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FELLER GENERATORS
WITH MEASURABLE LOWER ORDER TERMS

FRANZISKA KUHN AND MARKUS KUNZE

ABSTRACT. We study perturbations of Feller generators under ‘lower order
terms’ with measurable coefficients. We investigate which properties of the
original semigroup — such as positivity, conservativeness and the Feller property
— are passed to the perturbed semigroup. We give several examples and discuss
applications in the theory of martingale problems and stochastic differential
equations with measurable coefficients.

1. INTRODUCTION

Given two operators A and B, it is a classical question to ask how the sum A+ B
is defined and which properties of A are preserved under the perturbation B, see e.g.
[23, 3]. In this article, we consider this problem in the context of Feller semigroups
and generators. We are interested in constructing Feller generators with measurable
lower order terms, and this means that the perturbation does not take values in the
space of continuous functions. In consequence, classical perturbation results from
semigroup theory do not apply.

Let (T'(t))¢>0 be a Feller semigroup, that is, a sub Markovian, strongly continuous
semigroup T'(t) : Coo(RY) — Coo (R?) on the space Coo (R?) of continuous functions
vanishing at infinity. If the domain of the (infinitesimal) generator A contains the
test functions €2°(R?), then the Courrége-van Waldenfels theorem, see e.g. [6, Thm.
2.21], shows that A := A|ego(Rd) is a Lévy-type operator, i.e. an integro-differential
operator of the form

Af(@) = b)Y () + 5 (@) V()

(1.1)
s [ (G~ £@) = TH@) - Loy (lyD) . dy).
R4\ {0}

Here (b(x),Q(x),v(x,-))scra are the (infinitesimal) characteristics consisting of
the drift coefficients b = (b;) : RY — RY, the diffusion coefficients Q = (q;;) :
R? — R4 and the jumping kernels v : R — M*(R?). We are interested in
the following questions: If a Lévy-type operator B is a lower order perturbation
of A, then under which conditions is (a realization of) A + B the generator of a
semigroup and which properties does the perturbed semigroup inherit from the
original semigroup (7'(t));>0? Is the martingale problem for A + B well-posed?
Classical perturbations results can be used to tackle these questions if B maps D(A)
into €., (R?), which in particular implies that the infinitesimal characteristics of B
need to depend continuously on x. In this article, we investigate perturbations B
whose characteristics depend merely measurably on x. Allowing for discontinuous
characteristics of B creates a number of issues and subtleties. To give an example: If
B maps D(A) into €. (R?), then the sub Markovianity of the perturbed semigroup
can be verified using the positive maximum principle; this does not work any longer
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if B has discontinuous coefficients, i.e. if we work on the space B,(R?) of bounded
measurable functions rather than C.,(R?). In fact, establishing the sub Markov
property of the perturbed semigroup turns out to be rather delicate point. At the
same time, being sub Markovian is crucial for the applications in the theory of
stochastic processes, which we are interested in. To establish sub Markovianity, we
will use an approximation argument which is of independent interest, e.g. it can be
used to prove continuous dependence of solutions of certain martingale problems
on the coefficients (see Theorem 7.3). Let us mention that our questions can be
formulated equivalently in the context of pseudo-differential operators. Namely, the
Lévy-type operator A can be seen alternatively as a pseudo-differential operator

12 Af@ == [ d@oefede  [eer®). e R,
where f is the Fourier transform and

. 1 iy
(1.3) q(z,8) := —ib(z) - £+ ¢ Q(w)€+/ (1= +iy- &l () vz, dy)
2 R4\ {0}
is the so-called symbol of A. We study under which conditions the pseudo-differential
operator with symbol ¢(x, &) + p(z, ) gives rise to a Feller semigroup if the symbol
p(z, &) of the perturbation B depends merely measurably on z.

If the symbol — or equivalently, the characteristics — of a Lévy-type operator
satisfies suitable smoothness conditions, then general results from symbolic calculus
show that the closure of (A, €°(R%)) is the generator of a Feller semigroup, see e.g.
[16, 20]. Under the milder assumption that the coefficients are Holder continuous,
the situation is already much more complicated and there is an immense literature
on the question whether the Lévy-type operator A gives rise to a Feller semigroup,
see e.g. [6, 16, 19, 20, 30] for a survey. None of these results applies in our framework
since we are dealing with discontinuous coefficients. For the particular case that the
diffusion coefficient @ is strictly elliptic, there are general results in the literature
which allow discontinuous coefficients, see e.g. [19, Theorem 2.1.43] and also [54, 55]
for processes on bounded domains. Moreover, the well-posedness of the (A, €°(R4))-
martingale problem is well studied in this case, cf. [53]. No such general results
are available if the operator has a vanishing diffusion component @@ = 0. There
are some perturbation results for martingale problems which allow discontinuous
coefficients, including bounded perturbations [13, Section 4.10] and perturbations of
Lévy generators e.g. in [8, 28, 42, 43]. Note that already the existence of a solution to
the martingale-problem can be highly non-trivial if the coefficients are discontinuous:
While there are general existence results for Lévy-type operators with continuous
coefficients, cf. [16, Theorem 3.15], there are no such results for the discontinuous
framework; see [32] and the references therein. Let us point out that the existence of
(unique) solutions to martingale problems associated with Lévy-type operators can
be used to deduce the existence of (unique) weak solutions to Lévy-driven stochastic
differential equations (SDEs)

dXt = b(Xt,) dt + O'(th) st,

see Subsection 8.4 for details. In particular, drift(-type) perturbations of Lévy
processes (i.e. ¢ = 1) have been studied quite intensively, [44, 56, 8, 24, 25] to
mention just a few classical and recent works.

The following general result on Feller semigroups with measurable lower order
terms is obtained by combining our main results Theorem 6.4 and Theorem 7.2.

Theorem 1.1. Let (T(t))i>0 be a Feller semigroup with generator A such that
CX(RY) is a core for A. Assume that there are p € (0,2) and ¢ € L*(0,1) such that

1T flles < el flloes  t € (0,1), f € By(R),
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Let B be a Lévy-type operator

(14) Bf(z) = b(w)Vf(x)Jr/Rd\{ }(f(x+y)—f(w)—Vf(w)y]l(o,l)(\yl))M(x,dy),
0
where the drift b and the jumping kernels p(x, dy) depend measurably on x € RY.
Assume that
sup ()] + [ min{1, bl uted) ) < o0
z€R4 R4
for some B € [0, p) and that the compensated drift is zero in case that p < 1. Then

(a) The bp-closure of A + B is the full generator of a Markovian Cy-Feller
semigroup S, i.e. S leaves Cp(R?) invariant and its restriction to that space
s pointwise continuous. Moreover, S enjoys the strong Feller property;

(b) The (A+ B,CX(R%))-martingale problem is well-posed;

(¢) If additionally the tightness condition

Jimsup pu(z, {y € R% |y > R}) =0
o zeR4

holds, then S is a Coo-semigroup, i.e. S leaves Coo(RY) invariant and its
restriction to that space is strongly continuous. Thus S is a Feller semigroup
in this case.

Theorem 1.1 applies to a wide class of Feller generators A including strictly elliptic
differential operators (see Section 8.1), generators of certain Lévy processes (see
Section 8.2) and operators of variable order (see Section 8.3). Moreover, the well-
posedness of the martingale problem in (b) yields uniqueness results for Lévy-driven
SDEs, see Section 8.4.

This article is organized as follows. In Section 2, we recall some notions concerning
kernel operators, in Section 3 those concerning semigroups and their generators.
Here we also establish the connection between cores of of Feller generators and
bp-cores of the corresponding full generators; this is important for our applications
to martingale problems. In Section 4 we recall a perturbation result from [39] and
prove our first main result (Theorem 4.4). Section 5 concerns convergence results for
perturbed semigroups, which is crucial for establishing sub Markovianity in Theorem
1.1. Sections 2 — 5 concern abstract state spaces E rather than R? and thus do not
take the special structure of the operators A in (1.1) into account.

The remaining sections 6 — 8 apply the abstract results to Lévy-type operators
as in (1.1). Section 6 concerns the actual perturbation result and Section 7 the
corresponding martingale problem. The concluding Section 8 contains examples and
discusses applications in the theory of stochastic differential equations.

Moreover, there are two appendices which contain results that are used in the
proof of Theorem 6.4 and which we believe to be of independent interest.

2. KERNEL OPERATORS

Throughout, E is a locally compact Polish space. We endow E with its Borel o-
algebra B(E). The spaces of bounded and measurable resp. bounded and continuous
functions on E are denoted by B(E) and C,(E) respectively whereas Co (F) refers
to the space of continuous functions vanishing at oo, i.e. of those continuous functions
f: E — R such that for every € > 0 we find a compact set K C E with |f(z)| <e
forallz € E\ K.

A kernel on E is a map k: E X B(E) — R such that

(i) the map x — k(z, A) is measurable for every A € B(E);
(ii) k(zx,-) is a (signed) measure for every x € E;
(ili) sup,eg |k|(x, E) < oo, where |k|(x,-) denotes the total variation of k(z, -).
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If k(zx,-) is a positive measure for every = € E, then k is called a positive kernel; if
every k(z,-) is a (sub) probability measure, k is a (sub) Markovian kernel.

To every kernel k on E, we can associate a bounded linear operator T on By (F)
by setting

(2.1) (Tf)(x) = /E f() k(a,dy), f e By(E), xcE.

We call an operator T of this form a kernel operator on By(E). It turns out that
a bounded, linear operator on B,(F) is a kernel operator if, and only if, T is
continuous with respect to the weak topology o := o(By(E), My(E)) induced by
the space My (E) of bounded signed measures on E (see e.g. [38, Prop. 3.5]). For
sequences, o-convergence is nothing else than bp-convergence (bp is short for bounded
and pointwise), i.e. f, — f with respect to o if, and only if, sup, cp || fnlleec < 00
and f, — f pointwise. Indeed, by dominated convergence, bp-convergence implies
o-convergence; the converse follows from the uniform boundedness principle. We
will write £(By(F), o) for the space of o-continuous linear operators on E, i.e. kernel
operators. Note that any such operator is automatically bounded. In what follows,
we write — to indicate convergence with respect to o while we reserve — to indicate
convergence with respect to the supremum norm. If 7" is a bounded operator defined
via (2.1) on Cp(E) or Coo(E), then T is also called a kernel operator (on C,(E) resp.
Coo(E)); it can be extended in a unique way to a kernel operator on B,(E). As is
well known, every bounded operator on Cy (E) is a kernel operator and can thus be
extended to a kernel operator on By(E), see e.g. [50, Cor. 21.12].

In applications, it is often of interest if a kernel operator on By(E) leaves one
of the spaces Cp(E) or Coo(F) invariant. Of particular interest is the case where a
kernel operator T' maps By (E) into Cp(E). Such an operator is called strong Feller
operator. For our perturbation results, it will be important to know under which
conditions a kernel operator leaves the space

Boo(E) :={f €By(E): Ve > 03K € E: |f(z)| <eVxz e E\ K}.
invariant. We present two results on this topic.

Lemma 2.1. Let T be a kernel operator with associated kernel k. Then TBoo(E) C
B (E) if and only if k(-, K) € Boo(E) for every relatively compact sets K.

Proof. As Tl = k(-,K) and 1x € B (F) for a relatively compact set K, the
stated condition is certainly necessary. To prove its sufficiency, consider a function
f € B (E) with compact support S. We find a sequence of simple functions fn
that converges uniformly to f. If we set f, := f,1lg, then also the sequence f,
converges uniformly to f and, moreover, for ¢ # 0 and every n € IN the set {f, = ¢}
is relatively compact. Thus, Tf, € B (E). As Tf, — Tf uniformly and since
B (F) is closed with respect to the supremum norm, Tf € B (E). The case of a
general function f € B, (F) follows from this by approximating f uniformly with a
sequence of measurable functions with compact support. O

If the operator T is positive, then invariance of Co(F) implies invariance of
Boo(E).

Lemma 2.2. Let T be a positive kernel operator with TCo(E) C Coo(E). Then
we have TBo (E) C Boo(E). If, in addition, T has the strong Feller property, then
TB(E) C Coo(E).

