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Abstract

We calculate the twisted Hochschild and cyclic homology of the quan-
tum group SLg(2) relative to a specific family of automorphisms. Our
calculations are based on the free resolution of SL4(2) due to Masuda,
Nakagami and Watanabe.

1 Introduction

Cyeclic homology and cohomology were discovered by Alain Connes (and inde-
pendently by Boris Tsygan) in the early 1980’s [Co8H], and should be thought of
as extensions of de Rham (co)homology to various categories of noncommutative
algebras.

Quantum groups also appeared in various guises from the early 1980’s on-
wards, with the first example of a “compact quantum group” in the C*-algebraic
setting being Woronowicz’s “quantum SU(2)” [Wo87a]. The noncommuta-
tive differential geometry (in the sense of Connes) of the quantum SU(2) was
thoroughly investigated by Masuda, Nakagami and Watanabe in their paper
IMNW90]. They first calculated the Hochschild and cyclic homology and coho-
mology of the underlying algebra of the quantum SL(2), and then extended this
work to the topological setting of the unital C*-algebra of “continuous functions
on the compact quantum group SUy(2)”, in addition finding the K-theory and
K-homology of this C*-algebra. In particular they found an explicit free left
resolution of quantum SL(2), which we rely on for the main calculations of this
paper.

Twisted cyclic cohomology was discovered by Kustermans, Murphy and
Tuset [KMT03], arising naturally from the study of covariant differential calculi



over compact quantum groups. Given an algebra A, and an automorphism o,
they defined a cohomology theory relative to the pair (A, o), which on taking o
to be the identity reduces to the ordinary cyclic cohomology of A. Viewed this
way, twisted cyclic cohomology generalizes the very simplest and most concrete
formulation of cyclic cohomology (as described, for example, in [Co85] p. 317-
323), however it was immediately recognised that it fits happily within Connes’
much more general framework of cyclic objects [Ca83.

The aim of the present paper is to compute these homologies for SLy(2) and
all automorphisms of the form z,y,u,v — Az, A"y, pu, p~'v, where z,y,u,v
are the standard generators. It turns out that there exist values of A, p for
which the twisted Hochschild dimension becomes the classical dimension 3 of
SL(2) (but none for which it exceeds 3). That is, the twisted theory is able
to avoid the 'dimension drop’ of standard Hochschild homology. Similar effects
were observed for the Podles quantum sphere and quantum hyperplanes [Ha(4],
[Si04], [SW03a], [SW03D]. To give an overview of the results, we collect the
dimensions of the twisted Hochschild homology groups H H,, (A, 0) as a k-vector
space:

Py A (witha,b>0|n=0|n=1|{n=2|n=3|n>3
Y 2 4 2 0 0
1,¢"+2 00 00 b+1 | b+1 0
Il 72 N
q ¢ q
o ¢ g 0 0 0 0 0
otherwise 00 00 0 0 0

A summary of this paper is as follows. Section Bl contains preliminaries,
and recalls the definitions of [KMT03] in a homological setting. In section
we define the underlying algebras of the quantum group SL,(2) and the com-
pact quantum group SU,(2). Algebra automorphisms of A(SL,(2)) fall into
two families, each of which is parameterised by two nonzero elements of the
underlying field. In section Bl we use the free left resolution of SL4(2), due to
Masuda, Watanabe and Nakagami [MNWO90], to calculate the Hochschild ho-
mology H. (A, ;A) of A(SLq(2)) relative to the first family of automorphisms.
We then prove that in this situation, these groups in fact coincide with the K-
M-T twisted Hochschild homology groups H H, (A, o). This allows us to use the
long exact S-B-I sequences of [KMT03| to calculate the twisted cyclic homology
(section H).

The calculations that appear here for the Masuda-Nakagami-Watanabe res-
olution were done by the first author. The same results were independently
obtained by the second author using a simpler resolution based on [FT91], and
the details of this will appear shortly.

2 Twisted Hochschild and cyclic homology

Although throughout this paper we work in the setting of homology, the moti-
vation and definitions of [KMT03] arose in the cohomological setting.



2.1 Twisted cyclic cohomology

Twisted cyclic cohomology arose from the study of covariant differential calculi
over compact quantum groups. This is very clearly explained in [KNMT03.

Let A be an algebra over C. Given a differential calculus (£, d) over A, with
Q = &) Q,, Connes considered linear functionals [ : Qy — C, which are
closed and graded traces on (), meaning

/dszVweQ (1)

/ WnWn, = (fl)m”/ WnWm VYV Wm € Qu,y wp € Qp (2)

Connes found that such linear functionals are in one to one correspondence with
cyclic N-cocycles 7 on the algebra, via

T(ao,al,...,aN):/ ao dai das . ..day (3)

and this led directly to his simplest formulation of cyclic cohomology [Co85).

