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Goals of this Graduate Lecture
Why are we (still) here and what will we (also) learn?
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Goals of this Graduate Lecture
Why are we (still) here and what will we (also) learn?

1st lecture (last week, in case you forgot)
e developed (an easy) physical model of elasticity and plasticity
e considered engineering approaches for typical materials (e.g. steel)
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Goals of this Graduate Lecture
Why are we (still) here and what will we (also) learn?

1st lecture (last week, in case you forgot)
e developed (an easy) physical model of elasticity and plasticity
e considered engineering approaches for typical materials (e.g. steel)

2nd lecture (now, live and in color)
e proof some nice results from convex analysis
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Goals of this Graduate Lecture
Why are we (still) here and what will we (also) learn?

1st lecture (last week, in case you forgot)
e developed (an easy) physical model of elasticity and plasticity
e considered engineering approaches for typical materials (e.g. steel)

2nd lecture (now, live and in color)
e proof some nice results from convex analysis

3rd lecture (next week)

e look into duality of discrete problems and optimization

e choose time/space discretization schemes

e if the time allows it: present a numerical algorithm to solve the problems

DRES!
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Summary from last week

e Stress, Displacement

[ )
o ERYy;, UER?
e Strain
[ )
1
c=etp=3 (VU+VUT> e R

e Yield function with hardening

Law of equilibrium:
—dive=f
Hooke's law:

ac e R(3><3)><(3><3)

Maximum work

. 0 =Ce

[ ]
®(0,0,8) = p(oc +a)+8g <0 S e N
p € Ne(o)
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Convex sets and functions

first tiny steps in convexity:

e let X denote a finite vector space
e asetM cC Xis called convex, if

x,yeM tel0,1] = tx+(1-t)yeM
e afunctionf:Q c X — R is called convex, if

epi(f) = {(x,y) e @xR: f(x) <y}
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Convex # continuous

e functions may jump to oo at the the boundary of Q!
e we call a function proper, if
f(X) > —coV¥x €Q, dom(f) ={xeQ: f(X) <oo}#0
e and f is lower semicontinuous (l.s.c.), if
liminff(xn) > f(x
iminf £(xq) > £(x)
for all sequences x, — x
e or, equivalently:
L) ={xeQ: f(x) <a}
is closed for all « € R
Eﬁ?&*z”a'?ﬁ’&? Inat i NomarSEne Madhematik /1 Patrick jaap side Sof29  oresoem ™
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Equivalent definitions

we want to show

liminff(xy) > f(X) VXxp—=x & L(a)={xeQ: f(x)<a}isclosedVa € R

n—oo

e letaeRandx e X, s.t. f(x) >«
e from liminf we know: Ve > 036 > 0 :

fy) >fx)—e Wy €Bs(x)
e fore=f(x)—a >0, this means

fy) > aVy € Bs(x)

o = Bs(x) C L(a)¢
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Lower semicontinuous functions and the epigraph

e our first theorem: forany f : Q ¢ X — R we have

epi(f)is closed <« fisls.c

proof: "="

let epi(f)¢ be open

let (x,y) € epi(f)C, i.e., f(x) >y

there is an open neighborhood (x,y) € U x (—oo,y + €) C epi(f)¢
therefore, f(z) >y +eforze U

this means liminf,_xf(z) >y + ¢

choose y + e maximal: liminf,_x f(z) > f(x)
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Lower semicontinuous functions and the epigraph

e our first theorem: forany f : Q € X — R we have
epi(f) is closed < fis l.s.c.

proof: "<"

o let(x,y) €epi(f)S, ie., f(x) >y

o setu= f(x% and therefore, ;1 < f(x)

e xclU={zeQ: f(z) > p}and Uis open
e and U x (—oo, 1) C epi(f)©

e therefore, epi(f)¢ is open
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Dual spaces

e we define the dual space X’ of X by
X' ={m:X —R, mislinear and contiuous}
e usually, elements of X" are denoted by x*
e the dual pairing is denoted by
X' xX—=R: (X, x) = x*(x)
e andin case of X = RY, we can identify X’ = R¢:
(x*,x) = (x*)x
)

() SRS e o Visivematic 1 Ptk Jap Side 9012 _—e)
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Dual functions?

e if there are dual spaces, why shouldn't we define dual functions?
e soletf:X — R, then

froX =R, f(x7) = sup{{x",x) — f(x)}

xeX
is called polar or conjugate function of f
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Dual functions?

e if there are dual spaces, why shouldn't we define dual functions?
e soletf:X — R, then

froX =R, f(x7) = sup{{x",x) — f(x)}

xeX
is called polar or conjugate function of f
e interesting: f* is convex and l.s.c.
e let’s proof this!
() ShvERS AT e R i et 1 Parick Side 100129 onesoes )
DRESDEN Dresden, June 25, 2019 concept W g



