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Abstract

We establish a moderate deviation principle for processes with independent increments under
certain growth conditions for the characteristics of the process. Using this moderate deviation
principle, we give a new proof for Strassen’s functional law of the iterated logarithm. In

particular, we show that any square-integrable Lévy process satisfies Strassen’s law.
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1 Introduction

Let (X¢):=0 be a Lévy process such that EX; = 0, and assume that the weak Cramér condition
holds, i.e. Ee**1! < oo for some A > 0. Tt is known (see e.g. Mogulskii [14] or Feng-Kurtz [5])
that the family of scaled Lévy process (X (¢-)/S(t))¢>0 obeys a moderate deviation principle
in the space of cadlag functions (D[0,1],] - | ) with good rate function

1
1) ﬁ fo f'(s)*ds, f:[0,1] = R absolutely continuous, f(0) = 0,
00, otherwise,

and speed S(t)?/t if the scaling function S satisfies
S(t) t—o0 o0
Vi

The assumptions on the moments of X; have been substantially weakened by Gao [8]. In this

and @ 220,

paper, we consider the corresponding moderate deviation principle for additive processes, see
Section 2. Large deviation results for additive processes have been obtained by Puhalskii [15]
and Liptser—Puhalskii [12] for the scaling S(¢) = ¢t under rather abstract conditions on the char-
acteristics and the stochastic exponential, respectively. We state sufficient conditions in terms
of the growth of the characteristics and give a direct proof of the moderate deviation principle
using the well-known Gértner—Ellis theorem. In particular, we obtain two representations for
the good rate function I.

As an application, we study Strassen’s law for additive processes. Strassen [18] proved that

for a (one-dimensional) Brownian motion (By)szo the set

B(t
feC[0,1]; 3t>0: f(s) = (ts) for alls € [0,1]
V/2tloglog(t v e®)
is almost surely relatively compact in (C[0,1],| - |l) and its limit points are given by

1
{f :[0,1] = R; f(0) =0, f absolutely continuous, / f'(s)%ds < 1};
0
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this result is called Strassen’s law (or functional law of the iterated logarithm). There have
been several generalizations since then; Wichura [20] and Wang [19] studied Strassen’s law for
additive processes and Maller [13] obtained a small-time version of Strassen’s law for Lévy pro-
cesses. More recently, Gao [9] proved a Strassen law for a subclass of locally square-integrable
martingales. Strassen’s law has a variety of applications, e.g. functional limit theorems such
as the law of the iterated logarithm; see e. g. Strassen [18], Wichura [20] and Buchmann et al.
[2].

We show that, whenever a certain moderate deviation principle holds for an additive pro-
cesses, the process satisfies a functional law of the iterated logarithm. Combining this result
with the moderate deviation principle proved in the first part of this paper, this covers the
corresponding results in Wang [19], cf. Corollary 3.3, and Wichura [20]. As a special case, we
find that any square-integrable Lévy process satisfies Strassen’s law. Let us emphasize that we
do not intend to formulate the results in the most general form but to present an alternative
proof for Strassen’s law. The results discussed here are generalizations of these obtained by
Kiihn [11].

The paper is organized as follows. In Section 2, we introduce basic definitions and notation.
The main results are stated in Section 3 and proved in Section 4. Finally, in Section 5, we

sketch some generalizations.

2 Basic definitions and notation

Let (X¢)w0 be a (real-valued) stochastic process on a complete probability space (€2, A,P).
We call (X¢)0 an additive process if (Xt )+»0 has cadlag sample paths, independent increments
and X = 0. If, additionally, (X¢):«o0 has stationary increments, i.e. Xt — X5 ~ X¢—s — Xo, s <,
then (X¢)es0 is a Lévy process. Any mean-zero square-integrable additive process (X:):s0

admits a Lévy-Ité decomposition of the form

X(t)=Xc(t)+/(;tfz(N(dz,dr)—V(dz,dr))7 t>0,

where X¢ denotes the continuous martingale part, N the jump measure of (X;):»0 and v its
compensator. Moreover, there exist increasing deterministic functions A,C' and a family of
o-finite measures K, on (R, B(R)) such that C; >0, [(2° A1)K,(dz) <1, and

(XY = Cy, v(dz,dr) = K-(dz) dA,. (1)

If (Xt)s0 is a Lévy process, then A and C are linear, and K, does not depend on r. We
denote by
[V]s,t :=inf {0 >0; v(B(0,0)° x [s,t]) =0}, (inf @ := 00)

the maximal jump height during the time interval [s,¢]. The process (X¢)+>0 has no fized jump
discontinuities if v(R x {t}) = 0 for any ¢ > 0. Our standard reference for additive processes is
the monograph by Jacod—Shiryaev [10], we use Sato [16] for Lévy processes.