In the theory of differential calculi over compact quantum groups, as devel-
oped by Woronowicz [WoS7al, [WoSTH], the algebra A is now equipped with a
comultiplication A : 4 — A® A, and the appropriate differential calculi to study
are covariant. A left-covariant differential calculus over (A, A) is a differential
calculus (92, d) equipped with a left coaction

AL:Q—A2Q (4)

satisfying certain relations. For compact quantum groups the natural linear
functionals [ : Qny — C are no longer graded traces, but instead twisted graded
traces, meaning that

/ Wy Wy, = (fl)m”/ o(wn)wm YV wm € U,y wy € Qy (5)

for some degree zero automorphism o of ). In particular, o restricts to an
automorphism of A, and, for any a € A, wy € Qn we have

/wNa:/ ola)wn (6)

Hence for each left covariant calculus there is a natural automorphism of A.
Motivated by this observation, Kustermans, Murphy and Tuset defined
“twisted” Hochschild and cyclic cohomology for any pair (A, o) of an algebra
A and automorphism o. We will transpose their definitions to the setting of
homology. We note that the definitions in [KMT03] were given over C, however
extend immediately to arbitrary fields k (we always assume characteristic zero).
We also note that the definition of twisted Hochschild and cyclic homology
we give was not explicitly written down in [KMT03], but was obviously well-

understood.



2.2 Twisted Hochschild and cyclic homology

Let ;A be the A-bimodule which is A as a vector space with left and right
action defined by a>b<c:= o(a)be, a,b,c € A.

We denote by H, (A, ,A) the Hochschild homology of A with coefficients in
oA, that is, the homology of the complex {Cy,bs},,~,, where

C, = A%+

and b, : C, — C,,_1 is the linear map defined by

by(ag, -, an) = Z(fl)i(ao,...,aiaiJrl,...,an)
i=0
+(—=D)"(o(an)ag, ... ,an—1)
= Y (=1)'bi(ao,. .., an),

=0

where we denote ag ® - - ® a,, by (ag,...,an).

Note that modifying as well the right multiplication of A by inserting another
automorphism ¢’ yields a complex which is isomorphic to one of the above form
with o replaced by (¢/)"!oo.

It was noticed in [KMT0O3] that in this situation, there is an analogue of the

cyclic permuter of cyclic homology [Co85)]. Indeed, if one defines the linear map
Ao : Cp — Chy Aolag, ... an) = (=1)"(c(an),a0,a1,...,an-1),
then
(I=Ag)ob, =bso(1=X,), bl,:=> (~1)'b;.

Hence the cokernels of 1 — A, form a well-defined quotient complex of {C,,, b, }
whose homology HC\(A, o) was called twisted cyclic homology in [KMT03].
The main difference to the standard theory with o = id is that

Nt =@ ®0#idg,.

That is, (Cx, by, A,) does not define a cyclic object. To obtain this, we have
to replace C, by the cokernel of 1 — A\?*!. The homology of this quotient
complex was called twisted Hochschild homology H H, (A, o) in [KMT03]. As a
consequence of the general theory of cyclic homology theories, HC. (A, o) can
be computed from H H. (A, o) by the direct analogue of Connes’ S-B-I sequence.

In our application, we will consider only diagonalizable automorphisms of
A. For such ones, we have

Cp=C™a(1—-0)0,,

where CInV := ker (1 — A\?*1) is the eigenspace of A\2*1 corresponding to the
eigenvalue 1 and (1 — o)), is the sum of the other eigenspaces.

Since A”*! commutes with b,, we see that the above decomposition is a
decomposition of complexes. This proves:



Proposition 2.1 If o acts diagonally, then there is an isomorphism
HH.(A,0) ~ H.(C b,). Furthermore, the resulting map HH.(A,0) —
H.(A, ,A) is an embedding of vector spaces.

Recall [Lo98] that H. (A, »A) ~ Tor (,.A, A), where A° = A® A°. Hence
H.(A, ,A) can be computed from any projective resolution of the A°-module A.
This will be applied in sectionElfor the standard quantum group A = A(SLq(2))
and all automorphisms given by rescaling the standard generators by a nonzero
scalar. The computations will be based on the free resolution of A found in
[MNW90]. Tt turns out that the embedding HH.(A, o) — H.(A, ,A) is in this

case an isomorphism.

3 Quantum SL(2) and quantum SU(2)

We follow the notation of Masuda, Nakagami and Watanabe [MNW90]. Let k
be a field of characteristic zero, and ¢ € k some nonzero parameter, which we
assume is not a root of unity (this assumption is also made in [MNWOI0]).

