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Abstract

The eigenvalue problem for the 1-Laplace operator, which is considered to be the Euler-
Lagrange equation for an associated variational problem in BV (), is formally given by

Du u

—Div = A
[Dul " ul

on ).

However the undetermined expressions Du/|Du| and u/|u| have to be replaced with an appro-
priate vector field z related to u and a measurable selection s of the set-valued sign function
Sgn (u(-)), respectively, such that —Div z = As. For the special case of a square  C R? and
the known minimizer u = y¢ of the related variational problem, the paper presents a somehow
explicit construction of corresponding vector fields z. In particular it is shown that, for a fixed
selection s, the field z is not determined by means of the differential equation and its coupling
conditions with u, but there are infinitely many continuous vector fields z that even differ on
the boundary of €.
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1 Introduction

Let us consider the constrained minimization problem

/ d| Dl +/ | dz — Min!, u€ BV(Q), (1.1)
Q o0

/Q lu| de =1 (1.2)

for an open, bounded  C R™ with Lipschitz boundary. This problem can be considered as limit
of the variational problem associated with the eigenvalue problem for the p-Laplace operator by
taking p — 1. In particular, the surface integral replaces the boundary condition and implies
homogeneous Dirichlet data in a generalized way. Problem (1.1), (1.2) has always a solution
which, however, does not have to be unique (cf. Kawohl & Schuricht [16]).

The formal Euler-Lagrange equation of (1.1), (1.2) as necessary condition for a minimizer is
given by

. Du > u
—Div ([ —=—— ) =A— on Q, (1.3)
<|DU| Jul

which is also called the eigenvalue problem for the 1-Laplace operator. However, this equation
is not well defined if we have in mind that typical minimizers of (1.1), (1.2) are characteristic
functions, i.e. they are piecewise constant and even vanish on a set of positive measure. In order
to give meaning to (1.3), variational problem (1.1), (1.2) has to be studied more carefully. The
lack of differentiability of the functionals involved requires more general tools than usually used
in the calculus of variations. A direct treatment of this singular problem has been proposed in
[16]. Roughly speaking, for a minimizer v € BV (2) there is a vector field z : Q@ — B;(0) C R
replacing Du/|Du| and satisfying certain coupling conditions to u such that

—Divz(z) = As(z) on Q (1.4)

where s : 2 — [—1, 1] is a measurable selection of the set-valued sign function Sgn (u(x)) replacing
u/|u|. More precisely, for any measurable selection s of Sgn (u(-)) there exists a corresponding
vector field z coupled to u such that (1.4) is satisfied. This is remarkable, since it provides infinitely
many Euler-Lagrange equations (1.4) as replacement of (1.3).

The purpose of the present paper is the investigation of the vector fields z that are associated
with a fixed minimizer u by means of the necessary condition just formulated. In particular, if
we also fix a measurable selection s, then we have to look for a vector field z with prescribed
divergence according to (1.4). This is a classical question and, of course, z is not determined
by the differential equation on its own. But we still have to take into account the coupling of z
with the minimizer v which roughly demands that ||z||.c = 1 and that z has to respect certain
boundary conditions. Besides the interest to know how such vector fields look like, the question
of to what extent the coupling conditions combined with a fixed s determine z is fundamental.
Since it seems that |z(x)| < 1 at least on some ball B C 2 for a typical solution z, we clearly can
add any divergence free vector field with sufficiently small amplitude and support on B in order
to get a further solution z. This way we will always obtain infinitely many vector fields satisfying
the necessary condition for a fixed selection s. However, a much more subtle question is how much
freedom we have for z on the boundary of 92 where, in general, the coupling conditions do not
completely prescribe z.



1 INTRODUCTION 5

We will analyze the questions discussed in the previous paragraph for the special case of a
square  C R2. It is known that a suitable multiple of the characteristic function yc of the
Cheeger set C of €2, which minimizes the ratio |0D|/|D| among all subdomains D C € (cf. [12]),
is a minimizer of (1.1), (1.2). In this special case of a square 2 the Cheeger set C' is a “rounded
square” as shown in Figure 1 below. We present a construction of vector fields z that, for each
fixed selection s, provides infinitely many solutions z differing in particular on 9 \ 9C. Clearly,
z has to satisfy —Divz = X on C and, as in [16], we construct z on C' by means of a suitable
solution of the mean curvature equation. This vector field z is then always used on C. On the
“corners” () := Q \ C we have to fix a selection s. For the construction of the corresponding z
we first consider a unit normal field v on © that is associated with a suitable foliation of by
circular arcs and, then, we construct a scalar function a : O — [0,1] such that z := —av meets
the desired conditions on 2. The composition of the fields z on C' and Q) then gives a solution z
on () for a prescribed selection s. The variety of foliations that can be used independent of the
special s provides the diversity of solutions z for a fixed s.