For simplicity, we assume that the mapping (2,A4) 5 w » X(-,w) € (D[0,1],] - |o) is
measurable. Here D[0,1] denotes the space of cadlag (i.e. right-continuous with left-hand
limits) functions f:[0,1] -» R endowed with the uniform norm | |. By AC[0,1] we denote
the set of absolutely continuous functions f:[0,1] - R.

Recall that a family (X*)ss0 of stochastic processes with values in a metric space (M, d)
satisfies a large deviation principle in (M, d) with good rate function I : M — [0, c0] and speed
(at)es0 € (0,00) if I has compact sublevel sets ®(r) := {f € M;I(f) <1}, at > o0 as t - o0,
and

. | ¢ . 1 : .
—inf I(f) < liminf — log P(X 1 —logP(X'eF) <—inf
inf I(f) < limin o, o8 (X" el), imsup - log (X" e ) < —inf I(f)

t—o00



holds for any open set U € M and closed set F' ¢ M, respectively. Let (X¢)t>0 be a square-
integrable stochastic process with cadlag sample paths and S : (0,00) — (0,00) such that
S(t)/VarX; — 0 as t - oo. We say that (X (¢-)/S(¢))t-0 satisfies a moderate deviation
principle with good rate function I and speed (ai)to if the family satisfies a large deviation
principle in (D[0,1],] - [) with good rate function I and speed (a¢)t>0. For a detailed
discussion of large deviation theory, we refer the reader to the monographs by Dembo—Zeitouni
[4] and Feng—Kurtz [5].

3 Main results

We are now in the position to state the main results.

3.1 Theorem Let (Xt)is0 be an additive process without fizved jump discontinuities such that

EX: =0 and Var X
lim a:;/ too?>0 (2)

t—o0

exists for some v >0. Let S:(0,00) — (0,00) be such that

S(t) tooo o S(t) toeo 0
/2 ’ +Y

and

S() e
S((t])

Suppose that one of the following conditions holds.
(C1) There exists a measure G on (R, B(R)) such that fIZI>1 el G(dz) < oo for some Ao > 0

and
K(B(0,7)°) < G(B(0,r)°) forall t20,7>1.
Furthermore,
. S(t)
Jim 44 52 <o ®
. S(t
(C2) im0, 50 < (©)

(In this case, we implicitly set A := 00.)

Then (X (t-)/S(t))e-0 satisfies a moderate deviation principle in (D[0,1],| - [e) with speed
S(t)2/t” and good rate function

1 £ 2
1) = Q;Vfo fsﬁ ds, feAC[0,1], £(0) =0,

, otherwise.

(7)

In particular, if (X¢):0 is a mean-zero Lévy process such that EeMN¥1! < 0o for some A > 0,
then condition (C1) holds with G = v where v is the Lévy measure of (X¢)sso0, cf. [16, Theorem
25.17].

3.2 Theorem (Strassen’s law) Let (X¢)¢s0 be an additive process and S(t) = \/2t7 loglog(t v e®)
for some v >0. If (X(t-)/S(t))w0 satisfies a moderate deviation principle in (D[0,1],] - ]e)
with speed S(t)*/t7 and good rate function

1 1 f’(S)Q . _
1(f) = 2027fo oo ds, feAC[0,1], £(0) =0, .

00, otherwise,

for some o >0, then

X@) ;t>0
/2t Toglog(t v e®)



s a. s. relatively compact in (D[0,1],] - [s) as t — oo, and the set of limit points L(w) (as
t = 00) is for almost all w € Q given by the sublevel set ®(3) = {f € D[0,1];1(f) < 3} of the

good rate function I.

