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Abstract

Let A be a pseudo-differential operator with negative definite symbol ¢. In this paper we
establish a sufficient condition such that the well-posedness of the (A, C°(R%))-martingale
problem implies that the unique solution to the martingale problem is a Feller process. This
provides a proof of a former claim by van Casteren. As an application we prove new exis-
tence and uniqueness results for Lévy-driven stochastic differential equations and stable-like

processes with unbounded coefficients.
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1 Introduction

Let (L;):s0 be a k-dimensional Lévy process with characteristic exponent ¢ : R - C and
o:R% - R** a continuous function which is at most of linear growth. It is known that there

is a intimate correspondence between the Lévy-driven stochastic differential equation (SDE)
dXt :O’()(,g_)dL,g7 XO ~ [, (1)
and the pseudo-differential operator A with symbol g(z, &) := (o (z)T¢), i.e.

Af@) == [ a@ O f©)ds,  feCT®D, weR",

where f denotes the Fourier transform of a smooth function f with compact support. Kurtz
[6] proved that the existence of a unique weak solution to the SDE for any initial distribution
& is equivalent to the well-posedness of the (A4, C2°(R®))-martingale problem. Recently, we
have shown in [7] that a unique solution to the martingale problem — or, equivalently, to the

SDE (1) — is a Feller process if the Lévy measure v satisfies
z/({ye]l{k;\a(x)~y+x|§r})m0 for all r>0
which is equivalent to saying that A maps C°(R?) into Ceo(R?), the space of continuous
functions vanishing at infinity.
In this paper, we are interested in the following more general question: Consider a pseudo-

differential operator A with continuous negative definite symbol ¢,
) 1 e
q(x,8) = q(x,0) —ib(x) - & + 55 SQ(z)€ + _/#)(1 — ety iy-ELon(y)) vz, dy), «,&c ]Rd7
y

such that the (A4, C°(R?))-martingale problem is well-posed, i. e. for any initial distribution x
there exists a unique solution to the (A, C:°(R%))-martingale problem. Under which assump-

tions does the well-posedness of the (A4, C°(R?))-martingale problem imply that the unique
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solution to the martingale problem is a Feller process? Since the infinitesimal generator of
the solution is, when restricted to C&° (]Rd), the pseudo-differential operator A, it is clear that
A has to satisfy Af € Coo(R?) for all f € CZ(R?). In a paper by van Casteren [16] it was
claimed that this mapping property of A already implies that the solution is a Feller process;
however, this result turned out to be wrong, see [1, Example 2.27(ii)] for a counterexample.
Our main result states van Casteren’s claim is correct if the symbol g satisfies a certain growth

condition; the required definitions will be explained in Section 2.

1.1 Theorem Let A be a pseudo-differential operator with continuous negative definite symbol
q such that q(-,0) = 0 and A maps C(R?) into Cow(R%). If the (A,CZ(RY))-martingale
problem is well-posed and

lim sup [q(z,£)| < oo, (G)

lzl=2° |¢|<| -1
then the solution (X¢)t=0 to the martingale problem is a conservative rich Feller process with

symbol q.

1.2 Remark (i). If the martingale problem is well-posed and A(C®(R?)) ¢ Cue (R?), then
the solution is a Cjp-Feller process, i.e. the associated semigroup (7%):0 satisfies T3 :
Co(R%) - Cy(R?) for all ¢ > 0. The growth condition (G) is needed to prove the Feller
property; that is, to show that T} f vanishes at infinity for any f € Coo (R%) and t > 0.

(ii). There is a partial converse to Theorem 1.1: If (X¢)eo0 is a Feller process and C°(R?)
is a core for the generator A of (Xt)is0, then the (A, C°(R%))-martingale problem is
well-posed, see e. g. [5, Theorem 4.10.3] or [11, Theorem 1.37] for a proof.

(iii). The mapping property A(CS°(R?)) € Coo(R?) can be equivalently formulated in terms

of the symbol ¢ and its characteristics, cf. Lemma 2.1.

(iv). For the particular case that A is the pseudo-differential operator associated with the
SDE (1), i.e. g(z,€) = ¥(o(x)T€), we recover [7, Theorem 1.1]. Note that the growth
condition (G) is automatically satisfied for any function o which is at most of linear

growth.

Although it is, in general, hard to prove the well-posedness of a martingale problem,
Theorem 1.1 is very useful since it allows us to use localization techniques for martingale

problems to establish new existence results for Feller processes with unbounded coefficients.

1.3 Corollary Let A be a pseudo-differential operator with symbol q such that q(-,0) = 0,
A(CZ(RY)) € Coo (RY) and
lim sup |q(z,€)| < oo.

e SRR
Assume that there exists a sequence (qx)rew of symbols such that qi(z,€) = q(x,&) for all
lz| < k, € € RY, and the pseudo-differential operator Ay with symbol qi maps CZ(R?Y) into
Coo (RY). If the (A, C°(R®))-martingale problem is well posed for all k > 1, then there exists
conservative rich Feller process (Xt)tz0 with symbol q, and (Xt)ts0 is the unique solution to
the (A, CZ (RY))-martingale problem.

The paper is organized as follows. After introducing basic notation and definitions in
Section 2, we prove Theorem 1.1 and Corollary 1.3. In Section 4 we present applications
and examples; in particular we obtain new existence and uniqueness results for Lévy-driven

stochastic differential equations and stable-like processes with unbounded coefficients.