In Section 2 we summarize the existence of a minimizer and the corresponding necessary
condition for variational problem (2.1), (2.2). Consequences of the coupling condition between
a minimizer v and the vector field z are investigated in Section 3. In Section 4 the existence of
infinitely many continuous vector fields z for fixed s, that differ in particular on the boundary
00\ 9C, is formulated as main result of the paper. But notice that their (to some extend) explicit
construction is very instructive by its own. While the basic ideas of this construction are briefly
discussed in Section 4, the details are carried out in the subsequent Section 5 that essentially
consists of two parts. At first foliations of the corners Q by circular arcs are constructed. Then,
using the ansatz z = —av, we show the existence of a scalar function a by solving a corresponding
linear inhomogeneous partial differential equation of first order for a. Since the inhomogeneity
is a multiple of the merely measurable function s, the classical results based on characteristics
are not applicable. However, it turns out that we can carry out the method of characteristics
explicitly if consider the ordinary differential equations along the characteristics in the sense of
Carathéodory. This way we obtain continuous vector fields z that satisfy (1.4) in the sense of
distributions. A special solution z is discussed in some more detail in Section 6.

Let us still mention that some of the results have already been announced in Milbers [17].

Notation. We denote the boundary of a set A by A and its closure by A or cl A. We define
its characteristic function x4 by

1 forze A,
xa(x) =

0 otherwise.

Div u is the divergence of u in the distributional sense. The set-valued sign function on R is given
by

1 if >0,
Sgna:=<[-1,1] ifa=0,
-1 if a < 0.

The space of g-integrable functions on  is denoted by L4(Q) and its dual by L () where
é—i—% = 1. The Sobolev space W4(£) consists of g-integrable functions having g-integrable weak
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derivatives. BV (Q2) stands for the functions of bounded variation. C¥ () are k-times continuously
differentiable functions with compact support in 2. The k-dimensional Hausdorff measure is
denoted by H*. In particular, |09| and |Q| denote the (n — 1)- and the n-dimensional Hausdorff
measure of 9 and €, respectively. p|€) is the restriction of a measure p to the set Q and fu is
the measure having density f with respect to u. For a Banach space X its dual is X* and (-, -)
is the duality form on X x X*. By — and — we denote the weak and the weak* convergence,
respectively.

2 Eigenvalue problem for the 1-Laplace operator

Let © C R™ be an open bounded set with Lipschitz boundary. We consider the constrained
variational problem

E(u) ;:/ d|Du|+/ lu| dH™ 1 — Min!, € BV(Q), (2.1)
Q o0

/Q u| do = 1. (2.2)

Since usual Dirichlet boundary conditions on 02 are unsuitable in BV (), there is a surface
integral included in (2.1) which implies homogeneous boundary conditions in a weak sense, cf.
Kawohl & Schuricht [16]. The existence of a minimizer is shown, e.g., in Fridman & Kawohl [11].

Theorem 2.3 Problem (2.1), (2.2) has a solution u € BV (Q).

But it turns out that the solution does not have to be unique in general (cf. Kawohl & Schuricht
[16]). The Euler-Lagrange equation as necessary condition for a minimizer of (2.1), (2.2) is for-
mally given by

Du U
—Div|[—]=X— onf 2.4
(i5) = 24

where A > 0 is a Lagrange multiplier. Since minimizers u are typically constant or even vanish on
a set of positive measure (see Fridman & Kawohl [11] or the arguments below), the expressions in
(2.4) are not well defined in general. The following theorem of Kawohl & Schuricht [16] provides
a suitable substitute for (2.4) (cf. also Demengel [7] for a partial result).

Theorem 2.5 Let u € BV (Q2) be a minimizer of (2.1), (2.2). Then for each measurable selection
s(z) € Sgn (u(x)) a.e. on Q) there is some vector field z € L™ (Q,R™) satisfying

l|z||e =1, Divze L"(Q), (2.6)
/ d|Dul +/ lu| dH™ 1 = —/ uDiv z dzx (2.7)
Q o0 Q
such that
—Divz=2As ae on, A=FEu). (2.8)

Notice that, in general, there are infinitely many Euler-Lagrange equations (2.8) as necessary
condition for a minimizer u of (1.1), (1.2), since (2.8) has to be satisfied not only for one but
for any measurable selection s. We call (2.8) combined with the coupling conditions (2.6), (2.7)
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relating z to u the eigenvalue problem for the 1-Laplace operator. A solution u is said to be an
etgenfunction according to the eigenvalue A.

The previous theorem states the existence of vector fields z satisfying (2.6)-(2.8). For a deeper
understanding of the problem or for a direct solution of the eigenvalue problem, it would certainly
be useful to have some information about vector fields z with prescribed divergence and about
the relevance of the coupling conditions (2.6), (2.7) for that vector field. Unfortunately it turns
out that not that much is known about such vector fields. For a fixed eigenfunction v and a given
selection s it is even unclear how far the vector field z is determined by (2.6)-(2.8). The intention
of the present paper is to answer some of these questions for the simple special case of a square
Q C R2

Let us still illuminate some relation of the eigenvalue problem to a geometric question. It can
be shown that the smallest eigenvalue A of the 1-Laplace operator equals the Cheeger constant of
a nonempty open bounded set 2 C R™ given by

. . |0D|

h(§2) := 51&% i (2.9)
with D varying over all nonempty sets D C  of finite perimeter, cf. Alter & Caselles [1]. The set
C C QN is called a Cheeger set of Q if |0C|/|C| = h(Q). Originally the Cheeger constant has been
defined by Cheeger [6] in a slightly different manner. The multiple u = ﬁ xc of the characteristic
function of C' is an eigenfunction corresponding to the smallest eigenvalue A = h(§2) by Kawohl
& Fridman [11]. For a Cheeger set C' of Q2 we know that the surface 0C' N Q) has constant mean
curvature h((2), cf. Gonzalez et al. [14, Theorem 2]. In the case 2 C R? this readily implies that
0C N € consists of circular arcs. If € is convex, then the Cheeger set has to be convex too and
it is known that the Cheeger set is unique in that case, cf. Alter & Caselles [1]. These properties
allow the description of the Cheeger set C' of a convex 2 C R? as the union of all balls contained
in © that have radius R = 1/h(Q) = 1/A.

