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Probability /measure theory

~, = distributed as
Px distribution of X w.r.t. P
B(R) Borel g-algebra on R?

O Dirac measure centered at z € R

Spaces of functions

By(RY) space of bounded Borel measurable
functions f:R¢ > R

Cyp(RY) space of bounded continuous
functions f:R% - R

Co (RY) space of continuous functions

f:R% - R vanishing at infinity
limyz o0 [ f(2)] = 0

e (RY)
DJ[0,00)

Analysis

A
Il
D(A)
cadlag
tr(A)
v f

Index of Notation

space of smooth functions f:R% — R
with compact support

Skorohod space = space of cadlag
functions f : [0, 00) - R?

minimum

uniform norm

domain of operator A

finite left limits and right-continuous
trace of A

Hessian of f



Introduction

Central question: How to characterize stochastic processes in terms of martingale properties? Start
with two simple examples: Brownian motion and Poisson process.

1.1 Definition A stochastic process (By)¢so is a Brownian motion if
e By =0 almost surely,
e By, -By,,...,By, —B,, , areindependent for all 0 = tg < t1 < ... < t, (independent increments),
e B;—B; ~N(0,(t-s)id) for all s<t,
e { — By(w) is continuous for all w (continuous sample paths)

1.2 Theorem (Lévy) Let (X;)t»0 be a 1-dim. stochastic process with continuous sample paths and
X0 =0. (X¢)ss0 is a Brownian motion if, and only, if (X;);s0 and (X7 —t);s0 are (local) martingales.

Beautiful result! Only 2 martingales needed to describe all the information about Brownian motion.

Remark Assumption on continuity of sample paths is needed (consider X; = N; — ¢ for Poisson
process with intensity 1).

1.3 Definition A stochastic process (NV;)i»o is a Poisson process with intensity A > 0 if
e Ny =0 almost surely,
e (NV;)s0 has independent increments,
o N;— N, ~Poi(A(t-s)) for all s<t,
e ¢~ Ni(w) is cadlag (=right-continuous with finite left-hand limits).

1.4 Theorem (Watanabe) Let (Ny);»0 be a counting process, i.e. a process with Ny = 0 which is
constant except for jumps of height +1. Then (V;);»o is a Poisson process with intensity A if and
only if (N; — At)ss0 is a martingale.

Outline of this lecture series:

e Set up general framework to describe processes via martingales (— martingale problems, »
§2)

e study connection between martingale problems and Markov processes

N
__

§4

Markov process

martingale problem

e application: study solutions to stochastic differential equations » §3)



Martingale Problems

2.1 Definition Let (2, F,P) be a probability space.
(). A filtration (Fi)es0 is a family of sub-o-algebras of F such that F, ¢ F; for s < t.
(ii). A stochastic process (M;)sso is a martingale (with respect to (Fy)eso and P) if

o (M, Fi)s0 is an adapted process, i.e. X; is Fy-measurable for all ¢ > 0,
o M; e L'(P) for all t >0,
o E(M; | Fs) =M, for all s<t.

Standing assumption: processes have cadlag sample paths ¢+ X;(w) € R, Skorohod space:
D[0,00) := {f :[0,00) > RY; f cadlag }.
Fix a linear operator L : D — B,(R%) with domain D ¢ By(R?). Notation: (L, D).

2.2 Definition Let 1 be a probability measure on R%. A (cadlag ) stochastic process (X;)ss0 on a
probability space (2, F,P*) is a solution to the (L, D)-martingale problem with initial distribution
wif PH(Xge-) =pu(-) and

t
M = f(X0) = [(Xo) - [ LI(X.)ds
is for any f € D a martingale w.r.t to the canonical filtration F; := o(X,; s < t) and PH.
2.3 Remark  (i). For y =6, we write P* instead of P%. Moreover, E* := [ dP?.

(ii). Sometimes it is convenient to fix the measurable space. On chooses Q2 = D[0, o) Skorohod
space and X (t,w) = w(t) canonical process (possible WLOG, cf. Lemma 2.9 below).

Next: existence and uniqueness of solutions. Rule of thumb: Existence is much easier to prove
than uniqueness.

