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TWISTED HOMOLOGY OF QUANTUM SL(2) - PART II

TOM HADFIELD AND ULRICH KRAHMER

ABSTRACT. In this article, the cup and cap product in Hochschild (co)-
homology are studied for the quantised coordinate ring A = K,[SL(2)] of
SL(2), with coefficients being A with the canonical left action twisted
to a>b = o(a)b, 0 € Aut(A). The results are used to complete the
calculation of the twisted cyclic homology that we began in [I2]. In
particular, a nontrivial cyclic 3-cocycle is constructed which remains
nontrivial when considered in Hochscild cohomology.

Dedicated to Prof. K. Schmiidgen on the occasion of his 60th birthday

1. INTRODUCTION

1.1. Background. In [12], we computed the Hochschild homology He(A, 5.A)
of the quantised coordinate ring A = K;[SL(2)], where ¢ € K is not a root
of unity and ,.4 is the A-bimodule arising from A by twisting the canon-
ical left action to a>b = o(a)b, 0 € Aut(A). It had been pointed out by
Kustermans, Murphy and Tuset [20] that the cyclic homology HCY (A) built
on He(A, ,A) as a special case of Hopf-cyclic homology [6l [14] is intimately
related to Woronowicz’s theory of covariant differential calculi, and this con-
nection was the original motivation for our work. However, we realised in
the subsequent paper [I3] that the coefficients ,.A also arise naturally from
Poincaré duality in Hochschild (co)homology: using the general theory de-
veloped by van den Bergh in [28] we showed that

(1) Hn(A, .A) = H3—n(-/47 crq_z,l'A)’

where for A, p € K\ {0}, o), € Aut(A) is determined by its values Aa, ub,
e, A71d on the standard generators a,b, c,d of A. In particular, g2
reduces for ¢ € R to the modular automorphism of the Haar state of the
compact quantum group generated by A.

As a consequence of () there is a fundamental class dA € H3(A, 5 _, A)

which corresponds under the isomorphism to 1 € HY(A,.A), the centre
of A. Explicitly, dA is represented in the normalised Hochschild complex

Co(Ag n A)=A® A% A= A/K, as
dA=[-q¢d® (bANaNc)+c®(bAaAd).
Here A is defined using the braiding
V:A9A—-ARA, @y —r(ya),20)Ye © 2@r(Sys) 2s)

in which r is the universal r-form of the standard coquasitriangular Hopf
algebra structure on A, S : A — A is the antipode and z — (1) ® () is
the coproduct in Sweedler notation.
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More generally, a Poincaré-type duality as in () holds for formal defor-
mation quantisations of smooth Poisson varieties as shown by Etingof and
Dolgushev [8] and also, as shown by Brown and Zhang, for a large class
of Noetherian Hopf algebras that includes in particular the quantised co-
ordinate rings K4[G] for all simple algebraic groups G' [2]. See also [9} 18]
for more examples and background. It thus seems the rule rather than the
exception that a well-behaved algebra admits a fundamental class d.A in
Hochschild homology, but in general this unavoidably involves noncanonical
coefficient bimodules.

1.2. Results. In the present article, we finish the computation of the cyclic
theory HCJ(A) for the case 0 = 0,-~ 1, N € Z, which was left open in [12].
We begin by recalling the results of our computations from [12] with some
simplifications and corrections, see Section 2l Inspired by the work of Nest
and Tsygan (see e.g. [25]), we investigate the cup and cap product

vt H™(A, 0 A) @ H'(A, 7 A) — H™ (A, 705 A),
~ Hp(A, 0 A) @ H™(A, 7 A) = Hpom(A, 1-156A).

For coordinate rings of smooth varieties, the Hochschild-Kostant-Rosenberg
theorem identifies the (untwisted) Hochschild cohomology (H®(A,.A), )
with the algebra of multivector fields on the variety. For A = K,[SL(2)],
there are twisted derivations 8;;, 8;, 8;5 and dy;, 0y, 0p that arise respec-
tively from the left and right action of the Hopf dual A° and deform the
action of left- and right-invariant vector fields on SL(2) (see Section B.1.5]for
their definition). In Section B.2.3] we show that these generate a g-deformed
exterior algebra inside the twisted Hochschild cohomology ring of A. Its cap
product action allows us to identify nontrivial 2- and 3-cycles (Sections
and [3.2.4]), and using this tool we then compute HCY (A) in Section [4]

As shown by Connes [4], any cyclic homology theory rests upon a simpli-
cial one which for HCJ(A) is denoted by HHJ(A). There is a map

Ho(A; 5 A) — HHJ(A),

and when o is diagonalisable, this is an isomorphism (see Section @ for
details). Recall further that there is the Connes spectral sequence

(A)7

and that HHJ(A) = 0 for all n > 3 (which follows from Poincaré duality)
implies HCy, (A) ~ HC; 4(A) for n > 3. In this way, one obtains the two
periodic cyclic homology groups HP§(A) and HP{(A) as the limit of the
HCS, (A) and HCS, | (A), respectively.

The following theorem summarises the result of our computations. For
the sake of clarity, we only describe here the periodic cyclic homology, see
Section [1.24] for the additional classes in the nonperiodic HCYJ (A).

1 o o
E,, = HHq_p(A) = HC’p+q

THEOREM 1.1. Let A be the quantised coordinate ring K,[SL(2)], ¢ not a
root of unity, and o,-~ 1 € Aut(A) be determined by

o, n1(@)=qNa, o, n,(b)=b NEeZ,
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where a,b,c,d are the standard generators of A. Then the o, ;-twisted
periodic cyclic homology of A is given by

N1 gefe-Na | K (dA ~ 0y)] N=2r+2,r>0,
HF = HC, N { K[1] otherwise

oona  ooens [ KpEdA] N =2r+2,7>0,

s = HCy - { K[b ® ] otherwise.

Here, classes in HCJ(A) are represented by classes in HH 5 ,(A), p > 0

using the spectral sequence E;q = HHJ_,(A) = HCF, ,(A).

Finally, we construct in Sections B.2.4land [5.2.2]a cyclic cocycle that pairs
nontrivially with the fundamental class d.A, that is, a linear functional

@0 :Co(A, 5 A) — K

which is a Hochschild cocycle (i.e, vanishes on the image of the Hochschild
boundary b and thus induces a functional on He(A, 5.A)) and futher satisfies

o(ag,a1,...,an) = (=1)"o(0(an),ag,...,an-1)
for all a; € A, where @ is the class of a € A in A:

THEOREM 1.2. Define for all j,k > 0 a functional f[bjck] :A— K by

att’ ck 1 >0
e = 00704 50 €; i = o .
/[;)Jck] T787t 07T 7S k7t7 7’7]7k { d—lb]ck 7 < 0

and two linear functionals C3(A, 0,2 A = Kby
oa0)i= [ -~ @ 3 - )

nal) =2 /[b O =) < (1)

Then oo and na are 042 1-twisted Hochschild cocycles, o 4+mn4 s a 042 1-
twisted cyclic cocycle, and (o4 +na)(dA) = pa(dA) = 1.