Proof - convexity
ffrX =R, fr(x7) = §25{<X*,X> —f(0}

e since x* is linear by definition, we know that (-, -) is bilinear
e therefore, (-, x) — f(x) is an affine function
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Proof - convexity

froX =R, fr(x7) = sup{(x",x) — f(x)}

xeX

e since x* is linear by definition, we know that (-, -) is bilinear
e therefore, (-, x) — f(x) is an affine function

e SO we have

£ (0 + (1= 0y") = sup{tl . x) — 67(x) + (1 — )", x) — (1~ OF ()}

xeX
% k
< tsup{(x*, x) = f(X)} + (1 =) sup{y", %) = F(x)}
xeX xeX
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Proof - l.s.c.

friX =R, fr(x7) = sup{{x",x) — f(x)}

xeX

e we show {x* € X" : f*(x*) < a}isclosed forall « € R
e we can conclude

SUE{<X*’X> —f)}<a =X x)—f(xX)<a WxeX

e for each x this is the level set of an affine function
e soitis closed and the intersection of closed sets is closed
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Subdifferential
e for a convex functionf: Q c X — R we call
of(x) ={x" € X': f(y) = f(x) + (x".y — x) Wy € X}
the subdifferential of f at x
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Subdifferential
e for a convex functionf: Q c X — R we call
of(x) ={x" € X': f(y) = f(x) + (x".y — x) Wy € X}
the subdifferential of f at x

e sure, if f is differentiable:

of (x) = {Vf(0)}

ecture |l
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TECHNISCHE On plastic deformation,
@ UNIVERSITAT Institut fr he
DRESDEN Dresden, Jul 3

nnnnnnn
nnnnnnn



Subdifferential

for a convex functionf : Q ¢ X — R we call
of(x) = {x" €X' fy) 2 f(X) + X",y — x) Wy € X}
the subdifferential of f at x

sure, if f is differentiable:

of (x) = {Vf(0)}

now we have a nice theorem:
for f : X — R proper, convex and l.s.c, we have

X" eof(x) & xedf (x) weX, xeX

TECHNISCHE On plastic deformatios
h

DRES!

UNIVERSITAT Institut fr
DEN

n, Lecture Il
ne Mathematik // Patrick Jaap Slide 13 of 29
Dresden, June 25, 2019

nnnnnnn
nnnnnnn



But first, a lemma

e iffis convex and l.s.c., we have f = f** with
X =R (%)= sup {{(x*,x) — f*(x*)}

x*eX!

proof:
e assume f is greater than an affine function: f(x) > (x*,x) — «
e inother words: o > (x*,x) — f(x) YxeX

e SO
* * *
a = sup{(x",x) = f(x)} = f*(x")
xeX
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But second, another lemma

e iffis convex and l.s.c., we have

fx) = sup {(x*,x) —a}

(x*,)€A
where
xa)eA & f(X)>X,x)—a YxeX
idea of the proof:
e from the definition we know: f(x) > sup(y- oyea{ (X", X) — a}
e by contradiction: assume f(Xo) > @ = sup+ ayeal (X*; Xo0) — '}
e epi(f)is closed (f is l.s.c.) = (x,a) can be separated by a linear functional

I(x) = (z*,x) — B with a<I(xg) <f(xo) %
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Back to the first lemma

e iffis convex and l.s.c., we have f = f** with

XS RO £700 = sup (00 = ()
proof:
e sO:

a = sup{(x", x) — f(X)} = f*(x")

xeX

e now we know:

fO)= sup {(¢"x) —a} MM supl(x*x) — Fr(X)} = (%)

(x*,a)€EA xeX
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Theorem Subdifferential
e we wanted to show that for f : X — R proper, convex and l.s.c, we have
x* € of(x) &xedf(x) WxeX, x eX
now the proof:
o letx* € 9f(x), i.e, Vy e X:
f) zf0) + Xy —x)
= <X*»}’> +f(X) - <X*7X>
~———

—Q

e we know that a = f*(x*) and therefore, for x =y

fFO)+F () = (¥ x)
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Theorem Subdifferential

e we know that a = f*(x*) and therefore, forx =y
fO) +f(x7) = X x)
e we also know that our f satisfies
) =f(x)

e sowe have

FFOO)+70) = &%)
e by the definition f**(x) = sup,-cx {(y*, X) — f*(y*)} we conclude