2.1 Existence of solutions

2.4 Definition A linear operator (L, D) satisfies the positive maximum principle if

feD, f(xg)=sup f(z) >0 = Lf(xg)<0.

zeR4

2.5 Lemma Let (L,D) be a linear operator on Cy(R9) (i.e. D ¢ Cy(R?) and L(D) ¢ Cyp(RY)). If
there exists for any = € R? a solution to the (L, D)-martingale problem with initial distribution
i =08y, then (L, D) satisfies the positive maximum principle.

Proof. Fix f € D and xg € R? with f(x¢) = sup,epa f(z) > 0. Let (X;)is0 be a solution with
Xo =x9. Then

02 B(F(0) - fGeo) =B ([ Lr(X)ds),



and therefore it follows from the right-continuity of s —» E*°L f(X) that

1 rt
Lf(x0) :?n&;[ B (Lf(X,))ds <0. 0
- 0
Denote by Co (R?) the space of continuous functions vanishing at infinity, limy)eo f(x) = 0.

2.6 Theorem ([4]) Suppose that
(i). D€ Cuw(R?) is dense in Coo (R?) and L : D - Coo (RY),
(ii). L satisfies the positive maximum principle on D,
(iii). there exists a sequence (fy )neny € D such that
7}13)10 fa(z)=1 and gggoLfn(z) =0

for all z € R? and
Slill)(”fnﬂoo +[Lfnfoo) < o0.

Then there exists for every probability measure u a solution to the (L, D)-martingale problem with
initial distribution pu.

2.7 Remark If (iii) fails to hold then there exists a solution which might explode in finite time.

DIY Define an operator L on the smooth functions with compact support C° (R%) by
LF(r) = W) 9 f(2) + 5 tx(Q) 9 ()
[ F@ry) = f@) -y V@) () v, dy)
y#0

where for each z € R, b(x) € RY, Q(x) e R™ is positive semidefinite and v(z, dy) is a measure sat-
isfying [ min{1, |y|*} v(x,dy) < co. Show that L satisfies the positive maximum principle. (Extra:
Find sufficient conditions on b, @, v such that Theorem 2.6 is applicable.)

2.2 Uniqueness

Next: introduce notion of uniqueness. What is the proper notion in this context?

2.8 Definition Let (X;);»0 be a stochastic process on a probability space (2, F,P). If (X1)ss0 is
another stochastic process (possibly on a different probability space (€2, F,P)), then (X¢)ss0 equals
in distribution (X;)ss0 if both processes have the same finite dimensional distributions, i.e.

P(X,;, €By,...,X; €B,)=P(X;, €By,...,X;, €B,)
for any measurable sets B; and any times t;. Notation: (X;)s0 d (Xt)t20~

Mind: In general, X, d X, for all t > 0 does not imply (X0 d ()N(t)tzo. Consider for instance a
Brownian motion (X;)so and X, := vV X7.

2.9 Lemma Let (X;)s»0 be a solution to the (L, D)-martingale problem with initial distribution u.

If (Y;)es0 is another cadlag process such that (X;)iso0 d (Y2)ts0, then (Y3)is0 is a solution to the
(L, D)-martingale problem with initial distribution p.

Idea of proof. A cadlag process (Z;)i»o (with initial distribution u) solves the (L, D)-martingale
problem (with initial distribution p) iff

P”([f(Zt) 120~ [ th(Z,e)dr]fIlhj(Zt,;)) -0

for any t; < ... <t < s <t and h; € By(R?). This is an assertion on the fdd’s! (Put Z = X and
then replace X by Y.) O
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Lemma 2.9 motivates the following definition.

2.10 Definition  (i). Uniqueness holds for the (L, D)-martingale problem with initial distribution
w if any two solutions have the same finite-dimensional distributions.

(ii). The (L,D)-martingale problem is well posed if for any initial distribution p there exists a
unique solution to the (L, D)-martingale problem with initial distribution u.

Next result: uniqueness of the finite-dimensional distributions follows from the uniqueness of the
one-dimensional distributions. Reminds us of Markov processes.

2.11 Proposition ([4, Theorem 4.4.2]) Assume that for any initial distribution x4 and any two solutions
(X1)iz0 and (Y7)¢s0 to the (L, D)-martingale problem with initial distribution g it holds that

thYt for all ¢>0.

Then uniqueness holds for any initial distribution p, i.e. (X;)»0 g (Y2) 10 for any two solutions
(X1)t=0 and (Y7)¢s0 of the martingale problem with initial distribution p.