2 Preliminaries

We consider R? endowed with the Borel o-algebra B(R?) and write B(x,r) for the open ball
centered at z € R? with radius r > 0; R is the one-point compactification of R®. If a certain
statement holds for z € R? with |z| sufficiently large, we write “for |z| > 17. For a metric
space (E,d) we denote by C'(E) the space of continuous functions f: E - R; Ce(E) (resp.
Cy»(E)) is the space of continuous functions which vanish at infinity (resp. are bounded). A
function f:[0,00) - F is in the Skorohod space D([0, ), E) if f is right-continuous and has
left-hand limits in E. We will always consider E = R¢ or E = R4.

An E-valued Markov process (Q, A, P?,x € E, X;,t > 0) with cadlag (right-continuous with
left-hand limits) sample paths is called a Feller process if the associated semigroup (7%):0
defined by

Tif(z) =E"f(X:), zeE,feBy(E):={f:F - R;f bounded, Borel measurable}

has the Feller property, i.e. Ty f € Coo (E) for all f € Coo(E), and (T} )10 is strongly continuous
at t =0, ie |Tof = flloo 2% 0 for any f e Co(E). Following [13] we call a Markov process
(Xt)ts0 with cadlag sample paths a Cy-Feller process if T:(Cy(E)) € Cp(FE) for all ¢ > 0. An
R4 -valued Markov process with semigroup (T})so is conservative if TyLga = Lga for all ¢ > 0.

If the smooth functions with compact support Cg° (le) are contained in the domain of
the generator (L, D(L)) of a Feller process (Xt )0, then we speak of a rich Feller process. A
result due to von Waldenfels and Courrége, cf. [1, Theorem 2.21], states that the generator
L of an R%valued rich Feller process is, when restricted to C2°(R?), a pseudo-differential

operator with negative definite symbol:
Li@) =~ [ " %a@f(©)ds,  feCZ(RY), xR

where f(g) = Ff(&) = (2m)™? Jra e f(z) de denotes the Fourier transform of f and
a(x,€) = q(x,0) —ib(x) - £ + %5 Q(x)§ + f}Rd\{o}(l e vyl (y) vz, dy).  (2)

We call g the symbol of the Feller process (Xt)+0 and of the pseudo-differential operator;
(b,Q,v) are the characteristics of the symbol q. For each fixed x € R?, (b(z), Q(z), v(z,dy))
is a Lévy triplet, i.e. b(z) € R?, Q(z) e R*? is a symmetric positive semidefinite matrix and
v(xz,dy) a o-finite measure on (R?\{0}, B(R4\{0})) satisfying -[yth min{|y[?,1} v(z, dy) < co.
We use ¢(z, D) to denote the pseudo-differential operator L with continuous negative definite
symbol g. A family of continuous negative definite functions (q(z,-)),egra is locally bounded
if for any compact set K € R? there exists ¢ > 0 such that |g(z,€)| < ¢(1 +|&[*) for all = € K,
¢eR% By [14, Lemma 2.1, Remark 2.2], this is equivalent to

VK cR% cpt.: sup|q(x,0)| +sup|b(z)| + sup |Q(x)| + sup / (yf> A1) v(z,dy) <oo.  (3)
zeK zeK zeK zeK Jy#0

If (3) holds for K = R?, we say that ¢ has bounded coefficients. We will frequently use the
following result.

2.1 Lemma Let L be a pseudo-differential operator with continuous negative definite symbol

q and characteristics (b, Q,v). Assume that q(-,0) =0 and that q is locally bounded.
(i). limyeo Lf(x) =0 for all f e C(RY) if, and only if,

‘llim v(z,B(-z,r))=0 for all r>0. (4)

(ii). If limyg - o SUP|g g1 [Req(z,€)] = 0, then (4) holds.
(iii). L(CZ(RY)) ¢ C(RY) if, and only if, © — q(x,€) is continuous for all £ € R%.



For a proof of Lemma 2.1(i),(ii) see [1, Lemma 3.26] or [8, Theorem 1.27]; 2.1(iii) goes back
to Schilling [13, Theorem 4.4], see also [10, Theorem A.1].

If the symbol ¢ of a rich Feller process (Lt):>0 does not depend on =z, i.e. q(z,&) = q(£),
then (L¢)ts0 is a Lévy process. This is equivalent to saying that (L:)t>0 has stationary and
independent increments and cadlag sample paths. The symbol ¢ = g(£) is called characteristic
exponent. Our standard reference for Lévy processes is the monograph [12] by Sato. Weak

uniqueness holds for the Lévy-driven stochastic differential equation (SDE, for short)
dXt :O'(th)st, XO ~

if any two weak solutions of the SDE have the same finite-dimensional distributions. We refer
the reader to Situ [15] for further details.

Let (A,D) be a linear operator with domain D ¢ B,(F) and u a probability measure
on (E,B(E)). A d-dimensional stochastic process (X;)¢0, defined on a probability space
(Q,A,P*), with cadlag sample paths is a solution to the (A,D)-martingale problem with
initial distribution p, if Xo ~ p and

M = f(Xt)—f(Xo)—/;Af(Xs)ds, 20,

is a P*-martingale with respect to the canonical filtration of (X¢)so for any f € D. By con-
sidering the measure Q" induced by (X¢):0 on D([0,00), F) we may assume without loss of
generality that Q = D([0,00), E) is the Skorohod space and X;(w) := w(t) the canonical pro-
cess. The (A, D)-martingale problem is well-posed if for any initial distribution u there exists
a unique (in the sense of finite-dimensional distributions) solution to the (A,D)-martingale
problem with initial distribution p. For a comprehensive study of martingale problems see [2,
Chapter 4].

