SCHAUDER ESTIMATES FOR EQUATIONS ASSOCIATED WITH LEVY
GENERATORS

FRANZISKA KUHN

ABSTRACT. We study the regularity of solutions to the integro-differential equation Af —Af =g
associated with the infinitesimal generator A of a Lévy process. We show that gradient estimates
for the transition density can be used to derive Schauder estimates for f. Our main result allows
us to establish Schauder estimates for a wide class of Lévy generators, including generators of
stable Lévy processes and subordinated Brownian motions. Moreover, we obtain new insights
on the (domain of the) infinitesimal generator of a Lévy process whose characteristic exponent
9 satisfies Rey(€) = |¢|* for large |£]. We discuss the optimality of our results by studying in
detail the domain of the infinitesimal generator of the Cauchy process.

1. Introduction

Let (X;)is0 be a Lévy process. By the Lévy-Khintchine formula, the infinitesimal generator
(A,D(A)) of (X¢)s»0 has the representation

Af(@) =095 () + 56(@ V2 @)+ [ (Fa+9) = F@) = V@) i (o) vid)

for smooth compactly supported functions f € C°(R?) where (b,Q,v) is the Lévy triplet of
(Xt)t20, cf. Section 2. In this paper, we study the Holder regularity of solutions f € D(A) to the
integro-differential equation

(1) Af+of=9g

for fixed o € R. We are interested in the following question: If g is S-Holder continuous for some
B > 0, then what can we say about the regularity of f? In particular: How regular is a function
feD(A)?

For the particular case that A is a second order differential operator, i.e. v = 0, the regularity
of solutions to (1) is well understood, see e.g. [12], and therefore our focus is on non-local Lévy
generators. An important example of a non-local Lévy generator is the fractional Laplacian

—(—A)Q/Qf(x):cd,af (flz+y) - f(2) - Vf(2) v, 1)(|y|))| |d+a dy, [eCZ(R?),

which is the infinitesimal generator of the isotropic a-stable Lévy process, « € (0,2), and which
plays an important role in analysis and probability theory, see e. g. the survey paper [27] for further
information. Bass [3] showed that the solution to —(~A)*/2f = g satisfies the Schauder estimate

£ gevs oy < L (1F1oo + 19109 cray )

for 8 > 0 such that neither 8 nor a+ are integers. More recently, Ros-Oton & Serra [29] established
Schauder estimates for solutions to (1) for generators of symmetric stable Lévy processes. Bae &
Kassmann [1] introduced generalized Holder space and studied, in particular, the regularity of
solutions for Lévy operators of the form

A1) = [ () = 1) =97 o (D) s

2010 Mathematics Subject Classification. Primary: 60G51 Secondary: 45K05, 60J35.
Key words and phrases. Lévy process; integro-differential equation; Schauder estimate; Holder space; gradient
estimate.

1



SCHAUDER ESTIMATES FOR EQUATIONS ASSOCIATED WITH LEVY GENERATORS 2

where ¢ : R? —» (0,00) is a “nice” function. Furthermore, it is known that the classical theory
for pseudo-differential operators can be used to study the regularity of solutions to (1) if the
characteristic exponent ¢ of (X¢)sso is sufficiently smooth, see [17, 37]. Since

¢602n(Rd) — [ |y|2nl/(dy)<<x> — ]E(|X1|2")<oo, nelN,

ly|>1

cf. [20, 30], this approach excludes many interesting examples of Lévy processes which do not have
moments of sufficiently high order. Let us mention that the questions, which we discuss in this
paper, are also related to the regularity of harmonic functions: If g=0and o=01in (1),i.e. Af =0,
then f is harmonic for A, and there is an extensive literature on the regularity of functions which
are harmonic for a Lévy generator, cf. [13, 16, 26, 38] and the references therein. The regularity
of solutions to elliptic integro-differential equations Af = g has been studied, more generally, for
classes of Lévy-type operators, see e.g. [1, 3, 11, 17, 22], and for non-linear integro-differential
operators, greatly influenced by the works of Barles et. al [2] and Caffarelli & Silvestre [9].

The approach, which we follow in this paper, relies on regularizing properties of the resolvent Ry
associated with the Lévy process (X;)i0,

Rah(z) ::f( )e‘”Eh(:HXt)dt, A>0,h e By(RY),z e R
0

)

The main idea is to use gradient estimates for the transition density p; of X; to measure the
regularizing effect of Ry. More precisely, we will show that the gradient estimate

fRd (Ve ()| de < MEEY™, € (0,T],

implies that Ry has a regularizing effect of order «, i.e.

heC)(RY) = RyheCy(RY)
for any & > 0, cf. Section 2 for the definition of the Holder-Zygmund spaces €} (R?). As D(A) =
Ry (Cw(R?)) this gives, in particular, D(A) ¢ €¢(R?). Our main result, Theorem 1.1, shows that,
more generally, the implication

Af e C(RY) = feCI(RY)
holds for any ¢ > 0.