Proof. Let 0 < f € B (E). Given ¢ > 0, pick a compact set K such that
|f(z)| <e/||T|| for z € E\ K. Then
€

0<f<|flloolr + 7 le\k
Tl
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and, consequently,

0<Tf < |[fllock(, K) +e.
Since TCw(E) C TCx(E), [20, Lem. 3.2.15] yields k(-, K) € B (F) and thus
Tf € Boo(E) follows as € > 0 was arbitrary. The addendum follows from the
identity Coo(E) = Boo(E) N Cy(E). O

3. SEMIGROUPS, (PSEUDO)RESOLVENTS AND GENERATORS

We now turn our attention to semigroups of kernel operators. A family T =
(T(t))t>0 C L(By(E), o) is called semigroup of kernel operators if
(i) T(t+s)=T)T(s) for all s, > 0.
(ii) T is ezponentially bounded, i.e. there are constants w € R, M > 0 such that
|T(t)]] < Me*t. We say that T is of type (M,w) to stress these constants.
(iii) The map (¢, z) — (T(t)f)(x) is measurable.
It is not difficult to see that if T' is a semigroup of kernel operators of type (M, w)
then for every A € C with Re A > 0 there is an operator R(\) € L(By(FE), o) such
that

(3.1) (RO fopt) = / T eI £ )

for all f € By(F) and p € My(E).

In the terms of [38, Def. 5.1], a semigroup of kernel operators is an integrable
semigroup on the norming dual pair (By(E), Mp(E)). It turns out that the family
(R(A))Re a>w 1 & pseudo-resolvent, i.e. it satisfies the resolvent identity R(A\)—R(p) =
(L= AN)R(AN)R(u), cf. [38, Prop. 5.2]. For more details on pseudoresolvents we refer
to [12, Sect. II1.4.a].

In general, the family (R(\))Rrea>w does not consist of injective operators, and so
it is not the resolvent of a (single-valued) operator. However, there is a multivalued
operator A such that R(A\) = (\— A)~! for Re A > w (see [15, Appendix A] for more
information concerning multivalued operators). We call A the full generator of the
semigroup 7. The full generator can be characterized equivalently as follows:

(ﬁg)GA <~ Vt>0: T(t)f—f:/Othgds,

cf. [38, Prop. 5.7]. In particular, our terminology is consistent with that used by
Ethier-Kurtz [13, Sect. 1.5].

We now introduce additional properties that a semigroup of kernel operators
might have. If T is of type (1,0), then T is called a contraction semigroup of kernel
operators. If T' is a contraction semigroup of kernel operators and every operator
T(t) is positive, we say that T is sub Markovian. If additionally T'(¢)1 = 1 for all
t > 0, then T is called Markovian.

We will call T a Coo-semigroup if T(t)Coo(E) C Coo(F) and the restriction of T
to Coo(E) is strongly continuous, i.e. for every f € Coo(E) we have T'(t)f — f with
respect to || - |loo as t — 0. A Coo-semigroup that is also sub Markovian is called a
Feller semigroup.

We will call T a Cy-semigroup if T(t)C,(E) C Cp(E) and the restriction of T
to Cy(FE) is stochastically continuous, i.e. T(t)f — fast — 0 for f € C(F). We
note that, given sub Markovianity, this continuity condition can be equivalently
characterized in terms of the associated kernels p; by asking that p;(z, B(z,¢)) — 1
ast — 0 for every € F and € > 0, see [20, Lem. 3.2.17]. A Cp-semigroup that is
also sub Markovian is called Cp-Feller semigroup.

Let us point out that the above-defined objects are compatible with the classical
notions. To wit: If T is a Cy-semigroup, then the operator R(\) leaves the space
Coo(F) invariant for Re A > w and its restriction to that space is injective. Thus, the
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restriction of (R(A))re ax>w 18 the resolvent of a (single valued) operator A. Moreover,
A is the part of A in C(E), i.e.

D(A) = {u € Cou(E) : 3f € Cou(E) s.t. (u, f) € A},  Au=f.

Identifying A with its graph, we have A = A N (Coo(E) x Coo(E)). By general
semigroup theory, A coincides with the generator of the semigroup T'l¢_(g), defined
as (norm-)derivative in 0.

Conversely, if we start with a strongly continuous semigroup on Co (F), we may
extend it to B,(E) as any bounded linear operator on Cu(E) is a kernel operator. In
fact, the extended semigroup is a semigroup of kernel operators in the sense defined
above (this follows from [38, Lem. 6.1]). If the semigroup is sub Markovian, then
the extension is also stochastically continuous, see [18, Lem. 4.8.7].

We next discuss how to recover the full generator A from the operator A. To
that end, we make use of operator cores. We recall that a subset D C D(A) is called
a core for A if for every u € D(A) we find a sequence (u,) C D with u, — u and
Au,, — Au. To use cores in the context of multivalued operators, we employ the
notion of bp-convergence defined in Section 2. A set M C B, (FE) is called bp-closed if
with every bp-convergent sequence, it also contains its limit. The bp-closure of a set
M is the smallest bp-closed subset of By (F) that contains M. We use these notions,
mutatis mutandis, also in B, (E) x By(E). We call a subset M C A a bp-core if the
bp-closure of M equals A.

Lemma 3.1. Let T' be Coo-semigroup with full generator A and let A be the part of
A in Coo(E). Let D be a core for A. Then {(u, Au) : u € D} is a bp-core for A.

Proof. Let T be of type (M,w) and fix A > w. As D is a core for A, the set (A—A)D
is || - ||-dense in Coo (E). It follows that the bp-closure of (A — A)D contains Co (E)
and thus equals all of B,(E) (see Proposition A.1).

Put S := {(u, u — Au) : u € D}. We note that A, and hence also A — A,
is o-closed and thus, in partlcular bp-closed. As S C \ — A it follows that the
bp-closure S is a subset of A — A. Now define C := {f € By(E) : Ju s.t. (u, f) € S}.
Then C' is bp-closed.

Indeed, Let (fn) C C be bp-convergent to f. Pick u, such that (u,, f,) € S. As
R(A) = (A— A)=!, we see that (R(A\)fn, fn) € B. Tt follows that u, — R(\)f, €
ker(A — A) = {0}, i.e. u, = R(\)fn. By the o-continuity of R()), we have that
Up — u = R(\)f. This implies that (u, f) € S whence f € C, proving that C is
bp-closed as claimed.

As C contains (A — A)D, it follows that C = B,(E). But this entails that
S =X—A. We have proved that A — A is the bp-closure of S which is equivalent to
the claim. |

4. PERTURBATION OF (STRONG) FELLER SEMIGROUPS

We begin by recalling a result from [39] concerning the perturbation of semigroups
of kernel operators consisting of strong Feller operators. We will use the following
set of assumptions.

Hypothesis 4.1. Let T be a Cp-semigroup of type (M,w) that consists of strong
Feller operators. We denote by A the full generator of the semigroup and write
(R(A))Rer>w for the Laplace transform of T'. Moreover, let B : D(B) = By(E)
be a single-valued linear operator with D(A) € D(B) which satisfies the following
assumptions:
(i) For ¢ > 0 the operator BT(t), initially defined on D(A), has an extension
to an operator in £(By,(E), o) (which, by slight abuse of notation, we still
denote by BT(t));
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(ii) BR(\) € L(By(E),0) for one/all A > w;

(iii) the function (¢, ) — BT(t)f(x) is measurable for f € By(E);

(iv) there is a function ¢ which is integrable in a neighborhood of 0 such that
|BT(#)|| < o(t) for t > 0.

Theorem 4.2. ([39, Thm. 3.3]) Assuming Hypothesis 4.1 the operator A+B (defined

on D(A) c D(B)) is the full generator of a Cy-semigroup S that consists of strong
Feller operators. This semigroup satisfies for t > 0 the Duhamel formula

t

(4.1) S f =T f + / S(t— $)BT(s)f ds.
0

Moreover, we can develop S in its Dyson—Phillips series:

(4.2)

S(t) = Z Sp(t) where So(t) =T(t) and S,y1(t)f = /0 S, (t — s)BT(s) ds.
n=0

Here, all integrals have to be understood in the weak My(E)-sense as in (3.1).

It is a rather obvious question whether the new semigroup S is a Cs-semigroup
if this is the case for T'. Unfortunately, without further assumptions on B this is
not the case.

Example 4.3. For E = R, consider the heat semigroup T, given by

20N == [ oo (-2 ) fway wewr)
Vert Jr 4t

for f € Bp(R). It is well known that T is a Cuo-semigroup which also consists
of strong Feller operators. Now consider the operator B : f — f(0) - 1g. Then
B e L(By(R),0) (whence it satisfies Hypothesis 4.1, see [39, Ex. 3.4]). It follows that
BT(s)f = ¢ 1g, for some constant ¢ = ¢(s, f). Consequently, T(t — s)BT(s)f = ¢
forallt > s. If 0 < f € Coo(R) then ¢(f) := inf{c(s, f) : 0 < s <t} > 0 for all
t > 0 and we can infer from the Dyson—Phillips expansion (4.2) that the perturbed
semigroup S does not leave Co(R) invariant. Indeed, fixing ¢ > 0, we see that
St)f > S1(t)f > ci(f)1r and the latter does not vanish at infinity.

Theorem 4.4. Assume in addition to Hypothesis 4.1 that T is a positive Coo-
semigroup.
(a) If D is a bp-core for A, then {(u, f + Bu) : (u, f) € D} is a bp-core for
A+ B.
(b) If BT (t)Boo(E) C Boo(E) for every t > 0, then S is a Coo-semigroup.

Proof. (a) Let D be a bp-core for A and denote by S the bp-closure of {(u, f +
Bu), (u, f) € D}. As A+ B is a full generator, it is o-closed and thus, in particular,
bp-closed and it follows that S € A + B. Note that this entails that for (u,g) € S
we have u € D(A). We now define W := {(u,g — Bu) : (u,g) € S}. Clearly,
D c W c A. We prove that W is bp-closed. To that end, let (U, gn — Bun) be a
sequence in W (thus (uy, g, ) € ) such that u,, bp-converges to u and f,, := gn—Bun,
bp-converges to f. Then (uy, fn) C A bp-converges to (u, f). By the bp-closedness
of A, we have (u, f) € A. Picking A\ > w, this is equivalent to u = R(\)(A\u — f)
and the same equality holds with u/f replaced by u,/fn. Using that BR()) is
o-continuous by (ii) in Hypothesis 4.1, we infer

Buy, = BR(A)( My — fn) = BRI\ (Au— f) = Bu.

Setting g := f + Bu, the sequence (un,g,) C S bp-converges to (u,g). As S
is bp-closed, (u,g) € S and thus (u,f) € W. Since D is a bp-core for A, it
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follows t}}at W = A. . But this is equivalent toAS = A + B which means that
{(u, f + Bu), (u, f) € D} is indeed a bp-core for A + B.

(b) We first prove by induction that the operators S, (t) appearing in the Dyson—
Phillips series (4.2) map By (E) to Coo(E). In particular, they leave the space
B (F) invariant.

For n = 0 this follows from Lemma 2.2 and our assumption that T is a positive
Coo-semigroup that enjoys the strong Feller property.

Let us assume that, for some n € IN, we have already proved that S, (¢) maps
Bo(E) to Coo(E) for every t > 0. Fix f € Boo(F) and t > 0. By our assumption,
we have BT(s)f € Boo(E) for every s € (0,t). By induction hypothesis, S, (t — s)
maps Boo(E) to Coo(E), whence S, (t — s)BT(s)f € Coo(E) for s € (0,¢). Since
Coo(FE) is separable with dual space My (E), the Pettis measurability theorem implies
that the function s — S,,(t — s)BT(s)f is Bochner integrable which, in turn, implies
that Sps1(t)f = [) Su(t — )BT (s)f ds € Coo(E).