)+ 5% =) <X v eX
e




Theorem Subdifferential

e by the definition f**(x) = sup,.cx { (v, X) — f*(y*)} we conclude
fFO)+yx0 =)< xx) wreX
e or, rearranged:
ffo=fx)+§ —xx) weX

e Wwhich is the definition of

X € of *(x¥)
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Theorem Subdifferential

by the definition f**(x) = supy-cx {(y*,x) — f*(y*)} we conclude

)+ 5% =) < &x) vy eX

or, rearranged:
o))+ —xx) Wy eX

which is the definition of

X € of*(x¥)

and: the part all arguments were equivalences!
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How does this correspond to plasticity?

the answer needs some more definitions ®
e let M C X be a set. We define the indicator function

0 xeM
/M(X) =

oo xX¢M
e M convex < [y convex
e Mclosed < Iy l.s.c.
TECHNISCHE On plastic deformation, Lecture Il "
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Indicator function

let M be convex and closed

o forx e int(M): dly(x) = {0}
e forx¢ M: dly(x) = {0}

e now for x € OM (boundary):

X" € 0lu(X) & Iu(y) = In(x) + (x*.y —x) Wy eX

o ifyeM: (x*,y—x)<0,ie., x* points to the outside
e 50, in other notation:
x* € Ny(x)
UNIVERSITAT ARGt T Numeriscne Mahermatik / PatickJaap Side2iof2s  omesoe ™
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Indicator function

let M be convex and closed
o forx e int(M): dly(x) = {0}
e forx¢ M: dly(x) = {0}
e now for x € OM (boundary):
X" € 0lu(X) & Iu(y) = In(x) + (x*.y —x) Wy eX

ifyeM: (x*,y —x) <0,i.e.,x* points to the outside
e SO, in other notation:
x* € Ny(x)

o it follows: dly(x) = Ny(x) for all x € X!
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Last definition: Support function

let M C X again convex and closed
¢ we define the support function

swi X = R osy(x*) = sup{(x*,x)}

XeM
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Last definition: Support function

let M C X again convex and closed
¢ we define the support function

swi X = R osy(x*) = sup{(x*,x)}
XeM

o fun fact:

In(x*) = i:§{<x*’x> — ()}

will always be attained in M:

In(x*) = sup{(x*, X) = In(x)} = sm(x")

xeM
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Last definition: Support function

e nNow we know

[y(X*) = sm(x")
e thus, Sy is convex and l.s.c.
e and, our final result

‘x* € Ny(x) & x* € dly(x) & x € Isy(x*)
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Summary - from the first lecture

e Stress, Displacement

e Law of equilibrium:
eRI3 ueR?
7 € Reym —divo =f
e Strain
e Hooke's law:
1
e=e+tp=s (Vu + VUT> e R 1€ e RE*IXBX3) . 4 _ ce

e Yield function with hardening Maximum work

O(o,a,8) =¢(c+a)+ g p € Ne(o)
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Elastic region

o Elastic behavior if stress o is located within the elastic region £ C R,

Von Mises Tresca
g1 g1
03 02 03 02
1
_ = F— il — <
¢(o) =llo = gtr(0)l|r — 00 <0 ¢(0) 12}3;(3‘0/ gj| =00 <0
EE?J‘E".JS.'%’-E ot Fir Nt e Mathermatic // Patrick Jaap Slide 25 of 29 e
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Generalized Maximum Work

e remember: Generalized stress ¥ = (o, a, g) and plastic strain P = (p,a,n)

Generalized Maximum Work Principle (von Mises, Taylor, Bishop, Hill)

For &(¥) = 0 and 4&(X) > 0 we have
Y:P=c:pt+a:a+g-7>T:P VIe&
where £ = {X : ¢(X) < 0}.

e in other notation: P € Ng(X)
e note: £ is convex and closed!
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What we did last time

e generalized stress ¥ = (o0, «,g) and plastic strain P = (p, a,n)
e we simply defined a dissipation function

D(P) == sup{P: X} € RU{o0}

Ye&
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What we did last time

e generalized stress ¥ = (o0, «,g) and plastic strain P = (p, a,n)
e we simply defined a dissipation function
D(P) == sup{P: X} € RU{o0}
Tee
e now we know, this is the support function of £!

e now we know, it is convex, |.s.c., proper
e and so we can tell

PeNe(X) < X edDP)

DRES!
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What will happen next time?

e we are now able to express the evolution of the plastic strain in terms of
stress

e ... and the other way around!
e now we are able to state coupled systems of the plasticity problem
e present different approaches of solving the problem
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Sources

e plasticity theory:
- Weimin Han & B. Daya Reddy, Plasticity, Mathematical Theory and Numerical
Analysis, Second Edition, Springer Science+Business Media, LLC 2013

e proofs of convex analysis:
- Ivar Ekeland & Roger Temam, Convex Analysis and Variational Problems,
North-Holland Publishing Company, 1973
- Exercise sheets of University Uim
- https://math.stackexchange.com

DRES!
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