1.1. Theorem Let (X;):»0 be a Lévy process with infinitesimal generator (A, D(A)) and charac-
teristic exponent 1 : R — C satisfying the Hartman-Wintner condition

Rey(e)
(HW) A Tog(lel)

Assume that there exist constants M >0, T >0 and « € (0,2] such that the transition density p; of
(X1)is0 satisfies

) fR Vpe(z)|de < MY, t€(0,T].

If f e D(A) is such that
Af +of =geCy(RY)
for some § >0 and p e R, then f ¢ G?*‘S(Rd) and the Schauder estimate

(3) | ages ety < (1 egasy + 1)
holds for a finite constant L = L(o,6,ca, M,d, T). In particular, D(A) c €% (R?).

1.2. Remark (i) From the proof of Theorem 1.1 it is possible to obtain an explicit expression for
the constant L in terms of d, o, M, d and T.
(ii) Condition (2) is equivalent to saying that the semigroup Piu(x) := Eu(z + X;) satisfies the
gradient estimate

[VPuloo < MtV uloo, 1€ (0,T), ueBy(RY),
cf. [24, Lemma 4.1] for details.
(iii) It is no restriction to assume that o < 2. If (2) holds for some o > 0, then a < 2, cf.
Remark 3.2(ii).



SCHAUDER ESTIMATES FOR EQUATIONS ASSOCIATED WITH LEVY GENERATORS 3

(iv) The Hartman—Wintner condition (HW) ensures that X; has a smooth density p; for all ¢ > 0,
see [19] for a thorough discussion of (HW).

Gradient estimates for Lévy processes have been intensively studied in the last years, e.g. [14,
18, 21, 26, 35] to mention but a few, and therefore Theorem 1.1 applies to a wide class of Lévy
processes. If (X;)s0 is a subordinated Brownian motion, then it is possible to derive gradient
estimates from heat kernel estimates for the transition density using the dimension walk formula,
cf. [23, Corollary 3.2].

Theorem 1.1 will be proved in Section 3, and in Section 4 we will illustrate Theorem 1.1 with some
examples and applications. In particular, we will present Schauder estimates for elliptic equa-
tions Af + of = g associated with generators of continuous Lévy processes, stable Lévy processes
and subordinated Brownian motions. Moreover, we will study in detail the infinitesimal gener-
ator (A, D(A)) of a Lévy process whose characteristic exponent v satisfies the sector condition,

[Tm ()] < [ Rep(€)], and
Rep(§) < [¢*  as [¢] - oo;
combining Theorem 1.1 with results from [25, 35] we will show that
(4) L (RY) = U €L(RY) € D(A) < €L (RY),
B>a

and this, in turn, will allow us to prove that D(A) is an algebra, that is f-g € D(A) for any
fyg€D(A), and that

A(f-9)=g-Af+f-Ag+T(f,9),  f,geD(A)

where I' is the Carré du Champ operator, cf. Theorem 4.3. It is natural to ask whether the
inclusions in (4) are strict and whether (4) is the optimal way to describe D(A) in terms of Holder
spaces. In Section 5 we will investigate these questions for the case o = 1, which is of particular
interest since there is no canonical way to define the Holder space C'(R?). We will show for the
two-dimensional Cauchy process that (4) (with o = 1) is indeed the best possible way to describe
the domain in terms of Holder spaces and, moreover, we will see that the inclusions are strict.

2. Basic definitions and notation

We consider the Euclidean space R? with the canonical scalar product z -y := Z?zl x;y; and the

Borel o-algebra B(RR?) generated by the open balls B(z,r). For functions f,g: R¢ — (0, 00) we
write f X g as |z| - oo if there exist constants ¢ >0 and R > 0 such that

%f(x) <g(z)<cf(x) forall |a|>R.

If f is a real-valued function, then supp f denotes its support, V f the gradient and V2 f the Hessian
of f. For a >0 we set

(5) || = max{k e No;k<a} and [a]:=max{keNgy;k<a}.

Function spaces: By(RY) is the space of bounded Borel-measurable functions f : R? - R. The
smooth functions with compact support are denoted by C°(R%), and C.(R?) is the space of
continuous functions f : R - R vanishing at infinity. Superscripts k € IN are used to denote
the order of differentiability, e.g. f € CX (R?) means that f and its derivatives up to order k are
Coo (R?)-functions. For a >0 we define Holder-Zygmund spaces C(R%) by

o AR F @)
(6) PR =1 F e CuRY); | Flepmey = [ floo + sup —EmtmT < oo
zeR4,h+0 |h|

where
Apf(x)=flz+h)=f(2) A f(2)= (A ))(@), 22
are iterated difference operators. Moreover, we set

(7) CL(RY =R nCLIR?Y) and €L (R?) = (U €L (RY).

e>0
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For a € (0,00)\IN the Hélder space C2(R?) coincides with the “classical” Holder space Cf(R?)
equipped with norm