The cocycle w4 + N4 gives an explicit description of HC3 = (A) =
q

(H C; “"*1(A4))* ~ K in terms of Connes’ A-complex, and one should ex-
pect that there is a spectral triple that realises this cocycle via a twisted
variant of the Connes-Moscovici local index formula, e.g. as in [7), 24} 26].
We stress that most computations in this paper have been verified with
the help of the computer algebra system FELIX [I] in order to exclude
as far as possible computational mistakes. The FELIX output is available
in electronic form [19], and it can easily be adapted to perform similar
computations with other algebras given in terms of generators and relations.

1.3. Acknowledgements. T.H. & U.K.: We thank S. Launois who pointed
out to us the inconsistency between the results of [12] and [I3] which arises
from a mistake in our computation of HH{(A) in [12] (see [21]).

U.K.: My work was supported by the Marie Curie fellowship EIF 515144
and the EPSRC fellowship EP/E/043267/1. Further thanks go to Istvan
Heckenberger who introduced me to the computer algebra system FELIX,
and to Andreas Thom, Boris Tsygan, and Christian Voigt for discussions.
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2. HOCHSCHILD HOMOLOGY

2.1. Background. In Section 2] we fix notations and conventions con-
cerning Hochschild homology and the quantised coordinate ring of SL(2).
For proofs and details see for example [3], 23], 29] and [16}, [17], respectively.

2.1.1. Algebras and bimodules. Throughout this paper, K is an algebraically
closed field of characteristic 0, and “algebra” means unital associative K-
algebra. An unadorned ® denotes the tensor product of K-vector spaces.
We denote for a bimodule M and two automorphisms o, 7 of an algebra A
by s M the bimodule which is M as vector space with bimodule structure
x>y dz:=o0@)>y<7(2), x,2 € A,y € M, where <,> are the original
actions on M. Note that one has bimodule isomorphisms

o/ (O’MT)T/ >~ O'QU/MTQT/7 M ®A UN ~ Mo—fl ®A N, .Aa—fl >~ g—.A-

2.1.2. Hochschild homology. The Hochschild homology groups of an algebra
A with coefficients in an 4-bimodule M are

Hy (A M) = Tory" (M, A),

where A°¢ := A® A is the enveloping algebra of A (so A°-modules are just
A-bimodules). They can be computed using the canonical bar resolution of
A as an A%-module, and then are realised as the simplicial homology of the
simplicial K-vector space Co(A, M) := M ® A®®* whose structure maps are

bp:ag®...®a,— ap<ar ®as®...R® an,
b tag®.. ®ap—a®...0a0411R...Q0ap, 0<i<mn,
bro:ag®...Qapn— an>ag Q... R ap_1,
Sita®.. 00— a®...00,01R®a4+1® ... R ay.
That is, He(A, M) is (isomorphic to) the homology of the chain complex
Co(A, M) whose boundary map is given by

n
b:=> (~1)'b;.
i=0
In the sequel, we will often write b(aq, ..., ay) instead of b(ag ® ... ® ay).
If A is the coordinate ring K[X] of a smooth affine variety, then Hq(A,.A)
can be identified canonically with the Kéahler differentials (algebraic differ-
ential forms) on X (Hochschild-Kostant-Rosenberg theorem).

2.1.3. The normalised complex. For any simplicial K-vector space,
D :=span{ims;} C C
is a contractible subcomplex with respect to b, so the canonical map
C—C:=C/D

is a quasi-isomorphism of complexes, and to work with the so-called nor-
malised complex (C,, b) simplifies many computations.

For C = C(A, M) from the previous section, we have C,, = M ®@ A®",
where A := A/K. So informally speaking one can neglect in the computation
of Hochschild homology all elementary tensors with a tensor component
being equal to a multiple of 1 € A.
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2.1.4. Quantum SL(2). For the remainder of Section 2] ¢ € K denotes a
fixed nonzero parameter, which we assume is not a root of unity. Further-
more, A is throughout the quantised coordinate algebra K,[SL(2)] of SL(2),
that is, the algebra generated by symbols a, b, ¢, d with relations

ab = gba, ac=qca, bc=cbh, bd=qdb, cd=qdc,
ad —gbe =1, da—q ‘be=1.
It follows from the defining relations that the elements
a’bl ck 1>0 ) .
(2) €ijk = { d-ib) ok ico ¢ €7, j,keN

form a vector space basis of A.
For A, n € K* there are unique automorphisms oy ,, 7, of A with

U)\,u(a) = Aa, U)\,u(b) = pb, 0‘)\#(6) = /L_lca OX u(d) AT ld

T)\,u(a) = Aa, TA,u(b) = /L_lca TA,M(C) = ub, T\ u(d) AT ld
and all automorphisms of A are of this form (see [16]). For later use, we
compute for all oy , the twisted commutators

—j—k

e jka — Aae; i = (q — N)e€it1jk

+{ 0 i>0
(7" = A ey 0 <0,
(3)  eijrxb—pbe;jr=(1— ,U(]_i)ei,j—i-l,k,

€ijrC— e =(1—p g e 1,

eijrd — N tdegj = (¢ TF = X ei1 ik

n 0 1 <0
(qj+k+1 A lg- 2Z)€i—1,j+1,k+1 i>0

Finally, we recall (see [I7]) that the standard Hopf algebra structure on
A admits a so-called universal r-form r : A ® A — K. This can be used in
particular to define a braiding

V:ARA—ARA, 2@y r(ya),r1)Ye) @ 2e)r(S(ys)) 2@m),

where x — z(1) ® z(9) is the coproduct in Sweedler notation and S: A — A
is the antipode. This braiding should be considered as a quantum analogue
of the tensor flip and is used in the standard way to define

(4) zAy:=(1d - V) (z @ y)
and
zAyANz = (i[d—VU19—Vsg+Voz0W;9+TUi50Ws3
—Wi20Ws3002)(zQY® 2),
where Wp 3 :=id ® ¥ and ¥y 5 := ¥ ® id. On generators, one has

r(a,a) r(a,b) r(a,c) r(a,d) q 0 01
r(b,a) r(b,b) r(bc) r(bd) | _ 12 0 0 0 0
r(c,a) r(e,b) r(c,c) r(ed) 0 ¢g—qg !t 00
r(d,a) r(d,b) r(d,c) r(d,d) 1 0 0 ¢
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and
V(aRa)=a®a, Y(adb)=q¢'boa+(1l-qa®b,
V(a®c)=qc®a, V(a®d =d®a+(q—q )exb,
Ubea)=q 'la®b, VORD)=b2b VYObRc)=cxb,
U(bed) =qdb VY(®a)=qgxct+(l-¢)cxa,
V(eob)=b@c—(¢—q )c@b+(g—q a®d+ (¢ —q)d@a,
U(c®e)=cRe, VU(e@d=q¢ldoc+(1-q¢Hecxad,
V(dRa)=a®d—(q—q He®@b, ¥(dRb)=¢d+ (1-¢*)dob,
V(doc)=q¢lc®d, V(dod) =dad

2.2. Results. Here we recall from [I2] the description of H,(A,,A) for
A = Ky[SL(2)] and ¢ = 0y, but we simplify the presentation and also
correct some errors. Throughout, elements of H,, (A, ;.A) are represented in
the normalised Hochschild complex Cy(A, ,.A).