3 Consequences of the coupling conditions

Let us start with some preliminary investigations of the coupling conditions (2.6), (2.7). As in
the previous section we assume that 2 C R" is an open bounded set with Lipschitz boundary
where v denotes its outer unit normal. For a function uw € BV (€2) and a vector field

z€ LY :={z€ L®(Q,R")|Divz € L"(Q)}

there is a function [z,v] € L>(99Q,R), called normal trace of z on 92, and a Radon measure on
Q2 denoted by (z, Du) such that

iz, Ml oy < Iellzmcey /Q d(z, Du) < |l2l| =y /Q d|Dul (3.1)
for all Borel sets QO C Q and
/ uDiv zdx + / d(z, Du) = / [z, V] udH" L. (3.2)
Q Q o0

If z is continuous on €2, then
[z,v] =2z -v a.e.on 00 (3.3)
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and

/d(z,Du) = / z - d(Du)
Q Q
for all Borel sets Q0 C Q (cf. Anzellotti [4] or Kawohl & Schuricht, [16]).

Proposition 3.4 Let uw € BV(QQ) and let z € L°(Q,R") satisfy ||z||pe < 1. Then (2.7) is
equivalent to the two conditions

—[z,v](z) € Sgn (u(z)) H"'-a.e. on OQ (3.5)

and

(z, Du) = |Dul| (3.6)
in the sense of measures on ).

PROOF. By (3.2) we have

/ d|Du+/ u| dH™ ——/uDivzdm
Q o0 Q
:/ d(z,Du)—/ [z, v]Ju dH" L.
Q o0

/d|Du|>/ d(z,Du) and / \u|dH”_1>—/ [z, v]u dH" !
Q Q o9 Gle!

by (3.1), condition (2.7) is equivalent to

/d|Du\:/ d(z,Du) and / |u]d7'(n1=—/ [z, vJu dH" .
Q Q o0N o0N

Since (z, Du)(€2) < |Du|(2) for all Borel sets Q C Q by (3.1), the first identity is equivalent to
(3.6). Since ||[z, V]|[ a0y < 1 by (3.1), the second identity is equivalent to (3.5). &

Since

Let us still consider the case of a characteristic function u.

Proposition 3.7 Let u = xo € BV () for some open C C § having Lipschitz boundary and
satisfying
xc=1 H"'-ae on 0QNOC (3.8)

in the sense of trace. Moreover let z € L°(Q,R™) satisfy ||z||p~ < 1. Then z has a normal trace
[z,v] on OC and (2.7) is equivalent to

[z,v] = -1 H" l-a.e. on OC. (3.9)
If z is continuous, then (3.9) can be written as

z=-v H"l-ae on OC. (3.10)
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Proor. Clearly,

/ d|Dxc| = / dH" L.
Q oCNQ
Since we have (3.2) also with C' instead of Q, we get by [ d|Du| =0 and by (3.1) that

/Divzdx:/ [z, ] dH" L.
C oC
Thus,

/d(z,DXc) = —/ XCDivzdl‘—l—/ [z,v] xc dH" !
Q Q o0

= —/ Divzda:+/ [z, V] xc dH™ !
c o0

= —/ [z, V] dH”—1+/ [z, V] dH"' = —/ [z, V] dH™ L.
oC oQNoC oCcNQ

Consequently, (3.6) is equivalent to

/ dH" ! = —/ [z, V] dH" !,
oCNQ oCNQ

ie., [z,v] = —1 H" l-a.e. on AC N Q. Now we notice that (3.5) is automatically satisfied on
002\ 0C. Hence the equivalence of (2.7) and (3.9) follows from Proposition 3.4. The equivalence
on 90 N AC follows by (3.8). The specialization for continuous z readily follows with (3.3). ¢

4 Special case of a square in R?

Let us now consider the particular case that @ C R? is a square of the form (0,b) x (0,b). Since
Q) is convex, we have that u = ﬁXC‘ is a minimizer of (2.1), (2.2) where C' is the Cheeger set of
Q. According to our previous arguments, the Cheeger set C of € has the shape of a square with
“round corners” as shown in Figure 1.

Figure 1: The Cheeger set C' of the square (2.