107 f(2) - 0" f ()
o —ylocted

la]
||fHCg(1Rd) = fle + Z Z HanHoo + max sup

j=0 d BelNg x#y
e 1Bl=La]
If a € N is an integer, then the Holder—Zygmund space C§(RY) is strictly larger than C&(RY).
For o = 1 it is possible to show that Gg(Rd) is strictly larger than the space of bounded Lipschitz
continuous functions, cf. [36, p. 148], which is, in turn, strictly larger than C}(R?). By [39,
Theorem 2.7.2.2], it holds for all & > 0 that

IO
®) Iflegcrny % Iflegmn + & sup Shoel i)
ﬁe]Ng xERd | |
1Bl<e 0<|h|<d

for any ¢ € (0,00] and k,£ € INy such that £ < a and £+ k > a. Later on, we will use the following
result from interpolation theory. If T': Cy(R?) — Cy(IR?) is a linear operator, then

A Y
(9) ”THe:&1+(lfk)c12_)eb/\ﬁ1+(1—/\)/32 S HT“C:1—>851 HTH]-C;Q_)eéﬁ
for any a; >0, 8; >0 and A € (0,1) where
IT|x -y =inf{e>0;VfeY,|fly <1: |Tf]x <c};

this inequality follows from the interpolation theorem, see e.g. [39, Section 1.3.3] or [28, Theo-
rem 1.6], and the fact that Cr*(R?) is the real interpolation space (Cj(R?), C2(R?)x 00, cf. [39,
Theorem 2.7.2.1].

Lévy processes: Throughout, (£2,.4,P) is a probability space. A stochastic process X; : Q — R¢
is a (d-dimensional) Lévy process if Xy = 0 almost surely, (X;):»0 has independent and stationary
increments and ¢ — X;(w) is right-continuous with finite left-hand limits for almost all w € Q.
By the Lévy—Khintchine formula, any Lévy process is uniquely determined in distribution by its
characteristic exponent 1) : R? - C through the relation

Eexp(i€X;) = exp(-ty(€)),  t>0,£eR%

The characteristic exponent 1 has the Lévy-Khintchine representation

. 1 e

P(§) =—ib- &+ 55 Q&+ fio (1 — et g zy-{]l(o,l)(|y|)) v(dy), €&eRY,
y

where (b, Q,v) is the Lévy triplet consisting of a vector b e R? (drift vector), a symmetric positive

semi-definite matrix @ € R%“ (diffusion matrix) and a measure v on R\{0} which satisfies the

integrability condition |, =0 min{1, lyl>} v(dy) < oo, the so-called Lévy measure. If the characteristic

exponent 9 of a Lévy process (X;)»0 satisfies the Hartman—Wintner condition

o Rev© _
lgl~eo log([¢]) ’

then X; has a density p; with respect to Lebesgue measure for any ¢ > 0 and p; has bounded
derivatives of arbitrary order; we refer to [19] for a detailed discussion.

It follows from the independence and stationarity of the increments that any Lévy process is a
time-homogeneous Markov process, i.e. P, f(x) := Ef(x + X;) defines a Markov semigroup. We
denote by (A4,D(A)) the infinitesimal generator associated with (X¢)ss0,

D(A) = {f € Cuo(R); 3 € Coo(RY) s lim
Pf-f
t

Af=lim . feD(A).

It is well-known that C2°(R%) is contained in D(A) and that

AF@) = bV F @) + 5 0(Q-F @)+ [ (Fa+w) = F(2) = V1) vl (4D) v(dy)

+0
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for any f € C=°(R%), see e. g. [30, Theorem 31.5]; here (b, Q,v) denotes the Lévy triplet of (X¢)sso-
Moreover, the resolvent

Raf(z) = f(ow)e”\tPtf(x)dt, FeBy(RY), A>0, 2 € RY,

satisfies Ry(Coo(RY)) = D(A) for any A > 0. Our standard reference for Lévy processes is the
monograph [30] by Sato.

3. Proof of Theorem 1.1

The first two results in this section prepare the proof of Theorem 1.1 but are of independent
interest.

3.1. Proposition Let (X;)0 be a Lévy process with resolvent (Ry)as0 and infinitesimal generator
(A, D(A)). Assume that the Hartman—Wintner condition (HW) holds. If the transition density p;
satisfies

(10) fR 10, pr(x)] dz < Me™ Ve 50,5 €{1,....d},

for some constants M >0, m >0, and « € (0,2], then each of the following statements hold true.
(i) Ra(Bp(R?)) c C¥(RY) for any A > 3m and

(11) |Rxflepray < K[ floos  f€Bp(RY)

for a constant K = K(m,«,d,\, M).
(i4) If a> 1 then Ry(Coo(R?)) € CL(RY) for any A\ >m.
(i) D(A) c €% (RY).