We define the coordinate ring A(SLy(2)) of the quantum group SL,(2) over
k to be the k-algebra generated by symbols x, y, u, v subject to the relations

ur = qrUu, VT = qIrU, Yu = quy, YU = qUY, VU = UV (7)

zy—q luw=1, yr—quv=1 (8)

Hence a Poincaré-Birkhoff-Witt basis for A(SL4(2)) consists of the monomials
{xlumvn}l,m,nzo ) {lerlumvn}l,m,nzO (9>

It is well-known how to equip this algebra with the structure of a Hopf algebra,
but this will play no role in the sequel.
Specializing to the case k = C, we define a *-structure:
=y, Y=, vi=—qu, ut=—ql (10)
where we now assume that ¢ is real, and 0 < ¢ < 1. Writing o =y, 8 = u, we
find that the relations [@), &) become
afa+ B =1, aa*+¢EB =1 (11)
38 =85, aB=gba, af =qfa (12)
We define A¢(SU4(2)) to be the unital *-algebra over C (algebraically) gen-
erated by elements «, § satisfying the relations ([[l), [I2), and the unital C*-
algebra A(SU4(2)) of “continuous functions on the quantum SU(2)”, to be the
C*-algebraic completion of A;.
Returning to A = A(SLy(2)), we define A° = A ® A%, where A is the
opposite algebra of A. Masuda, Nakagami and Watanabe gave an explicit res-
olution of A,

oMy oMy = My > My > Mg — A= 0 (13)
by free left A°-modules M,,, with
rank(Mp) =1, rank(M;) =4, rank(Mz)=7,
rank(M,) =8, n>3 (14)

In section Bl we will use this resolution to calculate the twisted Hochschild ho-
mology of A(SLg(2)).



3.1 Comparison of the M-N-W and bar resolutions
Recall [Lo98], p12 the bar resolution
s A®MA2) L (et l) o ®2 Y 4 (15)

which is a projective resolution of A as a left A°-module. We recall that each
A®(+2) g 4 left A°-module via
(:E & yo)(ao’ A1, an+1) = (ZCG(), A1y, an+1y) (16)
and _
b/(ao, ai,y ... an+1) = E?:O (—1)](a0, ce e QjAg4q - ,an+1) (17)

We have a commutative diagram

e My =B My 2 My B My 2 A 0
S B
e Y e Y ges Y ger Yy 0

The vertical maps fi : M; — A®0+2) satisfy 0 fir1 = diy1 fi, and are given
by:

folar ® a2?) = (a1, a2) (18)
My is a free left A°-module of rank 4, with basis {e,, €y, €,, €, }. We have:
fl(et): (1at51) t:U,’U,ZC,y (19)

My is a free left A°-module of rank 7, with basis {(e, Aey), (v Aez), (en Aey),
(eu New), (eu Ney), 19(31), ﬂ(Tl)}. We have:
faley Ney) = (1,v,u,1) — (1,u,0,1)
fales Neg) = (Lv,2,1) — ¢(1,2,0,1)
fales Ney) = q(1,v,y,1) = (1,y,0,1)
falew ANeg) = (1,u,2,1) — q(1, 2,u,1)
Falew Aey) = a1, 1) — (Ly, 0, 1)
F00) = (1,y,2,1) — q(1,u,0,1) + (1,1,1,1)
Fo(00) = (1,2,5,1) — ¢ 1 (L, u,0,1) + (1,1,1,1) (20)
M3 is a free left A°-module of rank 8. We will only need:

Falew AOY)) = (Lv, 2,9, 1) + (L2,,0,1) — q(1,2,0,,1)

—q¢ (1, 0,u,0,1) + (1,0,1,1,1) + (1,1,1,v,1)

f(ev/\ﬂ ) (Lv,y,2, 1)+ (1,y,2,0,1) — q(1,v,u,v,1)

_q (1ayavax71)+(1’U315131)+(151’15’U51) (21)

Applying the A, ® 4 — functor to both resolutions allows us to identify the
generators of twisted Hochschild homology found from the M-N-W resolution
with explicit cycles in the bar resolution.



3.2 Automorphisms of A(SL,(2))
Given nonzero A, p € k, we define automorphisms o, 7 of A(SL4(2)) by

o(x) =Xz, o(y)=A""y, o(u)=plu, o(v)=pv (22)

r(z) =Xz, 7(y) =21y, Tw)=pv, T()=plu (23)
Proposition 3.1 Every automorphism of A(SLq(2)) is of this form.

In this paper we will work exclusively with the automorphisms o. We note
that:

1. From (@) the automorphism o associated to Woronowicz’s left-covariant
three dimensional calculus over A(SU,(2)) is [KMT0O3], p22:

o(a) =g %a, o(a’)=q¢%", o(B)=q "B, o(B)=q'p" (24

Here we are working over C, with 0 < ¢ < 1, but the analogous automor-
phism of A(SL,(2))

o(x) =q’z, o(y)=q %y, o) =q", o(u)=q¢'u (25

makes sense for any field k£ and nonzero q.

