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Introduction

Large deviation theory deals with the decay of probabilities of rare events on an exponential

scale. Roughly speaking, large deviation estimates are of the form
P(X, € B) »exp(-nI(B)) for n large,

where the rate function I(B) is a measure for the asymptotic probability that the sequence
(X1)nen of random variables attains values in the set B. In the last years large deviation
theory has attracted more and more attention because of its variety of applications in the
fields of financial mathematics, statistics, engineering, statistical physics, and chemistry.
A thorough discussion of various applications can be found in the monograph [23] by
Hollander. Our standard references for large deviation theory are Dembo-Zeitouni [10]
and Feng-Kurtz [17].

In this work we focus on large deviation results for a certain type of stochastic processes;
namely, we consider scaled Lévy processes and solutions of stochastic differential equations
(SDEs) driven by a Lévy process. Both Lévy processes and solutions of SDEs driven by
Lévy processes are an important subclass of Lévy-type processes which we briefly discuss
in Chapter 6. In particular, we motivate that symbols are the natural generalization of

characteristic exponents in the theory of Lévy-type processes.

Since (the proofs of) the main results are quite technical, the first part of the thesis
aims at making the reader familar with some basic concepts in large deviation theory. In
Chapter 2 we introduce the notion of large deviation principle and present fundamental
results such as the contraction principle and Varadhan’s lemma. Subsequently, we show
that the Legendre transform plays — at least in a convex framework — an important role
and formulate sufficient conditions for large deviations in terms of the limiting logarithmic
moment generating function. Historically, this approach is due to Gértner [20] and Ellis
[15].

The results obtained will be used in Chapter 5 in order to establish large deviations
for scaled Lévy processes. As an application, we derive two statements on the longtime
behavior of Lévy processes: the law of iterated logarithm and the counterpart of Strassen’s
law.

Chapter 4 is concerned with some recent investigations on extensions of the contraction

principle. They prove to be a crucial tool when considering large deviations for solutions
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of SDEs; we will discuss this approach in Section 7.2. In Section 7.1 we follow the lines of
Freidlin and Wentzell [18] and give a purely probabilistic proof of a large deviation result

for SDEs driven by a Lévy process.

We emphasize that we do not attempt to state the results in their most general form since,
otherwise, the proofs would become even more technical. However, we try to point the

reader to notable generalizations.

To keep notation as simple as possible, we restrict ourselves to one-dimensional processes;
most of the results can be proved in a similar fashion for multi-dimensional processes.

Unless otherwise indicated, we assume that the processes are one-dimensional.

Finally, I would like to thank my advisor René Schilling not only for his support and
valuable contributions but also for the interesting lectures (which succeeded in drawing my
attention to the topic of stochastic processes) and the never-ending kindness to answer
(most of ) my never-ending questions. A special thanks goes to Johannes Huhn for his
amiable companionship during the last year. Both to Johannes Huhn and Dirk Spitzner

my thanks for reading substantial parts of my thesis and pointing out quite a few mistakes.



Basic Definitions & Properties

Throughout this chapter (M, d) denotes a metric space and (€2, A,P) a probability space.

2.1 Definition Let (p:)es0 be a family of probability measures on (M,B(M)) and
A : (0,00) > R be such that A(¢) » oo as ¢ = 0. (ue)->0 satisfies a large deviation
principle as € - 0 with rate function I : M — [0, 00] and normalizing coefficient X if the

following conditions hold.

(LO) I is lower semicontinuous, i.e. its sublevel sets ®(r) := {x e M;I(x) <r}, r >0, are
closed.
(L1) For any open set A c M,

! log p1c (A) > —inf I(z).
6) zeA

lim inf
e—0

(L2) For any closed set B < M,

) 1
lim sup

Ve log pi=(B) < - inf I(x).

I is called a good rate function if its sublevel sets ®(r), r > 0, are compact. A family of
random variables X, : (2, A,P) - (M,B(M)), € >0, obeys a large deviation principle as
e — 0 if the family of distributions p.(-) := P(X. € -) satisfies a large deviation principle.
Modifying (L1) and (L2) in an obvious fashion, we will also speak of a sequence of proba-
bility measures (ji,, )nen satisfying a large deviation principle as n — oo with rate function

I and normalizing sequence (\p)neN-

Unless otherwise stated, we consider A\(¢) = ! and A, = n, respectively. Most of the
results presented in Chapter 2 and 3 can be formulated for any normalizing coefficient and

normalizing sequence, respectively.

Remarks (i). The rate function I is uniquely determined by the values u.(B(x,d)),
xeM,de>0. In fact,

—I(z) = limliminf e log u:(B(z,d)) = limlimsupelog p. (B[, d]). (2.1)
6—0 &0 0-0 <50
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This follows readily from the lower semicontinuity of I, cf. [18, Theorem 3.5]. On
the other hand, if I satisfies (2.1), then (u.)es0 obeys a weak large deviation principle
with rate function I, i.e. (L0),(L1) hold and (L2) holds for all compact sets B ¢ M,
see e.g. [10, Theorem 4.1.11].

(ii). It is widely known, see e. g. [25, Theorem 1.2.11], that a sequence of random variables
(Xn)neny converges in distribution to a random variable X if, and only if, for each
open set A and closed set B,

liminfP(X,, € A) >P(X € A), limsupP(X,, € B) <P(X € B).
n—oo

n—oo

We note the analogy to (L1) and (L2). In this chapter, we will see that the so-
called exponential tightness is the counterpart of tightness and state the analogue of

Prokhorov’s theorem.

2.2 Example Let (B;)q[o,1] be a one-dimensional Brownian motion. The family of scaled
processes (\/eB)cs( satisfies a large deviation principle in (C[0,1],] - | ) as € = 0 with

good rate function

LN ()2 ds, feAC[0,1], £(0) =0,

00, otherwise,

I(f) =

where AC[0,1] denotes the set of absolutely continuous functions f : [0,1] - R. This
large deviation principle is a special case of large deviation results we will encounter in

Chapter 5. For a direct proof, based on the Cameron-Martin formula, we refer the reader
to [38, Chapter 12].

The following lemma provides an alternative characterization of the large deviation lower
bound (L1) and upper bound (L2). It is due to Freidlin and Wentzell [18].

2.3 Lemma Under (L0), the conditions (L1), (L2) are equivalent to
(L1’) For any 6 >0 and x € M,

limiéqfslogug(B(x, 9)) > -1I(x).
E—

(L2’) For any 6 >0 and r >0,

limsupelog p.({x € M;d(x,®(r)) >0}) < -r.

e~0
Proof. Let A< M open. Clearly, (L1) is equivalent to
lilgiiglfelogug(A) >-I(z) for all = e A.
Since A is open, there exists 0 = §(z) > 0 such that B(z,d) ¢ A. If (L1’) holds, then

lim iglfslog pe(A) > lim iglfelog pe(B(x,0)) > -I(x),
e g
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i.e. (L1) is satisfied. Since (L1) implies obviously (L1’), this proves (L1) < (L1’). Now
let B ¢ M be closed, and suppose that (L2’) is satisfied. Set

1
= min{inf I(z) -7, —}
xeB ¥

for v > 0 sufficiently small. Since ®(r) is compact and B closed, we have 0 := d(B, ®(r)) >
0. Consequently,
pe(B) < pe({z € Mid(z, (r)) 2 0}).

Therefore, by (L2’),

limsupelog u.(B) < -r 20 inf I(x).
e—~0 xeB

On the other hand, applying (L2) to the closed set {z € M;d(z, ®(r)) > 4§} yields (L27). O

Recall that a family (uc)eso of probability measures on M is called tight if for each § >0
there exists a compact set K ¢ M such that sup,,q e (K¢) < J. The corresponding concept

in large deviation theory is exponential tightness.