Proof of Proposition 3.1. (i) It was shown in [24, Lemma 4.1] that (10) implies
(12) []Rd |02, 0z D2t ()| dor < c(t)? forall t>0,4,5=1,...,d

where ¢(t) := M e"t¢=1/* For the readers’ convenience we briefly explain the idea of the proof. By
the Chapman—Kolmogorov equation, we have

pu(@) = [ (e =y)pi(y) dy,
and so
(13) Orp(@) = [ pWOepi(e-y)dy= [ piw=-2)0np(2)dz
which implies
00,00 p2(@) = [ (00w =2))(00,p1(2) d.
Applying Tonelli’s theorem we conclude that

/}Rd 100, 0, pe ()| d < (/}R |({“)zipt(z)|dz)(/Rd |8:,3_7.pt(z)|dz) < (1),

and this proves (12). Iterating the procedure, we get
(14) f]Rd 102D ()| da: < c(t)!P! for all (e INJ.
Now fix f € By(R?), A > 3m and z,h e R%. Since

R = [ e @y =) dydr

we have

|R)\f(l‘ + 3h) + 3R,\f($ + h) - 3R,\f({L‘ + 2h) - R,\f(!L‘)| <h+ 1
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where
Bom| [ Jou € @)@y =2 =30) + 3pu(y == ) =3y =2 = 20) = (3 - 2)) dy |
Bo=| [ [ e @)@y =3) + 30y =2 = 1) = 3 (y = = 20) = iy =) dy |-

Using [ra |pe(z +y)|dy = 1 it follows from the triangle inequality that

|h|*
Bl [ nGenldy [ =81
2eRd JRY 0

To estimate I, we note that, by the multivariate version of Taylor’s theorem,

3 1
pe(y — 2 = 3h) +3p(y -z —h) = 3pi(y -z —2h) = pe(y —2)| < CIRP Y. 3 fo 08 pe(y — = —irh)| dr
i-1)518

for an absolute constant C' > 0. Applying Tonelli’s theorem and using (14) we get

3 1
I, < CAPBP| f] o / -“[faﬂ —w—irh)|dydrdt
<O oy, [ [ 08yt ayar

< CAMPflle [ eCOm Do gy

t>|h|
As A >3m and « € (0,2] this implies

L <CEM P fl [

t>|h|o

30 gt = cd3M33L|\f|\w|h|a.
-

Consequently, we have shown that
|Rxf(x+3h) +3Ryf(x+h)—3Ryf(x+2h) - Ryf(x)| <C'|h|*,  z,heR?,
and by (8) this proves (11).

(ii) If a > 1 then a straight-forward application of the differentiation lemma for parametrized
integrals, see e.g. [32, Theorem 12.5] or [24, Proposition A.1], shows that

Orirf@) == [ [ e f()0npuly - @) dyt
af@ == [ [ e o=y
for f e By(RY), A\>m and j € {1,...,d}. Since this clearly implies that
O st @) == [ [ (s y)0npily)dy
(0,00) JRE

we can apply the dominated convergence theorem to conclude that limj,| e |02, Rxf(x)| = 0 for

any f € O (RY).

(iii)  Since Ry(Co(R?)) = D(A) for any A > 0, the assertion is obvious from (i) and (ii). O
3.2. Remark (i) If there are constants M >0, T >0 and « € (0,2] such that

(15) fR 100 pe ()| dae < MtV £€(0,T], i {1,...,d},

then there exists m > 0 such that (10) holds. Indeed: Fix t € (0,T) and i € {1,...,d}. Tt follows
from (13) that

[ o)< [ |8xipt(z)|(/]Rd |pt(:z:—z)|d3:) dz
- [Rd 100,01 (2)| dz < e(t) = Mt~
which gives
/]R.d |02, ps ()| da < c(s/2) = M2Y*s71e for all se[T,2T).
By iteration we find that
[Rd |0, ps ()] dz < M(2Y) 57> for all se[2571T,28T), k e IN.
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Hence, (10) holds for m := log(2'/(*1)).
(ii) If (15) holds for some a > 0, then a < 2. Indeed: The Fourier transform of 2 = 0,,p;(x) equals
i¢jet¥(®) and therefore

sup ¢, VO] < |05, pil1 = [ 10:,p1(a)]do.
ceR4 R4

Since the characteristic exponent satisfies [1(€)] < ¢(1 + |£]?), € € R?, for some constant ¢ > 0 this
gives

[ |02, p¢(2)] dx > sup |£je_0t(1+‘5‘2) >t
R £eR4

In Proposition 3.1 we have seen that Ry f € CZ(R?) for f € C,(R?). Our next result, Corollary 3.3,
shows that, more generally,

feClRY) = RyfeCMP(RY)
for any £ > 0.
3.3. Corollary Let (X;)i»0 be a Lévy process with resolvent (Rx)aso and infinitesimal generator

(A, D(A)) such that its characteristic exponent ¢ satisfies the Hartman—Wintner condition (HW).
If there exist constants M >0, m >0 and « € (0,2] such that the transition density p; satisfies

fm |0, ()| da < Me™ 7, t>0,ie{l,...,d},
then there exists for any k € N a constant K = K(d, M,a,\, k) >0 such that
(16) [BAf lgzos oy < K flepmay — Jorall fe (R, B e (0,k), A >3m.