22.1. n = 0. Hyo(A,,A) is easily computed directly, using the canonical
complex Co(A, 5A). Since

(5) rRyz=xy®z+0o(2)r @y —b(zx,y, 2),
the boundary operator b on Cy(A, ,.A) satisfies
b(z,y2) = b(zy, 2) + b(o(2)z,y),

so its image is spanned by b(e; jx,a), b(e; jk,b), b(e; jk,c) and b(e; ;. d),
that is, by the twisted commutators (3]). This yields a vector space basis of
Hy(A, ;A) consisting of the homology classes

{[@"),[d']|i > 0,A =1y U{[p],[]]j € S,p =1}
(6) U {lwnili=0,..., NA=q¢ ¥ N>0,pu=1}
U {leinol [e—ion] A =q N, p=q"i#0,N >0},
where
(7) S:=N\{N-2r[A=¢ ", N>0,r >0}, wp:=0bc""

and [1] is counted only once when appearing repeatedly in ().

Note that although this computation was carried out correctly in [12],
the overview table on p. 328-329 therein claimed that Hy(A, ,.A) is infinite-
dimensional only for y = 1 whereas it should correctly read =1 or A = 1.

222. n = 1. We also used C,(A,,A) to compute Hi(A,,A). By [,
Hi(A,,A) is generated by the classes of linear combinations of e; ;1 ® a,
€ijk @b, € jr®cande;jr®d. These are mapped by b to the twisted com-
mutators (B]), and it is straightforward to compute which linear combination
of these tensors defines a cycle and which of these are homologous to each
other (see [12] for the details). As a result, one obtains the following vector
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space basis of H1(A, s, ,A):
{ ][Z®d]|2>0>\—1}
® 0],

[a*
u {p [t @d|jes u=1}
U {[lwnv-1:®b,[wny-1:®2]0<i <N -1, =¢ N N>0,u=1}
®) u {0V @], [ @bl [A=q¢ N, p=¢q"i,N >0}
U {[dN @, [d 1CN®d]|>\:q_N,,u:qi,i,N>0}
U {[d N @d), [db" Tob | A=q¢ N, u=q"i,N >0}
U ([t ed M ed[A=qN,n=q"iN >0}

where S and w;.; are as in (l) and we write with abuse of notation
(ed=pbod bl'eb]:=[ceb

which appears in the above set except when A = ¢~V with N = 2r, r > 0,

but should be counted only once:

LEMMA 2.1. For A # q=2, one has [p®c| = —[c @ b].

Proof. This follows from [1®bc] = [b@c]+[c®b] (as a special case of (H])) in
combination with b(1® (a®@d—A"1d®a+(1-A"1)®1)) = (A lg7 —q)®bc. O

2.2.3. n = 2. In higher degrees, working with the canonical complex is no
longer feasible, but we showed in [12], Proposition 4.1 that the trival left
A-module K (on which A acts by the counit € of the standard Hopf algebra
structure) admits a noncommutative Koszul resolution of the form

(9) 0 A A3 A3 A 0
with morphisms given by the matrices
b 1—qgla 0 a—1
(c —b q_2a—1), c 0 1-—¢la |, b
0 c —b c

that operate by right multiplication on row vectors. Then we computed
H,(A,,A) for n > 2, using the alternative derived functor description of
Hy(A, M) for Hopf algebras due to Feng and Tsygan [10].

However, for n = 2 the computations in [I2] contain a mistake: The
second half of the first sentence after Proposition 4.10 on page 349 in [12] is
wrong, the generators given in Proposition 4.10 for ;4 = 1 all remain linearly
independent in homology. The correct result is that Ha(A, UA,MA) = 0 except
when A = ¢~V, N > 0, and in this case

2(N —-1) pw=1
dimg Hy(A, 5, ,A) =< 2 pw=qi>0
0 né g

with a linear basis given by
{[wa(N = 2,4)], [wo(N = 2,0)][i =0,...,N =2, =1}
U {0 e bAa),[d N T o @dAd]|p=q,i>0}
U {le '@ @ngl [d N @ (bAd)] |p =g i >0},
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where x A y is as defined in (@) and

wa(r,i) = wri(bce® (and)—bd® (anc)+
da®(bAc)—q leca® (bAd)),
wy(ryi) = wr; @ (bAc).

2.2.4. n = 3. One has H3(A,,, ,A) = 0 except when \ = ¢ N, N > 1,
p =1, and in this case

dimg Hs(A, 5y A)=N—1
with a basis given in the normalised complex C5(A, 0N 1) by the classes of
(10) w3(N —2,1) := wy;(—qd@ (bAaAc)+c®(bAaAd)), 0<i< N-2.

Again, there was a misprint in [I2], where in the explicit formula for bAaAd
an additional term — (¢! — ¢)b'cN ! ® b ® ¢ ® b was missing.

2.2.5. n > 3. Since the resolution (@) has length 3, H,,(A, ,.A) = 0 for n > 3.

3. HOCHSCHILD COHOMOLOGY

3.1. Background. Section B1] recalls products and Poincaré duality in
Hochschild (co)homology (see e.g. [3 25 28]), as well as twisted derivations
of K,[SL(2)] that arise from the left and right action of its Hopf dual.

3.1.1. Hochschild cohomology. The Hochschild cohomology H™(A, M) :=
Ext". (A, M) of A with coefficients in an A-bimodule M can be computed
as the cohomology of the cochain complex C*(A, M) of K-linear maps ¢ :
A®®* — M with coboundary map given by

(bp)(a1,...,ant1) = ar>(ag,...,ant1) — @(arag, ... apnt1) + ...
+(=1)"p(a1, ... an) Qani.
This presentation of cocycles yields for example the standard identification
HY(A,M) ~{m e M|a>m=m<a for all a},
and of H'(A, M) with the space of derivations
(11) O:A—- M, I(zy)=xp0(y)+9d(x)<dy
modulo inner ones (those of the form x — z>m —m<x, m € M).
3.1.2. The cup product. The cup product
o H"(A, M) @ H*"(A,N) — H™ (A, M @4 N)
is given on the level of cochains by
(0 D)1, s i) = 91,3 Om) @ V@it s At

where ¢ € C"™(A, M), 1) € C"(A,N). Since

b(p — ¢) = (bp) ~ ¢+ (—=1)"¢ — (b¥)

(for ¢ € C™(A, M)), the cup product is well-defined on the level of coho-
mology. As a special case, we obtain for 0,7 € Aut(A) a map

(12) H™(A, o A) @ H"(A, 7A) — H™ (A, 705 A)
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given on cochains by

(13) (e~ ¥)(ar, ... amin) = 7(@(ar, ... am))P(ami1, - - - Gmin)-
Thus for any monoid G C Aut(A) we obtain an N x G-graded algebra
AL(A) = @ H"(A,-A).
neN,ceG

We call the subalgebra A% (A) the G-twisted centre of A and the elements
of the A% (A)-bimodule A} (A) the G-twisted derivations of A. Obviously,
G could be replaced by any monoid of bimodules, but we will not need this
in the present paper.