2.4 Definition A family (u.)es0 of probability measures on M is called exponentially
tight if for any r > 0 there exists a compact set K, € M such that

limsupelog p: (K;) < -r. (2.2)
e—0

A family of random variables (X. ). is called exponentially tight if the family of distri-
butions (Px_)es0 is exponentially tight.

Note that in general exponential tightness is not equivalent to goodness of the rate func-
tion. Exponential tightness implies the goodness of the rate function, but the converse is

not true. For a counterexample we refer the reader to [13].

2.5 Lemma Let (pu:)es0 be a sequence of probability measures on (M, B(M)).

(i). If pe, € >0, is tight and (u:)eso satisfies a large deviation principle with a good rate
function, then (ue:)eso is exponentially tight.

(7). If (1e)es0 is exponentially tight and satisfies the large deviation lower bound (L1)

with rate function I, then I is a good rate function.

(iii). If (pe)es0 satisfies a weak large deviation principle with rate function I and (je)eso
is exponentially tight, then (pe)eso satisfies a large deviation principle with (good)

rate function 1.

Note that tightness holds automatically if (M, d) is a Polish space.

Proof.  (i). cf. Lemma 5.2
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(ii). For r >0 let Ko, € M be as in the definition of exponential tightness (2.2). By (L1)
and (2.2),
— inf I(x) <liminfelogp.(K3,) < limsupelog (K3, ) < =2r.
zeKs, e—~>0 e>0
In particular, the sublevel set ®(r) ¢ Ky, is relatively compact. Since I is lower

semicontinuous, hence ®(r) closed, we conclude that ®(r) is compact.

(iii). By definition it suffices to show (L2) for any closed set B ¢ M. To this end, let K, be
as in the definition of exponential tightness. Obviously, p:(B) < pe(BNK;)+u: (KE).
Applying (L2) to the compact set B n K, yields

e—0

limsup e log u-(B) < max {limsupslog,ug(B nK;), limsupslogug(Kﬁ)}
e—=0 e—=0

< Inax{— inf I(z), —1"} < max{— inf I(x), —r} .
xeBNK, zeB

The claim follows letting r — oo. O

The importance of exponential tightness is illustrated by the following analogue of
Prokhorov’s theorem. It was first formulated by Puhalskii [33]. Proofs can be found
for instance in [17, Theorem 3.7] and [10, Lemma 4.1.23].

2.6 Theorem Let (jin)nen be an exponentially tight sequence of probability measures on
M. Then there exists a subsequence (fin, )ren which satisfies a large deviation principle

with a good rate function.

Theorem 2.6 provides an approach to prove large deviation results (“subsequence princi-

ple”):
(i). Show that the sequence (fin)nen is exponentially tight.

(ii). Choose an arbitrary subsequence (u],)neny and prove that the rate function I of the
subsequence of (u.,)ney satisfying a large deviation principle does not depend on the

subsequence (p),)nen-

In the theory of large deviations for stochastic processes, cf. Chapter 5 and 7, exponential
tightness in the Skorohod space D[0,1] is of particular interest. For (sufficient and nec-
essary) conditions regarding exponential tightness in D[0, 1] we refer the reader to Feng
[17, Theorem 4.1] and Puhalskii [34, Theorem 3.2.1].

2.7 Lemma Let (M,d) be a metric space and (pe)es0, (Ve)eso exponentially tight families
of probability measures on (M,B(M)). Assume that (pe)es0 and (ve)eso are exponentially
tight and satisfy a large deviation principle in (M,d) as e - 0 with (good) rate function
I and J, respectively. Then the family of product measures (fe ® Ve)eso obeys a large

deviation principle in M x M endowed with the metric

d((z1,91), (x2,92)) := d(x1, 22) + d(y1,2), r1,22,Y1,Yy2 € M



2. Basic DEFINITIONS & PROPERTIES 7

as € - 0 with (good) rate function K(x,y):=1(x)+ J(y).

Proof. K is clearly lower semicontinuous, i.e. a rate function. Moreover, the relation
D (r) c ®;(r) x ®y(r) implies that K is a good rate function if I and J are good rate
functions. Next we prove the large deviation lower bound (L1). Let A € M x M be open,
and pick (z,y) € A. There exists § > 0 such that A2 B(z,6) x B(y, ). By the definition
of the product measure and (L1) (for (us)-s0 and (ve)es0), we find

lirsrl)ionfslogu‘E Qu:(A) > lirsriigﬁslog (pe(B(z,6))ve(B(y,0)))
> =(I(x) + J(y)) = -K(z,y).

This proves the large deviation lower bound (L1). Now let B ¢ M x M be compact and
~>0. For any (z,y) € B we can choose § = §((z,y)) > 0 such that

I(z") > min{I(x) - 7,7_1} =1"(z) and J(y')2 min{J(y) —7,7_1} = J(y)

for all ' € B[z,¢], v’ € B[y,0]. Since B is compact, there exists a finite subcover
Ui, B(xj,65) x B(yj,0;). Consequently,

hmsupslogug(@yg(B)<hmsupelog(n max {,ug(B xj,0;]) ve(Blyj,9; )})

e—=0
<max |- inf I(z)- inf J
1£j£n( xzeB[x;,05] ( ) yeBly;,0;] (y))

< — min (IW(CBJ) +J7(y5))

1<j<

<— inf (["(z)+J" )
it (@) 7' ()

Letting v — 0 proves the large deviation upper bound (L2) for any compact set B. More-
over, the exponential tightness of (pc)es0 and (v:)eso obviously entails the exponential
tightness of (e ® vc)eso. It follows from Lemma 2.5(iii) that (L2) holds for each closed
set BS M x M. O

It is natural to ask how a large deviation principle is transformed under a continuous
mapping. The result is known as contraction principle [10, Theorem 4.2.1]. It is the

counterpart of the continuous mapping theorem.

2.8 Theorem (Contraction principle) Let (Mi,d1), (Mas,d2) be metric spaces and
f My — My be a continuous function. Suppose that a family (pe)eso of probability
measures on My satisfies a large deviation principle with good rate function I. Then the
sequence of image measures (Ve )esq, Ve := fe 0 f 1, on My obeys a large deviation principle

with good rate function

J(y) = nf{I(z);z e M1,y = f(2)}.
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Proof. Since I is lower semicontinuous, it attains its minimum on compact sets. This
implies that for any y € My, J(y) < oo, there exists x € M; such that f(x) = y and
J(y) = I(z). Consequently,

Gy(r)={ye M J(y)<r}=f(Pr(r)) for all r>0.

In particular, ®;(r) is compact, i.e. J is a good rate function. Now let A € M; open.
Since f is continuous, hence f~1(A) open, we can apply the large deviation lower bound
(L1) to f1(A) and obtain

liminfelogr.(A) = liminfelog ue(f1(A)) > - inf I(z)=—inf J(y).
e—0 e—0 Te 1(A) yeA

The upper bound (L2) follows in the same way. O

The contraction principle can be extended beyond the continuous case, cf. Chapter 4.

The following example is an application of the contraction principle and gives a glimpse
how one might prove a large deviation principle for solutions of stochastic differential
equations using (an extended version of) the contraction principle. We will discuss this

approach in Section 7.2.

2.9 Example Let (B;)s0 be a one-dimensional Brownian motion, b: R - R a bounded,
Lipschitz continuous function (with Lipschitz constant L > 0) and = € R. Denote by

(XF )te0,1] the (unique) solution of the stochastic differential equation
dX; =b(X;)dt +\/edBy, X5 =x.

The family (X®)..0 of stochastic processes satisfies a large deviation principle in
(C[0,1],] - |e0) as € = 0 with good rate function

L (s) = b(w(s))Pds, e AC[0,1],4(0) = =,

00, otherwise.