2. Similarly, the automorphism associated to both the four dimensional cal-
culi over SU,(2) is [K]:

o(a) =¢*a, o(a’)=q2a", o(f)=p, o(f)=p"  (26)

Again, we have an analogous automorphism of A(SLy(2))

o) =q %z, oly)=¢, o()=v, o(u)=u (27)

that makes sense for any field k and nonzero q.

4 Twisted Hochschild homology of A(SL,(2))

We will now calculate the twisted Hochschild homology and cohomology of
A = A(SLy(2)) relative to the automorphisms o @2Z). We consider twelve
different cases:

1. p=1,A=1 (o =id).

2.p=1, )\ A=q.
3.p=1LAx=¢"*2b>0.
4. p=1, N ¢ ¢N.

5. p=¢q¢" 1, a>0,A=1.
6. p=q*t, X=¢""" a, b>0.

T.p=q¢""a>0,A¢ N



—(at+) g >0, A = 1.

pP=4q )
p=q @) X =gt a0, b>0
10. p=q (@t X ¢ ¢N.

11. p¢ g%, N=1.

12. p¢ g2, N #1.

4.1 Hy(A,,A)

Proposition 4.1 We give an explicit description of Ho(A, »A) for all possible
o. Following the scheme above, we find that:

1. In cases[] I and T4 Hy (A, ,A) is trivial,
2. In cases@ and[@ Hy(A, ,A) = k2,
3. In cases - @, @ and A Ho(A, ,.A) is a countably infinite dimensional

k-vector space.

In each case we exhibit a basis.

Proof: We have Ho(A,,A) = { [a] : a € A, [a1a2] = [o(az)a1] }. So for
all I, m, n > 0, we have

[z'u™ "] = [o(u)z'u™"] = p~ ¢ [lu™ T ") (28)
[lumo™ ] = [o(v)2lu™u"] = pgl[zlu™ o™ ) (29)
[y'u" "] = [o(u)y'u™ "] = pT gy e ") (30)
[y u™ "] = [o(v)y'u™0"] = pg~ lytum 0" (31)

We note straight away that [z/tlum 1y =0 = [yl lymtiyntl].
If p ¢ qZ, the only potentially nonzero classes are [z!], [y'] for all [ > 0. Now,

[2%1] = [o(2)2'] = Afa'™] (32)

[y = [o(y)y'] = A [y (33)

[1] = [zy — g7 wv] = [xy] = [o(y)z] = A7 ya] = A7 L+ quo] = A1) (34)
using the fact that [uv] = [o(v)u] = p[un], hence [wv] = 0 since p # 1.

Case p ¢ q% \# 1. Then [zlu™v"] = 0 = [y'u™v"] for all [, m, n > 0.

Hence

HO(AHTA) =0 (35)
Case[[l p ¢ ¢%, A = 1. Then

Hy(A, 0 A) 2 k1] @ (52, kl2']) @ (52, kly') (36)
Now, if p = 1, then

[ lumo] =0 = [y ™) YI>0, m4n>1 (37)



") = [(ay = ¢~ uo)u™o"] = ¢ o (y)ewv"] - g~ o
_ Aflqmqtn[yzumvn] - qfl[uerl,UnJrl]
_ A_lqm-"_n[(l +quv)umv"] _ q—l[um-i-lvn-i-l]

Hence
(A= g™ = (=g (A — g (39)

Define f(t) = A — ¢*, for t € Z. Then
fm+n)u™" = (—g ) f(m+n+2s) ™ 0" ] ¥Ym,n,s >0 (39)
So if m > n, we have
flm = n)u™ ™" = (=g~ )" f(m + n)[u™v"] (40)
whereas if m < n, we have
fln=m)[p" ™™ = (=g~ )™ f(m +n)[u"v"] (41)
It follows from (B2), @), @), @), @) that:
Casell If p=1, A ¢ ¢V,

Ho(A, 5 A) 2 K[1] & (350 ku™]) & (Z550 k[v"]) (42)

Caselll p=1,A=1 (o =1id).

Ho(A, 5 A) = k1] & (3% kl2']) & (S20 k') @ (S50 k™) & (375 K[0"])

Cases @ and B p =1, A = ¢, b > 0. For m, n > 0, the classes
(1], [um*1], [v"*1] are all independent and nonvanishing, apart from (E0), ()
those of the form [ub+1725] [v"+172%] for s > 1, b+1—2s > 0. Hence just as in
E3), Ho(A, ,A) is a countable direct sum of copies of k indexed by these classes.