Proof. Fix A >3m and k € N, and let f € Cf(R?). Since
Raf@)= [ e @ dyd, R
it follows from an application of the differentiation lemma for parametrized integrals that

(17) AR ()= [ [ NS ypiy) dydi = Ra(0] ) ()

for any multi-index v € IN¢ with |y| := z?:1 v; < k. By Proposition 3.1, there exists a constant K >0
such that

|07 R flles (ray = | BA(O7 )(@) | ep rey < K0 oo
and so, by (8),
|Bafllescray < K| flopmey — forall feCy(RY)

for some constant ¢ = ¢(k) > 1. On the other hand, Proposition 3.1 shows that
|Rablles ey < K|hlcymey — forall heCy(RY).
Applying the interpolation theorem, cf. (9), we thus find that
| Rahllgavs ay < K Mllgs gay, e e’ (R
for any € (0,k). O
A close look at the proof of Corollary 3.3 shows that Ry f € C’L[f]]Jr[[a}](]Rd) for any f e C2 (RY), cf.
(5) for the definition of [a] and [S]; this is a consequence of (17) and Proposition 3.1(ii).

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Let f € D(A) be such that Af +of =g ¢ @g(Rd) for some ¢ >0 and p € R.
It follows from (2) and Remark 3.2(i) that p; satisfies (10) for some m > 0, and we set X := 3m + 1.
Since D(A) = R\(Cs(R?)) there exists h € Coo (RY) such that f = Ryh. As Af + of = g we have
AR)h + oR)\h = g, and using that (Aid—A)Rxh = h this gives

(18) h=(A+0)Rxh-g.
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We claim that for any k € INg there exists a constant ¢ > 0 (not depending on f, ¢g) such that
In(ka
19) he€ O RY) and [l i gay < o (I9]eg(rey + 1Al )

we prove (19) by induction. For k = 0 the assertion is obvious as h € C,(R?) and [[AR)A] oo < |A|co-
Now suppose that (19) holds for some k € INy. It follows from Corollary 3.3 (with 8 = 6 A (ak))

that Ryh e € ON*D(R) and

HR)\hHe;x+(5/\(rxk))(Rd) < KHhHe:/\(ku)(Rd).

Since, by assumption, g € CJ(R?) we find from (18) that h e Gé(kﬂ)a)M(Rd) and
HhHegA((""”)“)(]Rd) < ”gHGg(]Rd) + |/\ + Q| HRAhHe:Jr(M(Qk))(]Rd)

<lgllogerny + KA+ ol [l gonceor

< lgllesmay + KIX+ olek (9l es gy + [Bles )

i.e. (19) holds for k+1. We conclude that (19) holds for any k € INg. If we choose k € IN sufficiently
large such that ka > 6, then we find in particular h € C)(R?). Applying once more Corollary 3.3
we obtain that

[ Bahllegss gy < Kllegcay < Ker(lglles ey + Ihle):
Finally we note that h = (Aid—A)f implies
[Alloo < Alflloo + 1A f oo = Alf oo + g oo

and therefore we conclude that

||f”eg+5(1Rd) = HR/\hHeg”(]Rd) < L(HgHeg(Rd) + Hf”oo) u

4. Examples

In this section we illustrate Theorem 1.1 with some examples and applications.

Applying Theorem 1.1 to Lévy processes with continuous sample paths, we recover a classical result,
see e. g. [12], on the regularity of the solutions to the second order elliptic differential equation

d d d
0f (@) + S b0, f(2) + 23S 440,00, () = 9(a).
j=1 234

4.1. Example Let (B;);s0 be a d-dimensional Brownian motion, b € R?, and let @ € R¥? be a
symmetric positive definite matrix. The infinitesimal generator (A,D(A)) of the Lévy process
X :=bt + Q- B, satisfies

Af(@)=b V@) + 5@ VP F(). [ eCR(RY,
and has the following properties:
(i) D(A) € CZ(RY),

(i) f Af +of =g € (‘Zg(]Rd) for some § > 0 and p € R, then f € G§+5(Rd). Moreover, there
exists a finite constant L = L(d,d, o) > 0 such that

[ fllese2ray < LUIAS e may + [f]lo0) [ eD(A).

For the definition of the Holder spaces €% (R?) and €3 (R?) we refer the reader to Section 2. Since
there is a closed formula for the transition density p; of Xy, it can be easily verified that the
assumptions of Theorem 1.1 are satisfied for « = 2, and this proves the assertion of Example 4.1.

Our next result applies to a large class of Lévy processes, including stable Lévy processes.

4.2. Example Let (Lt)s0 be a pure-jump Lévy process with infinitesimal generator (A, D(A)).
Assume that its Lévy measure v satisfies

J(A) 3 forov/&;dil ]IA(TH)T_l_a wu(do) dr + fr:ofsd—l ]lA(Te)r—l_ﬁ u(df)dr, Ace B(Rd\{O})
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for some constants a € (0,2), B € (0, 00] and a finite measure p on the unit sphere $9-1 ¢ R¢ which
is non-degenerate, in the sense that its support is not contained in $4* NV where V ¢ R? is a
lower-dimensional subspace. Then:

(i) D(A) € e (RY),
(ii) If f € D(A) is such that Af+of = g € CJ(R?) for some § > 0 and g € R, then f € € (R?).
Moreover, there exists for any § > 0 a finite constant L = L(«, 8, ,d, d, 0) such that

[ fleges oy < LUAS ez + 1)y FeD(A).