J() =

Proof. The Lipschitz continuity of b entails the existence of a (unique) solution of the
given SDE, see e.g. [38]. For f € C[0,1] we denote by Ff the solution of the integral

equation t
1/1(t)z:c+[0 b(v(s))ds + f(£),  te[0,1].
Then,

(FRE) = (FRYOIS 1~ fole + D [ 1(Ff)(s) = (F2) () ds.

Applying Gronwall’s lemma, see e.g. [38, Theorem A.43], we obtain

IFfi=Ffalleo <O f1 = f2 co-
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Consequently, F' defines a continuous bijection on (C[0,1],| - |lec). From the contraction
principle, Theorem 2.8, and Example 2.2 we conclude that F(\/eB) = X¢ satisfies a large

deviation principle as € - 0 with good rate function J,

1 riyd, 2 1t
0 =5 [ 5@ 0| ds=5 [0 - b)) s

for ¢ € AC[0,1],9(0) = x. O

Another application of the contraction principle is the following corollary which allows us

to transfer large deviation results from a topology to a coarser one.

2.10 Corollary Let (M,dy), (M,ds) be metric spaces such that di(x,y) < da(x,y) for all
x,y € M. If a family (pe)es0 of probability measures on (M,ds) satisfies a large deviation
principle in (M,ds) with good rate function I, then it obeys a large deviation principle in
(M, dy) with good rate function I.

In general, the converse does not hold. The inverse contraction principle [10, Theorem

4.2.4] gives a sufficient condition under which this is true.

Finally, we characterize large deviations in terms of asymptotics of exponential integrals.
As we will see in Chapter 3, Theorem 2.11 plays a key role in large deviation theory; it
is a very useful tool in many applications to large deviation theory as well as in proving
large deviation principles and identifying rate functions. We follow the presentation given
in [17, Theorem 3.8], see also [10, Theorem 4.3.1,Theorem 4.4.2].

2.11 Theorem Let (X,,)nen be a sequence of M-valued random variables.

(i). Varadhan’s Lemma: If (X, )nen satisfies a large deviation principle with good rate

function I, then:

lim %logE(e"f(X")) =sup(f(z) - I(x)) for all feCy(M).
n—>00 zeM

(ii). Bryc formula: Suppose that (Xp)nen @s exponentially tight and that the limit
A(f) :== lim llogE(enf(X")) (2.3)
n—oo n,

exists for all f € Co(M). Then (X, )nen Satisfies a large deviation principle with

good rate function

I(z) = sup (f(z)-A(f))

feCy(M)

Proof. We prove only (i). For a proof of Bryc’s formula we refer the reader to [17, Propo-
sition 3.8] or [10, Theorem 4.2]. Let f € Cy(M), v € M and € > 0. In abuse of notation,

we write!
f(e) =min{f(y);y € Blz,e]}.

'Revised version: Reformulated.
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Then f(¢) - f(z) as € - 0, and by Markov’s inequality? we get

P(X, € Bla,e]) < B (/1S @))

Thus,
liminf — logP(X € Blxz,e]) <—f(¢e) +11m1nf logE(e”f(X"))
n—oo n
= hmhmlnf = logIP’(X € Blz,e]) < —f(x) + hmmf = logE(e"f(X ). (2.4)

Combining (2.1) and (2.4) yields
1
sup(f(z) - I(z)) < liminf = log E(e™ (Xn)).
zeM n—oo N
It remains to show the upper bound. For each x € M we can choose d, > 0 such that

m [ <f@ el TG)zmin(@) - <T@, (25)
By assumption, [ is a good rate function, and therefore there exists a finite subcover of
®(r)3 for r = 2| f|leo, i-e. ®(r)* € UT, B(w4,6,;). It follows from the large deviation
upper bound (L2) that

. 1 X,

lim sup — log E(e”f( )]l(uﬁ1 B(xi,cSmi))c(X”))

n—soo N

< limsup — log( "lf”]P)[X € (U B(xzﬁxz))c])

n—oo N i=1

< flloo +limsup — logIP’(X e(UB(xl,éxl)) )S—HfHoo.

n—oo

This implies

1 1
limsup — log E(¢™ X)) < lim sup - log E(e"f(X”)]luﬁl B(:chdzi)(Xn))-

n—ooo N n—»00

Since

hmsupglogE(enf(X”)]lUm B(@i,6z;) ) (Xn))

(< ) lim sup — logE(Z e”(f(xl)JrE)]lB( i00) (X ))
1
< max (f(;rl) + e+ limsup — log P(X,, € B[x;, 5%]))
) n—ooo N
(L2) nf
< max flz;) +e—- y 12% ) I(y)
(2.5)
< sup (F(@) +2 - (@)
zeM
the claim follows letting € — 0. O

*We call P(|X|>6) < f(6) "Ef(|X|) Markov inequality for any increasing function f : [0, 00) - [0, c0).
Common choices are f(z) = e, A>0, and f(z) =z", neN.

3Revised version: corrected misprint.

4Revised version: corrected misprint.



Gartner-Ellis Approach

In this chapter we establish a large deviation lower and upper bound under assumptions
on the limiting behavior of the logarithmic moment generating function. This approach
is due to Gértner [20] and Ellis [15] who proved the corresponding result for real-valued
random variables, see e.g. [10, Section 2.3]. Starting from the definition of the Legendre
transform we motivate that the Legendre transform of the limiting logarithmic moment

generating function is a natural candidate for the rate function.

3.1 Definition Let (M,d) be a metric space and denote by M* its dual space. The

Legendre transform (or Fenchel-Legendre transform, conjugate function) of a function
f:M* > [-00,00] is defined by

[*(x) = sup ((/\,x)—f()\)), xe M.
AeM*

3.2 Definition Let (M, d) be a metric space and (fuy, )nen a family of probability measures
on (M,B(M)). We call

Ay, (M) = log ([ o) dun(a:)) . AeM”
the logarithmic moment generating function of u, and define
- 1
A()) :=limsup EA“" (nA), AeM*.

Whenever the limit exists, we write A(A). If X is a random variable, we denote by Ax

the logarithmic moment generating function of the distribution P(X € -).
3.3 Lemma (i). A: M* — (o0, 00] is conver.
(ii). A* is a convex lower semicontinuous non-negative function on M.

Proof. (i). By the subadditivity of limes superior, it suffices to show that the logarithmic
moment generating function A, , n €N, is convex. Pick A\, A2 € M* and a € (0,1).

Applying Holder’s inequality for the conjugate exponents 1/« and 1/(1-«), we find

Ay, (X1 +(1-a)A2) < log[([ e{Az) dun(:p))a (f ROvED d,un(:c))la]

= oy, (M) + (1-a)Au, (A).

11
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(ii). By definition, A,,(0) = 0, thus A* > 0. The convexity follows obviously from the
definition of the Legendre transform. Observe that M > x = (\,z) — A()\) e R is, for
fixed A € M*, a continuous mapping. Being the supremum of a family of continuous

functions, A* is lower semicontinuous. O

The following theorem [10, Theorem 4.5.10] shows that A* is a good candidate for the rate

function, at least if the rate function is convex.

3.4 Theorem Let (M,d) be a metric space. Suppose that a family (pin)nen of probability

measures on (M,B(M)) satisfies a large deviation principle with good rate function I and
- 1
A(A) =limsup —A,, (n)) < oo for all XeM*. (3.1)
n—soco N
(i). The limit
1
A(XN) = lim —A,, (nX)
n—oo n,
exists, is finite and
A(N) = su]\[/} (N z)-I(z))=1"(N). (3.2)
(ii). A* is the affine regularization of I, i. e.
AN*(z) = sup{f(x); f converz, f < I}, xeM.

In particular, if I is conver, then

I(z)=A"(z) = Ailjl\}[)* (A z)—A(N)).

Proof.  (i). The claim follows from Varadhan’s Lemma, cf. Theorem 2.11. Note that
Theorem 2.11 is applicable since we can drop the assumption on the boundedness
and replace it by the tail condition (3.1), see [10, Theorem 4.3.1].