Now suppose that p = ¢®*!, for some @ > 0, and )\ is arbitrary. The only
potentially nonzero classes are [1], [2'T1], [y'T!], [z*T'u™] and [y*T1o™], for I,
m, n > 0. We have

[ um) = g (@) um] = g~ (e ] (a4)
[y* o] = ¢"lo(y)y "] = A" " [y "] (45)
Using also B2), B3), B4 it follows that:
Caselll If p=¢*t', a >0, A ¢ ¢N, then Hy(A,,.A) = 0.
Casell p=¢*t', a>0, A=1.

Ho(A, - A) = k[1] @ (B2 k[z']) @ (B2 k[y']) (46)



Casel If p = ¢!, A = ¢"!, some a, b > 0, then

Ho(A, o A) = k[z*T "] @ kly* ot (47)

Now suppose p = ¢~ (“tD for some a > 0. The only potentially nonzero
classes are [1], [z!1], [y'TY], [z%F 1o, [y@Ftu™], for I, m, n > 0. Now,

0107 = g o(@)a"o"] = Ag~ o) (a3
[y ™ = ¢ o (y)y u™] = A" [y" ] (49)
So we have:
Case[I If p = ¢~ (@1 4 >0, and \ ¢ ¢, then Hy(A,,.A) = 0.
CaseB If p= ¢ (*tD 4 >0, and A = 1, then
Hy(A, 0 A) = k[1] @ (52, k[2']) @ (52, kly') (50)
Case[@ If p = ¢~ (*tD and X = ¢**!, some a, b > 0,
Ho(A, o A) = k2101 @ kly™ ub*] (51)

O

Corollary 4.2 Hy(A,,A) = HHy(A, o) for every o.

Proof: Every basis element [a] that we have written above is o-invariant.
Hence Proposition 211 gives the isomorphism. O

42 Hi(A A

Proposition 4.3 We give an explicit description of H1(A, ,A) for all o.
1. In cases[] I and I3, H1(A, ;A) is trivial.
2. In cases@ and @ H1(A, ,A) = kL.

3. In cases - @, @ and [, Hi(A,,A) is a countably infinite dimensional
k-vector space.

In each case we exhibit a basis.
Proof: For the Masuda-Nakagami-Watanabe resolution, we have
di : A®pe M1 — A®@pe Mo = A (52)
given by

di(a®ey) =a.(v®1—-1Qv)=av—0c(v)a = av — pua,

10



dila®ey) =a.(u®l—-1®u) =au—o(u)a =au— p~ 'ua,

di(a®e;)=a.(z®@1—-1®2z) =ax —o(x)a = ax — \za,
dila®e) =aly®1l—12y) =ay—o(y)a =av— A\ 'ya, (53)

Here {ey, ey, €4, €} is the given basis of M as a free left A°-module of rank 4,
and we are treating A as a right 4°-module with module structure given by

t.(ap ® a1° = o(ay)tag (54)

Hence
ker(dy) & {(a1, as, as, as) € A" :

(a1v — pvay) + (agu — p~tuas) + (asx — A\raz) + (agy — A 'yas) =0} (55)

We also have

do : A®@pe Mo — AR ge My (56)
do(b® (ey Aey)) = (bv — pub) @ ey — (bu — p~lub) ® ey,
da(b® (e, Neg)) = (bv — qpodb) ® e, — (gbx — Azb) @ ey,

da(b®@ ey A ey) = (gbv — pub) ®@ e, — (by — g\ "1 yb) @ e,
da(b® (ey Aeg)) = (bu — gp~tub) @ e, — (gbx — A\xb) ® ey,
da(b® (eu N ey)) = (gbu — p~ub) @ e, — (by — A~ yb) @ ey,
da(b® 19(51)) =by@e, + b ey — qbu ® e, — qpvb R ey,
da(b ® 19(T1)) = A yhRe, +br®@e, — ¢ hu®e, — ¢ pub @ ey, (57)
where {(e, Aey), (v Aez), (evNey), (euNew), (euwNey), ﬂg), 19(T1)} is the given
basis of My as a free left A°-module of rank 7. So

da[b1 @ (ey N ey) + b2 @ (ey Aeg) + b3 ® (ey Aey)

by @ (€4 Aey) + b5 @ (e Aey) +bs @0y + by @095 =
[(p~tuby — biu) + (Axby — gbox) + (gA ™ ybs — b3y) — gbgu — ¢~ *bru] ® e,
+[(b1v — pvby) + (
+[(b2v — gpvba) + (bau — qp™ ubs) + boy + X" ybr] @ e,
+ [(gbsv — pub3) + (gbsu — p~tubs) + Azbg + brz] @ e, (58)

We will now use (BH) and [B]) to calculate ker(dy)/im(ds).
If p =1, then all [u™v™ ® e,], and [u™v™ ® e,,] are potentially nonvanishing.
We find that