Example 4.2 is a direct consequence of Theorem 1.1, Remark 1.2(ii) and [35, Example 1.5].

The remaining part of this section is devoted to Lévy processes whose characteristic exponent
satisfies

Rey(§) < [¢]*  as [¢] » oo
for some « € (0,2). This class of Lévy processes covers many important and interesting examples,
e.g.
e isotropic stable, relativistic stable and tempered stable Lévy processes,
e subordinated Brownian motions with characteristic exponent (&) = f(|¢*) for a Bern-

stein function f satisfying f(\) = A%/? for large A, cf. [34] for details.
e Lévy processes with symbol of the form

(&) =" +e”,  €eRY,
for 8 € (0, ).

4.3. Theorem Let (X;)»0 be a Lévy process with infinitesimal generator (A, D(A)). If the char-
acteristic exponent ¢ satisfies the sector condition, |Imy¥(£)| < cRe(§), and

(20) Re(§) < [§]*  as [¢] » o0
for some ac € (0,2), then:
(i) C&H(R?) = Upsa C2(R?) € D(A) € €L (RY).
(ii) If f € D(A) is such that Af + of € CJ(R?) for some § >0 and o € R, then f e C{*O(RY)

and
Ifleo+s(may < LUIAfl s may + [ o), f € D(A).

for some constant L = L(d, o, ).
(i11) D(A) is an algebra, i.e. f,g€ D(A) implies f-ge D(A), and

(21) A(f-9)(x) = f(x)Ag(x) + g(z)Af(x) + T'(f, 9)(z), f,9€D(A)
where
(22) I(f.9)(x):= fym (fz+y) - f(@)(g(z+y) - g(x))v(dy), xeR’

is the Carré du Champ operator, cf. Remark iii; here v denotes the Lévy measure of

(Xt)tzo'

4.4. Remark (i) The proof of Theorem 4.3(iii) shows the following slightly more general state-
ment: Let (X¢)0 be a Lévy process with generator (A4,D(A)) and characteristic exponent
satisfying

g O
1 3
leloee [€1°

for some « € (0,2). Let f,g € D(A) be such that
(@ +y) = f@)| < Crlyl™  and |g(z +y) - g(x)| < Caly|™
for all z € R? and |y| < 1. If B + B2 > a then f-g e D(A) and (21) holds.

< 00
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(ii) Theorem 4.3 can be used to establish inclusions of the form D(A) ¢ D(L) for Lévy generators
A and L. More precisely, if (X;)s 0 and (Y} )s»0 are Lévy processes with characteristic exponent 1)
and 1, respectively, which both satisfy the sector condition and

Rey(€) < [¢]* and Red(€) x[¢]? as |¢] > oo

for a < 3, then Theorem 4.3 shows that the domain of the generator of (X;):s0 is contained in the
domain of the generator of (Y} );so. For instance, the domain D(A(®)) of the infinitesimal generator
associated with the isotropic a-stable Lévy process, a € (0,2], satisfies D(AP)) ¢ D(A®)) for
« < 3; this is a well-known result which can be, for instance, also proved using subordination, cf.
[34, Theorem 13.6].

(iii) In contrast to other authors, we consider the Carré du champ operator I' as an operator on
Cos(R?) and not on L?(dz). For further information on the Carré du champ operator we refer the
reader to [8, 10].

Proof of Theorem 4.3. Under the growth condition (20) it is shown in [35] that the semigroup
P, f(x) :=Ef(x+ X;) satisfies the gradient estimate

[P flloo < et flloo,  te(0,1], f € By(R?)
for some absolute constant ¢ > 0. Since this implies [ |Vp;(z)|dz < ¢'t7V/*, cf. Remark 1.2(ii),
Theorem 1.1 gives (ii) and D(A) ¢ €% (R?) . To prove CZ (R%) ¢ D(A), B > a, we need some
properties of the Lévy triplet (b,@,r) which are consequences of the growth condition (20) and

the sector condition. As « < 2 it follows from [25, Lemma A.3] that @ = 0 and [25, Lemma A.3]
also shows b = f\y\<1 yv(dy) if a < 1. Moreover,

(23) f lyl? v(dy) < oo for all 8> a,
0<|y|<1

see e.g. [5, 31] or [25, Lemma A.2] for a detailed proof. By [25, Theorem 4.1], these properties of
the Lévy triplet imply that G2 (R?) ¢ D(A) for § > a. It remains to prove (iii). Let f,g e D(A)
and fix e R?. We will first show that

(24) lnéE([f($+Xt)—f(fﬂ)1'[9($+Xt)—9(96)])