The necessary condition from Theorem 2.5 implies for this special case that for any measurable
function

s(z) € [-1,1] ae.on Q\C (4.1)



4 SPECIAL CASE OF A SQUARE IN R? 10

there is a vector field z € L°°(£2, R?) satisfying the coupling condition

|zl =1, Divze L*(Q), E(u):—/uDivzdaz, (4.2)
Q
such that
—Divz=\ ae.onC (4.3)
and
—Divz=2As a.e.onQ\C (4.4)

whith A = E(u). Notice that the two equations (4.3), (4.4) are equivalent to the single equation
(2.8), since we do not have to evaluate Div z on the zero set 9C' NS by the demand Div z € L?(2).
The next result shows that the vector field z is not specified by the previous conditions for a fixed
selection s.

Theorem 4.5 Let 2 C R? be a square, let u € BV(Q) be the minimizer of (2.1), (2.2) on €,
and let s(z) € Sgn (u(x)) a.e. on Q be a measurable selection. Then there exist infinitely many

vector fields z € C(Q) satisfying (4.2) - (4.4) that pairwise differ on Q\ C and, in particular, also
on 00\ 0C.

Remark 4.6 We will see in the proof that, for fixed s, we can parametrize different solutions z
by means of real numbers belonging to an interval in R, i.e., we in fact obtain even a continuum

of vector fields z € C(2) for each fixed s.

Let us start with some preliminary considerations before we carry out the proof in the next
section. Since we are looking for continuous vector fields z we can replace (4.2) with the equivalent
condition

|zl =1, Divze L*(Q), z=-v H" 'ae on 9C (4.7)

according to Proposition 3.7. Notice that the most right equation provides boundary conditions
for the differential equations (4.3), (4.4). We now intend to solve (4.3) and (4.4) separately.
More precisely, below in this section we provide a solution for (4.3) and we discuss a strategy to
determine solutions of (4.4). Then, in the next section, we carry out the construction of infinitely
many solutions z on Q \ C' in full detail. Using on C always the “fixed” solution from below, we
finally obtain the assertion of the theorem.

Solution z on C. As demonstrated by Kawohl & Schuricht in [16], we use the mean curvature

div o Dw =X on C (4.8)
V1+ |[Dwl|?

for the construction of a solution z of (4.3) with the boundary condition

equation

z=-v H'lae on OC (4.9)

and the additional constraint ||z||Le = 1. Since the curved part of the boundary C has curvature
A, the curvature of OC' is less than or equal to A = h(Q2) = |0C|/|C| everywhere. Hence there
exists a solution w of (4.8) on C' such that

Duw(y)

lim
v= (/1 + [Dw(y)[?

=v(z) forall ze€aC
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where v(x) is the exterior normal of C' and where the limit is uniform on 9C' (cf. Giusti [13] where
one can also find that the solution w is unique up to an additive constant). Obviously

z = __Dw on C', (4.10)

V1 + [Dw|?

provides a solution of (4.3) with boundary condition (4.9). Moreover, ||z||z~ = 1 and divz €
L?(C). As already mentioned, for the subsequent vector fields z on Q we always use z satisfying
(4.10) on C and we merely vary z on Q\ C.

Special solution z on Q\ C. Now we want to demonstrate how solutions z of (4.4) can be
constructed. By symmetry we can restrict our attention to the set

Q= {z = (v1,22) €R? | 21,25 € (0, R), |o — | > R}

with R := (R,R) € R and R = 1/\ = 1/h(Q) = 1/E(u), cf. Figure 2. Notice that €2 is just one
“corner” of the set 2\ C.

Figure 2: The set .

For the construction of z we exploit a result relating the normal field of a family of plane
curves to their curvature. More precisely, let D C R? be an open set that is covered by a foliation
of C'-curves that do not intersect or touch each other and such that the associated field v(z) of
unit normals is of class C'. Then

divv(z) = +k(x) on D (4.11)

where k(z) denotes the (nonnegative) curvature of the curve through point x at x and we have
to take the positive sign if the normal v(x) points away from the center of the corresponding
osculating circle and the negative one otherwise.

Thus, in order to find solutions z of (4.4), we can look for suitable foliations of € and take
the normal field v as z. For a simple example of a foliation of  we shift the circular arc forming
the curved part of 9Q diagonally outward, cf. Figure 3. This way each point z € Q lies on a
circular arc of radius R = 1/\. Hence the unit normal field v to this foliation pointing away from
C satisfies divy = A. Therefore

z(x):=—v(xr) on Q\C
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R

0 R

Figure 3: Foliation of Q by arcs with radius R.

satisfies (4.4) for s = 1 and, clearly, also boundary condition (4.9) and ||z||z~ = 1, cf. [16].

Summarizing,
_Duw@  fpec
2(2) = { ViFDu@E DT
—v(x) ifreQ\C

satisfies the necessary conditions (4.2), (4.3), and (4.4) for s = 1.

Notice that such a construction always gives a vector field z of unit vectors. In our subsequent
constructions we also modify the length of the normals v in order to construct more general
solutions z. More precisely, for a given foliation with normal field v we will use the ansatz

z(x) = —v(z)a(z) (4.12)

in order to construct a solution z of (4.4) for some given s, i.e., we construct a suitable function
a: 2 — [0,1] such that z is a solution.