Azby — gbs) + (N Lqybs — bsy) — qpvbs — ¢ L pubs] ® ey,

fm+n)u™" @ el = (—¢ ') fm+n+2s)u" 0" @e]  (59)
for t = v, u, and once again f(n) = A — ¢"*!. It follows that
(n>m) : fln—m)p" ™ @e] = (=g )" f(m+n)umv" @e]  (60)

(m=n) : flm—n)u""@e]=(-¢7)"f(m+n)u"™" @e]  (61)



for ¢t = v, u. We also note that for any p, A we have
(@72 = N[ @e] + plumv @ eu]) = 0 (62)

(@2 =N @eu] + o w" @ e]) =0 (63)
For \ # ¢?, define

[wi] = [u®e] = —plv®ed] (64)
(For A = ¢? the equality need not hold).
Case 1. p=1,A=1 (o0 =id). Then
Hi(A o A) = (325, k0" ® €,]) @ klwi] @ (B5 5 k[u™ @ eu])@®

& (Bl ko' ® ea]) © (B2 kly' @ ¢y)) (65)

where [w1] = [u® e,] = —[v® e,]. This is in agreement with [MNWI0], apart
from the slight sign change in [w].

Case 2. p=1,\=gq.

Hy(A, 0 A) = (S750 k0" @ eo]) @ Klwi] @ (S350 klu™ ®eu])  (66)
where [w1] = [u® e,] = —[v ® €,].

Now suppose p = 1 and A = ¢"*2, some b > 0. Then f(n + 2m) =
A—g"?m 1 = 0 if and only if n+2m = b+1 for some m > 1. So [v" ®e,] = 0 if
there exists some m > 1 such that n+2m =b+1,ie. ifn e {b+1—-2m}, ..
Similarly for [u™ ® e,]. Hence: B

Case 3. p=1, A = ¢"*2.

Hi(A, 0 A) = (s k" @ eu]) ® klwn] @ (35,5 K[u™ @ eu])

@[ ®e,] @ [T @e,] (67)

where [w1] = [u® e,] = —[v ® e,] (provided A\ # ¢?), and S C N is given by
S={n>blU{b—2,b—4,...}. We note that if b =0, i.e. p=1, A = ¢?, then
we have:

Hi(A o A) = (355 k" ©e,]) ® (25 ku™ ©eu]) O klu@e,] D klv@e,] (68)
Case 4. p=1, A ¢ ¢N.
Hi(A, 0 A) = (5250 k0" @ €,]) @ klwi] & (S5 k[u™ @ eu]) (69)
where [w1] = [u® e,] = —[v ® eu].
Case 5. p=¢**', >0, A= 1. Then

Hi(A, 0 A) = (B2, kl2' @ ea]) ® (50 kly' @ ¢y]) @ klw] (70)
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where [wi] = (07" = Dy @ es] + (¢ — ¢~ )[v @ eu].
Case 6. p= ¢, A =¢"*!, a, b > 0.
Hi(A, - A) = E[y*T b @ e,] @ k27T’ @ e, )@

@ k[zu"T ® e,] ® K[y’ @ ey

Case 7. p=¢*T, A ¢ ¢N. Then Hy(A,,A) = 0.
Case 8. p=¢ (®tD) ¢ >0, \=1. Then
Hi(A 0 A) = (B, kl2' @ ea]) @ (Z2, kly' @ ¢]) @ klwn]
where [wi] = (p™' = Dy @ e,] + (¢ — ¢ ") [v @ eu].
Case 9. p=¢q (@tD N=¢"* a, b>0.
Hi(A, - A) = k29T’ @ e, @ k[T’ @ e )@

@ kx0T @ e,] @ k[ u’T! @ ey

Case 10. p = ¢ (@) X\ ¢ ¢N. Then H;(A,,A) = 0.
Case 11. p ¢ ¢%, A = 1. Then
Hi(A 0 A) = (B, kl2' @ ea]) @ (2, kly' @ ¢]) @ klwn]
where [wi] = (07" = D[y @ ea] + (¢ — ¢ [v ® eu]-

Case 12. p ¢ ¢%, A # 1. Then H;(A,,A) = 0.

(71)

(73)

(74)

The generators can be translated into Hochschild cycles in A®? using ([[d).

Concretely, we have
[a®e] — (a,t) a€e A t=u,v,mzy

O

Corollary 4.4 H;(A,,A) = HH (A, o) for every o.

Proof: Every basis element that we have written above is already

o-invariant, hence Proposition ] gives the isomorphism. O
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4.3 Hy(A A

Proposition 4.5 We give an explicit description of Ha(A, 5A) for all o. There
are four cases to consider:

1. p=1, A=¢""2, b> 0. Then Ha(A, ,A) = k!

2. p=q"t, X=¢""", a,b>0. Then Hy(A,,A) = k>

3. p=q @) X =g a,b>0. Then Hy(A, . A) = k2
4. Otherwise, Hy(A, »A) = 0.