(ii). By the definition of the Legendre transform and (3.2), we have

A% (@) = sup ((Ax) - A)) < sup (0.x) = (A2) - 1(2))) = 1 (=)

By Lemma 3.3, A* is convex and therefore,

A*(z) < sup{f(x); f convex, f < T}.

Clearly, g < h implies g* > h* for any two functions g, h. Applying this twice, we
get f=(f")" <(I*)" B2 A% for any f < I convex. If I is convex, then by duality
lemma, cf. Theorem A.3, (I*)* =1I. O

The remaining part of this chapter is devoted to the formulation of sufficient conditions for
large deviation lower and upper bounds in terms of the limiting behavior of the logarithmic
moment generating function A. They are tailored to the application in Chapter 5. We

start with the large deviation upper bound. The result is based on [8, Theorem 2.1].
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3.5 Theorem Let (M,d) be a metric space and B a o-algebra on M such that
(C1) The vector space operations are B-measurable.

(C2) B contains all compact sets.

ForneN let X, : (Q,A,P) > (M, B) be random variables and F € M* such that

(C3) (A,-) is B-measurable for all X € F.

Define

- A(N), AeF,

A(N) =

o0, Ae M*\F
where )
A()) = limsup = log Be™ M Xn),
n—ooo N
Then .
limsup — log P(X,, € B) < — inf A*(x) (3.3)
n—oco N zeB

for any compact set B € M. If (X,)nen 18 exponentially tight, (3.3) holds for all closed
sets B € B.

Proof. We adapt the proof given in [10, Theorem 4.5.3]. Without loss of generality we
may assume F' 4 @. Let B < M be compact and fix § > 0. By definition, we have

A*(z) :iu}w)((/\,x)—l_\()\)) for all =€ B.
Therefore, there exists A, € F' such that
O z) = A(As) > min{A*(x) _5, %} = ().
Since A, is continuous at x, we can choose r, > 0 such that
VyeBlz,ra]: Az y) = (Ae, )| < 6. (3.4)

Note that B[z, r,]n B is compact, hence B[x,r,]n B € B. Markov’s inequality yields

P(X, € B[z,r,]n B) <Eexp ((Q,Xn) - Biflf ]<6,y))
ye Z,Tx

“oxp(= (001 (0.2 Eex (19.X,) - 0.0)

for any 6 € F'. In particular, for 6 = n,,
1 (3.4) 1
—logP(X, € B[z,r,]nB) < (5—(()\x,x)——AXn(n/\x)).
n n

By the compactness of B, there exists a finite subcover B ¢ U B(x;,75,). From

1 1
—logP(X, € B) < —log (m max P(X,, € B[x;, s, ] N B))
n n I<i<m



3. GARTNER-ELLIS APPROACH 14

we conclude

1 _
limsup — logP(X,, € B) <6 - min ((Ag,,2:) - A(A\z,))
n 1<i<m

n—00

<6 — min I°(x;
<0 - min I°(z;)

. s 6—0 . T %
<0 — —_— — .

This proves (3.3) for B ¢ M compact. If (X, )nen is exponentially tight, then (L2) holds
for each closed set B by Lemma 2.5(iii). O

Remark For any function J satisfying A < J we may substitute the Legendre transform
J* for A* in (3.3). This turns out to be quite useful if A is difficult to compute but easy
to bound.

The proof of the large deviation lower bound (L1) requires more effort; we will have to
strengthen the assumptions of Theorem 3.5. As a first step we quickly establish some

basic properties under an absolute change of measure.

3.6 Lemma Let (M,d) be a metric space, (M,B) a measurable space and F' € M* such
that (C1)-(C3) are satisfied. For n € N let X,, : (Q,A,P) - (M,B) be random variables.
Assume that

A(N) = nh_glo % log Ee™tXn)

exists for each \ € F. Define probability measures QTAL on (,A) by
1
A {2 Xn)
dQ;, : EenO\,Xn)e dP, Ae L.

(i). The limiting logarithmic moment generating function

Ax(n) = lim l1og( [ e”<’7’X">d@2)
n—>o0o n,
satisfies

Ax(n) = A(n + ) = A(A).
(ii). Ni(z)=A*(x) — (\x)+ A(\) forze M.

(i4). If (Xp)new is exponentially tight, then the sequence of distributions Q)N(X, € -),
n € N, is exponentially tight.

Proof. By the definition of Qﬁ,

1 1 .
A)\(T]) = r}l—>nolo — lOg (WEe (77+)\7Xn>) = —A()\) + A()\ + 77)

n
This proves (i). Since A(n) = Ax(n) = oo for n € M*\F, we have
i

AX(@) = sup ((n,2) = Ax(m)) = sup ({n+ A, z) = (A, 2) = A(A + 1) + A(N))
neF neF

—
=

Sup ((n,2) = A(n)) = (A, z) + A(N)

A () = (A z) + A(N).
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It remains to show (iii). If (X, )neyn is exponentially tight, then there exists for each r > 0
a compact set K, € M such that

limsup — logIF’(X e Ky)<-r.
n—ooo N

By Holder’s inequality, we have

QN X, eKC)< \/}P’(X € K¢)VEe2AXn),

Consequently,

lim sup — log(@ (XpeK;)< A()\)__+ A(Q)\)H_Dﬁ 0. O

n—>oo

Let us recall that a set F'c¢ M* separates points in M if
{(VAeF:(Az)=(Ay)} = z=y

for any x,y € M. The next lemma shows that the sequence of distributions (Q}(X,, € -))nen
concentrates mass at some point x(\) € M as n — oo, namely, the Gateaux derivative of

A at A. The following two results are based on [8, Theorem 2.2].

3.7 Lemma Let (M,d) be a metric space, (M,B) be a measurable space and F < M*
such that (C1)-(C3) hold and

(C4) F separates points in M.

Let (X )nen be an exponentially tight sequence of B-measurable random variables. Suppose
that the mapping
1
F3XAw A()) = lim = logEe"™n) ¢ R

n—-oon,

1s M-Gateaux differentiable, i. e. for any A € F' there exists Dy € M such that

AN+ 11) — AN
t

(n, Dy) :}‘/in& for all nePF.

Then
hmsup - logQ (X, e A9) <0

n—oo

holds for any open set A € B such that D) € A.

Proof. Pick A € F. Let A € B be open such that Dy € A. By Lemma 3.6(iii) it suffices to
show
limsup — log@’\(X e A°NK)<0

n—o00
for any compact set K ¢ M. By Theorem 3.5, we have
1
limsup —log QN (X, e AN K) < - inf A5(x),

n—oo MN reAcnK

i.e. the claim follows if
c:= inf A}(z)>0.

reAnK
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Suppose that ¢ = 0. Since A; is lower semicontinuous, cf. Lemma 3.3, there exists
20 € A°n K such that A}(zq) = 0. Consequently, by Lemma 3.6(ii),

<)\,l‘0> - A()‘) = [\*(CCQ) 2 ()‘ + tnax()) - A()‘ + tn)

for any n e F, t >0. Thus,

(1. Dy) - i MO 1) = AQ)

> .
(50 n = <77a l’o)

Since the same calculation holds for —n and F' separates points in M, we conclude zg = D).
Obviously, Dy = xg € A°n K contradicts D) € A. ]

Before we finally state the large deviation lower bound, we introduce the notion of sub-
differentiability.

3.8 Definition Let (M,d) be a metric space and f: M — [—o0, c0] be a function.
(i). f is called proper < VYye M : f(y) > —oo, Jx € M : f(x) < oo.
(ii). If f is convex and proper, the subdifferential of f at x is defined by
Of(x) ={ e M VyeM: f(y) - f(z) 2 (A y-x)}.
3.9 Theorem Let (M,| -|) be a Banach space, B a o-algebra on M, F ¢ M* a linear
subspace and My € M a closed subspace. Suppose that (C1)-(C4) are satisfied as well as
(C5) Mg = Flag,
(C6) My separates points in F.
(C7) (M,B)>x+~ |z| € (R,B(R)) is measurable.