By a standard argument we can replace t” by a regulary varying function h(t) of index
~v >0, cf. Section 5 at the end of the paper.
Note that the law of the iterated logarithm is a simple consequence of Strassen’s law:

. X
lim sup

—— =0
t-oo /2t loglogt

—o00

Moreover, if (X¢)+0 is an additive process such that Var X;/t” 2% 5250 and one of the
growth conditions (C2) or (C1) holds, Theorem 3.1 shows that Theorem 3.2 is applicable.

3.3 Corollary Let (X¢)w0 be an additive process such that Var X/t 2% 6% > 0. Suppose
that there ezists a finite measure G on (R, B(RR)) such that

K¢(B(0,7)°) < G(B(0,7)°) forall r>1,t>0 and f 2> G(dz) < oo.
R

Then (Xt)tz0 satisfies Strassen’s law (with v =1). In particular, Strassen’s law holds for any

square-integrable Lévy process (Xt )tso0.

We close this section with two examples which we state for the more general case of regulary

varying functions, see Section 5 and the remark before Corollary 3.3.
3.4 Example Let (Lt)t>0 be a pure-jump Lévy process,
t
L= / / z(N(dz,ds) —vr(dz)ds),
0

such that Var L1 = 0 < co. For a non-decreasing function « : [0, 00) — [0, 00), () 2% w0,

we define a truncated Lévy process (X¢)t=0 by

t
Xy = ﬁ f Zﬂ{‘zlga(s)} (N(dz, dS) - I/L(dz) dS).

From .
0<VarL; — Var X; = / f zzluz‘m(s)} vr(dz)ds
0

it follows easily that
. Var X, t . Var Lt 2
lim = lim =0".

t—o0 t t—o0 t

By Corollary 3.3, (X¢)+»0 satisfies Strassen’s law (with v =1). Let us remark that truncated
processes of this form are used in [19] to prove Corollary 3.3.

3.5 Example Let (L¢)+0 be a Lévy process with bounded jumps such that EL? = 6% < o0

and EL; = 0. Denote by v its characteristic exponent and vy, its Lévy measure. For a regulary
varying function « : [0,00) — [0,00) of index v > 0, the additive process X, := fota(s) dLs

satisfies a moderate deviation principle with speed S(t)?/(ta(t)?) and good rate function

2v+1 1 f(s)?
I(f) =1 2vo7 Jo s2a(s)?
00, otherwise,

ds, feAC[0,1],£(0) =0,

for any scaling function S : (0,00) — (0,00) such that (4) as well as the growth conditions
S(t)/\/ta(t) 2%, % and S(t)/(ta(t)) 2%, 0 hold. Moreover, the set

X(t-) it>0
2ta(t)? loglog(t v e°)



is a.s. relatively compact in (D[0,1],]| | ) as ¢ = oo, and the set of limit points (as t - oo) is
for almost all w € Q2 given by the sublevel set ®(1). Indeed: Using that (L:):s0 is a martingale

with independent increments, it is not difficult to see that

Var X; t-oo 0%
ta(t)? 2y+1°

2 [f 2
Var X; = o7, f a(s)”ds
0

The approximation
n

X = fota(s)dLs ~ Za(sj)(sz _sz—1)

J=1

shows that the characteristic function of X; equals exp (— fot P(a(s)€) ds). In particular,

v(dz, ds) ) K, (dz)dAs = v, ( dz) ds.

1
a(s)
Note that due to the boundedness of the jumps of (L;)0, condition (C2) is satisfied. There-

fore, the claim follows from Theorem 3.1 and Theorem 3.2.

4 Proofs

We start with the proof of the moderate deviation principle, Theorem 3.1, and split the proof

into several steps:

(i). The sequence of discretizations (Z,/S(n))nen defined by

Zr;((‘i;;‘}) = S(l )X([nsJ w) S( ) (Z X(],w)]l Li/n, (j+1)/n)(8) +X(TL w)]l{l}(s))
is exponentially tight in (D[0,1],] [l ), cf. Lemma 4.2.

(ii). (Zn/S(n))nen satisfies a moderate deviation principle in (D[0,1],] - |« ) with good rate

function J,

) = MBV[MDOH( [Mraa-2Z [ s“(a(1>—a<s>>2ds)7 ©)

and speed a,, = S(n)?/n”, cf. Theorem 4.3; as usual, BV[0, 1] denotes the set of functions
a:[0,1] > R of bounded variation.