3 Proof of the main results

In order to prove Theorem 1.1 we need the following statement which allows us to formulate

the linear growth condition (G) in terms of the characteristics.

3.1 Lemma Let (q(z,-)),cra be a family of continuous negative definite functions with char-
acteristics (b, Q,v) such that q(-,0) =0. Then

limsup sup |g(z,§)|< oo (G)

|z|—>oo |g]<]x|~1

if, and only if, there exists an absolute constant ¢ > 0 such that each of the following conditions
is satisfied for |z|> 1.

(@) [6C2) + focgypetoryo v (@ dy)| < (1 + [a]).

(i) Q@)+ [yepuya W v (@, dy) < (1 +[af?).

(iit). v(z, {y e R%Jy| > 1v|z|/2}) <c.

If (G) holds and q is locally bounded, cf. (3), then (i)-(iii) hold for all = € R%.

Proof. First we prove that (i)—(iii) are sufficient for (G). Because of (i) and (ii) it suffices to
show that

p@.€)= [ (1= iy € pm () v, dy)

satisfies the linear growth condition (G). Using the elementary estimates

iy e | - 1
[1-e¥ <2 and |1—ey§+ly'§|S§|§|2|y‘2



we find

2
ol B [ Py s [ )
0<lyl<|z|/2 ly|=|e|/2

for all |z| > 1 which implies by (ii) and (iii) that

limsup sup |p(z,§)| < oo.

[z]—>eo [¢]<]z]~1

It remains to prove that (G) implies (i)-(iii). For (ii) and (iii) we use a similar idea as in [13,

proof of Theorem 4.4]. It is known that the function g defined by

1 1 |77|2 r d
== —_— -— - —dn, eR",
g(n) 2 J(0,00) (2mr) P2 exp( " T n

has a finite second moment, i.e. [pq [71?9(n) dn < oo, and satisfies

|2

1+ |22

- [, (= cos(n-2)g(n)dn (5)

for all z € R, As
2?1

lzl>1/2 1+ |2]2

we obtain by applying Tonelli’s theorem

1 (2 |
S (sl e [ ; = [ d(l—cos%)gm)dnu(x,dy)

- ( |
< f Regq m,i dn.
R ||

|¢<£)\szilllg|w(<>|(1+|£l2), €eRY,

Since

for any continuous negative definite function v, cf. [1, Proposition 2.17d)], we get

oo )| S st .

and this gives (iii) for |z| > 1. Next we prove (ii). First of all, we note that

v(z; {y;lyl = |=|/2}) < 10 EH?

and therefore |Q(z)| < c(1 + |z|*) is a direct consequence of (G). On the other hand,

f .41
lylslal/2 @] + |y|?> = 5 |zf?

implies that

=

| 2
41 f > ly® al
- y|" v(x,dy) < ———v(z,dy) = ——— v(z,dy).
5 |af? \y\s|z|/2‘ I"v(@, dy) lwislel/2 |z|* + [y|? (2 dy) lylslel/2 1+(u)2 (2 dy)

|

—

Using (5) and applying Tonelli’s theorem once more, we find

2 5 12 "
y|"v(z,dy) < —|z f Req(ac,—)g dn.
Ly v ) < Jlaf [ s

Hence,

oo )| S0 sy an

5
[ P (e dy) < el sup
lyl<|=|/2 3538



and (ii) follows. Finally, as (ii) and (iii) imply that

< o0,

a(. i (s + [ yulady)

limsup sup
|z|—>00 |g|<|2|-1 <lyl<|=|/2

see the first part of the proof, a straightforward application of the triangle inequality gives

limsup sup < 00

[z| oo |g]<]x|~1

it (b(az) " yu(z, dy))

1<ly|<lz|/2

which proves (i). O

3.2 Corollary Let A be a pseudo-differential operator with continuous negative definite symbol
q such that q(-,0) = 0. If A maps C=°(R?) into Co(R?) and ¢ satisfies the linear growth
condition (G), then there exists for any initial distribution p a solution to the (A,CZ(R?))-

martingale problem which is conservative.

Proof. Since A(CZ(R?)) ¢ Coo(R?) and A satisfies the positive maximum principle, it fol-
lows from [2, Theorem 4.5.4] that there exists an RA-valued solution to the (A, C°(R?))-
martingale problem with initial distribution u := é,. By considering the probability measure
induced by (X;)s0 on the Skorohod space D([0,00),R%), we may assume without loss of
generality that X:(w) = w(t) is the canonical process on Q := D([0,c0), R4). Lemma 3.1
implies that

lim sup sup |q(z,£)|< o0 for all z e R

T |z—z|<2r |g|<r1
and therefore [10, Corollary 3.2] shows that the solution with initial distribution d, does not
explode in finite time with probability 1. By construction, see [2, proof of Theorem 4.5.4], the
mapping x ~ P*(B) is measurable for all B € FX = o0(X:;t > 0). If we define

P*(B) := dePI(B),u(dm), BeFX
R
then P* gives rise to a conservative solution to the (A,C2°(R?))-martingale problem with
initial condition pu. 0

In Section 4 we will formulate Corollary 3.2 for solutions of stochastic differential equations,

cf. Theorem 4.1. The next result is an important step to prove Theorem 1.1.