Note that the series in (4.2) converges for small ¢ even in the operator norm.
From this it follows that for small ¢ we have S(t)f € Cx(E). As f was arbitrary,
S(t)Cx(E) C Coo(E) for small ¢ and hence, by the semigroup law, for all ¢ > 0.
The strong continuity of the restriction of S to Coo(E) follows from that of T, the
identity (4.1) and the observation that the integral in that formula converges to 0 in
operator norm as t — 0. (Il

5. RESOLVENT CONVERGENCE OF THE PERTURBED OPERATORS

In this section, we will consider a sequence Bn of perturbations that converges, in
a certain sense, to the operator B. We want to know under which assumptions and
in which sense the pseudoresolvents (A — (A 4+ B,,))~! converge to (A — (A 4+ B))~!
as n — 0o. Besides being interesting in its own right, such a convergence result will
also allow us to establish dissipativity and/or resolvent positivity for large classes of
operators with measurable coefficients.

The key to prove our convergence result is the following Lemma, which is taken
from [39, Lem. 3.8].

Lemma 5.1. Assuming Hypothesis 4.1, we have | BR(\)|| — 0 as A — oo. Moreover,
if X is so large that || BR(X\)|| < 1, then

(A= (A+B)"' = R()) i(E’R(/\))’“,

k=0
where the latter series converges in operator norm.

Proposition 5.2. Assume Hypothesis 4.1 and let (B, D(B,)) be an operator such

that Hypothesis 4.1 is also fulfilled with B replaced by B, (but the same semigroup
T). Moreover assume that

(i) sup,ew [|Bon RO — 0 as A — oo,
(ii) for every h € By(E) and large enough A we have B,R(\)h — BR(\)h,
and
(iil) whenever (hy,) C By(E) satisfies hy, — 0, we have EnR(A)hn — 0 for large
enough .

In this case, for large enough A we have
(5.1) A=(A+B) ' f = (A= (A+B)'f
for all f € By(E).
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Proof. By assumption (i), we can pick Ag so large that for A > Xy we have
| B, R(N)|| < 1/2 for every n € N and A > \g. By Lemma 5.1, we have
(5:2) (A= (A+B))™" = R(V) ) (BaR(V)".
k=0

Now let f € By(E) and € > 0. We fix N € IN such that >;7 ., [(BoROA)EFI| < e
for all n € IN.

We prove that, for every k € IN, we have (B, R(\))*f — (BR(\)*f as n — oo.

For k = 0, there is nothing to prove and for k£ = 1 this is exactly our assumption
(ii). Assume that we know this convergence to be true for some k € IN. We set
gn = (B,R(\)*f and g := (BR(\))*f. Then

(B RO f — (BR(A)FT f = BoR(A\) (g — 9) + (BaR(A\)g — BR(\)g) — 0.

Indeed, by induction hypothesis g, — g — 0 so that the first term converges weakly
to 0 by our assumption (iii) and that the second term converges weakly to 0 follows
from the case k = 1.

Alltogether, we find that 350 (B, RO\ f — S2o2o(BR(N)*f. Given that
the operator R()) is o-continuous, the representation (5.2) and Lemma 5.1 yield
(5.1) |

If the operator R(\) is positive (which is always the case in our main application)
we obtain stronger convergence results.

Corollary 5.3. In the situation of Proposition 5.2, assume additionally that R(\) >
0 for large enough X. Then the convergence in (5.1) is not only with respect to o,
but even uniform on compact subsets of E.

Proof. Fix f € By(E) and put g, := > peo(BaR(\) £ and g := 352 ((BR(N)" f.
Fixing m € WN, we put h,, = sup,~,, |9» — g|- We have seen in the proof of
Proposition 5.2 that g, — ¢ and, consequently, h,, | 0 pointwise.

As R()) is positive, we find for n > m

(A= (A+B) ' f = (A= (A+ B) "' f| = [R(\)gn — R(N)g]
< R()‘)‘gn _g‘
< R(A\)hm.

The latter converges to 0 as m, hence n, tends to co. However, as R(\) is positive
this is even a monotone convergence and thus the convergence is uniform on compact
subsets of ¥ by Dini’s theorem. O

It is natural to ask whether the perturbed semigroups also converge. In general,
weak convergence of the resolvents does not imply weak convergence of the cor-
responding semigroups, see [11] for a concrete example. In Section 7, we will use
the theory of martingale problems to establish a convergence result for semigroups
associated with Lévy-type operators.

We can also prove that certain features of the pseudoresolvents are stable under
the convergence described in Proposition 5.2.

Corollary 5.4. In the situation of Proposition 5.2, the following holds true.

(i) Let A € C with Re X > 0 be in the resolvent set of A+ B,, and assume that
A= (A4 B,) Y| < (ReX)™! for alln € N. Then X is in the resolvent
set of A+ B and ||(A—(A+B))7!| < (ReX)~!. In this case, the semigroup
S, generated by A+ B, is contractive.

(i) Suppose that for X > Xo we have (A + (A + By,))™' > 0 for all n € N.
Then also (A + (A+ B))™! >0 for A\ > Xg. In this case, the semigroup S

generated by A+ B s positive.
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Proof. We put F,(\) := (A — (A + B,))"" and F()\) := (A — (A + B))~! whenever
these are defined.

(i) The sequence F), is an (operator-valued) holomorphic function that is, by
assumption, locally bounded on {Re A > 0}. Fixing f € By(F) and p € My(FE), the
same is true for the scalar function ¢, : A — ¢, (A) := (F,(\) f, u). By Proposition
5.2, for real A that are large enough, ¢, (\) converges to p(A) := (FF(\)f,u). It
follows from Vitali’s theorem (see [2, Thm. 2.1]) that ¢ has a holomorphic extension
to the set {ReX > 0} and ¢, converges locally uniformly to ¢. As f and p are
arbitrary, it follows from a vector-valued analytic extension theorem [2, Thm. 3.5]
that F' has an analytic continuation to {Re A > 0} which proves {ReA > 0} is
contained in the resolvent set of A + B. Moreover

(PO Fop] = T [(Fa () f. )] < limsup(Re 2) ™ 7]

for every Re A > 0. This implies the estimate for the Laplace transform. As for the
contractivity of the semigroup, we note that for f € C,(E) and My(E) the orbit
t— (S(t)f, p) is continuous whence the (scalar) Post—-Widder inversion formula (see
[1, Thm. 1.7.7]) yields

st = s () (4-5) 1)

By the resolvent estimate, the absolute value of the right-hand side is at most
(I /NIl and it follows that S is contractive on Cp(E). But then it is also contractive
on By(E).

(ii) For 0 < f € By(E), 0 < pp € M(E) and A > 0, we have

(E)fs ) = Tim (Fy(A) f, ) 20

as for A > A\g we have F,,(A\) > 0 for all n € N. As f and u were arbitrary, this
proves F'(A\) > 0 for A > X\y. As above, we can infer positivity of the semigroup S
from this by means of the Post—Widder inversion formula. |

6. PERTURBATION OF STRONG FELLER SEMIGROUPS BY LEVY-TYPE OPERATORS

In this section, we work in the Euclidean setting, £ = R¢, and consider perturba-
tions of strong Feller semigroups by a class of integro-differential operators. To that
end, we will make more concrete assumptions on our initial semigroup 7" which are
tailor-made for this situation.

Hypothesis 6.1. Assume that T' = (T'(t)):>0 is a Cp-semigroup of type (M,w) with
state space £ = R? that consists of strong Feller operators. Moreover, the following
conditions hold for some p > 0:

(i) T(t)f € CL(RY) for all t > 0 and f € By(R?);
(i) There is a function ¢ € L*(0,1) such that

IT(#) fller < o@)Iflloo
for all t € (0,1) and f € B,(RY);

As before, we will denote the Laplace transform of our semigroup T by (R(A))Re x>w
and the full generator of T' by A. For future reference, we note the following conse-
quence of Hypothesis 6.1.

Lemma 6.2. Assume Hypothesis 6.1. Then, for every A € C with Re A > w, we
have R(\) f € C/(R?) for all f € By(R?) and

IR flleg < COfllos, £ € By(RY),
for a constant C(\) with C(\) — 0 as Re X — co. In particular, D(A) C €F(RY).
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Proof. For r > 0 it follows from the exponential boundedness of the semigroup and
Hypothesis 6.1(ii) that

1T+ 7)flleg < ITWllecer,m)lIT ) flloo < Mp(1)e*" || flloo-
Setting (t) = ¢(t) for t € (0,1) and ¥(t) = Mp(1)e*®=1 for t > 1, we get
(6.1) IT@®)fllep < ¥D)Ifllocs >0, f € By(RY).

Now fix f € Bp(RY) and x € R?. Since ||T(t)|| < Me*t and t — T(t)f(x) is Borel
measurable, the integral R(\)f(x) = f(voo) e~ MT(t)f(x) dt exists as a Lebesgue

integral for any A\ with Re A > w. If p € (0, 1), then it is immediate from (6.1) and
the estimate

RN f(x) = RN f(2)] < /OOO e MIT(t) f(x) = T(t)f(2)| dt

that [R(A)fller < C(A)|fllec, where C(X) := fooo P(t)e M dt. If p > 1, then the
differentiation lemma for parameter-depend integrals, see e.g. [50, Thm. 12.5] or [34,
Prop. A.1], implies that @ — R(\)f(x) is differentiable and

P ROf() = [ S0 ) d

6.’1%‘ Gati
for all Re A > w. Thus, by (6.1), [[R(A)fller < C(A)[[fllsc With C(}) as before. By
dominated convergence, C'(A) — 0 as Re A — oo. ]

We now introduce the integro-differential operator B that we will consider as a
perturbation. We fix a function x such that 1(,1) < x < 1p(o,2) and put

(6.2) Bf(x) b(I)~Vf(m)+/Rd\{O}(f(w+y) — (@) =y Vi(@)x(y) wz, dy).

We make the following standing assumption.

Hypothesis 6.3. The function b : R? — R? and the kernel p : RY x B(R?\ {0}) —
[0, 00] satisty
(i) b is Borel measurable and bounded;
(ii) = — fRd\{o} f(y) p(z, dy) is Borel measurable for every f € C.(R%\ {0}).
(iii) There is a constant 5 € (0, 2) such that

(6.3) [ellg = sup (/ min{lylﬁ,l}u(w,dy)> < 00.
R4\ {0}

z€R4

Moreover, [ is strictly smaller than the constant p from Hypothesis 6.1.
(iv) If p < 1, then the compensated drift b(')_f]Rd\{o} yx(y) p(-, dy) is identically
Z€r0.

Occasionally we will additionally assume the following tightness assumption

(Ti) sup p(z,{ly| >R}) -0 as R — oc.
z€eR?

Let us comment briefly on these assumptions. Assumption (iii) implies that the
above operator B is well-defined on C(RY). To see this, let us first assume that
p > 1. Then clearly the local part b(-)V f(-) of B is well-defined on this space. As
for the integral part, the elementary estimate

[f(@+y) = f(x) —y- VI (@)x(yD] < 2/ fllegmey min{1, [y|”}

implies that || Bf|s < 2|lullgllflles- In the case p <1, the additional assumption
(iv) entails that the operator B simplifies to

Bf(x) = / (f(z +9) — £(2)) pl, dy)
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and we can argue similarly, making use of the Holder continuity of f. The assumption
B < p is important to ensure compatibility (in the sense of Hypothesis 4.1) of the
perturbation B with the semigroup 7' satisfying Hypothesis 6.1. The tightness
condition (Ti) plays an important role in proving that the perturbed semigroup
leaves the space Co (RY) invariant. We note that (Ti) holds if the real part of the
symbol

P, €) = —ib(z) - £ + / (1= € 4 iy - ex(ly])) ula, dy)

RI\{0}
of the operator B is equicontinuous at £E=0,1ie.
(6.4) lim sup |Rep(z,&)| =0,
[6]=0 zeRd

see [48, (proof of) Thm. 4.4].
We can now formulate the main result of this section.

Theorem 6.4. Assume Hypotheses 6.1 and 6.3. Then the following hold true.
(a) The operator A+ B is the full generator of a Cy-semigroup S = (S(t))i>o
that consists of strong Feller operators.
(b) If T consists of sub Markovian operators then so does S.
(c) Assume additionally the tightness assumption (Ti), that T is a positive Coo

semigroup and that the test functions C°(R?) form a core for the generator
A on Coo(RY). Then S is a Coo-semigroup.