Note that in degree 0, ([I3]) reduces to the opposite product of A,

(14) rwy=yxr, x€HY(A,A), yeHA. A),
and that for z € HY(A, ,A) and 9 € C1(A, ;.A) we have
(z = 9)(z) = 0(0(x))z = 20(x),
(15) (0 2)(x) = 7(2)0(x),
= Odvwz=1(z) 0.
Finally, we have for twisted derivations 0 € C1(A, ,A),d € C(A, . A)
D d 4 (0710d 0o) v d)(z,y)
= 7(0())d'(y) + 9'(0(2))0(y)
= J(0(x)y) — ' (0(z))y + I (o(2)I(y)) — T(o(2))d' (A(y))
= J(9(xy)) — 9 (0(z))y — 7(c(2))0'(0(y))
= —b(9' 09)(z,y),

so in cohomology one has
(16) (0] « [0] =~ 0d oa] w [0] € HX (A, r05A).
3.1.3. The cap product. The duality between Hochschild homology and co-
homology results from the cap product pairing

~ Hy(AM)@ H"(AN) = Hy iy (AM @A N), m<n
defined on (co)chains simply by evaluation,

(A ®...0ay) ~p=a0@Y(A1,...,0m) @ Ap+1 Q... R ap.

For m = n, the pairing ~ becomes the duality pairing from [23], Section 1.5.9
after identifying

Ho(AMROUN)=MOAN Qe A= M@ ge N.

Taking N' = M* = Homg (M, K) and composing with the canonical evalu-
ation map M ® ge M* — K gives the duality pairing

Ho(A,M) ® HY(A,M*) — K.

By the universal coefficient theorem, this yields an isomorphism H" (A, M*) ~
(H, (A, M))*. In this way a Hochschild cocycle ¢ € C™(A, M*) will usually
be viewed as a K-linear map M ® A®" — K.
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For any G C Aut(A), the cap product endows
Q?(A) = @ HH(A7U—1A)

neN,ceG
with the structure of an N x G-graded (right) module over AZ,(A) (here we
use the convention that a homogeneous element of a graded ring lowers the
degree of an element of a homogeneous module by its degree). Be aware that

one has to take into account the identification ; A® 4+ A — r05A: explicitly,
the action of ¢ € C"(A,;A) on ap ® ... ® ay, € Cy(A, 5A) is given by

(a®...®ap) ~ @ =T(ag)p(a1,...,0m)Ram+1®...Qan € Cp_m(A, 700 A).

In particular, the cap product with a twisted central element z € H°(A, ,.A)
is simply given by multiplication from the left,

(17) (@ ®...Qan) ~2=0(a0)2®...Qay =200 D ... R ap.

3.1.4. Poincaré duality. The cap product is also the source of Poincaré-type
dualities in Hochschild (co)homology. As pointed out by van den Bergh [28],
for well-behaved algebras A there exists a specific invertible bimodule D and
a fixed number d such that

(18) H"(AN)~Hy (A, D@4 N)
for all bimodules /. This applies in particular to A = K,[SL(2)] [13]:
THEOREM 3.1. A =K,[SL(2)| satisfies (I8) withn=3 and D=, , A

q 217"
3.1.5. Twisted primitive elements in the Hopf dual of K,[SL(2)]. For the
rest of Section B we focus again on A = K,[SL(2)] and recall (see e.g. [15,
17] and the references therein) that the Hopf dual of the standard Hopf
algebra structure on A contains a Hopf subalgebra U that has generators
H,K,K~' E.F having relations
KK '=K'K=1, KEK '=¢E, KFK '=q?F

K—-K!

g—q '’
This is the standard Drinfeld-Jimbo quantised universal enveloping algebra
U,(s(2)) extended by the unquantised functional H (so when working with
formal deformations one would have K = ", ¢ = ¢e").

The dual pairing of U and A gives two commuting left and right actions

of U on A, and the operators assigned by these actions to H, EK~! and F
are (twisted) derivations which we denote by

94 ta,bye,d— —a,b,—c,d, 9y :a,b,c,d— —a,—b,c,d € C(A,A),
9% a,b,c,d — gb,0,qd,0, It :a,b,c,d 0,a,0,c € CHA, Uq_qfl.A),
9y :a,b,c,d— 0,0,¢ 'a,q'b, 9 :a,b,c,d— ¢,d,0,0 € CHA,,,  A).

1 0q,q

[E,F] = [H,K] =0, [H,E|=2E, [H, F]=-2F.

Because of the Leibniz rule (1), this determines the derivations uniquely.

3.2. Results. Here we compute the twisted centre and the twisted deriva-
tions of K,[SL(2)]. Then we show how their cap product action on the
twisted Hochschild homology groups can be used to determine the homol-
ogy class of a given 2- or 3-cycle.
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3.2.1. Twisted central elements. The twisted centre A° := A%ut(A) (A) of A
is a (commutative) polynomial ring in two indeterminates:

LEMMA 3.2. There is an isomorphism of graded algebras
A° = @ HO(A, Uq_N’IA) ~ K[b, ¢].
N>0

Proof. By Poincaré duality (Theorem [B1]) and the results of the com-
putation of H3(A, s.A) recalled in Section 224, H°(A, ,.A) vanishes except

when o = o,-~ 1, N > 0, and in this case it has dimension N + 1 over K.

Obviously, the monomials wy; = bieN= i =0,...,N, form N + 1 linearly
independent elements of H(A, TN 1A) and hence a vector space basis. Fi-
nally, (I4]) gives wy; ~ ws j = wyiws ;j since b and ¢ commute. O

The cap product action of A" gives additional structure to the results
of our computations of He(A,,A). For example, the direct sum of the
nontrivial H3(A, ,.A) forms a free module of rank one over A with generator
dA. Similarly we will see below that applying twisted derivations to d.A leads
for example to the 2-dimensional Hy(A, 0N, A

3.2.2. Detecting nontrivial 2-cycles. For large n,m it is typically difficult
to decide whether or not a given cycle ¢ € C,(A,,A) and cocycle ¢ €
C™(A, +A) have trivial classes in (co)homology. A sufficient criterion is
that ¢ ~ ¢ € Cp—m(A, 700 A) is nontrivial in homology, and this might be
easy to verify for small n — m. Here we give an example of this kind for
A = K,[SL(2)] whose result is used below in the computation of twisted
cyclic homology, and also in order to determine Akut( A (A).