3.3 Lemma Let L be a pseudo-differential operator with continuous negative definite symbol
p and characteristics (b,Q,v) such that p(-,0) = 0 and L(CZ(R?)) € Coo(R?Y). Assume that
v(z, {y e R% |y| > |z|/2}) = 0 for || > 1 and

limsup sup _[p(a,€)] < oo, (@)

[z]—>eo |¢|<]z]~1

(i). For any initial distribution pu there exists a probability measure P* on D([0, 00), R%) such

that the canonical process (Y;)iso solves the (L,C(R®))-martingale problem and
P*(B) = f P*(B) p(dz) for all BeTFY :=o(Yy;t>0). (6)
(ii). For anyt >0, R>0 and e > 0 there exist constants ¢ >0 and § >0 such that
P (isxg Y] < R) <e (M)

for any initial distribution p such that u(B(0,0)) < 4.

(iii). For any t>0, € >0 and any compact set K ¢ R? there exists R> 0 such that

s<t

u(K®) < % = P* (sup [Ys| > R) <e. (8)



Proof. (i) is a direct consequence of Corollary 3.2; we have to prove (ii) and (iii). To keep
notation simple we show the result only in dimension d = 1. Since L maps C¢°(R) into Coe (R),
the symbol p is locally bounded, cf. [1, Proposition 2.27(d)], and therefore Lemma 3.1 shows
that 3.1(1)—(iii) hold for all z € R. Set u(z) := 1/(1 + |z*), z € R, then

[ ()| < 2Ja|u(z)? and lu” ()| < 6u(z)? for all zeRR. (9)

Clearly, |Lu(x)| < I + I2 where
7 1 14
o=l [ ey W @)+ 5@ @)
Bo=| [ (s ) = (@)~ (2)y) e dy)

for all |z| > 1. By Lemma 3.1 and (9) there exists a constant ¢; > 0 such that I; < ciu(z) for
all x € R. On the other hand, Taylor’s formula shows

1 ”
L< Wl " (O v(x, dy)
2 Jyyl<lal/2

for some intermediate value ¢ = {(z,y) between x and z+y. Since |y| < |z|/2, we have |(| > |z|/2;
hence, by (9),
[0(Q)] < 6u(0)? < 24u()?

Applying Lemma 3.1, we find that there exists a constant ¢z > 0 such that

Iy < 24u(z)® ly|> v(z, dy) < cou(z).
lyl<lz|/2

Consequently, |Lu(z)| < (¢1+c2)u(x) for all |z| > 1. As Lu is bounded and u is bounded away

from 0 on compact sets, we can choose a constant ¢z > 0 such that
|Lu(z)| < csu(z) for all z € RR. (%)

Define 7 := inf{t > 0;|Y;| < R}. Using a standard truncation and stopping technique it follows
that

E*u(Yinry) - E*u(Yo) = B (f(o Lu(Ys) ds) .

JATR)

Hence, by (),
E*u(Yinry) < BPu(Yp) + cs E (f( )u(YS,\TR)ds).
0,t

An application of Gronwall’s inequality shows that there exists a constant C' > 0 such that
Efu(Yinrg) < e“B u(Yo)  for all 0.

By the Markov inequality, this implies that

pr (ng V| < R) <P ([Yineg| < R) < P*(u(Yinry) 2 u(R)) <

If 41 is an initial distribution such that u(B(0,0)) < 8, then Efu(Yy) < § + 0. Choosing o
sufficiently large and 6 > 0 sufficiently small, we get (7). The proof of (iii) is similar. If we set
v(z) ==z + 1, then there exists by Lemma 3.1 a constant ¢ > 0 such that |Lv(z)| < cv(z) for

all x € R. Applying Gronwall’s inequality another time, we find a constant C' > 0 such that
EX0(Yinog) < "B o(Ys),  £20,

where og := inf{t > 0;|Y;| > R} denotes the exit time from the ball B(0, R). Hence, by the
Markov inequality,

“TEMu(Yo).

P* (sup|Ys\ > R) <P*(v(Yinor) 2 v(R)) <

s<t

1
v(R)



In particular we can choose for any compact set K ¢ R and any € >0 some R > 0 such that
P* (sup|Ys|2R)£E for all xe K.
s<t 2
Now if u is an initial distribution such that pu(K°¢) < e/2, then, by (6),
P (sup|Y5| > R) = f P* (sup|YS| > R) u(dz) + f P (sup|Ys| > R) u(dz)
K s<t K¢ s<t

s<t

€ €
< —+ - O

2 2
For the proof of Theorem 1.1 we will use the following result which follows e.g. from [4,

Theorem 4.1.16, Proof of Corollary 4.6.4].

3.4 Lemma Let A be a pseudo-differential operator with negative definite symbol q such that
A CZ(RY) - Cy(RY). If the (A, CZ(R?))-martingale problem is well-posed and the unique

solution (X¢)ts0 satisfies the compact containment condition
sup P* (sup | Xs| > 7“) =20
zeK s<t
for any compact set K € R?, then x —~ E* f(X,) is continuous for all f € Cy(R?).