=I(f,9)(x)

with I'(f,g)(z) defined in (22). Pick a truncation function x € C&(R%), 1p01) < X < Lp(o.2)

and set x.(y) = x(¢7'y). Since the function y ~ (1 - x.(y))(f(z +y) - f(2))(g9(z +y) - g(x)) is
continuous and equal to zero in a neighbourhood of x, the weak convergence ¢ 'IP(X; € -) — v()

as t - 0, cf. [30, Corollary 8.9] or [25, Corollary 3.3], yields

B (X)) + X0 - (@) (gl + X) - 9(x)))
t—0 t

= [ G- ) - @)t o) - o) ().
By (i), we have f,g € D(A) ¢ €% (R?) and so

(*) (f(z+y) - f(2)) (9(x +y) - g(=))| < Cmin{[y "D 1}, 2,y e RY

using (23) a straight-forward application of the dominated convergence theorem now shows that
the right-hand side of the previous equation converges to I'(f, g)(z) as € = 0. On the other hand,
supp x= € B(0,2¢) and (*) give

[E(xe (X)) (f (2 + X0) = f(@))(9(x + X2) - 9(2)))] < BIX D1 x, c0e )
) —/(o 2 )P(|Xt|2(M1) >7)dr.

Applying the maximal inequality, see e.g. [7, Corollary 5.2], and invoking the growth condition
(20) we thus find

E( (OG0 - @D ~g@)|<et [ s f(@)ldr

g‘s,,,—l/z(oml)

< c’tf% pmef2(anl) g
0
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for absolute constants ¢, ¢’ > 0. As /01 r~/2(eA1) dp < 00 an application of the monotone convergence
theorem yields

lims(;lplir?s&lp |E(X5(Xt)(f(Xt) - ];(x))(g(Xt) _g(x)))| _o:

combining this with the earlier consideration, this proves (24). Now let f,g € D(A) and fix z € R%.
Clearly,

E(f(z+X)g(x+ X)) - f(2)g(2) = f(2)E(g(z + Xy) - g(x)) + g(2)E(f (z + Xi) - f(2))
+E((f(z+Xe) - f(2)(g9(z + Xi) - g(2))) -

Dividing both sides by ¢t and letting ¢ to 0 we obtain from (24) and the very definition of the
generator A that

L(f - 9)(&) = i 7 [E (£ + X)g(e + X)) - F(@)g(2)] = f(2)Ag(w) + g()Af(2) +T(f.9)(x).

Using the estimate () it follows from the dominated convergence theorem that T'(f, g) € Coo (R?),
and, hence, L(f-g) € Coo (R?). This implies f-g € D(A) and A(f-g) = L(f-g), see e. g. [7, Theorem
1.33]. O

5. Domain of the infinitesimal generator of two-dimensional Cauchy process

Let (X¢):»0 be an isotropic a-stable Lévy process, a € (0,2). It follows from Theorem 4.3(i) that
the domain D(A) of the infinitesimal generator of (X;):s0 satisfies

Co (RY) := | €2 (R?) c D(A) c 2 (R?).
B>a

In this section we investigate whether this is the optimal way to describe D(A) in terms of Holder
spaces and whether the inclusions are strict. The case a =1 is particularly interesting since there
are several functions spaces which are possible candidates to describe the domain:

e the space of Lipschitz continuous functions Lip(IR?) vanishing at infinity,
e the space CL (R?) of differentiable functions vanishing at infinity,
e the Zygmund space CL (R?) of functions f vanishing at infinity and satisfying
ALf(@) = [f(x+h) + f(x—h)-2f(x)| <Clhl,  x,heR?,
for some constant C > 0, see (6).

We will show that the domain D(A) of the generator of the two-dimensional Cauchy process has
the following properties:

e There exists a function f € CL (R?) which is not in D(A), cf. Proposition 5.1.
e There exists a function f € D(A) which is not Lipschitz continuous, cf. Theorem 5.2.

This implies that
D(A) ¢ Lip(R*) N Coo (R?)  D(A) ¢ Co(R?)  Co(R?) ¢ D(A)  Lip(R*) n Coo (R?) ¢ D(A)
which clearly shows that the function spaces Lip(R?) n Co (R?) and CL (R?) are not well suited
for describing D(A). We conclude that
Cor (R%) € D(A) € Co (R)

is the best possible way to describe D(A) in terms of Holder spaces and, moreover, the inclusions
are strict.

5.1. Proposition Let (X;)»0 be a d-dimensional Cauchy process with generator (A, D(A)). Then
there exists a function f e CL(R?) which is not in D(A).

Proof. Let x € C=(R%) be a cut-off function such that 150,1/4) € X < 1p(0,1/2), and define

£(@) = oo (1) —o—x(@), <R
log o]
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If we set (r) = |[logr|™*, then ¢(r) - 0 as 7 - 0 and

1
fl@)=0+0-z+lale(al), <3
which shows that f is differentiable at = 0 and Vf(0) = 0. For = # 0 the differentiability is
obvious. Clearly, f and its derivatives are vanishing at infinity, and so f € CL(R?). Since the
transition density p; of X, satisfies

t
pe(y) 2 CW7 lyl >,

for some constant ¢ > 0, we find from
Ef(X:) - f(0 1 X
—f( 1) = 1) > —F (| 4 1{0<|X1,|<1/4})

t —t \|log(|Xe)]
that
Ef(X:) - f(0 1 1 1
f( t) f()Z* |y| pt(y)dych — Yy
t t Jo<lyl<1/4 |log(|y|)| t<lyl<1/4 |y|¢ |log(|y])|
0
and so f ¢ D(A). O

5.2. Theorem Let (X;)is0 be a 2-dimensional Cauchy process with generator (A, D(A)). Then
there exists a function f € D(A) which is not Lipschitz continuous.