Proof: The map ds : A®ge Mo — AR 4e M7 was given in (BF). The map
ds : A®@pge M3 — A @4 Mz in the M-N-W resolution is explicitly given by:

dsfar @ (ey Ney Neg) +as @ (ey Aey Aey) +as @ (e, /\19(51)) +as® (ey A ﬂ(Tl))+
a5 @ (e AVS)) + a6 @ (€0 AOS)) + a7 @ (e ADY)) + ag ® (e AOD)] =
[(q2a1z — Azay) + (a2y — )x_lq2ya2) + gpvaz+
+q pvay — qasu — ¢ Lagu] @ (e, A ey)
+(gp™ uar — aru) — g7 tazy — A lyas — ¢ ragu] @ (e, Aey)
+(p~tuag — qagu) — ¢ ' Azaz — asr — asu] @ (e, A ey)
+(arv — gpuar) — ¢ Lasy — XN ryag — pvaz] @ (eq A ex)
+[(gagv — pvaz) — ¢~ Aras — agx — ¢ pvag] @ (e, A ey)
+[(azv — pvas) + (asu — p~tuas) + arx — X" yag] ® ﬂg)
+ [(asv — pvay) + (agu — p~tuag) — A\zar + agy] @ 19(T1) (76)
where { (e, AeuAes), (eu Aewre,), (e ADS), (eoNIT)), (e DY), (eun O,
(e /\195;1)), (ey/\ﬂ(Tl) )} is the given basis of M3 as a free left .A°-module of rank 8.
Caselll p=1, A =¢""2,b>0. Then Hy(A,,A) = kb*L, with basis
wa(b,i) = Plun® " @ 9] — Wit 9], 0<i<b
= (W x,y) = (WY, x) + (¢° - 1w 1) (77)
where we are also writing the corresponding Hochschild cycles in A®3.
Case p=q¢""!, A =¢""' a,b > 0. Then Hy(A,,A) = k%, with basis

b

wo = [2%ub @ (ey A ep)] = (b, u, z) — q(x%u’, x, u) (78)

wy = [y @ (e Aey)] = (0%, v,y) — ¢~ (y™0", y, v) (79)
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Case[l p=q @tV X =¢""!, a,b > 0. Then Hy(A,,A) = k2, with basis
given by the elements

b

Wy = [:I:avb ® (ey ®ey)] = (z0°,v,2) — q(m“vb,x,v) (80)

wy = [y u’ @ (eq N ey)] = (y*u’,u,y) — ¢ (y*u, y, u) (81)

Case Hl For all other values of p and A\, Ha(A, ,.A) vanishes. O

Corollary 4.6 H>(A,,A) = HH>(A, o) for every o.

Proof: All the Hochschild cycles given above [[d), ([8), (), D), &) are
o-invariant. Hence the result. O

4.4 H,(A ,A), n>3

Proposition 4.7 For p = 1, A = ¢"*2, we have H3(A,,A) = k**1. For all
other values of p and \, H3(A, ,A) = 0.

Proof: The map ds : A ®4e My — ARy M3z in the M-N-W resolution is
explicitly given by:

da[b1 @ (ey A ey ANUE) + b2 @ (ey A ey AT+
by @ (€y Aex AVG) + by ® (ey A ey ANIT) + b5 @ (eu A ex AVg)+
be @ (€y A ey AIT) + by @ V% + by @ 93] =
[q2b1y + p~tybs + pubs — ¢ bsu] @ (ey A ey Aey)
—l—[)\qﬁxbl + box + g Lpvby — bou] @ (ey A ey A ey)
+(p~ uby — byu) — gbsx 4+ g\ tyby — qbru] @ (e A ﬂg))
+(p~ tuby — bau) + Aabs — bay — ¢ Lbgu] @ (e, A 19(T1))
+[(b1v — pvby) — gbsx + g\ ybs — qpvbr] @ (€4 A 19(51))
F](bov — pubs) + Azbs — bey — g~ pubs] @ (eq A V)
+[(bsv — qpubs) + (bsu — gp~"ubs) + bry + A" ybs] @ (e, AVY))
+ [(gbav — pvbs) + (gbeu — p~ ubg) + Azby + bgx] @ (e, A 19(T1)) (82)