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. The well-posedness implies that the solution (X¢):»0 is a Markov pro-
cess, see e.g. [2, Theorem 4.4.2], and by Corollary 3.2 the (unique) solution is conserva-
tive. In order to prove that (X¢)swo is a Feller process, we have to show that the semigroup
Tif (z) = E* f(X:), f € Coo(R?), has the following properties, cf. [1, Lemma 1.4]:

(i). continuity at t = 0: T,f(z) — f(x) as t - 0 for any z € R? and f € Coo (R?).

(ii). Feller property: T:(Coo(R%)) € Coo(R?) for all £ > 0.
The first property is a direct consequence of the right-continuity of the sample paths and
the dominated convergence theorem. Since we know that the martingale problem is well

posed, it suffices to construct a solution to the martingale problem satisfying (ii). Write
v(z,dy) = vs(z,dy) + vi(z,dy) where

vs(z,B) := —LI<1VIII/2 15(y)v(z,dy) vi(z,B) = —/IyI21VIII/2 15(y)v(z,dy)

are the small jumps and large jumps, respectively, and denote by p the symbol with charac-
teristics (b, Q,vs). By Corollary 3.2 there exists for any initial distribution p a conservative
solution to the (p(z, D), C(RY))-martingale problem, and the solution satisfies 3.3(ii) and
3.3(iil). Using the same reasoning as in [2, proof of Proposition 4.10.2] it is possible to show
that we can use interlacing to construct a solution to the (A4, CZ(R?))-martingale problem
with initial distribution p = d,:
k
X = Z )/;(*7')]@]1[7%77%4-1)(1:)
k>0
where
o 75 :=1inf{t > 0; Ny = k} = Zle o; are the jump times of a Poisson process (N;)¢>o with
intensity X := sup,.ga 11 (2, R\{0}), i.e. o; ~ Exp(\) are independent and identically
distributed. Note that A < co by Lemma 3.1.
° (Yt(k"‘k))tzo = (Yt(k))tzo is a solution to the (p(z, D), C (R%))-martingale problem with
initial distribution
)
z:Yﬁ(k_l)

() = SB[ (s ) + (- G RAOD)5(B)

for k > 1 and po(dy) := 6.(dy). Moreover, Y*) and (0;);sk+1 are independent for all
k>0.



e IP? is a probability measure which depends on the initial distribution g = dz of (X¢)t0.

Note that if we define a linear operator P by

Pf(z) = [ fGE+yulzdy) + 0 -n(zRN0N)f(2),  feCo(RY), 2R (11)

then (8) implies that

k-1

E” (V™) = %Eﬁ(Pf(Y““‘l_’)) for all feBy(RY), k> 1. (12)

Before we proceed with the proof, let us give a remark on the construction of (X¢)»0. The
intensity of the Poisson process (Nt )+»0, which announces the “large jumps”, is A = sup, A(z)
where A(z) = VZ(Z7Rd\{0}) is the “state-space dependent intensity” of the large jumps.
Roughly speaking the second term on the right-hand side of (10) is needed to thin out the
large jumps; with probability A" 'E” (A - /\(Y(,(:__ll_))) there is no large jump at time o%_1, and
therefore the effective jump intensity at time t = ox_; is )\(Yg(li:l_)).

We will prove that (X¢)+»0 has the Feller property. To this end, we first show that for any
t>0,e>0, k>1 and any compact set K € R? there exists R > 0 such that

IPx(sup\Ys(j’”j)DR)Se forall zeK,j=0,...,k; (13)

s<t
we prove (13) by induction. Note that p; = pu;(x) depends on the initial distribution of (X;)¢so.
e k =0: This is a direct consequence of Lemma 3.3(ii) since po(dy) = 6-(dy).

e k — k+1: Because of Lemma 3.3(ii) and the induction hypothesis, it suffices to show
that there exists a compact set C' ¢ R* such that ]PI(Y})(IHI’“’““) ¢C)<e/2forallze K.
Choose m > 0 sufficiently large such that P*(o% > m) <&’ := ¢/8, and choose R > 0 such
that (13) holds with ¢ := &', ¢ :== m. Then, by (12) and our choice of R,

PRV 2 1) = LB (Pl ) (VD))
<é+ %Ex (1{Supsgm lys(k)‘sR}(PIme)(Y;:Z))
which implies for r > R, z ¢ K
B (g 2 )

1 e

’ 1 o m (k) T
<3+ 1B (1{Supssm‘ys<k>lsm A fly L ,dy)]P,,k(dt))

U 1 (&
<3¢ + ~ sup v(z, B(0,7 - R)°).
A z1<R

The second term on the right-hand side converges to 0 as r — oo, cf. [13, Theorem 4.4]
or [10, Theorem A.1l], and therefore we can choose r > 0 sufficiently large such that
P (Y F™| > 1) <4e’ =¢/2 for all z € K.

