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We look at the Cauchy problem

{fa(t) +Au(t) 3 f(8)  (¢€]0,T1),

. 0
o(0) o0 (CP: f,u0)

where A C X x X is an operator onareal Banachspace X, T >0, f € L*(0,T; X) and «® € X.
We assume that the operator A is m-accretive of type w € R. We call uniform limits of solutions
of implicit Euler schemes corresponding to the Cauchy problem, Euler solutions.

Adiscretization 6 is any triple of the form (mg, fa, ud), where mg: 0 =tg <t; < ... <ty =Ts
a partition of the interval [0, T] with mesh size |mg| := max; |t;41 —ti|, fo: [0,7] — X is constant
on the intervals [t;, t;+1) and u) € X. For a given operator A C X x X and a discretization 8
we consider the implicit Euler scheme

ug(tir1) — ug(ts)
tiv: — b
ug(0) = u.
We say that ug € C([0,T7]; X) is a solution of the implicit Euler scheme (Ey), if (Ey) holds and

ug is affine on the intervals [t;, ti+1]. Our main result Theorem 1 gives an upper bound for the
difference of two solutions of implicit Euler schemes.

Theorem 1. Let § and 6 be discretizations. Let ug be a solution of (Ee) and let u be a solution of
(Ej). If (Img| V |mg)w < 3, then for all (u,v) € 4, g € BV(0,T;X) and all t,t € [0, T]

+ AU,Q(tZ;H) > fo(ts) forie {0,...,N —1}, ()

s (8) — s @llxc < e (1§ — ullx + 3 = wllx + 116 — 9l o) + 15— 012 07y

+ /([ = F+ ol + |mg)2 + ]t + |l - (essVar(g) + [lg(0+) — vllx) ).
Theorem 1 can be used to establish the following results.

Theorem 2 (Wellposedness of the Cauchy problem, Crandall-Evans). Forevery f € L*(0,T; X)
and u® € dom A there exists a unique Euler solution of (CP: f,u9).

Theorem 3. I/f f € BV(0,T;X) and u® € dom A4, then the Euler solution u of (CP: f,u%) is
Lipschitz continuous and there exists a sequence of discretizations (0,) with |mg,| — 0 asn — oo
and a sequence (uy,) of solutions of (Eg, ) With |lun — ul|x = O(|mg, |*/?).
Theorem 4 (Interpolation). Let0 < a<land1 <p<co. Llet f € (L(0,T;X), BV(0,T; X))oy
ud € (X, dom A)a,, and u be the Euler solution of (CP: f,u9).

Thenw € (C([0,T); X), Lip([0, T; X)) a,p and there exists a sequence of discretizations (6,,) with
|7q,,| = 0 as n — co and a sequence (uy,) of solutions of (Ey,,) With |lun — ul|x = O(|ms, |%/?).
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