Hopf algebras

Let (H,r) be a coquasitriangular Hopf algebra. Let A € Ob(C(H)) be H equipped with the right

adjoint coaction Adg(a) = a(2)®S(aq))a(s). In general A is not a right H-comodule algebra. Now

define B = B(H) to be the algebra with underlying vector space H and (associative) product
axb=ag)ba) r(a).be))r(ag), Sbau)) = a@)be) r(S(an))ae), Sba)) (17)

Then B is via Adg a right H-comodule algebra and in fact a Hopf algebra in C(H) with coproduct
and antipode given by

Aa) = am) @ a@m), Sa) = S(ap)r(S*(as)S(aw)), aw)) (18)

(see [M] and [KS] Section 10.3.2). We call B the braided Hopf algebra associated to H, alternatively
the transmutation of H. The coaction Adg gives a braiding

Up:B® B — B®B, \IJB((L (9 b) = b(g) & a(2) r(S(a(l))a(g), S(b(l))b(g)) (19)

6.2 Braided homology of quantum SL(2)

Our aim in this Section is apply this to A = C,[SL(2)] as defined in (G). The universal r-form
was explicitly recalled in (). The resulting canonical braiding (3] is defined on generators by:

VU(a®a) =q"2a®a, V(a®b)=q" 1/2b®a+q 1/2( g a®b
Vawc)=q¢"?c®a, V(a®d=q¢"?doa+q" 1/2(q—q De@b
\Il(b®a):q_1/2a®b, W(b@b)*qlﬂb@b

Uboce)=q Y2exb  Ubod=q¢"?dob

U(c®a)=q¢?a®c, U(ewb)=q ' Pboctq P (g—q¢ Hawd
U(cwe)=q?coe, V(ead) =g 2doc+qV(g—qg Head
V(doa)=q Y2and, V(dob)=q¢/bad

Vd®c)=qgY2ecwd V(dod) =q?ded (20)

As a special case of [Hal, it is straightforward to show that:

Proposition 6.1 For this braiding there are precisely two Tibbbon automorphisms o+, defined on
generators by o+ (x) = £¢3/%x for x = a,b,c,d, and extended by o+ (xy) = p(osr ® 04)¥%(z @ y).

Since in the classical limit ¢ = 1 we would like o = id, we will restrict attention to oy. The
corresponding s € A° is defined by s(a) = ¢*/% = s(d), s(b) = 0 = s(c) (see [K], p366). Then:
Proposition 6.2 For the braiding (20) and 0 = o, HHY " (A) = 0.

Proof. We calculate ng "“(A, A) directly from the definition. Since A is unital this is coincides
with HH, °(A). By induction we obtain the formulae
V(a't " @) =q R 2 a’t/ck, V(W @a) =q 70200 0’ F
U(dVF @) = ¢ TR 2e 0 d'b ek
Hence
v.o(aibch @ a) = g IR(L — qBHIHI+BR)/2) it gk,
b\p ,,(b F@c)=(1—qBITR/2)pihtL

(dV ¥ @a) =q 71 (1 - q(j+3k+5)/2) +q 11— q(j+3k+9)/2) be] bk

by o(b®@b) =q 0%, by ld®a—q 'A+q+P)hec =1

b\I/U
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Using these in order, first [a'T6/c¥] = 0 for all i,j,k > 0. Second, [b/c**1] = 0 unless j = k + 3.
Next, for all j, k, [b/c*] = Aji [B? T +1] for some nonzero Ajx, hence each [b¥+3¢51] is proportional
to [b%], which is zero. Finally [1] = 0, so we have [a'b’c¥] = 0 for all i,j, k > 0. In the same way,

by o (AW " @ c) = (1 — q3T=ITR/2)qipT

by o (470 ¢ @ a) = g IR [ (1 = qBmiTITIN/Z) L g1 (1 — Bri3kte)/2) e pick

by o (AT @b) = (1 — BT/ g1+l by (P @d) = (1 — 0T/ 2@+,

Hence [d'b7cF*1] = 0 unless j = i 4+ k + 3. In this case, [d*t1b7c*+1] is proportional to [dit!1pi+3],
which is zero. Finally [dit16/1] = 0 for all i, j. U

We now pass to the braided Hopf algebra B = B(A). We define new generators

qa — qd

u=d, x=qb, =qc, z=
q y=4q itq!