2.3 Markov property

2.12 Theorem ([4, Theorem 4.4.2]) Assume that the (L,D)-martingale problem is well posed. If
(X1)i»0 1s a solution to the (L,D)-martingale problem with initial distribution g, then (Xi):so
satisfies the simple Markov property

E*(f(Xowe) | Fo) =BX(f(Xsn) | X2), 5,620, f € By(R?). (2.1)

2.13 Remark A bit more is true. Consider the canonical framework, i.e. Q = D[0, 00) and X;(w) =
w(t). Assume additionally to 2.12 that x — P*(B) is measurable for all B. Then

B (F(Xont) | F) = (Pf)(X)) Plas. (2.2)

where
Psf(x) = Exf(Xs)

Interpretation: (X;)ss0 is a Markov process with semigroup (P;)s»0 (chapter 4). Note: (2.2) implies
(2.1). If D c Cy(R?) we even get a strong Markov process (i.e. t ~ finite stopping time 7).

2.14 Remark What if there is no uniqueness? Markovian selection! Consider again canonical
framework,

Im* := {P*; (X;,P*) is solution to (L,D)-martingale problem with initial distribution u}

set of solutions. Under quite weak assumptions, it is possible to choose P* € II* such that (X;,P*)
is Markovian in the sense of (2.2), see e.g. [4, Section 4.5]. Has useful applications in analysis (e.g.
for Harnack inequalities), cf. [8].

Conclusion: martingale problems are a useful tool to construct Markov processes.
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Connection between SDEs and martingale
problems

Aim: characterize weak solutions to SDEs of the form
dXt :b(Xt)dt+0'(Xt)dBt, Xo ~ W (31)

where (By)¢s0 is a Brownian motion and p a probability measure. Here for simplicity only dimen-
sion 1. Everything generalizes to higher dimensions! Standing assumption:

e h:R—> R and ¢:R - R are locally bounded,
3.1 Definition A weak solution to (3.1) is a triple (X, B), (Q, F,P), (F;)s0 consisting of
e a probability space (Q,F,P),

a complete filtration (F;)s»o of sub-o-algebras of F,
e a Brownian motion (By, Ft )0,

e a continuous adapted process (X, F;)s0

such that P(Xg €-) = u(+) and

t t
X, - Xo = f b(X,)ds + f o(X,)dB, P-as.
0 0
Important: We are free to choose the probability space and the Brownian motion.

Example The SDE
dX; =sgn(X;) dB, Xo =0,

has a weak solution but not a strong solution.

Idea. Existence of weak solution: Let (W})sso be a Brownian motion (on some probability space)
and set

t _
Bi= [ sen(W)dW,  Xi=W,  F=7FJ
0
By Lévy’s characterization, ( By, Ft)i»0 is a Brownian motion. Moreover,
dBt = SgD(Xt) dXt — dXt = (sgn(Xt))2dXt = sgn(Xt) dBt

If there were a strong solution (X¢)¢s0, then (X¢)ss0 would be a Brownian motion and F;X ¢ ]—"lXI.
This is impossible, see e.g. [11, Example 19.16]. O

Good source for further (counter)examples: [2].

Let (X;)s0 be a solution to (3.1). For f e CZ(R) it follows from Itd’s formula that
¢ 4 1 ¢ "
FX) - (X0 = [ fxydxee s [ () dx),
¢ ¢
- f F(X)o(X,)dB, + f Lf(X.)ds
0 0



where
L) =) @)+ o)) <@ 9s @) s et @)) 62
with a(z) := o(2)2(= o(z)o(2)T). Consequently,

t t
F(X) - f(X0) - [ LX) ds= [ F/(X.)o(X.) dB..
Right-hand side is martingale e.g. if f has compact support or ¢ is bounded. Hence:

3.2 Lemma If (X;);s0 is a weak solution to (3.1), then (X;)ss0 solves the (L, C?(R))-martingale
problem with initial distribution u (with L defined in (3.2)).

Converse is also (almost) true!

3.3 Lemma If (X;)0 is a continuous process which is a solution to the (L,C?(R))-martingale

problem with initial distribution s, then there exists a weak solution (X} )0 to (3.1) with (X;)sso e
(X¢t)e=0-

Proof for a(-)? bounded away from 0. (i). Since M} = u(X;) - u(Xo) - fot Lu(X,)ds is a mar-
tingale for u € C?(R) it follows that (M;");so is a local martingale for any u € C%(R). Idea:
Define

T = inf{t > 0;| Xy| > k}

and pick f € C?(R) such that f(x) =u(x) for |z| < k; then M}

tATE

=M/

inr, 18 a martingale.