Let us mention that the proof of Theorem 5.2 has been inspired by Giinter [15] who constructed
a function f € Co(R?) which is in the domain of the generator of three-dimensional Brownian
motion but which is not twice differentiable, see [33, Example 7.25] for a modern account.

For the proof of Theorem 5.2 we need an auxiliary result concerning the potential operator of an
isotropic a-stable Lévy process (X;):»0. Recall that the potential operator (Ro, D(Rp)) (in the
sense of Yoshida) associated with a Lévy process (X;)tso and resolvent (Ry)aso is defined by

D(Ro) = {f € Coo(R"); Ig € Cou(R) : Lim [ R f = g0 =0},
ROf:: }\lin()R)\f’ f€®(R0)a

see [4, Section 11] for a thorough discussion.

5.3. Lemma Let (X;):s0 be a d-dimensional isotropic a-stable Lévy process with resolvent (Ry)xs0-
If a < d then there exists a finite constant cq . >0 such that

(25) sup Ryu(z) = g0 [ 2| u(x + 2) dz
A>0 R4

for any u € Coo(R?), u > 0. In particular, any non-negative function u € Coo(RY) n LY (dx) is in
the domain D(Ry) of the potential operator Ry.

Proof of Lemma 5.3. Identity (25) is a direct consequence of the scaling property of the transition
density of (X )¢s0; it is a classical result in potential theory, see e. g. [6] for a proof. For the second
assertion, we note that j]RdnB(O 1 |y|0“d dy < oo implies, by the dominated convergence theorem,
that sup,.o Rau € Coo (R?) for any non-negative function u € Coo (R%) n L (dz). By [33, Theorem
7.24(d)] this entails that u € D(Ryp) for any such function w. O

Proof of Theorem 5.2. As Ro(D(Rp)) € D(A), cf. [4, Lemma 11.13(vi)], it suffices to find u €
D(Ry) such that Rou is not Lipschitz continuous. It follows from Lemma 5.3 and the linearity of
RO that

Rou(z) = c/]R2 l2| M u(x - 2) dz, reR?

for any function u € Coo (R?) n L' (dx). Pick a function f € C.([0,1)) such that f >0 and f(0) = 0.
If we define

) ! |2 / 2
U/(l’hl‘z)-: \/;E%-}-x% \/;L'%-f-x%f( JI?‘F[L’%), .')3:(1'171,'2)6]R )
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then u € Coo(R?) N L'(dz) € D(Ry). We will show that f can be chosen in such a way that
x — Rou(x) is not Lipschitz continuous at x = 0. Introducing polar coordinates we find

1 27 3
Rou(0,22) = ¢ / rf(r) [ [sin plcos ¢ do | dr.
0 0 /22 +72-2rascosyp

2w 3 T 27 i
I::f | sin | cos ¢ ngZ(/ +[ ) | sin | cos ¢ dy
0 \/z2+r2-2rascosp 0 m )22 +12 - 2rzscosgp
and performing a change of variables, ¢ := \/IL’% +72 = 2rxycosp, we get for xo >0

1 To+T 1 |z2—7]| 2 To+r 42 + 2 _ t2
I=— cosgo(t)dt——f cosp(t)dt = —fl LT 70 g
x x

1T J|ro—7| rTo 2+T rTo 2—7| rTo

Writing

and so
4 r 4 i)

I= g;%]l{’l’iwz} + 77]1{7‘>:1:2}'

3r2

Hence,

2

Rou(O,xg):;Lc(;AIQTQf(T)dr+x2f1Mdr).
2 x T

As u(z) = —u(-z) we have

[RZ |2[u(z) dz = [11{2 |2 tu(~2) dz = - [11{2 2| u(z) dz

which implies Rou(0) = 0. Consequently, we have shown that

Rou(0,22) - Rou(0) _ 46(1 [Om r2f(r)dr + fw: f(:)dr).

To 3 \z3

If we choose f(r) = |log(r)|™ x(r)1(0,c0)(r) for a cut-off function y satisfying 1 1/2) < x < L{0,1),
f(r)

s

dr = oo and

then lim,, o fxt

1 e 1 e 2 11 e .
73[ r2f(r)dr| = —3[ " arl< 73[ r2dr 2% 0.
x5 Jo x5 Jo  |logr| |log|z2|| x5 Jo
Thus,
Jing 020, 22) = Bou(0) _
210 T
i.e.  » Rou(x) is not Lipschitz continuous at z = 0. O
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