Remark 6.5. In the situation of Theorem 6.4(b), the perturbed semigroup S is
Markovian if and only if the unperturbed semigroup 7' is Markovian. Indeed, we
only need to check if the semigroup is conservative, i.e. if the semigroup leaves the
function 1 invariant. By [38, Prop. 5.9] this is the case if and only if 1 belongs to
the kernel of the full generator. As B1 = 0, we see that (A + B)1 = 0 is equivalent
to A1 = 0.

Ezample 6.6. Without the tightness assumption (Ti), it is not true in general that
the perturbed semigroup S is a Cuo-semigroup even if this is the case for T'. This
can be seen for example by considering in dimension d = 1 the kernel p(z,+) := 0_,,
which obviously does not satisfy (Ti). Choose b = 0 and let T be the heat semigroup.
Then Bf = f(0)1g — f and the perturbed semigroup S is (up to a rescaling by the
factor e?) the semigroup from Example 4.3, which is not a €,.-semigroup.

Corollary 6.7. Assume Hypotheses 6.1 and 6.8 and that T is a positive C
semigroup. If C(R?) is a core for the generator A ofT\@OC(]Rd), then {(f, Af+Bf)

f € CX(RY)} is a bp-core for the full generator A+ B of S.

Proof. If C*(R?) is a core for the generator on Cog (R), then, by Lemma 3.1,
{(f, Af); f € € (R%)} is a bp-core for A. Thus, by Theorem 4.4(a), {(f,Af +
Bf); f € €°(R%)} is a bp-core for the full generator A + B. O

We now turn to the proof of Theorem 6.4.

Proof of parts (a) and (¢) of Theorem 6.4. (a) Let us first prove prove that Bf e
By(RY) for f € C(R?). This is obvious for the local part of Bf so we focus on
the integral part. From Hypothesis 6.3(ii), it follows that for any Borel subset
S of R?\ {0} the map z fRd\{O} 1s(y) p(z, dy) is measurable. But then so is

x f]Rd\{O} Trxs(x,y) u(z,dy) for Borel sets R € R? and S ¢ R?\ {0}. An
application of the monotone class theorem yields that z — f]Rd\ o1 alz,y) u(x, dy)

is Borel measurable for any A € B(R%) ® B(R?\ {0}) and thus, by the sombrero
lemma and dominated convergence, x +— f]Rd\ (0} g(x,y) pu(z, dy) is Borel measurable
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for any function g which is B(R?) ® B(R? \ {0})-measurable and satisfies |g(z,y)| <
K min{1,|y|*} for some constant K > 0. This readily gives that Bf is Borel

measurable. Note that the discussion before Theorem 6.4 shows that, in fact, Bisa
bounded linear operator from €4 (R%) to By(R?).

We now verify Hypothesis 4.1, then part (a) immediately follows from Theorem
4.2. As for condition (i), the boundedness of BT (t) follows from Hypothesis 6.1(i)
and the boundedness of B proved above. As for the o-continuity, let a bounded
sequence (fp)nen C By(RY) be given such that f,, — f pointwise. By Hypothesis
6.1(i), T(t)f, is bounded in CJ(R?). By the Arzela—Ascoli theoren, passing to a
subsequence, we may and shall assume that T'(t)f, converges locally uniformly
to some continuous function. By the o-continuity of T'(t) the sequence T'(t)f,
converges pointwise to T'(t) f, whence the only possible limit is T'(¢) f and it follows
that T'(t) f,, — T'(t) f locally uniformly. Note that in the case where p > 1 we also
obtain that VT'(t) f,, = VT'(t)f locally uniformly. From this it is immediate that
the local part of B fn converges pointwise to that of B f. As for the integral part
this convergence follows from dominated convergence, noting that as a consequence
of the uniform boundedness in € (R¢) we find an integrable majorant of the form
C min{1, |y|*}.

The proof of Condition 4.1(ii) is similar, taking Lemma 6.2 into account. As
for Condition 4.1(iii), we note that (¢,2) — T'(¢)f(z) is Borel measurable for every
f € By(R?) and using a reasoning similar to that in the first part of this proof, it
follows that (¢, ) — BT(t)f(x) is Borel measurable.

Condition 4.1(iv) is an immediate consequence of Hypothesis 6.1(ii) and the
boundedness of B.

(¢) To prove this part, we use Theorem 4.4. We thus have to prove that
BT(t)Boo(RY) C Boo(R?). We will only consider the case p > 1; for p < 1
the reasoning is a bit simpler because all terms involving the gradient vanish by
Hypothesis 6.3(iv). Take f € C/(R?) N €.(R?) and choose R > 0 such that the
support of f is contained in the ball B(0, R). Taking into account that in this part
we assume the tightness condition (Ti), we find that if |z| > R + r for some r > 0,
then

Br@)=| [ o+ utedn| < Ul [ utodn) 0
{lylzr}
as r — 0o. Thus, Bf € B (RY).

Now let g € Coo (R?) be given. We denote the generator of Tle. (rey by A. As
€°(R%) is a core, we find a sequence (f,) C €°(RY) such that g,, := A\f,, — Afn — g,
see [12, Ex. II.1.15]. It then follows that f, — f = R(\)g € D(A). By the
above, BR(\)gn = Bfn € Boo(R?). As BR()) is || - ||so-continuous, it follows
that Bf = BR()\)g = lim, 0o BR()\)gn = lim, 00 Bfn also belongs to B, (R%).
Consequently, Bf € Bo,(R%) whenever f € D(A).

As T(t)D(A) € D(A) for every t > 0, it follows that BT(t)f € Boo(R%) for
f € D(A). But as D(A) is dense in € (R%) and BT(t) is || - ||-continuous, this is
also true for f € Coo(RY). O

Remark 6.8. Theorem 6.4(c) remains valid also without the assumption that €3°(R%)
is a core for T'|e__ (ray, provided we assume that b € Boo (R% RY).

To see this, pick a sequence ¢,, € GEO(IRd) with 1pgn) < ¢n < 1p(o,2n) such
that sup,, [|¢n|ez(ray < 00. Given f € Cr(RY) N Cox(RY), we put f,, := f¢,. Then
fn € CL(RY) N EC.(R?) and f, is a bounded sequence that converges to f uniformly
on R%; moreover, V£, is bounded and converges to V f locally uniformly.
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As b € B (R4 RY) and the sequence V f,, is uniformly bounded, it is easy to see
that bV f,, — bV f with respect to || - ||s. Making use of the boundedness of (f,) in
C/(RY) and the tightness assumption (Ti) we can prove that also the nonlocal part
converges with respect to || - ||oo. . In conclusion, Bf, — Bf with respect to || - ||oo-
As the proof of Theorem 6.4(b) shows that Bf, € Bo(R%), the same is true for
its uniform limit Bf. This proves that Bf € B, (R%) for all f € €F(R%) N Co0(RY)
which is enough to ensure that BT (t) maps Cos(RY) to Boo (RY).

To prove part (b) of Theorem 6.4, we will employ the convergence result of
Proposition 5.2. As this form of resolvent convergence is of independent interest, we
formulate a separate lemma.

Lemma 6.9. Assume Hypothesis 6.1 and let sequences (by,) and (u,) be given that
satisfy the assumptions in Hypothesis 6.3 for a common constant B € (0, min{2, p}).
Denote the associated operators (see (6.2)) by B,,. Moreover, we are given functions
b and v such that

(i) bn(x) = b(x) and p,(x,-) — u(x,-) vaguely for every z € RY,
(i) suppen ([1bnlloc + [l1nllp) < 00 with || - |5 defined in (6.3).
(iil) sup,ex sup,en fin (7, {ly| > R}) — 0 as R — oo for K € R%.

Then, denoting the operator associated to b and i by B, we find
A= A+B) = (A= (A+ B, feBy(RY,
for large enough A.

Proof. We give the proof only for p > 1. If p < 1, then by Hypothesis 6.3(iv) all
terms involving the gradient vanish in the below computations; apart from that the
reasoning is analogous.

Without loss of generality, we may assume S > 1 (otherwise consider B =
max{1, 8}). We first note that also the functions b and v satisfy Hypothesis 6.3 (see
Lemma A.4), whence Theorem 6.4(a) yields that A + B and, for every n € IN, the
operator A + B,, is the full generator of a Cp-semigroup. The discussion following
Hypothesis 6.3 shows that the operator B,, defines a bounded linear operator from
Gbﬁ (R4) to By(R?). Using our assumption (ii) above, we actually see that there is a
constant K > 0 such that

(6.5) Bl + 500 1B Flloe < Kl Flegigsy: 1 € CJRY.

We now check the assumptions of Proposition 5.2.
Assumption (i): By Lemma 6.2, we have

1BuBOVI < 1Bl ) | B e, ) < KCO) =0

||L(Bb,ef

as A — oo.

Assumption (ii): In view of Lemma 6.2, it suffices to prove that an — Ef for
every f € C/(R?), so fix f € C/(R?). Because of (6.5), it actually suffices to show
pointwise convergence. Since b,, converges pointwise to b, it is clear that the local
part of B, f converges to the local part of B f; therefore we assume in the following
that the local part is zero. Write

Bof=I"f+ B s KB
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where

10 f(x) = /{ ) = 1) = V@) ) )

TR () = / (@ +1) — F@) = V@) - yx(0)) pin )

{r<lyl<R}

KR f(z) = /{ ) 1) )

for r € (0,1) and R € (1,00). We decompose the operator B in the same way, and
we study the convergence for each of the terms separately. By another application
of Taylor’s formula,

sup |1 £(2)] < |1l epqaey sup / 191? n (, dy)
nelN nelN J{|y|<r}

As p > B, it follows from (ii) that the right-hand side is finite and converges to 0
(uniformly in 2) as r — 0. As |u||s < oo, an analogous estimate holds for 1" f.
Using

K F@I <20 [ palend)

{lyl=R}

and the corresponding estimate for K () f assumption (iii) implies that |K7(1R) flz)|+
| K f(x)] — 0 uniformly in n € IN and z in compact subsets of R as R — oc.
As f and Vf are continuous, the vague convergence pu,(x) — p(z) entails that
JrBf(x) — JEf(z) for any v, R > 0 with p(z, {|y| = 7}) = 0 and v(z, {|y| =
R}) = 0. Since there are for each fixed z at most countably many radii with
w(z, {ly| =r}) >0, we can let » — 0 and R — oo along suitable sequences to deduce
that B, f(z) — Bf(x).

Assumption (iii): Making use of Lemma 6.2 again, we see that it suffices to prove
that B,u, — 0 for any sequence (uy)nen With u, — 0 and sup,,cy [unller < oo.

Fix such a sequence. Then sup,,ciy | Bptin||oo < oo is immediate from (6.5) and it
only remains to prove pointwise convergence. Pick p’ € (8, p). By Taylor’s formula,

| Buttn(@)] < [1Bnllocl Vetn (@)] + [l / 17 o )
€ (BB oy 1<ry

2 un e / i (2, dy)
{ly|>R}

for any R > 1; here B[z, r] is the closed ball around = with radius R. Using (ii), the
fact that p > 1 and that (b,)nen is bounded, we find that given € > 0 there is some
R > 1 such that
| Bpun (x)] < CH“nHeg’(B[m,R]) +e

for a finite constant C' = C(R). In order to deduce that the left-hand side converges
to 0, we use the subsequence principle. As (uy) is bounded in €}, by compact
embedding, there is a subsequence (uy,)n7en Which converges on the closed ball
Blx,r] with respect to the C* -norm. Since we know that u, — 0 pointwise, the
CP-limit is also zero and so

lim sup ‘Bn//un// (1‘)| <e.

n'’ —oo
Hence, limsup,, .. |Bpun(z)] < e. As & > 0 is arbitrary, we conclude that
Buy(x) — 0 for all z € R4

Now Proposition 5.2 yields the claim. |

We can now finish the proof of Theorem 6.4
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Proof of Theorem 6.4(b). Let us first only consider kernels u satisfying
(6.6) sup p(z, {ly| > R}) -0 as R — o0 for all K € R%.
rzeK

Given b and p as in Hypothesis 6.3, we write Bb,u for the operator defined via
(6.2) with these particular coefficients and Sy, = (Sb,.(t))i>0 for the semigroup
generated by the operator A+ Bb) 1, which exists by part (a) of Theorem 6.4. Denote
by F the family of pairs (b, u) for which the assertion holds, i.e.