5 Proof of Theorem 4.5

In a first step we construct infinitely many foliations of Q. Then we fix some s with (4.1) and
construct a function a such that z according to (4.12) gives a solution.
5.1 Construction of infinitely many foliations

We now provide a general construction for a foliation of Q with circular arcs having their center on
the bisector connecting the origin with the point R = (R, R) € R2. In fact we consider foliations
that even cover the closure of Q and that always contain the curved part of 9

ri={o = (@1,22) € Q| 21,22 € [0, R],|o - R| = R}

as an element of the foliation. A simple computation shows that the intersection 5 = (y,7) of I’
with the straight segment connecting the origin with R is obtained for

NEAn
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R R
”””””””””””””””” i)
r 1
ip(t)
X 5 :
’Y |
T
0Ty WO R

Figure 4: Construction of a foliation in €.

cf. Figure 4. We consider foliations of the described type where each point 7 = (7,7) on the
straight segment connecting the origin with 4 uniquely identifies an arc of the foliation and where
each circular arc touches the straight boundary of Q) with its ends. Hence it is reasonable to
parametrize the curves of the foliation by means of 7 € [0,+] such that the arc associated with
T contains the point 7 = (7, 7). Consequently, a foliation is uniquely described by a function
p:[0,7] — RT giving the radius of the corresponding circular arc. An important question now
is to determine functions p : [0,7] — RT that really give a foliation of Q. Moreover we have to
compute from p the relevant quantities needed in our subsequent analysis.

Let us discuss how we can recognize whether a family of curves given by means of some
function p is a foliation of Q. We readily verify that the center of the circular arc containing (1,7)
and having radius p(7) is given by a(7) = (u(7), u(7)) with

p(7)
w(t) =71+ vk
Thus we can identify the points on the circular arc corresponding to 7 by assigning some o such
that

x1(7,0) = (1) + p(T)coso = T + p\([;) + p(7) coso (5.13)
xo(1,0) = u(T) + p(7)sino = 7+ p(r) + p(7)sino (5.14)

V2

where o belongs to a suitable subinterval I, C [r,37/2] dependent on 7. If we can find ¢ such
that (5.13), (5.14) defines a smooth change of coordinates between (7, 0) and (1, z2) on Q, then o
obviously provides a foliation of Q. In that case we denote the inverse transformation by 7 = 7(z),

o = o(x) and we introduce the functions

r(z) = p(r(2)), m(z):= p(r(r)) (5.15)

for our further analysis. The unit normal field corresponding to the foliation and pointing away

v(z) = <0050($)> . (5.16)

from I' is obviously given by
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In order to construct different foliations we take Ry € [0, R] as parameter and look for
p:[0,7] = [Ro,B] with p(0)=Ro, p(v) =R.
The next lemma provides sufficient conditions ensuring that ¢ defines a foliation of 2.
Lemma 5.17 Let p: [0,7] — [Ro, R] with p € C1([0,7]) satisfy the following conditions:
(i) p(0) =Ro, p(v) =R,
(i) p(r) > (V2+2) 7 for all T €[0,7],
(iii)) 0 < p/(1) < V2+2 forall T €[0,7] .

Then (5.13),(5.14) defines a change of variables of class C' on Q and, thus, p determines a
foliation of Q such that, with the corresponding unit normal field v according to (5.16), relation

(4.11) is applicable.

Examples given in Section 6 show that for any Ry € [0, R] there is at least one foliation

satisfying conditions (i)-(iii) of Lemma 5.17.

PROOF. According to our previous discussion, p defines a family of circular arcs parametrized by
7 on Q. We readily obtain that condition (ii) is equivalent with

p(7) = p(r) on [0,7],

i.e., each arc touches the straight part of dQ with its ends. Using representation (5.13),(5.14) we
can explicitly determine the intervals I = [o1(7), 02(7)] C [, 3] by solving the equations

_— M-F,O(T)COSUl(T) =0,

V2

T+ @ + p(7)sinoy(r) =0

V2

and we obtain

o1(r) = 27 — arccos (-p:) _ %) ,

.
p(T

_¢1§>

o9(T) = ™ — arcsin (—

~—

Thus (5.13), (5.14) is defined on
M :={(o,7)| 7€ (0,7), 0 € (01(7),02(T))} -

Let us now analyze transformation (5.13), (5.14) by means of the inverse function theorem.

We calculate

o0z

e or (1.0) %(T’U) = L (T '(T)coso | p(1)coso
dt(@xz(T’U) %352(7.’0)) <1+\/§p( )+ p(7) )p( )

or
4 <1 + \}Ep'(f) + /(7)sin a> o(7)sin o

(oa
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= p(7) <<1 + jﬁp’(f)) (coso +sina) + p’(f)) . (5.18)

Obviously condition (iii) implies that

p(7) 1
————— < — on [0,9].
Varpm v
Since ] 5 .
COS + SIn
- = T, ST = = 1 )
7 () - ()
we obtain
o' (1) _coso +sing
V2+p/(7) V2
and, thus,

<1 + %p'(r)) (coso +sino) + p'(1) <0 on M.