Using the new resolution of the second author, we find that, for p = 1,
A =¢""2 we have H3(A, ,A) = kPFL
For A = ¢"*3, b+ 1 of the b+ 2 generators are given by the M-N-W elements

ws(b,i) = Pu'v" " @ (ey A ﬂ(Tl)) —u" @ (e, A 19(31)), 0<i<b (83)
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For each A\ = ¢"*? all the generating Hochschild cycles are given explicitly
as follows. For 0 < i < b, define

ws(b, i) = A(b,7) — B(b, 1) (84)
where
A(b,i) = (zu" ) @ (y AuAv) + (v’ ) @ (uAy A x) (85)
B(b,i) = (—qruuv®™) @ (1 Ay Av) + (—¢ toyu'e®™ ) @ (1 Au A )
+(zyu ") @ (1 AuAv) + (wouv?™) @ (1 Ay A )
+(g— ¢ H(uvu'n") @ ((v,u,1) = (L,v,u) + (v,1,u)) (86)

where the terms "ag A a1 A @y are explicitly given by:
YyANuNv = (ya u,v) - (ya v, u) + q(U,y, ’U,) - QQ(U,U, y) + QQ(U,’U,Q) - q(ua y,’U)

uNy Ao = (u,y,x) = (u,z,y) + q(z,u,y) — (z,y,u) + (y,2,u) — ¢ (y,u,z)
LAy Av=(Ly,v)—q(l,0,9)+qv 1y) —q(v,y,1) + (y,v,1) — (y,1,0)
INunz=(1ux)—q(l,z,u) — (u,1,2) + (u,z,1) — q(x,u, 1) + q(x, 1,u)

1AuAv=(1,u,v) — (Lv,u) — (u,1,0) + (u,v,1) + (v, 1,u) — (v,u, 1)

LAynz = (1y,2) = (L,z,y) + (2,1,y) — (v,9,1) + (y,2,1) = (y, 1,2) (87)

and throughout we denote ag ® a1 ® as by (ag,a1,a2). O

Corollary 4.8 H3(A,,A) = HHs(A, o) for every o.

Proof: Once again, all the given Hochschild cycles &) are o-invariant. O

Just as in the untwisted case, all the higher twisted Hochschild homology
groups vanish:

Proposition 4.9 H, (A, ,A) =0 for n > 3.

5 Twisted cyclic homology of quantum SL(2)

Connes’ long exact S-B-I sequence relates twisted Hochschild and cyclic homol-

ogy [KMT03]. We have:

— HH,1(A,0) =L HC, 1 (A, 0) =% HC,_1(A,0) =P HH, (A, 0) —
(88)
As an immediate consequence, HCy(A, o) = HHy(A, o) for all .
In the following we will denote by [(ag, a1, ..., a,)] the equivalence class un-
der A\, of (ag,ai,...,a,) € A®M+L),

Cases 1, 2, 4, 5, 8, 11: In each of these cases HCy(A, o) is infinite-
dimensional, while

H02n+1 (.A, O’) = k[wl] (89)
HCopin(A, o) = k[1] (90)
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where in each case w; is the distinguished generator of Hj(A, ,.A).

Case 3a: p = 1, A\ = ¢>. HCy(A,o) is infinite-dimensional. Under the
mapping I : HH;(A,0) — HC (A, o), the two distinct Hochschild cycles (v, u)
and (u,v) are both mapped to the (class of the) cyclic cycle [(u,v)]. Hence,

HCy (A, 0) = k[(u,v)] (91)
H02n+2 (A, O’) = k[l] SY k[WQ] (92)
HCQn+3 (A, O’) = k[(u, ’U)] D k[W3] (93)

where wsy, w3 were defined in (), (&) respectively.

Case 3b: p =1, A = ¢"™2 b > 0. HCy(A,o) is infinite-dimensional. We
have

HCY (A, 0) = k[(u®*2,0)] @ k[(v"2, )] @ k[(u, v)] (94)
HCpyo(A, ) = k2 = k1] @ (55,00 klwa(b,9)]) (95)
HCon13(A,0) = k' = @) @ ( 20,y klws(b,9)]) (96)

where the wy(b, 1), ws(b,i) were defined in [7), &) respectively.

Cases 7, 10, 12: p = ¢*@tD 0 >0, X ¢ ¢V, and p ¢ ¢%, X\ # 1. Since
H,(A, ;A) =0 for all n > 0, we have

HC,(A,0)=0 Yn>0 (97)

Case 6: p = ¢, A = ¢"*t'. We have from @1):

HCy(A,0) = k[z*T ") @ k[y2 TP+ (98)
HCan11(A, 0) = K[(y** 0", 0)] @ k[(@" 1, w)] @ k[(2"u", 2)] @ k[(y" 0", y)]
(99)
HCop19(A,0) = kla"T " 1] @ K[y 0" @ klwa] @ kluw] (100)

where wy, w, were defined in ([Z8), ).

Case 9: p=¢ (@D X\ = ¢**1. We have from (&):

HCy(A,0) = klz* 1" @ k[y* T ubT] (101)
HCop41(A, o) = k(210" 0)] @ K[(y*Hu’, w)] @ k[(a®0"T, o)) @ k[ (""", )]
(102)
HConi2(A, o) = k[z°T 0" @ k[y®H ubt) & klws] @ klws) (103)

’ .
where way, wy were defined in (BW), &1I).
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