For fixed € > 0 choose k > 1 such that P*(N; > k + 1) < e. By definition of (X¢)«o0 and (13),

we get

Ys(jauj)

zeK s<t reK s<t

k
sup P” (sup|X5|2R) SsupIPz(U{sup 2R})+€S (k+1)e.
=0

Thus, by Lemma 3.4, 2 ~ T;f(x) = E”f(X,) is continuous for any f € Coo(R?). It remains
to show that T:f vanishes at infinity; to this end we will show that for any r > 0, € > 0 there

exists a constant M > 0 such that

P* (iri£|X5| < ’f‘) <e for all |z|> M. (14)



It follows from Lemma 3.1 and the very definition of A that P f defined in (11) is bounded and

Pr@ls [ f@elnGdy) s [ 1)l dy) <225 @)

|z+y

< fleov(z, B(=z,7)) + /\‘Suplf(Z)l +2X[f ()]

z|>r

‘zli> Asup |f(2)| =20,
|z|>r

i.e. Pf vanishes at infinity for any f € Coo (R?). We claim that for any k>0, € >0, ¢t > 0 and
r > 0 there exists a constant M > 0 such that

P (ir<1£|Y5(j’“j)|<r) <e forall j=0,...,k,|z| > M. (15)
We prove (15) by induction.

e k =0: This follows from Lemma 3.3(ii) since po(dy) = 0, (dy).

e k— k+1: For fixed r > 0 choose § >0 and ¢ >0 as in 3.3(ii). By 3.3(ii) it suffices to show
that there exists M > 0 such that

tr1(B(0,0)) <6 for all |z|> M. (*)

(Note that pig+1 = pr+1(z) depends on the initial distribution of (X¢)+»0.) Pick a cut-off
function x € C°(R%) such that 15(0,0) < X < 1p(0,0+1), then by (10),

E 1 o
prer (B0, 0)) < B X(Yy " 700) = SBT((Px) (V).

If |[Px|e = O this proves (%). If |[Px|e > 0, then we can choose m > 1 such that
P*(o1 2m) <0/(2|Px|l«). Since Px vanishes at infinity, we have supy, .z |[Px(2)| < Ad/4
for R > 0 sufficiently large. By the induction hypothesis, there exists M > 0 such that
(15) holds with € := Ad/4, r := R and ¢ := m. Then

X 1
(B (P) (V)] < BT ([V54] < R) | Px|lo + sup [PX(2)] < 508
|z[2R
for all s <m and |z| > M, and therefore
1 e (konr)
)U‘k+l(B(O7Q)) =< (PX)(Yka )
B ([ a0y, (ds))
(0,00)
1P f( P (ds) <0

For fixed € > 0 and ¢ > 0 choose k > 1 such that P*(N: >k + 1) <e. Choose M >0 as in (15),
then

<

IA
ISR

k )
P(|X¢| < R) < P” (U {inf\Ys(])| < R}) +e<2  forall |z|>M.
§=0 s<
Consequently, we have shown that (X;)0 is a Feller process. Since (X;)0 solves the

(A, CZ(RY))-martingale problem, we have

Eu(Xinrs ) - u(z) = B° (f(o

where 777 := inf{¢ > 0;| X — z| > r} denotes the exit time from the ball B(z,r). Using that
A(CZ(RY)) € Coo (RY), it is not difficult to see that the generator of (X )sso is, when restricted
to C°(R?), a pseudo-differential operator with symbol ¢, see e.g. [7, Proof of Theorem 3.5,

Au(XS)dS), we O (RY),
)

JEATE

Step 2] for details. This means that (Xt )0 is a rich Feller process with symbol q. O

Proof of Corollary 1.8. By Corollary 3.2 there exists for any initial distribution p a solution
to the (A, C°(R?))-martingale problem, and by assumption the martingale problem for the
pseudo-differential operator Ay with symbol g is well-posed. Therefore [3, Theorem 5.3], see
also [2, Theorem 4.6.2], shows that the (A4, C°(R%))-martingale problem is well-posed. Now

the assertion follows from Theorem 1.1. O
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4 Applications

In this section we apply our results to Lévy-driven stochastic differential equations (SDESs)
and stable-like processes. Corollary 3.2 gives the following general existence result for weak

solutions to Lévy-driven SDEs.

4.1 Theorem Let (Li)ts0 be a k-dimensional Lévy process with characteristic exponent 1
and Lévy triplet (b,Q,v). Let £: R? > RY, o: RY - R be continuous functions which grow

at most linearly. If

v({y e RF;lo(z) -y +z|<r}) e for all r>0, (16)
then the SDE
dXt = K(th) dt + O'(th) st, X() ~ (17)

has for any initial distribution p a weak solution (Xi)i>0 which is conservative.

Note that (16) is, in particular, satisfied if

lim sup |Ret(a(z)'€)| =0,

lzl=20 |g]<a| -1
e.g. if o is at most of sublinear growth, cf. Lemma 2.1(ii).

Proof. Denote by A the pseudo-differential operator with symbol g(z, €) := —il(z)-E+p(o(z)T€).
Since ¢ is locally bounded and z ~ g(z, ) is continuous for all £ € R? it follows from (17) that
A(CZ(RY)) € Coo (R?), cf. Lemma 2.1. Because £, o are at most of linear growth, ¢ satisfies
the growth condition (G). Applying Corollary 3.2 we find that there exists a conservative
solution (X¢)sso to the (A,C°(R%))-martingale problem. By [6], (X)ss0 is a weak solution
to the SDE (17). O

For a € (0,1] we denote by

Gf’éc(Rd,]R");: {leRdﬁRn;Vxe]Rd: sup |f(y)_f(m)|<oo}

o<t |y =™

z#y ly - x|

C*(RY,R™) = {f :R* > R";sup 1) = ()] < oo}
the space of (locally) Holder continuous functions with Holder exponent a.