(iii). (Z14)/S([t]))t>0 and (X (t-)/S(t))t>0 are exponentially equivalent, cf. Lemma 4.4.
(iv). The good rate function J equals I defined in (7), cf. Theorem 4.5.

We essentially follow the lines of de Acosta [3]. For the readers’ convenience, we include
the proofs of (i)-(iv). The next lemma provides an estimate for the exponential moments of
Xi - Xs.

4.1 Lemma Let (X¢)w0 be as in Theorem 3.1. Then
_ 1
Ee* Xt %) < oxp (5/\2 Var(X, - X,) + \)\\SEM) (10)
for any |A| < Xo and s <t where

%[u]s,t Var(X; - Xs)ep‘l[”]"*t, if (C2) holds,

Bspi=Esr(A) =1 | A A 3
LAy = Al (€20 + [, €2 G(d2)), if (C1) holds.

In particular,

lim S() Eo: (rw) =0 for all r>0. (11)

tsoo 127 il



(X,

Proof. Tt follows from the conditions (C2) or (C1), respectively, that Ee***~%) < oo for any

s <t, |\ < Ao, and that
t
EeM ¥ %) < oxp (%(Ct —CHN + f f(exz -1-Xz)v(dz, dr)) ,
cf. Fujiwara [7]. Since

Var(X: - Xs) = (Cy - Cs) + Ltf 22 v(dz, dr)

Taylor’s formula yields

- A
B (Xt Xe) Sexp()\ Var(X; - Xs) + —— A ° /f| et V(dz,dr))
for some intermediate value § = £(z) € (0, z). From the definition of [v]s; we get

//|Z|3 *u(dz,dr) < [v]s, - M0 //z v(dz,dr) < [V]s Var(X; - X, )eM et

This proves (10) if (C2) holds. If (C1) is satisfied, the claim follows from the estimate

t t
/ / l2l* e v(dz, dr) < / f |2l e K, (dz) dA.,
< (eAO + /\I |22 e0l! G(dz)) |A: — Asl.
z|>1
(11) is a direct consequence of the definition of Ey, and the assumptions in (C2) and (C1),

respectively. O

In order to show that the approximations (Z,)nen satisfy a moderate deviation principle,
we need the following lemma.

4.2 Lemma For each n e N, Z,/S(n) is tight in (D[0,1], ] |e). Morover, (Zn/S(n))nen is
exponentially tight, i. e. for any R >0 there exists a compact set K ¢ D[0,1] such that

limsups( )QIOgIP(S( )¢K) -R.

n—o00

Proof. Since the mapping

n-1

R [-1) 22 = (Taz)(t) = 3 @5 h1/n ey (1) + 2nl i1y (1) € (D[0, 1], | - o)

j=1
is continuous, it follows that T, (K) is compact for any compact set K ¢ R". For K ¢ R
compact and K" = K x...x K ¢ R", we have

JEOTS )<ZP()(() )

Since X;/S(n) is tight for j = 1,...,n, we conclude that Z,/S(n) is tight in (D[0,1],]| - [e)-

It remains to prove exponential tightness. To this end, we show that the assumptions of [5,

Lemma 3.3] are satisfied. Fix r >0 and € > 0. For K ¢ R and n > m, we have
Zn
P|d ST (K™ )) > E)
( (5( )’
In

<1P(Sf) )+1P(Sf)eT(K)d(S()T(K ))>s)_1r1+12 (12)

with d(f, A) := infgea | f — g, A4 € D[0,1]. We choose K := [-r,r] and estimate the terms
separately. Applying Etemadi’s inequality, Markov’s inequality and Lemma 4.1 yields

I1:IP( >r)<3max]P(|X\ (n)r)
1<]<n 3

< 3exp (—@) max (Ee)‘xf + Ee i )

1<j<n

S(n)

S(n)Ar
3

2
sGexp(— )exp(%Vaan+)\3Eo,n()\))



for any 0 < XA < Ag. For X:= S(n)/n”, we have A < Ao for n sufficiently large, and we obtain

S(n)? - 302
nvy 3

I < 6exp(—

since

lim (éVaan . S(n)Eo,n (S(n))) _ 072

n—oo n”y n2vy nYy 2’
cf. (2) and (11). In order to estimate I we observe that for f, := f(|m-]/m) it holds that