F = {(b, p) satisfying (6.6) and Hypothesis 6.3 : S, is sub Markovian}.

It follows from Lemma 6.9 and Corollary 5.4 that F' is bp-closed. Therefore, it suffices
to show that (b, 1) € F for any b € C.(R%R?) and any p € €. (RY, MT(R?\ {0}))
with [|u||s < oo and (6.6). This is a consequence of the known fact that C.(R%; R?)
is bp-dense in B,(R?%; R?) and an analogous result for measures which we establish
in Appendix A; see in particular Corollary A.6 (with g(y) := min{|y|?,1}).

So fix b € C.(R4GRY) and p € €. (R4 MT(R?\ {0})) with (6.6). Then, in
particular, Theorem 6.4(b) and Remark 6.8 show that S; ,, is a Coo-semigroup; let
us denote the generator of the restriction of S, to Coo (R9) by Ly,.

It was seen in the proof of Theorem 6.4(b) that for f € €7 (R%) N €y (R?) we have
By, f € Boo(R). Moreover, ||u]ls < oo and (6.6) give

(6.7)  limsup sup / w(z,dy) =0 lim sup / ly|? p(z, dy) = 0,
R—oo weK J{|y|>R} r=0zek J{|y|<r}

for all K € R?. This entails continuity of Eb,y f, see Theorem B.1 (note that we

can assume without loss of generality that x is smooth by modifying the drift term

accordingly). Hence, By, ,f € Coo(R?).

Denoting by A the generator of the restriction of T to €. (R?), we may consider
L := A+ By, defined on D(A), as an operator on the space Coo(R%). We note that
By, R(\)Coo(RY) C Cop(R?). and from this and Lemma 5.1 it follows that, for large
enough )\, the operator A — L is surjective.

As is well known (see e.g. [13, Thm. 4.2.2]) a strongly continuous semigroup on
Coo(R?) is sub Markovian if and only if its generator satisfies the positive maximum
principle. By assumption, this is certainly true for A. However, if f € D(A) satisfies
f(zg) = max{f(z) : = € R} > 0, then f(zg +y) — f(y) > 0 for all y € RY; if
p > 1, we also see that V f(zo) = 0. It follows from D(A) C C(R?), cf. Lemma 6.2,
and the definition of the operator Ebw and that Bb,“f(xo) > 0. This shows that
L=A+ Bb,u satisfies the positive maximum principle.

By [13, Thm. 4.2.2], L generates a sub Markovian semigroup on C.,(R%). However,
Ly, is obviously an extension of L, so we must have L = L; ;, and thus the restriction
of S to Coo(R?) is sub Markovian and so is then also S itself. This shows that
(b,v) € F and finishes the proof in this case.

To remove the tightness assumption (6.6), we consider the ‘small’ and the ‘large’
jumps created by p separately. To that end, we put

(6.8)  ps(z,dy) =Ny <iyple, dy)  and (e, dy) = Ly 1y (e, dy).

We then split the operator B=B+B, where, in the notation above, By = By ..
and B, = Bo,m~ As ps(x, {|ly| > 1}) = 0, we can apply the above to infer that
A+ By is the full generator of a sub Markovian semigroup. Noting that B, is a
bounded operator and taking the special structure of this operator into account,
the results of [13, Sect. 4.10] (see in particular Exercise 3 on p. 261) yield that also
A+ B=A+ By + By is the full generator of a sub Markovian semigroup. |
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7. APPLICATION: MARTINGALE PROBLEMS

We apply the results from the previous section to study perturbations of martingale
problems associated with Lévy-type operators. We do not strive for full generality;
we rather would like to illustrate how our results can be applied in this setting.
We will make the following assumptions which ensure that 7" and the perturbed
semigroup S are Feller semigroups, provided the tightness assumption (Ti) is satisfied.
Note, however, that (Ti) is not assumed in this section.

Hypothesis 7.1. Assume that T = (T'(t));>0 is a semigroup of kernel operators such
that
(1) (T'(t))e>0 satisfies Hypothesis 6.1 for some constant p > 0,
(ii) (T'(t))t>0 is a Markovian Coo-semigroup,
(iii) the test functions €2°(R?) are a core for the generator A of T|e_ (ra).

It follows from general theory (see, e.g., [46, Sect. 3.2]) that we can associate
Markov process (actually a Feller process) with cadlag paths with the semigroup T,
i.e. there is a Markov process whose transition semigroup equals T'.

There is another connection between stochastic processes and (Feller) semigroups
via martingale problems. Let us briefly recall the relevant notions. By D([0,c0); R%)
we denote the Skorohod space, i.e. the space of cadlag functions w : [0, 00) — R%; see
[5] for more information. Given a (possibly multi-valued) operator L with domain
D(L) , aset D C D(L) and a measure i on R¢, a measure P on D([0, 00); RY) is
called a solution to the (L, D; p)-martingale problem if (i) P(wy € A) = u(A) for all
Borel sets A C R? and (ii) the process

Mt(ﬁ!])(w) = f(wy) — flwo) —/0 g(ws)ds, w € D[0,0),

is a martingale under P with respect to the canonical filtration (o (ws : s < t));>¢ for
any (f,g) € L with f € D. In case that L is single valued on D, we have g = Lf.

We say that uniqueness in law holds for the (L, D)-martingale problem if any
two solutions Py, Po with identical initial distribution satisfy Py = Ps. The (L, D)-
martingale problem is well-posed if for every x € R? there exists a unique solution
P? to the (L, D, J,)-martingale problem.

If (X;) is a Markov Process associated with the semigroup T, then its distribution
solves the (A, D(A))-martingale problem for the full generator A of T', see [13, Prop.
4.1.7]. Conversely, if the (L, D)-martingale problem is well-posed, then under each
measure P?, the canonical process (w¢)¢>0 is a Markov process [13, Thm. 4.4.2]; if
(L, D) is, in a sense, ‘rich enough’ to determine a semigroup uniquely, this semigroup
is the transition semigroup of the process, see [13, Thm. 4.4.2].

Theorem 7.2. Let (T(t))i>0 be a semigroup satisfying Hypothesis 7.1 with full
generator A and denote by A the generator of T|e__(re)- If B is a Lévy-type operator

Bf(x) = b(x)Vf(z) + /}Rd\{o}(f(x +y) = f(x) = V() - yx(y)) pz, dy)

with b(x) and v(zx, dy) satisfying Hypothesis 6.3, then the (A+ B, € (RY))-martingale
problem is well-posed.

Proof. By Theorem 6.4, there is a Markovian Cp-semigroup S = (S(¢))¢>0 with full
generator A + B. By Corollary 6.7, {(f,Af + Bf) : f € @°(R%)} is a bp-core for
A+B. By [13, Prop. 4.3.1], a measure P on D([0, 00 ); R%) solves the (A+B, €2 (R%))-
martingale problem if and only if it solves the A+ B—martingale problem. It follows
from [13, Thm. 4.4.1], applied with L = D(A), which certainly includes G (R?) and
is thus separating, that uniqueness holds for the A+ B—martingale problem (and
thus for the (4 + B, €°(R%))-martingale problem).
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It thus remains to establish existence of solutions. To that end, we first additionally
assume that the tightness assumption (Ti) is satisfied. In this case, Theorem 6.4
yields that S is actually a Feller semigroup and as is well known, see, e.g. [27, Theorem
4.10.3], this implies well-posedness for the martingale problem for the generator of
S|e... In particular, there is a solution to the (A + B, €2°(R?))-martingale problem.
To remove the tlghtness condition, we proceed as in the proof of Theorem 6.4(b),
i.e. we write B = B; + B, for a bounded operator B, and a Lévy-type operator
Bl, whose jumping kernels are supported in the unit ball, cf. (6.8). The existence
of a solution to the (A + By, C°(R?))-martingale problem is clear from the first
part. Since Bs is a bounded perturbation, existence of a solution to the martingale
problem for A+ B = A+ B; + B, follows from [13, Prop. 4.10.2]. O

We can now also prove continuous dependence of the solutions of our martingale
problem on the ‘coefficients’ b and p. To that end, we make the same assumptions
as in Lemma 6.9. As a direct consequence, we obtain a convergence result for
semigroups, which fits well to our earlier result on the resolvent convergence, cf.
Proposition 5.2 and Corollary 5.3.

Theorem 7.3. Let (T'(t))¢>0 be a semigroup satisfying Hypothesis 7.1 for some con-
stant p > 0 and denote by A its full generator. Let (bn)nenufoo} and (fin)neNufoo}
satisfy Hypothesis 6.3 for a common constant 3 € (0,min{2, p}). Denote the associ-
ated Lévy-type operators by B, forn e NU{oc}. Assume that
(i) by (z) = boo(x) and pin(x,-) = pioo(w,-) vaguely for every x € RY,
(i) suppew ([[bnlloo + [lunllg) < 0o with || - || defined in (6.3).
(iil) sup,ex supnen fn (2, {ly] > R}) — 0 as R — oo for K € R.

Then, if P,, solves the (A + By, C°(RY),d,, )-martingale problem and P, solves the
(A + Boo, € (RY), 8,.)-martingale problem for some sequence x,, — x, we have weak
convergence P, — P,

In particular, if Sy ( ) and Soo(t) denote the perturbed semigroups with generator
A+ B, and A + By, respectively, then S,(t)f — Sec(t)f pointwise for every
fe Gb(Rd).

Proof. Tt was seen in the proof of Lemma 6.9 that under the assumptions above
Bnu — Boou for all u € D(A). Thus, if (u, f) € A, we have (u, f + Byu) € A+ B,
and this bp-converges to (u, f + Bwu) In particular, the sequence g, := f + Bhu is
uniformly bounded. By assumption,

(wgn) = u(w) — ulw t n(Ws) ds
M) 1= ) = ) + [ gafa)d

is a P,-martingale. Combining [13, Thm. 4.9.4] and [13, Cor. 3.9.3], it follows that
the sequence (P,,) is tight. For an alternative argument yielding the tightness, see
[32, Corollary 3.9].

We will invoke the subsequence principle, see e.g. [5, Thm. 2.6], to prove that
P,, — P weakly, where P is the distribution of X.

To that end, observe that as a further consequence of Lemma 6.9, we have
Ry(Nf = (A= (A+By)) ' f = RN f :i= (A= (A+B))"'f, [ eBy(RY,

for large enough A. In fact, Corollary 5.3 implies that the convergence is actually
uniform on compact sets.