LEMMA 3.3. Abbreviate d := 1(07; + 05) and &' := —0y. Then one has
[wa2 (N = 2,3)] ~ [0] = [Wy(N = 2,49)] ~ 0] = [wn—1,41 ® ] + [wn-1, ® V),
wy (N = 2,4)] ~ [0] = [w2(N = 2,4)] ~ [0] = 0.

42,1 one has in C1(A, - A)
b(be ® a ® d) = ¢ 2abc @ d — gbc @ be + ¢*dbe @ a,
b(bc®b® c) = b c @ ¢ — be @ be + b @ b,
b(ca ® (d AD)) = (¢* — q)b? @b,
b(ba @ (dAc)) = (¢ —q Hb*c®ec.
Using this, one computes directly that
[w2(0,0)] ~ [85;] = 2[—q 2abc® d — ¢*dbc ® a + gbc® @b
+g P e@c+e@b+b®
= 2(¢ ' —q)lws2 ® ] +2[wi1 ® ] + 2wio @ ]
= 2wi1 ® ]+ 2wy Db,
that [w2(0,0)] ~ [0y] = 0, and that
[w5(0,0)] ~ [9] = =[w5(0,0)] ~ [0 = [c @D+ b d].
The claim follows by Agut( A (A)-linearity of the products. O

Proof. For o0 =¢
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COROLLARY 3.4. The 2(N + 1) cohomology classes
lwnil < [0, [wnil~[@], i=0,...,N,
are linearly independent in HI(A, Uq—N,lA)'

3.2.3. Twisted derivations. We now describe the twisted derivations (mod-
ulo inner derivations) A! := Akut( )(A) as a bimodule over the twisted

centre A%, and study their relations under the cup product.
Note first that for all ¢ > 0, the cochains
CHA,, » LA 30— di_1 ca,b,e,d— qd10,0,¢d, 0,
CY Ao ,A) 205 —at:abe,d—0,a",0,a e,
C’l(A,(7 ) >0p v atiabe,d—0,0,g g ta T,
Cl(A,U A) 305 ~dtiabe,d— d e, d, 0,0,

are (twisted) derivations, although a'~!,d"~! ¢ A°. The point is that for ex-
ample OE (A) C B, where B C A is the subalgebra generated by b, d, and one
has d"~! € A%ut B) (B) with twisting automorphism extending to the whole
of A. This implies the claim which of course can also be verified directly.
We denote the classes of these derivations in cohomology by 9;F, 0%, 0;",0~,,

—Z7 7 )

respectively, and put 8& = [8?[{]

LEMMA 3.5. As a left AY-module, A! is generated by the {al-i,z' €7}, and
b v 0% =0, [wdf=0, i>1,

(19) OF « [k =F UMk w6, ieZ, jkeN,

05— 8;? = _q6J+a\ \sgn(j)a;.S 0, i,j€Z, e d€{-1,+1}.

Proof. The second and third lines in (I9]) are computed directly from
([I5) and (I6). Next, notice that Section 2.2.3 and (I8]) give

AN+1) A= V=1,
dimKHI(A,gA’HA): 2 A:q_]nu:qz)i#o)j >0,
0 otherwise.

Corollary B.4] implies that {[wn ] « 8& |i =0,...,N} is a linearly indepen-
dent subset of H(A, N A), so it is a basis for dimension reasons. The

al.i, 1 # 0, are treated similarly. For example, one can use that for ¢,j > 0

[wy(0,0)] ~ (aii ~ ai:j) = —qi(l_i) [ezl:(j—i),0,0] € Ho(A A),

W)
and that l)y the third line in lz: >
13 1 sgn(i)+sgn(y))(eli|+d|7]) e S

so 0 -~ 8}5 = 0 except when sgn(j) = —sgn(i) or 6 = —¢, [j| = |i]. O
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3.2.4. Detecting nontrivial 3-cycles. Here we present computations similar
to those in Section B.2.2] but this time we act on w3(0,0) and want to decide
whether 3-cycles are trivial.

LEMMA 3.6. In Hi(A, A), one has

9¢=N1

w3 (N = 2,4)] ~ (0] ~ [05]) = 2([wn-1.41 @ ] + [wn—1: @ D]).
In particular, - ~ ([03;] < [04]) : Q?Ut(A) (A) — Q?Ut(A) (A) is injective.

Proof. By direct computation, one obtains [w3(0,0)] ~ [05] = —[w2(0,0)],
so the result follows from Lemma [B.3] and Lemma O

As we shall see below, this lemma is in practice strong enough to de-
tect nontrivial homology classes. However, it would be obviously more easy
(and standard) to apply a further twisted derivation to obtain 0-cycles whose
classes in homology are even simpler to control than those of 1-cycles. While
this works very nicely for the fundamental class d.A = [w3(0,0)], it is un-
fortunately not possible for all the other generators ws(r,i), r > 0: The
orbit of d.A4 under the cap product action of A! is determined completely by
Lemma and the straightforwardly computed relations

w3(0,0) ~ (8, « 9L <« 9y) = 2(¢* — 1)db*c — 2qdb,
w3(0,0) ~ (O~ 0~ 9p) = (¢ — ¢ *)b’e — ¢ 27,
w3(0,0) ~ (0 ~ O ~ 9p) = (¢ — ¢")d*be + d?,

w3(0,0) ~ (8;3 — 8;5 — 0y) =2(q — q 3)abc® — 2ac,
w3(0,0) ~ (85~ Of ~ 8g) = (a7 — ¢ *)a’be -,
w3(0,0) ~ (8 ~ Of ~ 0p) = (a7 = ¢* )b’ + (2 — ¢*)?,
w3(0,0) ~ (8}, — Oy ~ 95) = 2(¢7* — ¢ *)ab*c + 2q  Lab,
w3(0,0) ~ (9f; — O ~ Op) = 2(q — ¢*)dbc® + 2dc,
w3(0,0) ~ (8}, « 0y ~ 0p) = 2(1 — ¢*)b*c? +2¢ 'be + 1,
w3(0,0) ~ (9« 0 <« d) =2(¢7* — P>+ (272 — g+ q Hbe + 1,
w3(0,0) ~ (94 < 9} — 0g) = (7" = ¢ YHab*c + ¢ tab,
w3(0,0) ~ (8 ~ OF ~ 9p) = (¢* — ¢ ?)dbc? — ¢ de,
w3(0,0) ~ (85~ O ~ 05) = (¢ — q " )WPc — ¢ 207,
w3(0,0) ~ (9 ~ 0 ~ 9p) = (¢° — q)d°be — &2,