A(f, Tm(K™)) < |f = fmlleo  forall feTn(K"). (13)

In abuse of notation, we write z + y A z := (x +y) A z. Then,

|7 = fml = rmax Lteli/m, <z+1>/m>‘f( )7f(%)‘

nil s ni
f(l mJ+J/\1)—f(l mJ)‘ (14)
n n n
For the last line we used that

f(w)‘f(;)—f(mnﬂ) for all te[;,i;l)

as f € T,(K™). Combining (13) and (14), we get

Zn (l”;J " % A 1) -z, (W) >€S(n)}

oS e ([ en) - () > 262),

By Lemma 4.1,

Ir < 6exp(—%) T:g:)l exp(é2 [VarX (l%J + [%J + 1) —Var X (l%J)] + /\3Eo,n(/\))

for any 0 < A < Xo. Writing

< max max
0<i<sm-11<j<|n/m]+1

0<ism-11<j<|n/m]+1

Is < IP{ max max

Var X; - Var X, = r ([% _0-2:| — [M _0—2:|) + M

Yo
- (s =)

rYy rY

it is not difficult to see that
1 [VarX (lmJ + lﬁJ + 1) —Var X (lﬂJ)] <c sup
ny m m m k2| 2 |

for some constant ¢ = ¢(y). Note that the first term on the right-hand side converges to 0 as
n — oo. For A:=rS(n)/n”, r > 1, we find

12$6mexp[ (n)* ( 6( )+ SS(n)E()n( Sé?)))] (15)

Consequently, by (11), (12) and (15),

2

lims 1 T (K™ < 2 L re,a

Hff:.}pS( E ogP ( (S( ) ( ))>e) max{ 373 T o,
r,Mm—00 oo,

Var Xy, 9

+c(% +%) =:d(n)

By [5, Lemma 3.3], (Z,/S(n))nen is exponentially tight in (D[0,1],] - |lee)- O

Now we are ready to prove that (Z,/S(n))nev satisfies a moderate deviation principle.

4.3 Theorem (Z,/S(n))nen satisfies a moderate deviation principle in (D[0,1], ] |o) with
speed S(n)?/nY and good rate function J defined in (9).



Proof. For a € BV[0,1]nD[0,1] we set

An(a) =

S( E logEexp(ST(L:L) /OlZn(s)da(s)).

By definition,
Zn(s) = Z X ey (8) + Xu 1) (8) = (X = Xy Ly (5):
j=0 j=1

It follows from the independence of the increments that
5) § ol X
Aule) = gz )2 togEesp | 270 (a(1) - ai/n)) (X - X1)
5( 3 L esBesp (a0 ~aiim) (X X))

- % Zj(cj - Cj-1)(a(1) - a(j/n))?

S(n) Z7::—/,./|:exp(%(o¢(1)—at(j/n))z)—1—%(a(l)—a(j/n))z]1/(dz,d7").

Applying Taylor’s formula and using that Var X; = C; + f f 22 v(dz,dr), we get

An(a) = 5 i(wxj ~Var X,-1)(a(1) - a(j/n))?

1S(n)

S -aGm)’ [ [ ew( T -alm)g) < vid=
=:I1(n) + I2(n)

for some intermediate value &; between 0 and z. It follows from Abel’s summation formula
and (2) that

h(n) =5~ Zn:lVarX ((a(1) = a(j/n))* = (a(1) - a(j + 1/n))*)

2(2) () -a(G+ D/)? - (@) - aGi/m))?)
== 'S4 ((a(1) - a())?).

Note that this integral is well-defined as a € BV[0,1] (hence o® € BV[0,1]). Applying inte-

gration by parts, we obtain
’702 ! 1 2

lim 11 (n) = 7[ S a(1) - a(s))? ds.

n—00 O
On the other hand, it is not difficult to see that I»(n) —— 0. Consequently,

’YUQ ! 1 2
A(@) = lim An(a) = 7] S (a(1) - a(s))®ds,  aeBV[0,1]nD[0,1].
n—oo 0

Obviously, A is Gateaux differentiable (with Géteaux derivative in C[0,1]). Therefore, the
claim follows from the Géartner—Ellis theorem, see e.g. [3, Theorem 2.1,Theorem 2.4]. O
In order to carry over the moderate deviation principle from (Z,, /S (n))nen to (X (t-)/S(%)) >0,

we need the following auxiliary result.