(ii). By Step 1,
t t
U, = Xt—Xo—f b(X,)ds and Vj:= Xf_xg_f (2X,b(X,) + 0%(X,)) ds
0 0
are local martingales. Aim: Show (U); = [ 0%(X,)ds, i.e. that U? - [} o(X,)?ds is local
martingale. Write UZ — fot 0%(X,)ds = Ny — R; where
N, :=V; -2XoU; local martingale!

and
2

R, ::Q[Ot(Xt—Xs)b(Xs)ds—(fotb(Xs)ds)
:Z[Ot(Xt—Xs)b(Xs)ds—Q[Otfstb(XS)b(XT)drds
:Qfot(Ut—Us)b(Xs)ds

arts t s
parts f f b(X,) dudU,
0 0

is a local martingale which is of bounded variation. Hence R =0, and so U? - fot 0%(X,)ds =
Ny is local martingale.

(iii). Define W; = [y 1/o(X,)dU, then, by (ii),

wy= [ %dw 1.

It follows from Lévy’s characterization that (W;)so is a Brownian motion. Moreover,

t t
f b(Xs)ds+f o (X,)dw, "L U X, - X,. 0
0 0

[ —
U
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Remark Used o2 > 0 only in (iii). For general o apply martingale representation theorem to find
Brownian motion (W;)sso with Uy = fot 0(Xs)dWs, see e.g. [4] or [6].

3.4 Corollary Let p be a probability measure. TFAE:
(i). There exists a weak solution to the SDE (3.1).

(ii). There exists a continuous solution to the (L, C?(R))-martingale problem with initial distri-
bution p.

Proof. Immediate from Lemma 3.2 and 3.3. O
3.5 Corollary TFAE:

(i). For any initial distribution p there exists a unique weak solution to the SDE (3.1).

(ii). The ’continuous’ (L, C?(R))-martingale problem is well-posed.

Proof. Fix some probability measure p.
(i) = (ii): Let (X¢)w0 and (Y%)is0 be continuous solutions to the martingale problem. By

Lemma 3.3, there exist (X;) and (V;) solving the SDE (3.1) such that (X;)ss0 d (X¢)is0 and
(Yi)e=0 d (Y})is0. Hence, by (i),

(X020 £ (Xe)iz0 W (V)0 £ (Yi)uso-
(il) = (i): similar reasoning, use Lemma 3.2 (simpler than first part). O

Note that Corollary 3.4 and Corollary 3.5 do not require any regularity assumptions on b and o.

3.6 Corollary Assume that the coefficients b: R - R and o : R - R of the SDE (3.1) are continuous
and bounded. Then there exists for any initial distribution p a (non-explosive) weak solution to
(3.1).

Proof. By Corollary 3.4 it suffices to show that there exists a solution to the (L, C?(R))-martingale
problem with initial distribution p. To this end, we apply Theorem 2.6. Check assumptions:

e C?(R) is dense in O (R) and Lf € Coo(R) for any f € C3(R),
e [ satisfies the positive maximum principle, cf. Section 2.1

e Choose (fn)new € C?(R) such that 0 < f,, < 1, sup,, | fullc2 < oo and

L fz]<n,
Jul®) = {O7 || >n+1
Then limy, e fr =1,
lim f)(x) =0, lim f/(z) =0 = lim Lf, =0

and
Sgl;(llfnl\oo +[Lfalleo) <1+ ([b]les + o] o) sup [ fulcz < 00 O

3.7 Remark The above results can be extended to SDEs of the form
dXt = b(Xt_)dt+O'(Xt_)dBt +9(Xt—)d<]t (33)
where (J;)s0 is a jump Lévy process. Need to replace L by
1
Lf(z)=0b(z)V[f(z)+ §tr(a(w)V2f($))
=+ [ o)) - F@) = (@) (9@ () v(dy)

where v is the Lévy measure of (J;)s0. See [10] for details. Corollary 3.4,3.5 remain valid (without
‘continuous’), cf. [10], and similar to Corollary 3.6 we get a general existence result for weak
solutions to (3.3), see e.g. [7, Theorem 3.4(i)].