Now, take any subsequence of (IP,,),cn, then, by tightness, there is a further
subsequence converging to some measure, say, Q. For simplicity of notation, we
denote the convergent subsequence also by P,. For fixed f € By(R9), s < t,
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0<m <...<rp<sandh;€ Cp(R%), define

t k
Buli) = [ R F(e) = RaN () = [ ORAS = £y | Tt

=1

where n € NU{oo}. Since R, (\)f € D(A+B,,) and P,, solves the martingale problem
for A+ B,, we find that Ep, (®,) := [ ®,dP, =0 for all n € N. We claim that
Eq(®s) = 0. Because of the weak convergence, it holds that Ep, ($o) — Eq(Poo).
If we can show that

(7.1) lim |Ep, (P, — )| =0,

n—oo

then it follows that Eq(®o) = lim, Ep, (®,) = 0. To prove (7.1), we note that, by
the uniform boundedness of the resolvents, M := sup,,ci [|Pn oo + [|Poo|loc < 0.
By tightness, given ¢ > 0 we find K € D([0, 00); R?) such that P, (K¢) < ¢ for
all n € IN. Note that R := sup,cx sup,<; |ws| < oo. So, by the locally uniform
convergence of the resolvents, we find N € IN such that

|Bn () f(wr) = Roo (M) f (wr)| < €
foralln > N, r € [0,¢] and y € K. Thus, For some constant C' > 0, we have
|Ep, (P, — Poo)| < Ce + Me
for all n > N. Hence,

limsup [Ep, (&), — Poo)| < (M + C)e.
n— oo
As € > 0 was arbitrary, this finishes the proof of (7.1) and shows that Eq(®) = 0.
This implies that

t
M) = RN ) — [ (MRS = D)(er)dry - w € D(0,00) R
0
is a martingale with respect to Q for any f € B,(R%). Noting that

{(Rs M)/, AR (N f — f);: f € By(R")} = A+ B,

and Q(wo € A) = §,(A) this means that Q is a solution to the (A 4+ B, D(A),d,)-
martingale problem and thus, by well-posedness, Q = P,. Hence, by the subsequence
principle, P,, — P, weakly. (|

8. EXAMPLES

Our perturbation results for Feller semigroups and martingale problems require
two sets of assumptions: one on the original semigroup T (cf. Hypothesis 6.1 resp.
7.1) and one on the perturbation B (cf. Hypothesis 6.3). The latter ensures that
B is indeed a (lower order) perturbation of the generator of (T'(t));>o and involves
the parameter p € (0,2) from Hypothesis 6.1, which characterizes the regularizing
properties of T'. Given this parameter p, the conditions on B are typically easy to
check, and so the main work is to verify the assumptions on T’ in particular, the
regularity estimate

IT®) flleg < @Ol fle,  t€(0,1), f€By(RY),

for some function ¢ € L(0,1). For a brief summary of some of our main results we
refer to Theorem 1.1. In this section, we present examples of semigroups satisfying our
assumptions and give some applications, e.g. in the theory of stochastic differential
equations.
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8.1. Differential operators. Let A be a second order differential operators on R?
of the form

(8.1) Af(z) = tr(Q(z)V* f(x))
for Q(z) = (gi;(x)) € R¥4. Our next result gives conditions which ensure that the
associated semigroup satisfies the assumptions of our main results.

Proposition 8.1. Assume that the coefficients q;; are bounded, Hélder continuous,
symmetric (i.e. g;; = qj;) and strictly elliptic in the sense that there exists a constant
n > 0 such that

d
> a(@)&g > el @6 e R
ij=1
Then the semigroup T associated with (8.1) satisfies Hypothesis 6.1 and 7.1 with
arbitrary p € (0,2), and so Theorem 1.1 is applicable (with any p € (0,2)).

Proof. First of all, we note that there is a Markovian Feller semigroup 7' associated
with (8.1); this follows from [9, Theorem 5.11], see also [13, Theorem 8.1.6]. Moreover,
the second step of the proof of [9, Theorem 5.11], with (0.40) replaced by (0.41) and
(0.42) from [10], actually shows that

(8.2) ITt) fllezmey < et Iflloos  f € Bu(RY).
Since we also have ||T() f||oc < |||l and the Hélder space CJ (R%), v € (0,2) \ {1},

is a real interpolation space between C,(R¢Y) and CZ(R%), see [57, Thm. 2.7.2.1],
an application of a classical interpolation theorem [57, Sec. 1.3.3] yields that
1T() flley mey < Mt=P/2||f|ls for some constant M = M (p) > 0 and any f € L™,
p € 10,2]\{1}. Consequently, Hypothesis 6.1 is satisfied for any p € (0, 2). Moreover,
€°(R?) is a core for the generator of T|e_ (RY), cf. [13, Theorem 8.1.6], and so
Hypothesis 7.1 holds. ]

Remark 8.2. Under the milder regularity assumption that the diffusion coefficients g;;
are uniformly continuous, one can show with some more effort that the Hypothesis 6.1
is satisfied (for any p € (0,2)), e.g. using results from [41]. It is, however, not
clear whether C°(IR?) is still a core. In dimension d = 1, one can use that cores
are preserved under random time changes, cf. [29, Theorem 4.1], to deduce that
C(R) is indeed a core if the diffusion coefficient is (uniformly) continuous. Thus,
Proposition 8.1 and Corollary 8.3 below, hold in dimension d = 1 also for uniformly
continuous diffusion coefficients.

Combining Proposition 8.1 with Theorem 1.1, we get the following corollary.
Corollary 8.3. Let £ be a Lévy-type operator of the form
Lf(x) =b(x) - Vf(z) +t2(Q(2)V?f(x))
+Amm¥ﬂw+w—f@%ﬂrvﬂﬂhmmwmumdw~

If the drift b is bounded and measurable, the diffusion coefficients are bounded, Hélder
continuous, symmetric and strictly elliptic, the jumping kernels depend measurably
on = and there is some B € (0,2) such that

sw(/ mmmﬁumm@0<m,
zeRe \ JRI\{0}

then there is a Markovian Cy-Feller semigroup T whose full generator L is the bp-
closure of {(f,Lf); f € €(R%)}. Moreover, the (£,C(R%))-martingale problem
is well-posed. If additionally the family (u(x,dy))zera is tight, then T is a Feller
semigroup.

(8.3)
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As already mentioned in the introduction, the fact that second order (or even
higher order) differential operators with lower order coefficients that are merely
measurable generate strongly continuous semigroups on €., (R%) is known for a
long time (see [52]). Here, we also allow lower order integral terms that are merely
measurable, providing an extension of Taira’s results on domains. Also for the
well-posedness of the martingale problem we require less regularity than e.g. in the
classical results by Stroock [53], where continuous dependence of u(z,-) on x is
assumed.

8.2. Lévy generators. Next we consider perturbations of operators A which are the
generators of Lévy processes, that is, stochastic processes with cadlag sample paths
and independent and stationary increments. Recall that, by the Lévy—Khintchine
formula, any Lévy process can be uniquely characterized (in distribution) by its
characteristic exponent 1 or by its Lévy triplet (b, @, v), cf. [47] for more information.
An important example is the fractional Laplacian —(—A)®/2 which is the generator
of the isotropic a-stable Lévy process. Its characteristic exponent is ¥ (&) = |£]|* and
the corresponding Lévy triplet is (0,0, v) with

1 = caa | e

for a normalizing constant cq,q.
In the following, we will assume that the Hartman—Wintner condition is satisfied:
Rey(§) _
im =
j€lsoc log [¢]

This is a mild growth condition on Re which ensures the existence of a smooth
transition density p; for each ¢ > 0 for the associated process, cf. [26] for a thorough
discussion.

(8.5)

Proposition 8.4. Let (X,;);>0 be a Lévy process with transition semigroup (T (t))i>0
and characteristic exponent ¢ satisfying the Hartman—Wintner condition (8.5). If
there is a constant k > 0 such that the transition density p; of X; satisfies

(8.6) /01 (/R Vi) ) "t < oo,

then Hypothesis 6.1 and 7.1 hold for any p < k, and so Theorem 1.1 is applicable
(with p < k).

Proof. Tt is well known that T'(t) f(z) = | f(z + y)pe(y) dy is a Coo-semigroup and
because of the existence of the density, each T'(¢) is a strong Feller operator, see

g. [18, pp. 438-39]. Moreover, €°(R¢) is a core for the generator of T(t)|c_ by
[6, Cor. 2.10]. Denote by A the corresponding full generator. The differentiation
lemma for parameter-dependent integrals entails that T'(¢) f is differentiable for any
t>0, f € L*(R%), and

IVT(0) flloe < 0Ol with (t) —max{ e >|d:c}.

As poy is the convolution of p; with itself, |[V2T() f|lc < d?¢(t/2)?] f]loo, cf. [34,
Lem. 4.1]. Using that €] (R?), v € (0,2) \ {1}, is a real interpolation space between
Cy(RY) and C2(R?), see [57, Thm. 2.7.2.1], and applying an interpolation theorem
[57, Sec. 1.3.3], we find that || T(¢)flle;re)y < Me(t/2)7| fll for some constant

M = M(y) >0and any f € L™, v € [0, 2]. O

Gradient estimates of the form (8.6) for Lévy processes have been studied in-
tensively in the last decade, e.g. [14, 21, 30, 36, 51] to mention but a few, and
so Proposition 8.4 applies to a wide class of Lévy generators. Using the gradient
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estimates from [51, Ex. 1.5], we find that the assumptions of Proposition 8.4 are
satisfied for Lévy measures which are dominated from below by a stable measure.

Ezample 8.5. Let (T'(t))t>0 be the semigroup of a pure-jump Lévy process with
Lévy measure v satisfying

V(U)Z/OTO/S]IU(TG)T_I_O‘er(dH), U e BRY\ {0}),

for some constants « € (0,2), 7o > 0 and a measure g on the unit sphere S whose
support is not contained in any proper linear subspace of R¢. Then the assumptions
of Proposition 8.4 are satisfied (with x < ).

Example 8.5 covers, in particular, stable operators, i.e. operators (1.1) with
b =0, Q =0 and Lévy measures v of the form v(U) = [;* [c 1y (rf)r='=* dr o(df).
Let us mention that Komatsu [28] was one of the first to study perturbations of
stable operators under Lévy-type operators; however, his result requires quite strong
assumptions on the regularity the density of v. Moreover, we would like to mention
a closely related result by Peng [43] who considers perturbation of the fractional
Laplacian by time-dependent kernels u(¢, x,dy). Our approach has the advantage
that it is not restricted to stable operators but works in a much more general setting,
as demonstrated by Proposition 8.4

8.3. Operators of variable order. Our next application concerns perturbations
of the fractional Laplacian of variable order —(—A)®()/2 which is defined on € (R%)
by

(=AY O f(2) = ¢ /
{y#0}

for a certain normalizing constant cg (). This operator appears as generator of
so-called processes of variable order, see e.g. [4, 27, 30| for the construction of such
processes and more information about the probabilistic background. Denote by
(T'(t))i>0 the associated Coo-Feller semigroup.

(Fe+1) = F@) = - VF@ L0 (9D) oy 4

Proposition 8.6. If a : R? — (0,2] is Hélder continuous with oy, = inf, a(x) > 0,
then (T'(t))i>0 satisfies Hypothesis 6.1 and 7.1 with p = oy, and so Theorem 1.1 is
applicable (with p = ay,).

Proof. Let (T'(t))t>0 be the Markovian Feller semigroup associated with the operator
—(=A)*0)/2 ] see e.g. [4] or [30, Thm. 5.2] for the existence, and denote by A its
full generator and by A its part in Co(R?). It is known from the construction of
the semigroup that €2°(R?) is a core and that T'(t)f(x) = [ f(y)p:(z,y) dy for a
bounded transition function p, cf. [30]. In consequence, by [6, Thm. 1.9, Thm. 1.14],
each T'(t) is a strong Feller operator. Moreover, by [33, Prop. 6.1],

1T g < st f o f € Bo(RY, L€ (0,1)
for any 8 < ar. In conclusion, Hypothesis 7.1 is satisfied. ]

Ezample 8.7. Consider
Lu = _(_A)a(-)/2u _ (_A)B(-)/Q

where o : R? — (0,2] is Holder continuous with ay, := inf, a(z) > 0 and 8 : R? —
(0,2) is a measurable function with sup, S(z) < ar. Then, by Proposition 8.6
and Theorem 1.1, the bp-closure of {(f,£f); f € C(R%)} is the generator of a
Markovian Cp-Feller semigroup S and the (£, C3°(R?))-martingale problem is well-
posed. If additionally inf, 8(z) > 0, then the tightness condition (Ti) is satisfied
and S is a Cyo-Feller semigroup.

Let us mention that Theorem 7.3 also yields continuous dependence of these
solutions on the ‘coefficient’ 5. More precisely, if 5,,, n € IN are measurable functions
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such that 3, (z) — B(x) for all z € R? and 0 < inf,, inf, B(x) < sup,, sup, B.(z) <
ar, then P62 5 P(:2) weakly for every x € R?. In particular, the associated
semigroups satisfy S)(t) f(z) — S (t) f(z) for any t > 0, z € R and f € €,(R?).