4.4 Lemma (Z},)/S(|t]))t>0 and (X(t-)/S(t))ts0 are exponentially equivalent, i. e.

limsup ——

ol (E
t—oo S(t)2 S( S(t)

>e):—oo for all > 0.



Proof. Let € >0 and a > 0. Obviously,

H Ziy <‘ S(t) _1‘. 1 Z14) ]l +H Ziyy X(t
S(t])  S@) R S(t) S S()

We estimate IP(A: > €) and IP(B: > €) separately. As in the proof of Lemma 4.2 we find

Xl | e S(t)? [ e )
P(Ai>e) < ]P(Mqt OM 5(t)) < 66’“”[_ t (sa(t) —7 )]

S@)
iy~

=: At + Bt. (16)

for ¢ sufficiently large where 6(¢) := ‘ 1| -0 ast— oo, cf. (4). In order to estimate B

we note that

sup |Z);)(s) - X(ts)| < sup |Xu—Xo|<3 max  sup | Xjatru — Xjat|
s€[0,1] J<[ J 1 Osuzat
\u v|<2 joat+ust

for t > to(«) sufficiently large. Applying again Etemadi’s inequality yields

la_1J+1 S(t)&
P(B;>e)<3 > sup P (|Xjat+u - Xjot| > ) )
j=0 Osus<at 9
Jjat+u<t

By Markov’s inequality and Lemma 4.1,

-1
sy ot
(9) E) > exp(E(VarX(]-H)at—VarX]-at)+)\3E0,t()\)). (17)
j=0

P(B:>¢) <6exp (—

A similar calculation as in the second part of the proof of Lemma 4.2 shows

Var chat
(kat)

1
E(Var X(j+1)at — Var Xjat) £ 2ac + csup 2 = 6(a,t)

k>1

for some constant ¢ = ¢(y). In particular, §(«,t) 2%, 2ac. Setting A :=rS(t)/t7, r > 1, we get

hm sup 2y Eo, =

S( )2 logP(B > ¢€) < 75 + hm (%6(04,15) +7° S(t)E t (TS(t) )) = 7% +car’.

Finally, we conclude

limsu L log IP 4
P sz B\ s T s®)
Combining Lemma 4.3 and Lemma 4.4, we find that (X (¢-)/S(¢))0 satisfies a moderate
deviation principle with good rate function J and speed S(t)?/t7, cf. [4, Theorem 4.2.13]. Tt

remains to identify the good rate function.

re 2 a—0,r—o
25)£—§+co¢r — > —o0. O

4.5 Theorem The good rate function J,

1
= s ([ a2 [ e a0 i),
equals
1 f(S) _
I e = L R DR
00, otherwise.

In particular, Dom I = Dom J ¢ AC[0,1].

Proof. We only consider v > 1; the case 0 < v < 1 is proved similarly. First, we show that
J(f) < co implies f € AC[0,1] and f(0) =0. If so, then

£t - fot Fs)ds,  te[0,1]. (18)



To this end, let 0 < s1 <t1 <...< 8y, <t, <1 and define
Oé(t) = chﬂ[sj-,tj)(t)v te [0,1]
j=1
for c=(c1,...,¢n) € R". Obviously, « € BV[O, 11nD[0,1] and

S rda= 3 e (7= 1)) (19)

By definition of J we have

S e (s~ 1)) = [ Fdaza(p)+ 25 [M o) ds< a0 1T 3y sl

J=1 J=1

If we choose ¢; :=rsgn(f(s;) - f(t;)), r =21, we get
n J(f) 1o &
S 1) - 1) < T T S,
j=1 r j=1
This proves that f is absolutely continuous. A similar calculation shows

)< 29 e
r 2

Letting t - 0 and r — co we obtain f(0) = 0. This proves (18). Now let f be given by (18). If

we set o(z) = ac2/27 then we see from the integration by parts formula that
oy 2
f fdoz—— s (a(1) - a(s)) ds
0
1 2
- [ e -t - 5 0 - ()2 s
0

= [T 1)) - as)) - o (Vaori(a(1) - a(s)) )] ds

()

1 fol f’(f)2 ds = I(f)

- 2v0? s7-1

where 1
¢ (B)=sup(Br-p(0) = 587, BeR,
denotes the Legendre transform of . Hence, J(f) < I(f). On the other hand, for f € AC[0,1],

S A (0

Jj+1

nooo  f'(s)
]1[% j+1)(s) — S0P for almost all s € [0,1].