4.2 Theorem Let (Li)tz0 be a k-dimensional Lévy process with Lévy triplet (b,Q,v) and
characteristic exponent 1. Suppose that there exist o, 8 € (0,1] such that the Lévy-driven SDE

dXt = f(Xt_) dt + g(Xt_) st, X() ~

has a unique weak solution for any initial distribution p and any two bounded functions f €
C*(R4,RY) and g € C8 (R, R¥*) such that

l9(2)"€l2clgl,  EeR%weR?
for some constant ¢ > 0. Then the SDE
dXt=Z(Xt7)dt+0'(Xt7)st, XON[,L

has a unique weak solution for any £ € C.(R% RY), o ¢ ch (R, R™*Y) which are at most of

loc

linear growth and satisfy

|z|—> o0

v({y eRYlo(z) y+z|<r}) —— 0 for all >0 (18)

11



and
VnelN e, >0 V|z| <n, £ e RY: |o(2)7¢] > enlt]. (19)

The unique weak solution is a conservative rich Feller process with symbol
q(z,€) = ~il(z) - £+ (0(2)"€),  z,EeR™

Proof. Let £ € € (R* R?) and o € Cic(]Rd,]Rka) be two functions which grow at most
linearly and satisfy (18), (19). Lemma 2.1 shows that the pseudo-differential operator A with
symbol ¢ satisfies A(C°(RY)) € Coo (R?). Moreover, since o, £ are at most of linear growth,

the growth condition (G) is clearly satisfied. Set

By assumption, the SDE
dXt =€k(Xt_)dt+O'k(Xt_)st, Xo ~

has a unique weak solution for any initial distribution x for all k£ > 1. By [6] (see also [7, Lemma
3.3]) this implies that the (A, C:°(R?))-martingale problem for the pseudo-differential oper-
ator with symbol g (z,&) = —ily () - € + Y(ox(2)T€) is well-posed. Since oy is bounded, we
have

V({ye]Rk;|ak(x)~y+ac|£r})mo for all r>0,

and therefore Lemma 2.1 shows that A; maps C:°(R?) into Cow(R?). Now the assertion
follows from Corollary 1.3. O

Applying Theorem 4.2 we obtain the following generalization of [9, Corollary 4.7], see also
[11, Theorem 5.23].

4.3 Theorem Let (Lt)»0 be a one-dimensional Lévy process such that its characteristic ex-

ponent ¥ satisfies the following conditions:

(i). % has a holomorphic extension ¥ to
U:={zeC;|Imz|<m}u{ze C\{0};argz ¢ (-,9)u (7 -, 7w+ )}

for some m >0 and ¥ € (0,7/2).

Figure 1: The domain U = U(m,d) for m >0 (left) and m =0 (right).

12



(ii). There exist o € (0,2], B € (1,2) and constants c1,c2 >0 such that
ReV(z) 2 ¢1|Re 2|’ for all zeU, |z| > 1,

and

[0 (2)| < cal2* Dy + 2 L gasny), 2z €.
(iit). There exists a constant c3 >0 such that |U'(2)| < cs|z|”™ for all z € U, |2| > 1.
Let £: R - R and 0 : R - (0,00) be two locally Holder continuous functions which grow at
most linearly. If

v({z;lo(z)y + x| <r}) e for all r>0,

then the SDE

dXt =€(Xt_)dt+0'(Xt_)st, XO ~ L,

has a unique weak solution for any initial distribution p. The unique solution is a conservative
rich Feller process with symbol q(x,§) := —il(x)& + P (o(x)E).

Proof. [9, Corollary 4.7] shows that the assumptions of Theorem 4.2 are satisfied, and this

proves the assertion. O

Theorem 4.3 applies, for instance, to Lévy processes with the following characteristic ex-
ponents:
(i). (isotropic stable) ¥(§) = €], £ € R, a € (1,2],

(ii). (relativistic stable) (&) = (|€]* + 0°)*/2 = 0%, €€ R, 0> 0, a€ (1,2),

(iii). (Lamperti stable) (&) = (J€)* + 0)a - (0)a, £ € R, 0 > 0, a € (1/2,1), where (1)q =
I'(r + «)/T'(r) denotes the Pochhammer symbol,

(iv). (truncated Lévy process) ¥ (&) = (|€]* + 0%)*/? cos(aarctan(o [¢])) - 0%, € € R, € (1,2),
0>0,

(v). (normal tempered stable) (&) = (k2 + (& —ib)?)*/? = (k% = b*)*?, £ € R, a€ (1,2), b >0,
|| > [b].

For further examples of Lévy processes satisfying the assumptions of Theorem 4.3 we refer to

[9, 11].

We close this section with two further applications of Corollary 1.3. The first is an existence
result for Feller processes with symbols of the form p(z,£) = p(z)q(x, ). Recall that p(x, D)
denotes the pseudo-differential operator with symbol p.

4.4 Theorem Let A be a pseudo-differential operator with symbol q such that q(-,0) = 0,
A(CZ (RY)) € Coo (RY) and
lim sup |q(z,€)| < oo.

ll—>e0 |¢|<||-1

Assume that for any continuous bounded function o : R — (0, 00) the (o(x)q(z, D), CZ (RY))-
martingale problem for the pseudo-differential operator with symbol o(x)q(x,&) is well-posed.

Ifo:RY — (0,00) is a continuous function such that

Jim i (p(@)la(x,8)]) < oo, (20)
and
o(x)v(z, B(-z,r)) e for all r>0, (21)

then there exists a conservative rich Feller process (Xt)tzo with symbol p(z,§) = o(x)q(x, &)
and (Xt)is0 is the unique solution to the (p(z, D), CZ(RY))-martingale problem.