We have o(7) > 0 on (0, ) by (ii) and, therefore, the expression in (5.18) is negative on M. Hence
transformation (5.13), (5.14) is locally a C!-diffeomorphism.
Let us denote by

01(7) = z1(1,02(7)) =T + p(\/%) + p(1) cos oa(T)

the z1-coordinates of the end points of the arcs on the x;-axis. Hence

1
(pll =1 —i—p’(— —|—COSO'2> - paé sin o9

V2

T 1
1 >t 75
=1+p(——= +cosoa) + P2
V2 1_(z+%)2
P 2

1+ ﬂ(\}i - 1) . (5.19)

v

Using the symmetry of Q and of the circular arcs with respect to the bisector, this implies that
the circular arcs do not intersect or touch each other. Therefore the transformation (5.13), (5.14)
is bijective.

We still have to show that the image of M under transformation (5.13), (5.14) coincides with
Q. Obviously, the image of M is a subset of  and let us assume that there is some point of
Q) that does not belong to the image. Then the image of M must also have a boundary point
(Z1,22) € Q. Clearly, (Z1,22) has to be contained in the image of the closure of M and, thus, it
has to be in the image of the boundary dM. But this is a contradiction, since M is mapped on
o0f. O

5.2 Vector fields z on Q\ C

We now intend to construct continuous vector fields z on Q satisfying (4.4) and (4.7) by using
the ansatz (4.12). For that we fix a foliation of  as constructed in the previous section that
corresponds to some p satisfying the assumptions of Lemma 5.17. By v(:) we denote the unit
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normal field associated to the foliation and pointing away from I'. Thus we are looking for vector
fields z of the form
z(x) = —v(z)a(z) (5.20)
with a scalar function a : Q@ — R. Since
1

divv(z) = (@) € (1/R, o)

by (4.11), (5.15), we get for a differentiable a

div (v(z)a(z)) = v(x) - Da(x) + a(z) div v(z)

=v(z) - Da(x) +

Moreover we have A = 1/R. Thus (4.4) is equivalent to

a(z) _ s(@) 5
-D —l = — Q 21
v(z) - Da(x) 4+ ) R o0 (5.21)
and (4.7) provides the boundary condition
a(z)=1 onT. (5.22)

This is a linear inhomogeneous partial differential equation of first order for a which can be
solved by the method of characteristics as long as the right hand side of (5.21) is continuous (cf.
[9, p.97]). In our case the right hand side is merely measurable. We will show explicitly that the
method of characteristics can be applied in this case as well in order to verify the next lemma.

Lemma 5.23 Let s: Q — [—1,1] be a measurable function satisfying (4.1) and let v be the unit
normal field according to (5.16) that is associated with a foliation of Q satisfying the assumptions
of Lemma 5.17 and pointing away from I'. Then there is a continuous function a : Q) — [0, 1]
such that

a(x)=1 on T

and
Divav = \s a.e. on Q

in the sense of distributions.

At the end of this section we will use the vector field z := —av on  in order to verify
Theorem 4.5.

PROOF. We construct the function a by explicitly carrying out the method of characteristics for
the linear partial differential equation (5.21) with boundary condition (5.22).

Characteristics. Let us start with the construction of the characteristics. We parametrize the
boundary curve I' by

29(€) = R+ Rcos¢,
3(¢) = R+ Rsin¢
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with € € (7r, %77) Thus the characteristics, parametrized by ¢, must satisfy

where & denotes the derivative of x with respect to ¢. Using (5.15), we have

xz—m(r) x—m(x) on €
T emwl T

Therefore (5.24), (5.25) can be written as

#1(t,) = ml(t’i)@_(?g;(t’f)) . 21(0,€) = R+ Rcos€,
it €) = 22 fa)(;(fg(t ) 15(0.€) = R+ Rsine.
The vector valued function
o) = £

is locally Lipschitz continuous on R x €, since r, m are of class C! and r(x) > 0 on Q, cf.
Lemma 5.17 (ii). Consequently, for any £ € (, %7‘(‘) the initiNal value problem has a unique local
solution which can be extended up to the boundary of R x €.

Let z(+, ) exist on the interval [0, £(£)) for some (&) € (0, co]. We want to show that ¢(£) < oo
and z(t(€),€) € 90\ T'. For that we consider the orthogonal linear projection P : R? — B on the
linear subspace

B :={z = (z1,29) € R? | 21 = 29}

generated by the vector (1,1). Obviously,

1
Px = (901;962) (1) for all x = (21,22).

We apply P on both sides of the differential equations in (5.24), (5.25) and get
Pi(t,€) = Pu(a(t,€))

Since P is linear, this can be written as

d

— (Px(t,8)) = Pr(z(t,€)).

By |v(z(t,€))| = 1 and vy (2), v2(x) < 0 on Q,
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v

Sl-gl

VA (t,0) + 1R((1,6)

Using also #(t,&) = v(z(t, £)), we can conclude that, for each &, the projection of the characteristic
“moves” at least with speed 1/4/2 > 0 towards the origin. Therefore all characteristics have to
leave Q) through 9Q \ T', cf. Figure 5. This way we in particular obtain that t(£) < oc.

o

Figure 5: Characteristics in €.