10
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Markov processes

4.1 Semigroups

Throughout, (£2,F) is a measurable space.
4.1 Definition A Markov process is a tuple (X, F;,P*) consisting of
e a filtration (F})s0,
e an adapted R%-valued cadlag process (X¢, Fi )0,
e a family of probability measures P?, x ¢ R?
such that the Markov property
E”(u(X;) | Fs) = EXu(X;_s) P"-aus. (4.1)
holds for any s <t, 2 € R? and u € B,(R?). (Implicitly: everything is measurable.) We call
Pou(z) = Eu(Xy), t>0,z e R ue By(RY)
the semigroup associated with (X;)so.
4.2 Proposition Let (P; )0 be the semigroup associated with a Markov process (X} )so-
(i). Ppys = Py Ps for all s <t (semigroup property)
(if). 0< Pau <1 for any 0 <w <1 (sub Markov property)
(iii). P,1 =1 (conservative)
Proof. (i). Fix u € By(R?). By the Markov property (4.1) and the tower property of conditional
expectation, we have
Presu(®) = E"u(Xers) = EZ[EE(u(XM) | ﬂ)] ~E° [Extu(xs)]
= P, Psu(x).

(ii). Clear from Pou(z) = E*u(X})

(iii). P1(x) =E%1x, = 1 (since we assume X; € R for all ¢ > 0).
O

4.3 Definition A Markov process (X;)i»0 is called a Feller process if the associated semigroup
(P;)i»0 is a Feller semigroup, i.e.

(i). Pif € Coo(R?) for any ¢ >0, f € Coo (R?) (Feller property)
(ii). |Pif = flloo = 0 as t — 0 for any f € Coo (R?) (strong continuity at ¢ = 0).

4.4 Example Any Lévy process, i.e. any process with stationary and independent increments, is a
Feller process. Examples: Brownian motion, compound Poisson process, ...

11



4.5 Example Let (B;):»0 be a Brownian motion and let b,0 be bounded continuous mappings. If
the SDE
Xt:b(Xt)dt+O'(Xt)dBt7 Xo =X

has a unique weak solution for any z € R, then the solution (X;)sso is a Feller process.
Remark  (i). The assumption on boundedness of b, o can be relaxed, see e.g. [1, Theorem 3.6].

(ii). Example 4.5 remains valid if we replace B by a Lévy process, see [7] for a detailed discussion.

4.2 Infinitesimal generator

Aim: Characterize semigroup (P;)»0 by one operator. Idea:
Pt+s = PtPs
is “operator version” of Cauchy—Abel equation

o(t+s)=o(t)o(s), 5,t2>0, ¢ cts (4.2)
Any solution to (4.2) is of the form ¢(t) = ¢(0)e* for some constant a > 0. Hence, we expect

Pt:etA A_iPt

== (4.3)

t=0
for some (unbounded) operator A. How to make sense of (4.3)7

4.6 Definition Let (X;):»0 be a Feller process with semigroup (P;)s0. Then the operator defined
by

D(A) = {u € Cm(Rd); Jg e COO(Rd) : %ir% H Ptut_ v gH = 0}

, ueD(A)

is called infinitesimal generator of (X¢):0 (and (P:)eso)-

Remark  (i). In general, it is difficult to determine D(A). Typically one tries to find “nice”
function spaces contained in D(A), e.g. C=(R?) c D(A).

(ii). D(A) is not “too small” since D(A) is dense in Coo (R?), i.e. for any u € Co (R?) there exists
(frn)nen € D(A) such that || f,, — ufe — 0.

(P f)(z) =E*f(Xy)
Feller process (X;)i»0 1 P> semigroup (P} )0
1:1

Af=4pf

t=0

infinitesimal generator A

4.7 Proposition Let (X;):»0 be a Feller process with semigroup (P;):0 and infinitesimal generator
(A,D(A)). Then

(i). If ue D(A) then Piue D(A) for all ¢ >0 and

%PtU:APtU:PtAU, t>0.

12
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(ii). For any u € D(A) it holds that
¢ t
Pu-u= / P,Auds = f AP.uds. (4.4)
0 0

Sketch of proof. (i). Fix ue D(A) and ¢ > 0. For s >0

Pou-u )

- AuH — 0.