13



Theorem 4.4 is more general than [10, Theorem 4.6]. Indeed: If there exists a rich Feller
process (Xt )0 with symbol ¢ and Cg° (]Rd) is a core for the infinitesimal generator of (Xt )+z0,
then, by [1, Theorem 4.2], there exists for any continuous bounded function ¢ > 0 a rich Feller
process with symbol o (z)g(z, £) and core C°(R?), and therefore the (o (z)q(x, D), CZ(R?))-
martingale problem is well-posed, cf. [5, Theorem 4.10.3].

Proof of Theorem 4.4. For given ¢ define
x
or(x) = ()L po.r (T) + ¢ (k‘m) 150,k ().

By assumption, the (¢(z)q(z,D),C(R?))-martingale problem is well-posed. Moreover,
it follows from the boundedness of @) and the fact that ¢(z, D)(C°(R?)) ¢ Co(RR?) that
o (x)q(x, D) maps CZ (R?) into Cee (R?). On the other hand, (21) gives p(z, D)(C(R?)) €
Co(R?), ¢f. Lemma 2.1. Applying Corollary 1.3 proves the assertion. O

4.5 Example Let ¢ : R - (0,00) be a continuous fuction and o : R* - (0,2] a locally
Hélder continuous function. If there exists a constant ¢ > 0 such that o(z) < (1 +|z|**)) for

all z € R?, then there exists a conservative rich Feller process (X;)s»0 with symbol

p(z,€) = p(@)g* ™,z geR,
and (X¢)¢0 is the unique solution to the (p(z, D), C° (R®))-martingale problem.

Indeed: If we set
. T
(7} (:E) = CM(Z’)]].B(OJ‘)(ZE) + « (]m) Il.B(O’j)c(f),

then [8, Theorem 5.2] shows that there exists a rich Feller process with symbol g;(z,&) :=
€% (), and that C°(R?) is a core for the generator. By [1, Theorem 4.2], there exists
for any continuous bounded function o > 0 a rich Feller process with symbol o(x)g;(x, &)
and core C°(R%). This implies that the (o(x)g;(x, D), Ce®(R?))-martingale problem is well
posed, see e.g. [5, Theorem 4.10.3] or [8, Theorem 1.37]. Applying Theorem 4.4 we find that
there exists a conservative rich Feller process with symbol p;(z,&) = ¢(z)q;(z,£), and that
the (pj(z, D),CZ (R%))-martingale problem is well-posed. Now the assertion follows from
Corollary 1.3.

Example 4.5 shows that Corollary 1.3 is useful to establish the existence of stable-like
processes with unbounded coefficients. For relativistic stable-like processes we obtain the

following general existence result.

4.6 Theorem Let a: R* - (0,2], m: R - (0,00) and k : R* - (0, 00) be locally Holder

continuous functions. If

K(z)
it [ePm(@)? o .
and
/i(gv)m(:r)ef‘zlm(z)/4 Iz, 0, (23)

then there exists a conservative rich Feller process (Xi)i=o with symbol
a(2.€) = n(@) [(£F + m(2))* P -m(@)* @], wgeR?,
and (X¢)es0 is the unique solution to the (q(x, D), C®(R™))-martingale problem.

Note that x and m do not need to be of linear growth; for instance if inf,; a(z) > 0, then

we can choose m(z) = €l® and k(z) = (1 + |z|*) for k> 1.
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Proof of Theorem 4.6. For a function f:R* - R set

fi(z) = f(x)Lp,)(x) + f (l‘%) 150, ()

and define
6:(2,€) = (@) [ (16" +ma(2)*) 2 =i () @]
Since ki, o; and m,; are bounded Holder continuous functions which are bounded away from
0, it follows from [11], see also [8], that the (gx(z, D), C*(R?))-martingale problem is well-
posed. Consequently, the assertion follows from Corollary 1.3 if we can show that g satisfies
(G) and that the pseudo-differential operators g(z, D) and ¢;(z, D), i > 1, map C°(R?) into
Co(R%). An application of Taylor’s formula yields
sup |q(z,&)| < m(@)[(|o + m(2)*) " — (m(2)*) ]

[EE

<k 1 ()

< () Iz 2

()",

and by (22) this implies (G). It remains to prove the mapping properties of g(z, D) and
qi(z, D). Since = ~ q;(z,£) is continuous and

-2
sup (e €< el (1m0 )] i %0
|€]<lz|~1 |z|<i |3,"
it follows from Lemma 2.1 that ¢;(z, D)(CZ(R?)) € Cu (R?). To prove q(z, D)(CZ(RY)) ¢
Co (R?) we note that = — g(x,£) is continuous, and therefore it suffices to show by Lemma 2.1
that

|l‘im v(z,B(-z,r)) Llinid 0, r>0,
where v(z,dy) is for each fixed z € R? the Lévy measure of a relativistic stable Lévy pro-
cess with parameters (k(z),m(z),a(z)). It is known that v(z,dy) < cx(z)e ¥™®/2 4y on
B(0,1)¢, and therefore

v(z, B(-z,7)) < ck(x) oy e wim(@)/2 dy = ck(x) (eilmfr‘m(g”)/2 - eflmr‘m(z)ﬂ) .
B(—z,r

For |z| > 1 and fixed r > 0 we obtain from Taylor’s formula

—|z|lm(x)/4 lzl=ee 0. O

v(z, B(-z,r)) < ck(x)m(z)e =
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