Proposition 8.6 can be extended to a wider class of non-local operators, that
is, we can replace the fractional Laplacian of variable order —(—A)a(')/ 2 by other
operators of variable order, see [30, Section 5.1] for some interesting choices.

8.4. Non-local operators and Lévy-driven SDEs. In this subsection, we show
how our perturbation results can be applied in the theory of stochastic differential
equations (SDEs). The key is a result by Kurtz [40] which states that the existence
of solutions to Lévy-driven SDEs can be equivalently characterized by the existence
of solutions to martingale problems associated with certain Lévy-type operators
(1.1). For a comprehensive study of Lévy-driven SDEs, e.g. classical existence and
uniqueness results, we refer to Ikeda—Watanabe [17] and Protter [45]. Our first result
concerns SDEs with additive Lévy noise.

Proposition 8.8. Let (L¢)i>0 be a Lévy process with characteristic exponent i
satisfying the Hartman—Wintner condition (8.5). If the transition density p; satisfies

fol Jra |Vpe(2)| dzdt < oo, then the SDE
(8.7) dX, = b(X,)dt +dL,,  Xo =,

has a unique weak solution. Moreover, the unique solution does not explode in finite
time and gives rise to a Markovian Feller semigroup with symbol

q(x,€) = —ib(z) - £ +¥(€), xR
Proof. This is immediate from Proposition 8.4 (with x = 1) and the results of
[40]. O

Proposition 8.8 applies, in particular, to any Lévy process with characteristic
exponent ¢ satisfying Re ¥(£) > ¢|£]%, |€] > 1, for some « > 1; indeed, (8.5) is then
trivial and the integrability condition on Vp; follows from [51, Thm. 3.2]. Let us
mention that Tanaka et. al [56, pp. 82,83] obtained the existence of a unique solution
under the milder assumption that ﬁ@) =0 (|¢|7") as |¢| — co. Furthermore,
there is ongoing research about the optimal assumptions on the drift b to ensure
the existence of a unique weak solution to (8.7) for a given Lévy process; e.g. [§]
considers isotropic a-stable drivers, a > 1, and (generally unbounded) drifts b from
some Kato class.

Proposition 8.9. Let (L¢):>0 be a one-dimensional isotropic a-stable Lévy process
for a € (1,2), i.e. (Li)i>0 is a Lévy process with characteristic exponent 1(€) = |€]*.
Let 0 : R — R be a Holder continuous function with 0 < inf, o(z) < sup, o(x) < oo.
For every b € By(R), there is a unique weak solution to the SDE

(88) dXt = b(th) dt + O'(Xt,) st7 X() = X.

The unique solution does not explode in finite time and gives rise to a Markovian
Coo-Feller semigroup with symbol

q(z,§) = —ib(x) - £ + |o(2) ][]
Proof. Since o is Holder continuous, the SDE dY; = o(Y;_) dL; has a unique weak
solution which gives rise to a Feller process, see e.g. [37, Thm. 2.1] or [30, Thm.
5.23]. Denote by (T'(t));>0 the associated semigroup and by A the full generator.
It is known that C2°(RR) is a core for the generator of T'|e_ (w), cf. [37, 30]. The
strong Feller property of T'(¢) follows from [6, Thm. 1.14] and the fact that Y; has a

bounded transition density p;, see e.g. [30]. Moreover, [33, (Proof of) Proposition
4.5] yields the regularity estimate

(8.9) T fllepry < cot™ N flloc,  f € Bo(R), t>0,
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for B < a. Choosing 8 € (1,a) and setting Bf(z) = b(z)V f(z), we see that the
assumptions of Theorem 6.4 are satisfied, and so there is a Markovian C,.-semigroup
with full generator A+ B. Using the well-posedness of the (A+ B, €2°(R))-martingale
problem, which holds by Theorem 7.2, it follows from [40] that the SDE (8.8) has a
unique weak solution. O

Remark 8.10. Proposition 8.9 can be extended in several ways:

(i) We can consider a wider class of driving Lévy processes (L;)¢>0. There
are two key ingredients which we need. Firstly, the existence of a unique
weak solution to the SDE dY; = o(Y;—) dLy; there is extensive literature on
this topic, see e.g. [7, 35, 30, 37, 58] and the references therein. Secondly,
a regularity estimate ”T(t)fHef(]Rd) < @(t)]|flloo for the corresponding

semigroup, where ¢ € L'(0,1) and 3 > 1. Though there are quite some
works on regularizing properties of semigroups associated with SDEs, many
of them study only B-Holder regularity for § < 1, and this is not enough
for our purposes.

(ii) Using localization techniques for martingale problems, one can relax the
growth assumptions on b and o; see [31, Thm. 4.2] and [16, Thm. 5.3] for
useful results in this direction.

Proposition 8.11. Let (L;)¢>0 be a one-dimensional isotropic a-stable Lévy process
for o € (0,2). Let (My)i>0 be a one-dimensional Lévy process independent of (Ly)i>0
with Lévy triplet (b,0,v) such that f{ly\<1} ly|® v(dy) < oo for some B € [0,0).
If a <1 also assume that the compensated drift b — f{lykl}yy(dy) is zero. Let

o:R — (0,00) be a Hélder continuous mapping with 0 < inf, o(x) < sup, o(z) < 0.
For every k € By(R), the SDE

dXt_ = K(Xt_) th + O'(Xt_) st, XO =X

has a unique weak solution. It does not explode in finite time and it gives rise to a
Markovian Feller semigroup with symbol

q(z,§) = p(r(x)§) + |o()|*[£]%,
where ¢ denotes the characteristic exponent of (M¢)i>o.

Proposition 8.11 can be extended to other driving Lévy processes (L;);>o0, cf.
Remark 8.10.

Proof of Proposition 8.11. Because of the integrability condition on the Lévy mea-
sure v, an application of Taylor’s formula shows that the operator

Bf(z):=b Vf(@)lias1

+ / (f(z+ r(2)y) — f(@) = f(@)R(@)yLo1) () L{as1y) v(dy)
{y#0}

satisfies | Bf]|oo < C”fHeﬁ(]R) for some constant C' > 0. Moreover, Hypothesis 6.3
b

holds. Note that the kernels u(x, dy) associated with B satisfy the tightness condition
(Ti) because

(@, {lyl > RY) = v({y € R\ {0}; [s(z)y| > R})
<v({y € R\{0}; [y > R/[|]c}) 2= 0.

Now we can proceed exactly as in the proof of Proposition 8.9; the only difference is
that we consider the just-defined operator B rather than the drift operator. O

Ezample 8.12. Let a € (0,2] and 5 € (0, «). Let (L);>0 be an isotropic a-stable
Lévy process and (My)¢>0 an isotropic S-stable Lévy process, which is independent of
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(L¢)¢>0. Let o be a Hélder continuous function with 0 < inf, o(z) < sup, o(z) < oc.
Then, by Proposition 8.11 and Theorem 7.3:

(i) For every x € By(R?), the SDE
(810) dXt = H(Xt_) th + O'(Xt_) st, XO =,

has a unique weak solution. It gives rise to a Markovian Feller semigroup.
(ii) If k, € Bp(R), n € IN, is a sequence of measurable functions such that

Kn by %, then the solutions X (=) to (8.10) (with x replaced by ,,) converge
weakly to X = X (%) in the Skorohod space D[0, o).

APPENDIX A. BP-CONVERGENCE OF MEASURE-VALUED FUNCTIONS

The concept of bp-convergence, see Section 2, is a very useful tool in probability
theory and allows for a version of Dynkin’s 7w-A theorem for bounded measurable
functions. We recall that if E is a metric space, then a set M C By(F) is called

bp-closed if whenever (f,) C M is a sequence with f, by f, then also f € M. The
bp-closure of M C By(E) is the smallest bp-closed subset of B,(E) that contains M.
If the bp-closure of M is By(E) we say that M is bp-dense in By(E).

We recall the following general result from [13, Prop. 3.4.2].

Proposition A.1. In a metric space E, the set Cy(E) is bp-dense in By(E). If E
is additionally locally compact, then also C.(E) is bp-dense in By(E).

In this appendix, we aim to extend this result to functions that take values in the
cone MT(E) of positive, locally finite measures on E, where E is a locally compact,
separable metric space. To that end, we endow MT(E) with the vague topology,
induced by the space C.(E) of continuous functions with compact support. As is
well known, see [22, Thm. A.2.3(i)], MT(E) is a Polish space in the vague topology,
i.e. the topology is induced by a complete, separable metric.

As a matter of fact, we will not be interested in the case of arbitrary E, but only
in the case £ = R¢\ {0}. Fix a continuous function g : R?\ {0} — [0, 00). Given a
measure v € M+ (R4 \ {0}), we put

o= [ o) dviy)

We denote by K9(R?, M*(R?\ {0})) the set of measurable mappings u : R? —
MF(R?\ {0}) such that

Iullg := sup |p(z)ly <oo and  lim sup p(z, {jy| > R}) =0} for all K € R“.
z€R4 R—o0zek

We note that, as a consequence of [22, Thm. A.2.3(iv)] the map p : R — M*(R?\
{0}) is measurable if and only if = — [p. f(y)p(z,dy) is measurable for every
f € C.(R4\ {0}) if and only if = + pu(z,A) is measurable for every relatively
compact set A.

Definition A.2. We say that a sequence (u,) C K9(R?, M+ (R4 \ {0})) converges
boundedly and pointwise to p: R — M+ (R4 \ {0}), if

(i) supy, [|pnlly < oo,
(ii) pn(x) = v(z) vaguely for every x € RY and
(iii) for every K € R? we have limp_,o0 SUP, ey SUP e i Hn (T, {|y| > R}) = 0.

. b - N
We write 1, — v to indicate bounded and pointwise convergence.

Remark A.3. We note that if g(x) = ¢(|x|) for some function ¢ : (0,00) — (0, 00)
with ¢(t) 1T 0o as t — oo, then condition (iii) in Definition A.2 is automatically
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fulfilled and follows from assumption (i). Indeed, for R > 0, z € R? and n € IN we
have

in(z, {y] > RY) < ——— /{ Dt <

1
sup ||pnllg — 0.
AR () S Nl

We note that we did not assume in the above definition that the limit p belongs
to K9(RI, M+ (R4 \ {0})). As it turns out, this holds true automatically.

Lemma A.4. Let (u,) C K9(R4, M (RN {0})). If pn by i, then also p belongs
to K9(R, M*(R?\ {0})).

Proof. We first note that p is measurable as pointwise limit of measurable functions.
We now pick C' > 0 such that ||p,|y < C for all n € IN and fix a sequence
(fx) € Co(R¥\ {0}) such that 0 < fx(y) T g(y). As p,(x) — p(z) vaguely, we obtain
for fixed k € IN and arbitrary = € R¢ that

/ Fe@ule.dy) = lim / Fe®)pin (z, dy) < limsup / 9(4) pin (2, dy) < C.
R4 n—r00 R R4

n—0o0

Taking the limit k¥ — co, monotone convergence implies

/ 9(y) p(z, dy) < C
]:Rd

for every z € R?, proving that ||u|, < C < oo. To prove that for a compact set K,
we have limp_, o sup,c i p(z, {|y| > R}) = 0, we pick, given € > 0, a radius R > 0
such that p,(z,{|y| > R}) < e for all z € K and n € N. Approximating 1y,|>r}
by an increasing sequence of functions in C.(RR?), we can repeat the above argument
to prove that p(z,{|ly] > R}) <e for all x € K. O

In what follows, we use the notions of bp-closedness, bp-closure and bp-density
with the obvious meaning also for subsets of K9(R?, M* (R \ {0})). We can now
prove the main result of this appendix, a version of Proposition A.1 for measure-
valued functions.

Theorem A.5. The set C.(R%, M*(R?\ {0})) N K9(R4, M+ (R?\ {0})) is bp-dense
in K9(RY, M*(R?\ {0})).
Proof. We write K7, for the set which is claimed to be bp-dense and denote by F
its bp-closure. We proceed in several steps.

Step 1: We prove that if u(z, A) = p(x) - v(A) for some ¢ € By(R?) and
v e MFT(RY\ {0}) with |v], < oo, then p € F.