Since v € C*(Q2) by (5.16) and Lemma 5.17, solution z is of class C? as function of ¢ and the
initial value 2° = 29(¢), cf. [19]. By 2° € C*°(R) we conclude that (t,&) — x(t,£) is of class C?
too. Below we show that

d |det D (¢, €)|

— |det Dz(t =———2> detDz(0 0 5.26

o et Da(e.)] = ST det a0, > (5.26)
which implies det Dz (t,£) > 0. Since the characteristics cannot cross each other, they have to
cover the whole set Q. Consequently, (¢,&) — z(t,£) has to be invertible on

{(t.9)|€ € (m,3m), t € [0,4()}

and there are functions t(-), £(-) on Q of class C! such that = = z(t(x), £(x)).
For the verification of (5.26) we introduce the notation

Hence
2y (t,€) wf(t,€)
w7 (t,€) xF(t,€)

By v € C! and = € C? we derive from (5.24), (5.25)

d

$tt(t,£) - £V($<t,§)> = Dl/(x(t,f)) ’ wt(tf)a

rret,€) = jgv«c(t,e)) — Du(a(t,€) - e(t.€).

det Dz (t,£) = det ( ) = (t, )aF (t, &) — a7 (1, &)wi (L, €) .
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and calculate

) )22y (t,€) — a(t, )ag(t, €) — af (¢, €)agy (1, €)
= 2 (t,€) (v, (w(t,€))zi (8,€) + sz(x t,€))ai(t,€))

—~
S+
o

+ay(t,€) (v2, (w(t, €))xg (t,€) + vz, (x(t,€))aE (L, €))
—ag(t,€) (v, (x(t,€))ay (1,€) + v, (x(t,€))af (L, €))
— i (t,€) (g, (@(t, ))wg (1, €) + v, ((t, €)7E (1, €))
= vy, (2(t,€)) (w1 (1, )2 (1, ) — (1,627 (1, €))
+ g, (2(t,) (1 (£, )7E(,6) — 2, €)ai (£, 6))
= (1, (@(6,0) + 2, ({1, €))) (a} (1.€)a2(t,€) - xl(L O (1.))
=divv(z(t,§))det Dx(t, &)
det Dz(t
- (t,(gﬁ)g) . (5.27)

Notice that this gives the equation in (5.26) without modulus.
For t = 0 we have x¢(0,&) = x?(&), ie. x¢(0,€) is tangent to the boundary curve I'. Thus
v(x(0,€)) = x(0,€) and a:é-(O,f) = (xg(O,f), —x%(O,{)) point into the same direction and

det D(0,€) = z; (0, )wé(o, €) = 27(0,€)z¢(0,€)
Using (5.27) we see that t — det Dx(¢, &) has to be increasing for all ¢ > 0. But this verifies (5.26).

Since z(t,&) is invertible and t(z),&(x) € C! are bijective, we have a change of coordinates of
class C*.

Differential equation. In order to determine the unknown function a on the characteristics we
have to compute «(t, &) := a(x(t,&)) by solving the initial value problem

s@(t8)  altg)
R r@(te)’

for all £. Since s is merely measurable, we cannot solve (5.28) in the classical sense. Instead, we

d(t’ f) =

a(0,8) =1 (5.28)

solve it in the sense of Carathéodory and apply some corresponding extension of the existence
and uniqueness Theorem of Picard-Lindeldf, cf. [19]
We consider the right hand side

_s(t) o
Y T FTONG)

of (5.28) on a set J x R where J C [0,%(£)) is a nonempty closed interval. Clearly, f is continuous
in « for any fixed t € J and, since 1/r(z(-,£)) is bounded on the closed interval J, the function
f is measurable and integrable in ¢ on J for any fixed o € R. Since

r(z(t,€))  r(«(t,€)

[f(t, ) = f(t,a)] =
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1
r(@(t,9)

f satisfies a Lipschitz condition in « with a Lipschitz constant

lae — @ forall te J, a,aeR,

ot
r(z(t,€))

that is measurable and integrable on J. Therefore equation (5.28) has a unique local solution in

l(t) =

the sense of Carathéodory for any £ € (m, %ﬂ)

Let us prove that |a(+,&)| < 1 on any closed J C [0,¢(£)) in order to justify that (-, &) can be
extended on the whole interval [0, ¢(£)). For any fixed J we assume that there is some ¢4 € J with
a(ty, &) > 1. Since « is continuous in ¢, there exists a largest ¢, € [0,¢4), such that a(¢;) = 1. By

a(ty, &) = a(ty,€) + /t ' S(x(;; ) T(O;E((:?))

dr

and

s(x(7,8)) _ a(r,§) < l _ # <0 forall 7€ (t1,t4)

R re(r,€)) R r(x(r,8))
we obtain the contradiction a(t4,€&) < 1. Hence (-, §) < 1 and, analogously, a(-,£) > —1 on any
J. Therefore we have solutions a(-, &) of (5.28) on [0,¢(£)).
Defining a(z) := a(t(z),£(x)), we clearly have a(x) =1 on I' and it remains to show that

Div (a(z)v(x)) = Sg) on Q

in the sense of distributions, i.e.,

_/Qa(x)y(a:) -Dy(x) dx = /(2 ?80(43) dx

for all ¢ € C1(£2). Notice that ¢(x(-,-)) has compact support on

M= {(t,6) € R [ € (m, im) ., t € [0,4(6)))

for p € C1(Q). Thus we obtain for any ¢ € C}(Q)

—/~ a(z)v(x) - Dp(x) dz

Q

_ a(w(t,O)(a(t,€)) - Dp(a(t,6)) |det Da(,6)] d(t,€)

M

el Dp(x(t,€)) [det Dx(t, §)| d(t, €)

3r
2

/M
/ / ot,€) det Da(1, ) & d o(w(t,)) drde
= [T et s>r) ola(t,€)) di de
= / < (t,&) |det Dz (t,&)| + alt, 5) |detD$(7f 5)) e(x(t,§)) d(t,§)
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= & %i et Dx x et Dz
= [ (a9 + ey e Do) ale. ) det Da, ) d(.)