DR

Therefore, Fatou’s lemma and (19) imply
. - 2 y-1
() A )
320 n n g+1

o 1 oy = (]+1)/n j+1 y-1
i [ a1 S8 L0 e (221
lr{rigl(ofa 2 Z: n s

e () ) )]

n-1

al(t) = ZE) Ay iy (8).
e

I(f) < 5

for

.

Using that (%)7_1 > 57! for any s € [j/n, (5 +1)/n], we get

I(f)sligg}f(‘[olfda["]_%‘[ol (5)271d5)£J(f). O
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Next, we prove Strassen’s law, Theorem 3.2. The proof is inspired by [17, Chapter 13] where
the result is shown for Brownian motion. Without loss of generality, we assume throughout

the proof of Theorem 3.2 that o2 = 1. We need the following lemma.

4.6 Lemma Let I be the good rate function defined in (8). For ¢>0 set

A= {f € D[0,1]; sup sup |f(st) - f(s)| > c}, B:= {f € D[0,1]; sup |f(s)]| > c}.
q~1<t<10<s<1 se[0,1]
Then A and B are closed in (D[0,1],] ) and
) C2 q'y ) C2
Wil > 551 nf ()= 5

Proof. By the Cauchy—Schwarz inequality,

2

S
< sup sup |f(st) - f(s)]> = sup sup f f'(r)dr
g~ 1l<t<10<s<1 g~ l<t<10<s<11Jst

1 £ 2 s
S e oot f L ar ([ r”‘ldr)
g~ 1<t<10<s<1 o rr1 -

=2(1-¢ )I(f)

for any fe AnDom I c AC[0,1]. Similarly, we find from the Cauchy—Schwarz inequality

fos f(r)dr

4.7 Lemma The set of limit points L(w) satisfies L(w) € ®(3) for almost all w € Q.

2 1
¢® < sup 527[(]”)/ 7 dr = 21(f) for all fe B. O
0

0<s<1

Proof. Since ®(3) = N,50 ®(5 + 1), it suffices to show L(w) € ®(5 +r) for any r > 0. Set
Zy = X(t-)/S(t), and fix ¢ > 1, § > 0. Applying the large deviation upper bound (cf. [6,
Theorem 3.3.3]) gives

P (d(Zgn, (3 +7))>0) <exp (—2 (% + g)loglogq")

for n sufficiently large. Thus, by the Borel-Cantelli lemma,
d(Zgn (- w), (5 +7)) <6
for n > no(g,w). It remains to fill the gaps in the sequence (¢")nen. Note that

X(st)  X(sq")

su Zi—Zgn|eo = su su
qn—lstpsqn ” K 4 ” q"‘lsIt)Sq"OSslsal S(t) S(qm)
X(st) - X (sq" X "
s sup XOD-XGaM X(s0)]| S(q >_1‘
q"1<t<g™ 0<s<1 S(qn) qnlst<g™ O<s<1 S(q”) S(t)
= A, + B,.
As (tg")| | 8"
5 X (tg" S(q" 4
P(anf):]P’ s : ~1|>2],
2 (p S(gm) ‘s<q"-1) ‘ 2)

it follows easily from S(g™)/S(¢"™") ¢"? and the large deviation upper bound that
Y new P(Br > §/2) < oo if we choose g > 1 close to 1. Hence, by the Borel-Cantelli lemma,