Indeed, if ¢ € C.(R?), then a function u of the above form belongs to K% and
hence to F. However, if ¢, by ¢ it is easy to see that ¢, (-)v by ©(-)v and hence the

latter belongs J if this is true for the approximating sequence. Invoking Proposition
A.1, it follows that indeed for every ¢ € By(RR?) the above function u belongs to F.

Step 2: We prove that F is a cone.
To see this, fix 4 € F and put
Fuo={peTF :su+thecTFforalls,te (0,00}

A moments thought shows that F, is bp-closed. If u € K¢, then clearly every
element of K7, belongs to ¥, as K2, is itself a cone. Thus F C F, and hence F = F,.
Now let p1 € F be arbitrary. Then we have K, C F, by what was just proved. Using
that KZ is bp-dense in F once again, we find F,, = F for every p € F which proves
that F is indeed a cone.

Step 8: It follows from Step 1 and Step 2 that every function of the form

w(z, ) = Z La, (x)yk()7
k=1
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where A1,..., A, € B(RY) and v1,...,v, € MT(R?\ {0}) with ||, < oo for all
k=1,...,n, belongs to F. Given any sequence (Az) C B(R?) of pairwise disjoint
sets and a tight sequence v, € M+ (R \ {0}) with sup,, |vn|, < 0o also the function

x,) :Z]lAk(m)uk
k=1

belongs to F; indeed, the partial sums are all in F and so their bp-limit p belongs
to F by the closedness of F.

Step 4 Fix p € KI(R4, M (R4\ {0})) with impg_, e sup,cga p(z, {|y| > R}) = 0.
We put
Sp = {r e MT(RN\A{0}) : |vly < |lully and
v({lyl > R}) < sup pu(z,{ly| > R}) for all R > 0}.
z€R?

Arguing similar as in the proof of Lemma A.4, we see that S, is a closed subset
of M*(R?\ {0}). Consequently, S,, is separable, whence we find a dense sequence
(vn) C S, that is dense in S,.

Let us fix a metric p that generates the topology on S,,. We write B(v, €) for the
open ball in S, of radius € and with center v € S,,. We can now inductively define

sets B,(Cn) by B = B(v1,n"1) and

B, = B(rpy1,n )\ (B U--.uB™).

Then for every n € IN the sets (B,(C")) ke are pairwise disjoint and their union equals
Sy Let us set

Z]l s (@) ()-

By Step 3, the function p, belongs to F. However, we have ||u,|l, < ||p]l4 for every
n € N as every v; belongs to S, and for € R? we have p(u,(z), u(z)) < n~! so
that p,(x) = p(x). By the definition of the set .S, also condition (iii) in Definition

A.2 is satisfied so that p, be . It follows that p € F.
Step 5 We finish the proof.

Given p € K9(R*, M (R%\ {0})), we set pun, := Lp(o,n)u. By Step 4, we have
tn € F, as supycpra pn(z, {ly| > R}) — 0 as R — oo. On the other hand, we have

Lhn by w and it follows that pu € &F. |

We now combine Proposition A.1 and Theorem A.5 into a single result which will
be useful in the main part of this article.

Corollary A.6. Assume that F is a subset of By(R%; R?) x K9(R4, M+ (R%\ {0}))
such that

(i) C(RY%RY) x [€.(RE, M (R {0}) N K7 (RE, MH (R {0})] € F

(i) whenever ((fn, tin))nexy C F and fp by f and py, i w, then also (f,u) € F
Then F = By(RY) x K9(R4, M+ (R4\ {0})).
Proof. Fixing f € C.(R% R?) and considering sequences of the form (f, ft,,)nen bp-
converging to (f, i), Theorem A.5 shows C.(R%) x K9(R4, M+ (R?\ {0})) C F. Let

us now fix u € KI9(RY, M+ (R4 \ {0})) and consider sequences (f,, i) bp-converging
to (f, u). Then Proposition A.1 yields the claim. O
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APPENDIX B. CONTINUITY OF LEVY-TYPE OPERATORS IN TERMS OF THE
SYMBOL AND THE CHARACTERISTICS

In the proof of one of our perturbation results, Theorem 6.4, we used that the
integro-differential operator

(B.1) Bf(x) = b(z)- Vf(x)+ /}Rd\{o}(f(x +y) = f(@) —y- VI(@)x)) vz, dy)
maps (sufficiently) smooth functions to continuous functions. On C(R9), the
operator can be considered as a pseudo-differential operator with symbol ¢(z, ),
cf. (1.2), and so one can equivalently asked for conditions on the symbol ensuring
that Bf € C(RY) for f € €°(R%). The following result answers this question; it is
somewhat more refined than what we need for our proof but we believe the result to
be of independent interest.

Theorem B.1. Let B be as in (B.1) and denote by

B2) &) =@ [ (=i ) e dy)

R4\ {0}
the associated symbol; here x € C(R?) is a smooth cut-off function with 1,1 <
X < 1po,2)- If q is locally bounded, then the following statements are equivalent.

(i) Bf is continuous for every f € € (RY).
(i) @ — q(z,&) is continuous for all £ € R,
(iil) FEach of the following conditions is satisfied.
(a) x+— b(x) is continuous.
(b) = — v(z,-) is vaguely continuous on (R4\{0}, B(R\{0})).
(c) The family (v(x,-))zcx, is tight for any compact set K € RY, i.e.
limp_yo0 sUp e v(2, {|ly| > R}) = 0.
(d) lim,_0sup,ex f{\y\<r} ly|2v(z,dy) = 0 for any compact set K € R%.

If one (hence, all) of the conditions is satisfied and B : Gf(]Rd) — By(R?) is a
bounded operator for some 3 > 0, then B is continuous for all f € Gbﬁ (RHNECo (RY).

Remark B.2. (a) The implications (ii) <= (i) = (iii) remain valid for any
Borel measurable cut-off function x such that 1z 1) < x < 1p(,2)-

(b) A symbol g of the form (B.2) is locally bounded if, and only if, for any
compact set K C R? there exists a constant ¢ > 0 such that |q(z,¢)| <
c(1+1£?) for all z € K, ¢ € R By [49, Lem. 2.1, Rem. 2.2], this is
equivalent to

(B.3) VK € R? : sup |b(x)| + sup/ min{|y|?, 1} v(z, dy) < occ.
zeK zeK JR4\{0}

Proof of Theorem B.1. To keep notation simple, we prove the result only in dimen-
sion d = 1. The implication (i) = (ii) follows from [48, Thm. 4.4]. Moreover,
if x — q(x, &) is continuous, then we find from the local boundedness of ¢ and the
dominated convergence theorem that

v Bf(x) = /R a(z, €) f (€)™ de

is continuous for all f € €3°(R), and this proves (ii) = (i). In the remainder of
the proof we show that (ii) < (iii).

(iii) = (ii): By (iii)(a), it suffices to show that

z e p(x,§) = /}R\{O}(l — e iyéx(y)) v(z, dy)
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is continuous for all £ € R. Clearly,

|p(xa£) —p(z7§)| S Il + I2 + IB;

2
5= LD ( / lyl? v(x, dy) + / y|2u<z,dy>>
{ly|<r} {lyl<r}

/ (1— €™ +iyex(y)) vz, dy) — v(z, dy)] ’
{r<lyl<R}

I3 :=2w(z, {ly| > R}) + 2v(z,{|y| = R}).
The vague continuity in (iii)(b) implies that I — 0 as z — « for fixed r, R > 0 with
v(z,{ly| =r}) =0 and v(z, {]y| = R}) = 0. Letting first 2 — x and then r — 0 and
R — o0, it follows from (iii)(c) and (iii)(d) that p(-, ) is continuous.
(i) = (ii): By [48, Thm. 4.4], (ii) implies that

VK € R? : lim sup |¢(z,&)| = 0.
16|20 zc K

where

IQ =

Moreover, exactly the same reasoning as in [48, proof of Thm. 4.4] shows that v(x,-),
x € K, is tight for any compact set K. For ¢ € C°(R) and = € R define

Su(9) 1= B ~alo( ~ a)(e) = [ () vl dy)
R\{0}
If we denote by Ff := f the Fourier transform of a function f, then
F(| - —aPo(- =) () = e F( - Po()(€), EeR.

Since ¢ is locally bounded and x +— ¢(z, ) is continuous for all £ € R, an application
of the dominated convergence theorem shows that

v Sul) = = [ a@F( - —afel ) de

is continuous. Choose ¢, € CX(R) such that 11k < ¢x < Lp,2/k and
PE+1 < Ok Then Sz(gﬁk) > Sx(¢k+1) and

Se(pr) < / ly|? v(x, dy) 522000 for all # € R.
ly|<2/k
Applying Dini’s theorem, we find that
k

swp [y vlady) < s [ oPen) viedy) = sup IS, (0] 0

zeK J|y|<1/k €K €K
for any compact set K, and this proves (d). If we set u(z, dy) := |y —z|? v(z, dy +z),
then
(BA) Tu(p) := B(|- —zf¢(-))(z) = /}R\{ }|y|2<p(af+y> v(z,dy) = /w(y) p(, dy)

0

for all p € C°(R). As

F(l - —zPe())(©)
- L (/ viply) e dy—2x/ yp(y)e v dy+x2/ ply)e v dy>,
2 \Jr R R
there exists for any compact set K an integrable function g such that sup,¢x |F(] -
—z20)(&)] < g(€) for all € € R. Since z — g(z,€) is continuous and locally bounded,
the dominated convergence theorem shows that the mapping

= To(p) = —/]Rq(x,f)f}'q . —$|2<p(~))(§)eiw5 e
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is continuous for all ¢ € C°(R). By (B.4) this means that

/() (z,dy) —>/ w(x,dy) forall feCl(R),z €R.

Combining this with the fact that the local boundedness of ¢ implies

(B.5) sup/ p(z,dy) < oo forall R>0,K CR cpt.
z€K J|y|<R

cf. (B.3), we conclude that p(-, dy) is vaguely continuous on (R, B(R)). Using that

oy — ) p(z, dy) — / oy — 2) u(z, dy)
R R

< /R lp(y —x) — oy — 2)| u(z, dy) + ‘/R oy — z) [u(z, dy) — p(z, dy))

for all € C.(R), it follows from (B.5) and the vague continuity of u(z,-) that

/ oy — 2) u(z, dy) =5 / oy — ) p(z, dy)
R R

for all ¢ € C.(R). Since v(z,dy) = ﬁu(m, dy — ), it is not difficult to see that this
implies that v(z,-) converges vaguely on (R\{0}, B(R\{0})) to v(z,-) as z — x. To
prove continuity of the drift b, we note that

b(z) = B((- — o)x(- — 2))(x) = - /R 42, )T (- — 2)x(- — 2)(€) de
_ /R 9(z, €)F (d()x() (€) de;

here id(y) := y. Applying the dominated convergence theorem another time, we find

that © — b(z) is continuous. This finishes the proof of the equivalences. Finally,

if one (hence, all) conditions of the theorem are satisfied and || B f[|cc < K| f]|es,
b

f € C®(RY), for some constants K > 0 and 3 > 0, then a standard approximation
argument yields that B f is continuous for every f € (‘35 (R%) N Coo (RY). O

Corollary B.3. Let B be as in (B.1) for a smooth cut-off function x with 1 1) <
X < 1,2y, and denote by q(x,§) the symbol of B, ¢f. (B.2). If there is for every
compact set K C R some constant a € (0,2) such that

(B.6) sup [b(z)[ + sup (/ [yl V(%dy)) < 00,
{lyl<1}

reK rzeK

and (v(x,+))zeck is tight, then the following statements are equivalent:

(i) Bf is continuous for every f € C(RY),
(ii) x — q(z,&) is continuous for all € € R?,
(iii) = — b(z) is continuous and x — v(x,-) is vaguely continuous.

Proof. Because of (B.6), the symbol ¢ is locally bounded, cf. Remark B.2, and
moreover (iii)(c),(d) are clearly satisfied. Thus, the assertion is immediate from
Theorem B.1. ]
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