w3(0,0) ~ (8 ~ 0 ~ 0) = (¢° — q)db*c — db,

w3(0,0) ~ (8 ~ 0y ~ 0p) = (¢° — ¢ HaPbe + a?,
ws(0,0) ~ (8~ 8~ 97) = (¢ = )b + (2 — ¢*)?,
w3(0,0) ~ (Of ~ 0 ~ 0r) = (¢ = ¢*)ab® + ¢ ac,
w3(0,0) ~ (O ~ 9 ~ 9p) =1,

which hold on the level of chains in the normalised Hochschild complex. By
inspection one now obtains:
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LEMMA 3.7. One has
dA ~ [0y = O0p ~ Of] = [1] € Ho(A, 5, _,A),
[wa(r,r)] ~ [0 = O = Op] = V7] € Ho(A o, | A),
[ws(r,0)] ~ [0 ~ 05~ 9] = [*?] € Ho(A,s_, | A),
but for all 01,05,05 € AY, z € A°, and 0 < i < r one has
[ws(r,1)] ~ [z~ 01 ~ 0a ~ 03] = 0.

(
(

Proof. The first part is obtained by direct computation. For the second
note that we can assume by Lemma [3.5] that 0; € {8;}, Oys 8'5, 0y, 8;5, Or}s
and we know that there is 2/ with [z « 01 « 0 « 03] = [01 ~ 02 — 05 —
2’| (z,72' might be monomials in a,b,c or d,b,c). The homology class of
w3(0,0) ~ (01 ~ 02 — 03) can be read off for these 9; from the list above
(using the commutation relations (I5)) of the 0;), and whenever the result
is nonzero, then Lemma gives [wy; ~ 01 ~ 02 ~ 03] =0for 0 <i <,
which implies the claim. O

To complete the picture, we compose the action of [8;3 — 8; — 8;] with

a twisted trace
A - K, /a:y—/alq_z

to obtain a numerical invariant of dA. For A = K,[SL(2)], the complete list
of twisted traces can be given as follows: for any element le;,jk] of our basis
@) of Hy(A, ,A) define a linear functional f . by

1—gitk) . X
/ €t i=Gir Dm0 0.5+t kn (— Q)nl_qﬂw i=0, jk=0
lei 5] o ’ 05,0t otherwise.

Then these descend to linearly independent functionals on Hy(A, ,.A) that
are dual to the basis (@), f[e ] ler,5,t) = 03,005,501+ for [e; ;1] [er,s,] € (@).
75

If o € C"(A, 5A) is an n-cocycle and [ € CY(A4, (-.A)*) is a twisted trace,
then, using ;A4 @ (;A)* ~ (- A)* ~ (+A:)* =~ (,-1074)*, ¢ — [ can be
identified with a functional on H, (A, ,-1,,4). In particular, we get for
A =K,[SL(2)] from the above Lemma 3.7t

COROLLARY 3.8. Let f[l} : A — K be the 0y g—2-twisted trace given by

/ Erst = 50,7“50,550,t-
(1]

/ dA~ [0 < 0% < ] = 1.
1

Then

In other words, the linear functional
(20)  @alao,ar,a2,a3) == /H 042 4200 (a1))oy 41 (0 (a2)) 0 (as)
1
is a twisted Hochschild 3-cocycle with a nontrivial class in H3(A, (0,2,A)%)
that is dual to the fundamental class d.A in the sense that p4(dA) = 1.
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4. CYCLIC HOMOLOGY

4.1. Background. In Section [4.1] we recall definitions and results used in
the computation of the twisted cyclic homology of quantum SL(2), namely.
the definition of (para)cyclic objects, of cyclic homology, Connes’ spectral
sequence and the SBl-sequence. For background and details, see [23], 29].

4.1.1. Paracyclic objects. Paracyclic objects [11] (say in an abelian category)
slightly generalise Connes’ cyclic objects [4]:

DEFINITION 4.1. A paracyclic object is a simplical object (Ce,be,se) equipped
with morphisms t : C,, — Cy, that satisfy (on Cy)

bit = —tb;_1, sit = —ts;_1, bot = (—1)"b,,, sot = (—=1)"t%s,, 1 <i < n.

The difference with cyclic objects is that T := t"*! is not required to
be the identity id. However, one directly verifies that T commutes with all
the paracyclic generators t, b;,s;. As a consequence, one can attach to any
paracyclic object a cyclic one by passing to the coinvariants C'/im (id — T)
of T. In well-behaved cases, there is no loss of homological information in
this step - for example, one has ([12], Proposition 2.1):

LEMMA 4.2. If C is a paracyclic K-vector space and T is diagonalisable, then
(C,b) — (C/im (id — T),b) is a quasi-isomorphism.

As for cyclic objects, one puts
n
N:= Zti, s:=(—1)"Tts,, B:=(id — t)sN,
i=0

all acting on C),, and as in the cyclic case one has

(21) b(id —t) = (id —t)b’, b'N=Nb, sb'+b's=id,

where b’ := Z?:_Ol(—l)ibi. But B is in general not a differential anticommut-

ing with b - instead, one has BB = (id — T)(id — t)ssN and bB+Bb =id —T.
Note that B(D) C D, where D := span{ims;} is the degenerate part of

C'. Therefore, B descends to the normalised complex C, where it takes the

simplified form B = sN since ts = (—1)"*1tts,, = —sot. Therefore, we work
in the normalised complex throughout our explicit computations below.

4.1.2. Cyclic homology. The cyclic homology HC4(C') of a cyclic object is
the total homology of the bicomplex qu = Cy—p, p,q = 0, C, := 0 for
n < 0, whose differentials are given by b and B:

O<—02<—01<—00<—0

of e

O<—C’1<—C’0<—0

of

0<=—Cy=<=—0

l

0
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Similarly one defines the periodic cyclic homology HP,(C') as the (direct
product) total homology of the bicomplex in which p, ¢ take arbitrary values
in Z. For a paracyclic object, cyclic homology is defined in terms of the
associated cyclic object C/im (id —T).

4.1.3. Connes’ spectral sequence. The main tool for computing cyclic homol-
ogy is the spectral sequence Ep, = H Cp4(C) arising from filtering the total
complex of the (b, B)-bicomplex by columns. Its first page consists of the
simplicial homologies E;q = H,_,(C,b), between which B induces a bound-
ary map whose homology fills the second page Ef,q = H,_p,(H(C,b),B).

4.1.4. The SBl-sequence. If one views (C,b) (C a cyclic object) as a bicom-
plex with trivial horizontal differential, then the identity map C,, — C,, =
qu is a bicomplex embedding of (C,b) into the (b, B)-bicomplex as its first
column. The quotient bicomplex is the (b, B)-bicomplex again, but shifted
in both degrees by 1. The resulting short exact sequence of total complexes
gives a long exact homology sequence

(22) -+ — H,(C,b) 2= HC,(C) 2 HC\_5(C) & H,_1(C,b) — - -
in which B appears as the connecting homomorphism.