Let (X)) new be an exponentially tight sequence of (M, B)-measurable random variables. If

1
A = lim —logEe™™ ) e F

n—>oo n,

is My-Gateauz differentiable and dom A* ¢ My, then the large deviation lower bound holds

for every open set AeB:
1 -
liminf —logP(X,, € A) > —inf A" (x).
n—oco N zeA

Proof. Let A € B be open. Without loss of generality we may assume that there exists
z € A such that A* (x) < co. By assumption, dom A* ¢ My, hence z € M. Choose ¢ > 0
such that B(z,e) ¢ A. From (the proof of) Lemma 3.3 we know that A*|y, is a lower
semicontinuous, convex, proper function. By Theorem A.5, there exists y € My such that
OAN*(y) + @ and

-yl <e, A (@) - A (y)] <e. (3.5)
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Pick A € 9A*(y). Note that the function A|r = A|p is convex and lower semicontinuous.
Since Mg = Fy,, an application of the duality lemma A.3 yields (A*|pz,)* = A and there-
fore, by Lemma A.4(i), y € dA()\). On the other hand, the My-Gateaux differentiability
implies A(N) = {Dy}. Thus, Dy = y. Set

U:=B(xz,e)n{ze M;|(\ Dy-2z)|<d}

for § > 0. By (C3) and (C7), we have U € B. Obviously, Dy € U and
P(X, € A) > P(X, € U) = Ee"*Xn) f Ly (X,0)e XN g
> Eeno"X”)e_n(()"DAH(S)Qi‘L(Xn cl).

where Qﬁ is defined as in Lemma 3.6. Applying Lemma 3.7, we get

liminf L log P(Xy € A) > —((A, Dy} = A(N)) +0
n—-oo n
> —sup ({(, Dy) = A(p)) +6
peF

=—A*(Dy) +0=-A*(y) +6.

Finally, by (3.5),
liminf - logP(X, € A) > —A*(z) +§ +e.
n—-oo n,

Since €, > 0 are arbitrary, we are done. O
Remark If (X,,),eny meets the assumtions of Theorem 3.5 and Theorem 3.9, then (X, ) ey
satisfies the large deviation lower bound (L1) and upper bound (L2) for any sets A, B € B

with convex rate function A*. We say that (X1 )nen satisfies a large deviation principle in

(M, d) with respect to B. Note that A* is even a good rate function, cf. Lemma 2.5.

3.10 Corollary (Abstract Gartner-Ellis theorem) Let (M, | -|) be a Banach space and

(Xn)nen an exponentially tight sequence of B(M)-measurable random variables. If
1
A(N) = lim = log Ee™Mn)
n—-oo n,

is M-Gateauz differentiable for each A\ € M*, then (X,)nen Satisfies a large deviation

principle with convex good rate function A*.

Proof. By the Hahn-Banach theorem, F' := M™ separates points in M. Consequently, the
claim follows by applying Theorem 3.9 and Theorem 3.5. O

Remark In fact, Corollary 3.10 holds for any locally convex Hausdorff topological space,
see e.g. [10, Theorem 4.6.14].



Extensions of the Contraction Principle

In Example 2.9 we have shown that the contraction principle can be used to derive large

deviation results for SDEs of the form
dX; =b(X;)dt + /e dB;.
If we consider more interesting SDEs, for example
dX; =b(X[)dt +Veo(X])dBy,

this approach fails since the corresponding function F', defined in the proof of Example 2.9,
is, in general, not continuous. Consequently, it is of interest to know in which way the
contraction principle can be extended beyond the continuous case.

We present two generalizations of the contraction principle. The first applies to (mea-
surable) functions which can be approximated by continuous functions and is due to
Dembo-Zeitouni [10]. Garcia [21] introduces the notion of quasi-continuous almost com-
pact functions and proves a contraction principle for this class of functions. It is worth
mentioning that his paper contains a thorough discussion of some more extensions, see
[21, Section 2].

In Chapter 7 we will use these extensions in order to deduce large deviation results for
solutions of SDEs.

4.1 Exponential Approximations

Throughout this section (£2,A,P) denotes a probability space and (M,d) a metric space.

Unless otherwise mentioned, the results are taken from [10, Section 4.2.2].

4.1 Definition Let (Xcm)es0,men and (Yz)es0 be families of M-valued random variables
on (Q,A,P). (Xcm)es0,men is called exponentially good approzimation of (Yz)eso if

lim limsupelogP(d(Xem,Yz) >0) = -0 for all 6> 0. (4.1)

m=oo  ¢-0

If X.,, does not depend on m € N, we say that (X.).-0 and (Y:)es0 are ezponentially

equivalent.

18
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The following theorem is the main result of this section and provides a relation between

large deviation principles of exponentially good approximations.

4.2 Theorem Let (Xc m)e>0,men be an exponentially good approximation of (Yz)eso such

that (Xem)es0 satisfies a large deviation principle with rate function I, as e — 0.

(i). (Yz)eso satisfies a weak large deviation principle with rate function

I(y) :=supliminf inf I,,(2). (4.2)

§>0 M=o zeB(y,)
(ii). If I is a good rate function and

inf I(y) < limsup inf Im(y) (4.3)

yeB m—oo YeEB

holds for each closed set B ¢ M, then (Y:)es0 satisfies a large deviation principle

with good rate function I.
Proof.  (i). It suffices to show
I(y) = —%Ig(f)linen_)s(?palog]P’(Y; € Bly,d]) = —%Ig(f)lirgriionfalogp()@ € B(y,9)) (4.4)
for any y € M, cf. (2.1). Fix § >0 and y € M. From
B(Xem € B(y,5)) < P(Yz € B(5,20)) + P(d( Xy, V2) > )
we conclude by the large deviation lower bound (L1) for (X¢ ,)es0

- inf I,(2) < hmmfelogIP’(Xgm € B(y,9))
zeB(y,0)

< max {hmi(?felogIP’(Y6 € B(y,26)),limsupelog P(d( X m, Yz) > 5)} :
e e—0
Since (Xcm)es0,men is an exponentially good approximation, we get

1nfhm1nfelogIP>(Y € B(y,20)) > mf hmsup( inf Im(z)) =-I(y). (4.5)

6>0 e—0 m— oo A (y 6)

Interchanging the roles of X, ,, and Y., we find

limsupelogP(Y: € B[y, d])

e—0

e—0

< max {hmsupelog]P’(X =m € Bly,26]), luns'upelog]P’((XE my Ye) > 5)}
Therefore, by the large deviation upper bound for (X, )e>0 and (4.1),

inflimsupelogP(Y: € B[y, d]) < 1nf lim sup( inf Im(z)) =-1(y). (4.6)
>0 250 >0 mooo zeB[y,24]

Combining (4.5) and (4.6) yields (4.4).
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(ii). It follows from the first part of this theorem that (Y:).o satisfies a weak large
deviation principle; it remains to show (L2) for any closed set B ¢ M. Fix § > 0.
The large deviation upper bound (L2) for (X¢,)es0 implies

limsupelogP(Y; € B)

e—0

< max{limsupalog]P’(X&m € B+ B[0,6]),limsupelogP(d(X; m, Yz) > 5)}

e—0 e—0

< max{ - yeBi%f[O,é] I (y), lir?f(?pelog P(d(Xem,Yz) > 6)}

Consequently, by (4.1) and (4.3),

li loeP(Y. e B) < —-limli inf I
msupelogP(Ye € B) < -lmlimsup  inf = In(y)

(4.3)
< -l inf [ =—inf I(y).
- JE%yEB}r%[O,(s] (y) zllrelB (y)

In the last step we used that [ is a good rate function, cf. [10, Lemma 4.1.6]. This
finishes the proof. O

In particular, Theorem 4.2 entails the following corollary which we will apply in Chapter 5

in order to prove large deviation results for scaled Lévy processes. It is compiled from [8].