Using (7, I8 [9) we have the braided Hopf algebra structure (we drop the “*” notation for the
product)

wr = ¢®zu, uy=q *yu, zy=u+(1+q Huz—1, zu=uz,
yr=u?+(1+¢Huz—1, zx=zz+1—-¢zu, z2y=yz+(1—q *)yu
Alw)=u@u+q yez, Al)=zutulr+(1+q¢ )z
Aly)=y@utuy+(1+q3yez
A)=z0u+u®@z+(1+q¢ z@2+(1+q¢ ) ' rey—yo1]
S(u)=u+(1+4¢*z S)=—¢*z, S(y)=-¢’y, S(z)=—¢2

(w) =1, e(@)=¢(y) =¢(z)=0 (21)

Further, we note that t := u + 2z = % is a central element. B is Z-graded with x, y having

degree 1, -1, and u, z having degree zero. Using this and the commutation relations gives that

)

ruizk i >0
Cijk =

yiujz’~C 1 <0 5keN

is a vector space basis of B. The braiding is given by:

Vrer)=¢dror, VY (ey) =q¢ 2 yoz, ¥ (rez2) =20z, VY (rdu =u®z
V(yor)=qz0y+1-¢?)fQyer—(1+q)f(2) 20z

V(yey) =dyey, Y(ye)=:0y+fQyez Y(you=udy-f2lye:
Uzz)=z®z+ f(2)z0z, V(Y =y®R:z

V(::2) =202+ (@ -1)yes, YV:zeu =u®z+(1-q¢ )y
Vuzr)=zu—f2z0z, Y (uey) =you, VY(udz)=z0u+(l-q¢ )y,
Vuu)=uu+ (@ -1y (22)

where f(n) = ¢™ — ¢ ™. It follows that (id ® S)¥ = ¥(S ®id), (S®id)¥ = ¥(id® S).
Lemma 6.3 There are precisely two ribbon automorphisms o+ of B, given by
0+ (u) = :l:[u + (1 - q4)2]7 0+ (:E) = :l:q4$7 0+ (y) = :|:q4y, 0+ (2) = :l:q4Z (23)

(this implies o1 (t) = +t) equivalently by

oi(a) = £[Pa+(1—¢Hd], ox(b)=+q¢*, osL(c)==+q'c, o+(d)==+[(¢*—q")a+
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Proof. Demanding compatibility of o with the defining relations, for example
0=o(zy —yz+(¢° —q Juz) =plow o)z @y —yz+(¢* ¢ )2 @

gives o(z) = Mz, o(y) = Ay, o(2) = eq*z, o(u) = efu+ (1 — ¢*)z], where ¢ = +1 and
A2 = ¢8. Compatibility with the braiding forces A\; = Ay = £¢*, hence the result. O

It is natural to require that the ribbon automorphism becomes the identity in the classical
limit ¢ = 1, which imposes ¢ = 1. Hence we work with the ribbon automorphism ¢ = o4. The
ground field C becomes a left B-module through the character €. It is easy to check that:

Lemma 6.4 The following is a resolution of C by free left B-modules:
0— B—¥ B3 %2 B3 91 B % C -0 (24)
where po(a) = e(a), p1(a,b,c) = ax + by +c(u—1), p3(a) = aly, —¢*x,u — 1) and

g %u 0 —T

p2(a,b,c) = (a,b,c) 0 ¢u-—1 —y
-y ¢z (1-¢)(utl)

Given the resolution, we can compute braided Hochschild homology, giving a “no dimension
drop” result along the lines of [BZl, [HK1L [HK2]:

Theorem 6.5 For the braiding (22) and o = o (23), Hy °(B,B) = C.
Proof. Tensoring (24) on the left by R(B) ® g — gives
Hy°(B,B) = ker{id ® 3 : R(B) ®p B — R(B) ®p B>} = ker{@ : B — B%}

where p(a) = (a €4 y,—q*a €4 x,a 4 (u—1)). To compute the right action « ([I3) of z, y, u on
PBW monomials a = z'u’z*, y*u/z*, we need to compute the braidings ¥(a ®t) for t = z,vy,u.
Lengthy but straightforward calculations give the formulae:

V(ruizb @y) = ¢ Pyeaud, V(i ey) = Py eyl F,

U(ruizF @u) = u@a'u 2 + ¢ 2y @ ot[q 2zu 71 2F — w1k

U(yzF @u) = woyw b+ (1-¢®)yoy W1 +q7)z+ (72 — ¢ )l
+¢%y @ yu [zl 28 — uI 2]

k k

where v~ ![zu? 2¥ — u?2¥z] is notational shorthand for

g 2ad TR — i Ry = q_Q:Cuj_l[zk — q2j(z +(1- q2)u)k]

which is well-defined even for j = 0, being in this case equal to —g 2 2521 (7 )(A—g?)rtaztub—m,
with the empty sum (k = 0) being taken to be zero. Furthermore,

oS ) =u+(1+¢*z, oS Hz)=—-¢"z, oS 'y)=—-¢%y, oS ' (z)=—¢%

It follows that the actions of v and y on PBW monomials are:

sl qu=q P, gl qu=¢®

yulZF 4y =(* — )1 — ¢ Ty + g

i,d ok

iy~ [ud 2y — yud 2]

Therefore a « (u— 1) = 0 if and only if a = Y o yu?z", for some «j, € C. Now,
w2 4y =uw 2y — Py T = Py TP (2 + (1 - g7 )u)k - 2R

Hence (3" o ru’2*) €y = 0 if and only if o = 0 for (j, k) # (0,0). Soa 4« (u—1)=0=a 4y
if and only if a = AL. Finally it is easy to check that 1 €z = 0. Hence ker(p) = CJ[1]. O
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