In particular, H,(C,b) = 0 for all n > d implies that S : HC,,;1(C) —
HC,_1(C) is an isomorphism for n > d. In this case, one obtains the peri-
odic cyclic homology groups H Py(C') and HP;(C) as the limit of HC5,(C)
and HC9,41(C) respectively (see [23], Section 5.1.10).

4.1.5. Tuwisted cyclic homology of an algebra A. If A is an algebra and o €
Aut(A), then the simplicial object Cq(A, ».A) is in fact paracyclic [20] with

trag®...Qa, — (—1)"0(a,) ®ay®a1 ® ... ® ap_1.
For this paracyclic object, B is given on Cs(A, 5.A) by

n
B:rag®..Q®a,—1® Z(—l)ma(an_iﬂ) ®...00(ap) ®ag® ... R ap_;.
i=0

Following [20], we denote by CJ(A) := Ce(A,,A)/im (id — T) the associ-
ated cyclic object and by HHJ(A) and HCY(A) its simplicial and cyclic
homology, respectively. By Lemma one has Ho(A,,A) ~ HHJ(A) if
o is diagonalisable. This is crucial in the computation of HCYJ(A) since
Ho(A, ;A) is computable via its derived functor description, while HHJ (A)
is the first page of the Connes spectral sequence £ = HC?(A).

For o = id, HCJ(.A) reduces to the standard cyclic homology HC4(.A) [4,
27]. If A = K[X] for a smooth affine variety, then the Hochschild-Kostant-
Rosenberg isomorphism identifies B with Cartan’s exterior differential, and
the Connes spectral sequence stabilises at E?, giving

(23) HP,(KIX]) = €D Hidam (X),
1>0

where the right hand side is the even and odd algebraic de Rham cohomology
of X with coefficients in K, see e.g. [5] 23].
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4.2. Results. Here we compute for A = K;[SL(2)] and
o=0,n1, NELZ,

the second page of the spectral sequence E = HC?(A). Lemma gives
HH?(A) ~ H(A, ,A) which is reflected by the fact that all the generators
of H(A,A) listed in Section [Z.2] are invariant under T =0 ®... ® 0. From
now on we suppress the distinction between HH?(A) and H(A, ,A). We
will compute the action of B : HH;(A) — HH; ,(A) on the vector space
bases from Section It will then be possible to read off directly the
(co)homology E?, and it is then immediate that E*® stabilises at E2.
Recall that we work throughout in the normalised complex Cy(A, ,.A).

4.2.1. Egp and HH{(A)/im B. For n = 0, the action of B on the basis (@)
of HHJ(A) is given by

[1]—0, 0€8, [d],[d']~ i '®ad,i[dt®d i>1,N=0,
(24) W[ =l @bl gl @d, j>0,5€8,

[wNJ-] — z’[wN_Li_l & b] + (N — z')[wN_LZ- X C] 1=0,...,N,N >0,
where S : =N\ {N —2r|N > 0,7 > 0} as defined in (7).

Comparing (24)) with the basis (8]) of HH{(A) gives:

LEMMA 4.3. We have (for p > 0)

2 K[1] 0€S,
Pp 0 0¢S,

HHﬁmAmB::QBKMwu®M@{§w®d 8;%

where we identify elements of HHY (A) with their classes in HHY(A)/im B.
4.2.2. E2pJrl and HHS(A)/im B. The basis (8) is mapped by B to

[a* ][f®d%ﬁ0 i>0, N=0,

Y@t @ @d—=0, j>0,j€5,

[b®c] l1®®BAc)], 0eS,

[wN 1, ® ]H—(N—l—i)[wN 2, (bAc)], 0<i<N-—-1,

WN-1,®c] = ilwn_2i-1®(bACc), 0<i<N-L

Now note that Lemma 3.3 and Lemma 2] imply [1 ® (b A ¢)] = 0 for

0 € S, because in this case [1® (bAc¢)] ~[0] =0and [1® (bAc)] ~ [0] =
—[b® c] — [c®b] = 0. Comparing with our descriptions of HHY{(A)/im B
from Lemma 3 and of HHY(A) given in Section 2.2.3] above, this yields

LEMMA 4.4. We have (for p > 1)

72 B { Kbocd 0€585,
N I 0¢ 8,
N-2
HH3(A)/imB = Klw2 (N — 2,1)].

1=0
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4.23. EZ .5 and E2 3 = HH(A)/im B. This involves a lengthier compu-
tation, so we state the result first:

LEMMA 4.5. In HH(A), we have
(25) B([wa(r,i)]) = (2 — r)[ws(r,i)], r>0,i=0,...,r,
so (forp>2)

Epp+2

0 0es,
Klwa(2r, )] N=2r4+2,r>0,

Bipes = HHF(A)/imB = { HO<[UJ3(2T77°)] ?Vezsér +2,7 > 0.
Proof. We show (23], the second part is then immediate. We have
B(wa(r,i))
= Bwrilbc® (a®@d—d®a—(q—q¢ HNe®b) —bd® (a®c—qc® a)
+da® (b@c—c®b)—q lca® (b®d—qdob)))
= 1® (W21 0a®@d+ ¢ ?d@wr21 ®a+a®d®wrysit

—Wr42,i+1 ®d®a — qg "2

aQWr2i41 Qd—d®a® wryait1
(= ) (Wr42,41 ®CcRb+ bR Wyt2i41 @+ cRD@ Wriat1)
—wribd ® a®c—c®wypibd®a— ¢ 2a®c® wy.;bd
+qwribd @ c @ a+ qq " 2a @ wribd @ ¢+ q¢ "2 ® a ® wyibd
Fwrida @b c+ c@wrida®@b+b®c®wrda — wy;da®c®b
bR@wda®@c—cRbRw,da—q 'wica®@b®d
—q¢ A @ wrica®b—q¢ TP ®d® wyica +wrica®@d @b
+b ® wyica @ d+ ¢"2d @ b ® wyica
We apply ~ 9, where 0 = 1(87; + 0;). This gives
(Blwa(r, 1)) ~ 0
= (AR uwri2i11®a—a@dR Wi +¢ 2@ Wi @d
—d®a® wryoiy1 —wribd®a®c+ T 2a®0c® wy;bd
+qwr;bd @ c @ a — ¢ la® wribd ® ¢+ q_lwr,ica RbRd
¢l ® wrica ®b—wyica®db+ ¢2debe Wy, iCa.
Now apply ~ %(8}'} — 0jy). This gives