4.3 Corollary Let (M,|-|) be a normed space and B a o-algebra on M satisfying
(C1), (C2) and (C7). Let (Xc)eso and (Yz)eso be exponentially equivalent families of
B-measurable random variables. If (X;)eso is exponentially tight and obeys a large devia-
tion principle with respect to B with good rate function I as e - 0, then (Yz)eso obeys a

large deviation principle with respect to B with good rate function I as € — 0.

Proof. We start with the proof of the large deviation lower bound (L1). Obviously, it
suffices to show

lin%glogIP’(Y6 € B(z,0)) >-I(x)

E—

for any 6 >0 and = € M such that I(z) < co. By (C1) and (C7), B(x,0) € B and
(z,y) = d(z,y) = [z -y
is B ® B/B(R)-measurable. Fix g€ (0,1). We have

P(Y. € B(2,8)) > P(X. € B(x,5/2),d(X.,Y:) < §/2)
> P(X. € B(x,8/2)) - P(d(X.,Y.) > 6/2) = A. - B..

By (L1) and (4.1),
A > e—(I(:c)+g)5_1 S0 B. < e—2(1(:):)+1)5_1
for € > 0 sufficiently small. In particular, B./A. - 0 as € - 0. Consequently,

B
limig1f510gP(Y; € B(z,0)) > lim inf & log (Aa (1 - A_E))
e~ £ c

> li%ninfelogAE >—(I(z)+7).
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Since p > 0 is arbritrary, this proves the large deviation lower bound. Now let B ¢ M
closed, 6 > 0. For any r > 0, let K, € M compact as in the definition of exponential

tightness. From
P(Y. e B)<P(X: e (B+B[0,0])nK,)+P(X. e K7) + P(d(X¢,Yz) >9)

we conclude by the exponential tightness and (L2)

e—0 e—0

limsupelogP(Yz € B) < max {limsupslog]P’(XE € (B+ BJ[0,d])n Kr),—r}

< max{— inf I(a:),—r}
ze(B+B[0,6])nK,

Smax{— inf ]I(x),—r}.

zeB+B[0,0

Note that (B + B[0,6]) n K, € B is closed. Letting r - co and 6 — 0 yields

limsupeloglP(Y;: € B) < -1i inf I(x)=-1inf I(x).
msypelog PO <B) <l ink 1) =~ nf 1)
Here we used the lower semicontinuity of I, cf. [10, Lemma 4.1.6]. This completes the

proof. O

Now we are ready to prove our first extension of the contraction principle.

4.4 Theorem (Extended contraction principle I) Let (My,dy), (Ma,ds) be metric spaces
and (Xc)es0 a family of random variables obeying a large deviation principle in (My,dy)
with good rate function I. For m € N let f,, : M1 — My be continuous functions and
f My - Ms measurable such that

limsup sup do(fm(x), f(z))=0 for all r>0. (4.7)
m—oo x:I(z)ST
Then for any family of random variables (Yz)eso for which (fm(Xc))es0,men is an expo-

nentially good approximation holds a large deviation principle with good rate function

J(y) = inf{I(x);y = f(x)}.

Proof. Since the functions f,,,, m € N, are continuous, the contraction principle entails

that (fim(Xe))eso satisfies a large deviation principle with good rate function

Im(y) =inf{I(z);y = fm(x)}.

Moreover, by (4.7), f is continuous on any sublevel set ®;(r) := {z € My;I(x) <r}, r>0.
Hence, J is a good rate function with sublevel sets f(®;(r)). In view of Theorem 4.2 it
suffices to check (4.3) and to identify the rate function. To this end, fix B < My closed
and 6 > 0, and set

c¢:=liminf inf J,, (y).
m—oo yeB
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Suppose that ¢ < co; then we can choose a sequence (Z;,)men € M7 and 7 > 0 such that
fm(zm) € B and I(xp,) = infyep Jimn(y) < r. From (4.7) we conclude f(z,,) € B + B[0,0]
for m = m(0) sufficiently large. Thus,

yeBi%fm] J(y) < J(f(wm)) < I(wm) = Inf Im(y)-

Taking 6 - 0 and m — oo, we find
. < Taming e
f Jv) <liminf inf Jm(v) = ¢

Obviously, this inequality is trivially satisfied if ¢ = co. In particular, (4.3) holds. In order
to identify the rate function, we use the preceding inequality for B := B[y,d] and let § — 0.
For more details, see [10, Theorem 4.2.23]. O

4.2 Quasi-Continuity & Almost Compactness

In this section we prove a contraction principle for quasi-continuous almost compact func-
tions. The results are adapted from Garcia [21] who considers topological spaces whereas
we restrict ourselves to metric spaces. Throughout this section (Mj,dy), (Ma,ds) de-
note metric spaces and (X;)eso a family of M;j-valued random variables. For a function
f: My - Ms and x € My we set

[P =y e Mo; I(xn)nen € Myt 2y =z, f(20) =y}

We start with the definition of quasi-continuity and show its relevance for the large devi-

ation lower bound.

4.5 Definition Let f: M} — Ms be a function and x € M;. We call f quasi-continuous
at z if for every y € f* there exists a sequence (y,)peny € My such that x, - x, f(z,) = v,
and f is continuous at x,, for all n € N. We call any such sequence companion sequence for

the tuple (x,y). We say that f is quasi-continuous if it is quasi-continuous at any x € Mj.

4.6 Theorem Let f: My — Ms be quasi-continuous. Assume that for any x € My and
y € f* there exists a companion sequence (Ty)nen such that I(xy) — I(z). If (X:)eso
satisfies a large deviation principle in (My,dy) with rate function I, then (X, f(Xe))eso0

satisfies the large deviation lower bound (L1) with rate function

I(z), yef”

, otherwise.

J(z,y) =

o0

Proof. First of all, the lower semicontinuity of J follows directly from the lower semicon-
tinuity of I, cf. [21, Lemma 4.2]. Moreover, it suffices to show (L1) for A = A; x Ay where
Ay € My, Ay € My are open sets. By the large deviation lower for (X;).»o, we have

limig1fglog]P’((X5,f(X€)) €Ay x Ag) > limiénfglog]P’(XE eint(A; n ' (A2)))
£ N
I(z).

> —

inf
ZGint(Alﬁf_l(AQ))
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Consequently, we are done if

inf 1(2) < J(x, for all (z,y) € A1 x As. 48
i T <) forall () € Aux A (1.9
Fix (z,y) € Ay x Ag and € > 0. If y ¢ f*, (4.8) holds trivially. Otherwise, there exists a
sequence (Zn)neny such that z, — z, f(z,) >y, [(x,) » I(z), and f is continuous at x,,.
Since As is open, B(y,0) € As for § > 0 sufficiently small. For n € N sufficiently large we
have x,, € A1, f(xy,) € B(y,d) € Ag, I(xy,) < I(x)+e. As f is continuous at x,,, this implies
z, €int(Ay n f71(As)). Hence,
inf I(z)<1 <I(z)+e=J(x,y) +e. O
seint(Arnf-1(42)) (2) < I(wn) < I(2) e = J(@y) +
4.7 Definition A function f : My - Ms is called almost compact at x € M; if for any
sequence (Zp)neN,Tn — , there exists a subsequence (zp, )reny such that (f(zn,))ken

converges.

4.8 Example (i). Cadlag and caglad functions are quasi-continuous and almost com-

pact.

(ii). The function
sin (%) , x#0,

f(O)a x =0,

is quasi-continuous and almost compact for any f(0) € [-1,1].

fx) =

(iil). f(2) = 1 (—e00)(z) + L(0,00)(2), = € R, is not quasi-continuous but almost compact
at z =0.