HPSPtu—PtU

—PtAUH <
S oo

S

This shows Pyu € D(A), AP;u = PLAu and limp,g W = P,Au. Similar calculation for

s <0 gives limy, o %}:P"" = P;Au. Hence, d/dtP;u = APu.

(ii). By (i) and the fundamental theorem of calculus,
t d ¢
Pu-u= f —P,uds = f P,Auds. O (4.5)
0 ds 0
Write (4.5) in probabilistic way:
¢
E7u(X;) - u(z) = [ E”Au(X,)ds,  ueD(A),zecR%t>0. (4.6)
0
First glimpse of martingale problem!
t
M = u(X,) - u(Xo) fo Au(X,) ds

has constant expectation w.r.t. to P*.

4.3 From Markov processes to martingale problems
4.8 Proposition Let (X;,P*) be a Feller process with generator (A4,D(A)), and let x € R%. Then

(X1)is0 is (w.r.t. to P*) a solution to the (A, D(A))-martingale problem with initial distribution
s

Proof. Fix u e D(A). Need to show that (M}*)so is martingale. By definition,
E*(M!| F,) = E (u(Xt) - fstAu(Xr)dr | ]—'s) ~u(z) - /OSAu(XT)dr Ly
for s <t, i.e. need to show
E” (u(Xt) - [tAu(Xr)dr | .7-'5) ~u(X.).
Use Markov property:
2 (w0 - [ Aux)dr | £) = ) | £) - ([ Au(X) dn| )
= EX (u(Xoy)) - fo TR (Au(X0)) dh

O (XL). O

4.9 Corollary (Dynkin's formula) Let (X;,P*) be a Feller process with generator (A, D(A)). Then

B S - @)= ([ AF(X)ds)

for any stopping time 7 with E*7 < co.

Proof. Use Proposition 4.8 and optional stopping. O

13
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See [1] for many interesting applications of this formula, e.g. a maximal inequality for Feller pro-
cesses.

More difficult: uniqueness of solution to martingale problem.

4.10 Theorem Let (X;):»0 be a Feller process with generator (A, D(A)). Let D € D(A) be a core of
(A,D(A)), i.e. for any f € D(A) there is (fn)nen such that | f, = flec = 0 and |Afy, — Af]eo = 0.
Then the (A, D)-martingale problem is well-posed.

4.11 Remark D :=D(A) is a core for (A, D(A)), and therefore Theorem 4.10 shows, in particular,
that the (A, D(A))-martingale problem is well-posed.

Which operators appear as generators of Feller processes? How do generators of Feller processes
look like?

4.12 Theorem ([1, Theorem 2.21]) Let (X;)»0 be a Feller process with generator (A,D(A)). If
C=(R%) c D(A) then Ao (ray has a representation of the form

1
Af(x) =b(x)V f(x)+ §tr(Q(fﬂ)V2f($)) + fwo(f(w +y) = f(x) =y VI (@)L, (ly) vz, dy)
where (b(z),Q(z),v(x,dy)), v € R%, is the so-called characteristics consisting of
o b(x)e R?
e Q(r) e R™¥ positive semidefinite
e v(z,dy) measure satisfying [ min{1,|y|*} v(z,dy) < oo.

Interpretation of Theorem 4.12:

t t
X, w f b(X,.)ds + f VQ(X,-) dB, + jump part (4.7)
0 0
The jump part comes from the family (v(z,dy)):

4.13 Proposition ([9]) Let (X;):»0 be a Feller process with characteristics (b(z),Q(z),v(z,dy)).

Then Pr (X N
%ing% =u(z,4),  AeBRN0D).
Interpretation:
P*(X A
Pn& w = (scaled) probability to move very quickly from Xy = x into the set . + A

Observation: diffusion part doesn’t play a role, i.e. diffusion is moving too slowly. Only possibility:
jumps.
v(x, A) = likelihood that process jumps from Xy =z to x + A

More generally
v(Xs-, A) = likelihood that process jumps current position X,_ to X, + A
For rigorous statement of (4.7) see [1, Proposition 3.10] or [3].

4.14 Remark Many open questions on existence of Feller processes and associated martingale
problems, e.g.

e Under which assumptions on (b(x),Q(x),v(x,dy)) does there exist a Feller process with
characteristics (b(x),Q(z),v(x,dy))?

e Under which assumptions is C=°(R?) a core for the generator? (important for well-posedness,
cf. Theorem 4.12)
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