B, < % for n > n1(q,w) sufficiently large. In order to estimate A, we note that

X (sq"t) - X (sq")| é) < P(%n')) e A)
p

1)
PlA, 2 *) =P| sup su >
( 2 (Q‘lsrt)g OSSIs)l S(qm) 2

for

A:={f€D[071] sup  sup If(st)—f(8)|>g}~

;
g~ l<t<10<s<1

11



Therefore, by the large deviation upper bound and Lemma 4.6,

2 q

1) q n
IP(An > 5) gexp(—gq7 1 loglog q )

for n > n2(q) sufficiently large. If ¢ > 1 is close to 1, this implies Y, P(Ayn > §/2) < 0o. By

the Borel-Cantelli lemma, we conclude

sup | Zi—Zgn|eo <6

qn—l <t<qm™

for n > n3(q,w) sufficiently large. Finally,
d(ZS( ° 7("})7@(% +T)) < ”ZS( * ,OJ) - ZQ"(' 7w)H°° + d(an('7w)7(I)(% +T)) <260
for s sufficiently large. Since ®(3 +r) is closed, this proves the claim. O

4.8 Lemma £(w) 2 ®(1) for almost all w € Q.

Proof. Since the sublevel sets are compact, we have U,<1/2 ®(r) ¢ @(%) On the other hand,
any f e ®(1) can be approximated by (1-¢)f € @(%) Therefore, U,<1/2 ®(r) = ®(3).

1

Consequently, it suffices to show that for any r < 3,

€ >0, f e ®(r) there is a.s. a sequence
Sn = Sn(w) = oo such that

limsup | Zs, (w) = fle <.
n—co
Pick ¢ > 1. Obviously,

X(tq") - X(¢" )
S(qm)

We estimate the terms separately. Setting

X(tq")
S(qm)

X(¢" ")

Zgn — flleo < sup
H q fH S(q")

g 1l<t<1

- 1)

+

+ sup |f(t)|+ sup

t<g1 t<q~1

A::{geD[O,l]; sup Ig(t)—g(ffl)-f(t)|<§}

g l<t<1 4

we have

P(A,):= ]P( sup

g l<t<1

X(tq") - X(¢"™") e\ _p(X@) .
S f“)‘<4)‘]P( GD) A)'

If we choose ¢ > 1 sufficiently large such that | f(¢™)| < £, then f e A. By assumption, I(f) < %
and therefore we conclude from the large deviation lower bound that ¥, .y IP(A») = 0. Taking

a subsequence, if necessary, we obtain by applying the Borel-Cantelli lemma

X(tg") - X(¢" )
S(q™)

- f(t)

limsup sup
n—oo g l<t<l

€
< -
4

By Hélder’s inequality,

2

’ 2 -1
(s) ds) (fq P ds) < i
sv1 0 q7

sup |70 = sup | [ f/(5)ds

(/

t<g~!
Moreover,
X(¢" ) E) ( X(tq") 6) ( X(q"lt)‘ 5(¢"H) 6)
Pl|————=>-]+P| su ——= > -] <2P| su >—.
(‘ S(qn) 4 Ogtsf-l S(qn) 4 051551 S(gn1) S(qm™) 4

By Lemma 4.6, it is not difficult to see that we may apply again the Borel-Cantelli lemma if

we choose ¢ > 1 sufficiently large. Hence,

: X(¢" ) X(ta")|) .3
hmsup(‘ + sup |f(t)| + sup < —e.
PP\ TSty [T O e Ty |) < 4
This finishes the proof. O
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Combining Lemma 4.7 and Lemma 4.8 yields Theorem 3.2. Finally, it remains to prove

Corollary 3.3.

Proof of Corollary 3.3. 1t follows from the assumptions that there exists an additive process
(Y?)e0 satisfying the assumptions of Theorem 3.1 such that ((X(¢-) =Y (¢-))/S(t))t0 con-

verges uniformly in D[0,1] to 0 as ¢ - oo. Therefore, the claim follows from Theorem 3.2. For

more details, we refer the reader to [19, Proposition 3.1,3.2]. O

5 Concluding remarks

(i).

(ii).

Theorem 3.1 still holds if (X¢):0 has also fixed jump discontinuities. Taking a close
look at the proof reveals that we simply have to modify the estimate of the moment
generating function in Lemma 4.1 appropriately. The corresponding estimate follows
from the explicit formula for the exponential moments, cf. [7], and well-known elementary

inequalities.
Let (X¢)+>0 be an additive process such that EX; = 0 and

im M =0>>0

TR (D)
for a regulary varying function h : (0,00) — (0,00) of index v > 0 (see e.g. [1] for the
definition). If we replace ¢t” in Theorem 3.1 and Theorem 3.2 by h(t), then both theorems

remain valid.
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