(iv). f(z):= %]1(0,00)(1'), x € R, is quasi-continuous but not almost compact at = = 0.

4.9 Theorem Suppose that (X:)es0 satisfies a large deviation principle in (My,dy) with
rate function I. Let f: My — My be almost compact on domI. Then (X., f(Xe))eso
satisfies the large deviation upper bound (L2) with rate function J defined in Theorem 4.6.

Proof. Fix B € My x My closed. By (L2) for (X¢)es0,

limsupelogP((X., f(X:)) € B) < —inf I(x)

e—0 xeB

for B := cl({z € My;(xz, f(x)) € B}). For any z € B, there exists (&, )ney € M such
that (zp, f(zn)) € B and z, - x. If x € dom[ then the almost compactness implies
(zn, f(xn)) = (z,y) for some y € M, and a suitable subsequence of (zy)pen. As B is
closed, (x,y) € B. This shows

I(z)=J(z,y) > inf J(x1,y1) for all z € BndomI.
(z1,y1)eB
Note that this inequality is trivially satisfied for x ¢ dom I. Thus,

limsupelog B(Xe, /(X)) € B) < = inf J(x1,0) =
e—0

x1,Y1)€
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Combining Theorem 4.6 and Theorem 4.9, we find

4.10 Theorem (Extension of the contraction principle II) Suppose that f : My — Mo

satisfies the following conditions.
(i). f is almost compact on domI.

(ii). For each x € My there exists a companion sequence (Tp)nen such that I(xzy) — I(x).

In particular, f is quasi-continuous.

If (X2)es0 obeys a large deviation principle with (good) rate function I, then (X, f(Xc))es0
satisfies a large deviation principle with (good) rate function J defined in Theorem 4.6. In
particular, (f(X:))es0 obeys a large deviation principle with (good) rate function

Ip(y) =inf{J(x,y);ze My :ye f*} =inf{I(x);x e My:ye f"}.

Let us finally mention the following theorem which shows basically that almost compact-

ness preserves exponential tightness.

4.11 Theorem ([21, Theorem 6.3|, [22, Theorem 7.1])

(1). If (X:)es0 is exponentially tight and f : My — My almost compact, then (f(X:))es0
1s exponentially tight.

(7). Let (X¢)eso be exponentially tight and (fm)men a sequence of almost compact func-
tions. If (fm(Xz))es0.men is an exponentially good approzimation of (Yz)eso, then
(Xe,Yo)eso is exponentially tight.



Large Deviation Principles for Scaled Lévy

Processes

Let (2, A,P) be a complete probability space and (L;)s0 a real-valued Lévy process on
(2,A,P), i.e. a family of random variables L; : Q@ — R, ¢ > 0, such that

(i). Lo=0
(ii). Ly — Ls ~ Ly—s for 0 < s < t (stationary increments)

(iii). (Lt; = Lt;;)j=1,..n are independent for 0 = ¢9 < t; < ... < t,, n € N (independent

increments)
(iv). t > Ly(w) is cadlag for all w e Q.

For z € R we call (x + Ly)0 Lévy process started at x. Throughout this chapter

t t -
Lt:7t+aBt+ff zN(dz,ds)+ff 2 N(dz,ds)
0 Jz>1 0 J0<|z|<1

denotes the Lévy-Ité decomposition of (L¢)¢s0, where (Bi)sso is a Brownian motion, N
the jump counting measure of (L)¢so0, N its compensated jump counting measure, and
(v,02,v) the Lévy triplet comprising the drift v € R, the diffusion coefficient o > 0, and
the Lévy measure v on (R\{0}, B(R\{0})) which satisfies

2
y A1) v(dy) < oo.
ooy @ 2 D)
By Lévy-Khinchine’s formula, the characteristic function of L; is given by
Ee'sft — () ceRt20 (5.1)

where

1
W)= g 5o’ [ (1= ity ly) vldy),  EeR

is called the characteristic exponent of (Li)iso. We say that (Lt)wso is a Lévy process
without Gaussian component if o = 0. For a thorough discussion of Lévy processes we
refer the reader to [36].

25
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In this chapter we consider large deviations for scaled Lévy processes of the form

w % € D[0,1]
where S is a suitable increasing function. One of the first results is due to Wentzell [40] who
studied a certain type of time-homogeneous Markov processes. We discuss this approach
in Chapter 7. Lynch-Sethuraman [29] proved a large deviation principle for Lévy processes
of bounded variation and the scaling function S(¢) = ¢ with respect to the weak*-topology
on BV[0,1] n D[0,1]. These results were generalized by Mogulskii [31] to Lévy processes
with possibly infinite variation and the Ji-topology. Moreover, Mogulskii stated a large

deviation principle with respect to the uniform norm under the growth condition

(1) 50 _,

lim —= =0 and lim

5.2
t—>oo t—00 \/E ( )

In this work we follow the approach suggested by de Acosta [8] who proved large deviations
for Lévy processes taking values in a separable Banach space relative to the scaling function
S(t) =t. More recently, Feng and Kurtz [17] developed a technique using tools of viscosity
solutions and nonlinear semigroups associated with Markov processes. In particular, all

earlier results on scaled Lévy processes are covered, see [17, Section 10.1].

In order to show large deviations for scaled Lévy processes, one has to pose an exponential

integrability condition on L1; namely, for S(t) =t,
ENflc oo forall Ae(0,M]'#@
for results with respect to the weak*- or Ji-topology, and
EeMHl < oo forall A>0

for large deviations with respect to the uniform topology.

We start with a large deviation result relative to the scaling function S(t) = t. Subse-
quently, we modify the proof appropriately in order to prove a large deviation principle
under the growth condition (5.2). Finally, two results on the longtime behavior of Lévy
processes are stated: the law of iterated logarithm and the counterpart of Strassen’s law;
both under an exponential integrability condition. They are typical applications of large

deviation results.

We denote by DJ[0, 1] the space of real-valued cadlag functions on [0,1] endowed with the

uniform norm

[£lloo == sup [f(#)]
€[0,1]

te[
and the o-algebra B := o(m;t € [0,1]) generated by the projections m; : D[0,1] - R,
f = f(t), t €[0,1]. Let us remark that B equals the Borel o-algebra generated by the
Ji-metric, see e.g. [14, Proposition 3.7.1] or [4, Theorem 12.5].

'Revised version: Corrected misprint throughout this chapter.
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5.1 Theorem Let (L;)is0 be a Lévy process started at x such that
EeNFl < oo for all X >0. (5.3)

Then (L(t-)/t)is0 satisfies a large deviation principle in (D[0,1],] - |e) with respect to B

as t - oo with good rate function I,

Jws(f(s))ds, feAC[0,1], f(0) =,

1(f) = | (5.4)
o0, otherwise,
where .
U(w) = yw + 502w2 + []R\{O} (¥ -1-yw 1L|y|gl) v(dy), weR (5.5)
denotes the logarithmic moment generating function of L, 1. e.
.1 L(t) :
llggleogP(TeA)z—}ggI(f) (5.6)
X 1 L(t) .
- -~ 7 < — .
hlgligptbgp( . EB)_ }Iellgf(f) (5.7)

for any open set A e B and closed set B € B.

First of all, we note that it suffices, because of the spatial homogeneity of the Lévy process

(Lt )ts0, to consider z = 0. We split the proof into several steps:
(i). The sequence of discretizations (Z, )nen defined by

S.w n—-1
M = %L([n . SJ ,w) = % (Z% L(j7w)]l[j/n,(j+1)/n)(5) + L(n,w)]l{l}(s))

n
is exponentially tight in (D[0,1],] - [«), cf. Lemma 5.3.