= <a(t,§)+ alt, {) )wx(t,s)) det Da(t,€)] d(t,€)

r(@(t,9)
529 /M L) o (a(t, ) laet D, )] at. €

which verifies Lemma 5.23. &

PROOF of Theorem 4.5. Let s be fixed as in the theorem. Then we choose a foliation of () satisfying
the assumptions of Lemma 5.17 with the associated unit normal field v pointing away from T'.
Let a be the corresponding function according to Lemma 5.23. Then we extend v, a on all of
Q\ C by symmetry. Using (4.10), we see that

___Dw@ e

z(x) = V 1+ Dw(z))? ’ (5.29)

—a(z)v(x) ifreQ\C
satisfies equations (4.3), (4.4). Clearly ||z| < 1 and the boundary condition in (4.7) is satisfied
by (4.9) and @ = 1 on I'. Hence it remains to show Divz € L?(Q) in order to verify (4.7) which
is equivalent to (4.2). We know that Divz € L?*(C) and Divz € L?*(Q) for the corresponding

restrictions of z. For any v € C3°(£2) C BV (2) and the outer unit normal v on dC we can apply
(3.2) on C and 2\ C to obtain

0= / vz - vo dH? —|—/ vz - (—ve) dH?
oCNQ oCNQ

= / vz-VCdH1+/ UZ'VQ\CdHl
le; (ONC)

:/Z'Dvda:—l—/vDivzd:c—i-/ z-Dvda:+/ vDiv z dx
C C Q\C Q\C

= /Z'Dvda:—i—/vDivzd:c.
Q Q

This implies that Div z on 2 in the sense of distributions is just the composition of Divz on C
and on Q \ C. Hence Divz € L?(Q) and z satisfies (4.2) - (4.4).

The previous construction works for any foliation of the considered type. As seen in the
previous section we can find infinitely many foliations such that the corresponding fields v of unit
normals differ pairwise. By (5.29) we then obtain vector fields z that differ pairwise on Q\ C' and,
in particular, on 092\ 0C.

¢

6 Special example

Here we show that a function with linear growth satisfies conditions (i)-(iii) of Lemma 5.17. For
fixed Ry € [0, R] we consider

p(r) = (V2 +2) <1 - %’) 7+ Ry. (6.1)
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Since
p(0)=Ro,  p()=R
for v = 1 — 1/4/2, function p satisfies (i). Condition

p(1) > (\/§+2) T

is obviously equivalent to 7 < 7 and, thus, p satisfies (ii). From
#(r) = (V2+2) (1 - Ro/R)

we conclude that 0 < p'(7) < v/2+2 and, thus, (iii) is satisfied. Consequently, for any Ry € [0, R]
we obtain at least one function p satisfying the assumptions of Lemma 5.17 by (6.1).

Let us analyze the particular foliation of Q corresponding to p in (6.1) with Ry = 0 in some
more detail. It turns out that all circular arcs are tangential to both the zi-axis and the xo-axis
at the touching points, cf. Figure 6. The center of each circular arc is the point 7 := (r,r) where

R R R R

XN if(x)

r(x

R 0 R

=

Figure 6: Foliation of Q by arcs with de- Figure 7: Construction of r(z) in 2.
creasing radii.

r is the radius of the arc, cf. Figure 7. Clearly, r(z) has to satisfy
|z —7(z)] =r(z) and |z|<r(x)
and a simple computation implies that
r(z) = 21 + 2 +V2r1272 OnN Q.

To get some information about the vector field z, let us calculate « explicitly along the charac-
teristic corresponding to o = 27 for s = 1. From (5.24), (5.25), and (5.16) we readily obtain for
that characteristic

) )
x1(0) = R+ Rcos <47r> =7, z2(0) =R+ Rsin <47r> =7,

and
w1 (t) = xo(t),  E1(t) = dot) = —

5~
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Thus 1
21(t) = wa(t) = ——=t + 7.

V2
Since
r(z(t)) = — (\/§+ 1>t—i—R,

we have to solve the initial value problem

. _l_ a(t) 2(0) —
a(t)—R —(ﬂ—l—l)t—i—R’ 0)=1

to get a along the special characteristic. As explicit solution of the linear problem we obtain

V2-1
a(t)=<1—|-1> <—1+\/§t~|—1> —1<—1+ﬁt+1>,

NG R /2 R

see Figure 8. Moreover we obtain that z1(t) = 22(t) =0 for t = (V2 —1) R = v2v, ie. t (37) =

0.8 -

0.6 -

alpha

0.2

Figure 8: Graph of o for R = 1.

V/27y. Hence
a(V2y) = <(\/§— 1) R) =0,

i.e., the length of the vectors z(x) approaches zero if = approaches the origin.
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