(Blws(r, i) ~ 0) ~ 3 (35 — )
= (2i—r)g"t dwr+2 i1 ®a+ (2t —r)g " zawr+27i+1 ®d
—q " 2ac® wy, z+1d qwri1,i+1dc ® a
—(2i—r+1)¢ " awTH ir1d®c+q le+1 ab®d
—¢" (2 —r— 1)dwy41,i06 @b+ ¢ 2db ® Wr41,i0
= (20—r— 1)q’"+2dw,«+2,i+1 ®a+ (20 —r+ 1)q_’"_2aw,«+2,¢+1 ®d
r

—¢ " 2ac® Wrt1,i41d — (20 — r + 1)adwy41,i41 @ ¢
—(2i —r — 1)daw,41,; @ b+ ¢ 2db @ Wr41,i0
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Lemma 35l gives [0] — £[0f; — 9y = 1[0y — [0}, so by subtracting
b((20 —7 — 1)wry2,i+1 @d®a~+b @ wri1,,6®d+ ¢ " 2ac® Wrt1,i+1 @ d)

we get in homology

S Bwa(r, )] ~ (195] < 197))

= [(2i =7 = Dwrg2,i41 @b+ b @ wri15 — €O Wprp1,it1
—¢ ' ® Wrt1it1 — (26 =7+ Dwpy1,i41 ® ¢
—(2i—r+1)qwrysito®@c— (2i —r—1wp41,; b
—(20 —r — 1)q_1wr+37i+1 ® b).

Using the calculus of differential forms over K[b, ¢|, that is, using the fact
that [f @ bick] = [ 071 @ b] + [kfbick~! @ ] for f € Kb, c], we obtain

S [Blen(r )] ~ (05] < [05)

= —(2i —7r)[wrt1,i @b+ wWrt14i41 ®
(2 =7 —1) =g Hr—i) — (20 =7+ 1)Q)wrizi2 ®c
(2 —r—1)— (3i — )¢ Hwrizir1 @ D).

And with b(wy41,a®bAd) = (1— q2)wT+3,¢+1 ®@b and b(wyy1ir1a®@dAc) =
(¢ — q_l)wr+37i+2 ® ¢ the above finally simplifies to

DO |

1 . _ )
5 Bwa(r )] ~ (105 ~ [04)) = = (20 = 7)lwr1s @ b+ wririp1 @ .
The claim now follows from Lemma O

4.2.4. Stabilisation of the spectral sequence. There is no further page of the
spectral sequence to be computed - the differential on E? maps qu to

E§—2q 11, and for all p, g either one space or the other is zero:

LEMMA 4.6. For o0 =o0,-~ 1, N € Z, we have HCJ(A) ~ D, —n E2,.

Proof. In case 0 € S, E? looks as follows (the lines are for the reader’s
orientation and depict the p = 0 and ¢ = 0 axes):

0 0 0 Kb ® ]

0 ®Y Klwa(N —2,4)] Kpbod K[

B Koy -1,:00]
0 "eRbod K[1] 0
0 HHG (A) 0

0
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And otherwise, it looks like that:

0 0 Klws(N —2,N/2=1)] Klwy(N —2,N/2 — 1]
0 Klws(N—2,N/2-1)] Klwa(N —2,N/2—1)] 0
0 By Klwa(N —2,1)] 0 0
0 OV ’Klwn_ 120 0 0
0 HH(A) 0
0
0

5. CYCLIC COHOMOLOGY

5.1. Background. In this final section we construct a cyclic cocycle that
pairs nontrivially with d.A and hence represents a generator of HC? ) (A) ~
q s

K in Connes’ A-complex.

5.1.1. Cyclic cocycles. In view of ([2I]), im(id — t) C C is for any cyclic K-
vector space a subcomplex with respect to b, and as Connes showed, cyclic
homology can be realised for Q C K as the homology of the quotient,

HCWo(C) ~ Ho(C/im(id — t), b).

For C' = C?(A) one can dually consider Hochschild cochains ¢ € C™(A, (,.A)*)
which are cyclic, that is, satisfy

(26) wlag, .- an) = (=1)"p(c(an),a0,.-.,an-1)

for all ag, ..., a, € A. These form a subcomplex of (C*(A, (,.4)*),b) whose
cohomology is twisted cyclic cohomology HCS(A) ~ (HCJ(A))*.

If one works with the normalised complex, then ¢(ag,...,a,) = 0 when-
ever a; € K for some ¢ > 0. For cyclic ¢ this property obviously extends to
i = 0. Conversely, a Hochschild cocycle that vanishes on 1®a; ®...® a, is
cyclic as follows by applying it to b(1 ® ap ® ... ® ay).
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5.2. Results. First we show that ¢4 from (20)) itself is not cyclic. Then we
construct a coboundary n4 by which it differs from a cyclic cocycle.

5.2.1. @4 is not cyclic. The natural question is whether the twisted Hochschild
3-cocycle p4 from (20) is already cyclic. As remarked at the end of Sec-
tion [B.I.T] this is equivalent to the condition that

a(l,ar,az,a3) =0
for all a1, a9,a3 € A. And since one has for all 7,5 > 0
Coq (O (@) (a'b) = ¢~ ait,
02,4205 (ej—i00)) = (i — N e 00,

and therefore

@A(lﬂ €5—i,0,05 djc, aib) = q_i(i - ,7) /[1] ej_i,070dj+1ai+1 = q_i(i - ])7

we see that ¢ 4 is not a cyclic cocycle.

5.2.2. The correction term. We make the ansatz
1aC) = [+~ O rign — 1)~ (020~ ),
where f? is a suitable twisted trace to be determined.

LEMMA 5.1. w4 + na ts a cyclic cocycle which is as a Hochschild cocycle
cohomologous to @ 4, provided that \y = Ao = 1, uo = ul_l #1 and

Proof. For any automorphism o of an algebra, ¢ — id is a o-twisted
derivation which is inner - it is simply the twisted commutator with 1 €
A. Therefore, its cohomology class vanishes, and as a consequence, 74 is
automatically a coboundary. Furthermore, one has for all 7,5 > 0

Tz ((Ong gy — 1) (@ €))(T2y 5 — 1) (a'D)
= ¢ Ny Oyt = 1) (Agz — ) a'be,
OXiAz,p1p2 (8;1(%—1}0,0))

(i — ) (M A2) " ej—i0,0,

SO
na(l,ej—io0,dc,a'b)
= N O et = DNz — 1) — ) (Ade) zej—i,o,odjaib&
-twisted trace for which
o 1—=Jjyi
/ej_i,070d3albc: - _f\l >\2,u? .
? (A = 1) (Ape — 1)

Therefore, we need f? to be a og-2x 2, 1100

One eaSﬂy checks that QO.A(L €i,4.ks €lm,n, er,s,t) = 77A(]-7 €i.4,k> €lm,n, er,s,t) =
0 for all other ¢, 7, k,I,m,n,r,s,t, using that b, c are twisted central. O
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