(ii). (Zn/n)nen satisfies a large deviation principle in (D[0,1],] - || ) with respect to B

with good rate function I,
1 1
(f)=  sup ([ fda- [ w(a(1)- a(s))ds), (5.8)
aeBV[0,1]nD[0,1] \Y0 0

cf. Theorem 5.5.
(iii). (Zp)/[t])e=0 and (L(t-)/t)s>0 are exponentially equivalent, cf. Lemma 5.6.

(iv). (L(t)/t)i>0 satisfies a large deviation principle with good rate function I and I
equals the rate function defined in (5.4), cf. Theorem 5.7.

Remark The mapping w — L(t,w) € D[0,1] is A/B-measurable for each ¢t > 0. In
particular, the probabilities appearing in (5.6) and (5.7) are well-defined. If w — L(t-,w)
is measurable with respect to the Borel-o-algebra generated by the uniform norm ||- || on
D[0,1], then (5.6) and (5.7) hold for any open set A and closed set B, respectively. Mind
that B ¢ B((D[0,1],] " |e)), cf. [4, p. 157].
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In order to show the exponential tightness of (Z,/n),en, we need the following lemma [17,

Lemma 3.3].

5.2 Lemma Let (M,d) be a metric space and (fin)nen be a sequence of tight probability
measures on (M,B(M)). If for any r >0, € >0, there exists K, . < M compact such that

1
limsup — log i, ({z € M;d(x, K, .) >€}) <—r

n—oo N

then (fin)nen 18 exponentially tight.
Proof. Since p, is tight for each n € N, we may assume that

1
sup — log pun({x € M;d(z, Kyc) > €}) < -r
neN T

i.e.
(€ My d(w, Kypo) 2 €}) <™

Define
K, :=cl ( M (Kyir1/% + B(O, 1/k))) :

keN
It is not diffcult to show that K, is complete and totally bounded, hence compact. More-

over,
pn(K) <€ 3 pn({a € Mid(z, Koo 1) 2 1k}) < 3 e 00 < e,
keN keN e—1
This proves the exponential tightness of (i, )nen- O

5.3 Lemma (i). For each neN, Z,[n is tight in (D[0,1], ] |c)-
(7). (Zn/n)nen is exponentially tight.

Remark It is widely known that any probability measure on a Polish space is tight. Since

(D[0,1],] - |lo) is not a Polish space — it is not separable — this result does not apply.

Proof. Since the mapping
n—-1

(R 1) 2 2 = (Tn)(t) = Z‘i il m, ey ) () + 2l 13 () € (DO, 1], - [loo)
iz

is continuous, it follows that 7, (K) is compact for any compact set K € R". For K ¢ R

compact, we have
Zn n n L;
IP’(— ¢ T, (K ))g ZIP’(—¢K).

Since Lj/n is tight — its distribution is a probability measure on (R,B(R)), hence tight
—for j =1,...,n, we conclude that Z,/n is tight in (D[0,1],] - ||e). This proves (i). We
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A
f O fm [ )
@ { ]
o ° - o ® oo -
J gt jolnml i m) o, n
n n n n m m n
—C) O

Figure 5.1: The function f € T,,(K™) and its approximation f,.

proceed to show that the assumptions of Lemma 5.2 are satisfied. To this end fix r > 0

and € > 0. For K € R and n > m, we have
Zn Zn n Zn n Zn m
P(d(—,Tm(Km))>s)§]P’(—¢Tn(K ))+IP(—eTn(K ),d(—,Tm(K ))>g)
n n n n
=: _[1 +IQ. (59)

We choose K := [-r,r] and estimate the terms separately. Applying Etemadi’s inequality,
cf. Corollary A.2, and Markov’s inequality yields

> T‘) <3 sup P(|Lj| > %) <3 sup Ee|Lj\—n7”/3 < 3€—n7"/3ﬁ?

1<j<n 1<j<n

IlzlP(sup

1<j<n

=
n
where 8 = Eel1l < 0o because of (5.3). In order to estimate I we observe that if we set

fm = f(|m-] /m), then

d(f, T, (K™)) < | f = fm] oo for all feT,(K"). (5.10)
Moreover,
|f = fmlleo = max sup [ f(t) = fm(1)]
1ism=1yelifm,(i+1) /m)

o s ‘f ( [ntJ) _ ( [mtJ)
1<i<m-1 te[i/m,(i+1)/m) " "

f([ mJ+l)—f([ mJ)| (5.11)
n n n
For the last line we used that

() o (2) e 2

as f €T, (K"), see Figure 5.1. Combining (5.10) and (5.11), we get

IN

max sup
l<ism~1 1<j<|n/m]+1
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(2812 ()
(i)l )

By the stationarity and independence of the increments and Markov’s inequality,

I < P( sup sup

1<ism-11<j<|n/m]+1

IA
3

-1
P sup
i 1<j<|n/m+1

(2

Il
—_

L<mP| sup |Lj|>ne|<3m  sup P(|Lj|>f)
1<j<|n/m]+1 1<j<|n/m]+1 3

<3m sup [Ee'llslmrel3
1<j<|n/m]+1

< 3mﬁ£n/mJ+1€_nT€/3
where 5 := Ee" L1l < oo, Consequently,

1 L 1
lim sup — logIP’(d(—,Tm(Km)) > 6) < max {logﬁl - i, —log 32 — E}

r,m—>00
—_—> —0Q.

Now the claim follows from Lemma 5.2. O

As a next step we prove a large deviation principle for (Z,/n)ny using the results of
Chapter 3. In particular, we have to verify the conditions (C1)-(C7). Let us recall Riesz’
representation theorem, see e.g. [27, Theorem 2.6.1]. It states that the topological dual
of (C[0,1],] - [|eo) is isomorphic to BV[0,1] n D[0,1], the space of cadlag functions of
bounded variation on [0,1]. The mapping I : BV[0,1]n D[0,1] — D[0,1]",
()=o) = [ fa= i 51 () [a(222) o (2)].
j=

n n

allows us to consider any set F' ¢ BV[0,1] n D[0,1] as a subset of D[0,1]*. Observe
that (Ia)(f) is well-defined, see for instance [11, Proposition 2.1.6]. We call (Ia)(f)
Lebesgue-Stieltjes integral of f with respect to a.

5.4 Lemma For (M,|-|) = (D[0,1],] - ||), Mo := C[0,1], F := BV[0,1] n D[0,1] and
B :=o(m;t €[0,1]) the conditions (C1)-(C7) are satisfied.

Proof. (C1) The mapping (f,g) » f + g is B ® B/B-measurable since its composition
with the projection m, ¢ > 0, is B ® B/B(R)-measurable. Obviously, f — Af is
B /B-measurable.

(C2) cf. Lemma A.10.
(C3) Let a« € BV[0,1]n DJ[0,1]. The mapping
5 (5 (5) ()]

is B/B(R)-measurable. Since the right side converges to (a, f) as n — oo, the claim

follows.
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(C4) Obvious.

(C5) This follows from Riesz’ representation theorem.

(C6) Clear by Riesz’ representation theorem.

(CT7) Let (tg)ken be dense in [0,1]. Then, by the right-continuity,

Bppo[0,¢] =M W{kl (Bg[0,€]) n 71 [Br(0,6)] e B for all > 0. O
keN

The next result is based on [8, Lemma 4.2].

5.5 Theorem The sequence (Zp[n)nen satisfies a large deviation principle in
(D[0,1], ]| - [|loo) with respect to B as n - oo with good rate function I defined by

I(f):= sup (folfda—fol\lf(a(l)—a(s))ds). (5.12)

aeBV[0,1]nD[0,1]

Proof. In view of Theorem 3.5, Theorem 3.9 and Lemma 5.4, it suffices to show that

(i). The limit
(a,Zn)

A(«@) := lim llogIEle
n—>00 N,
exists and equals [01 U(a(l) —a(s))ds for each o € BV[0,1] n D[0,1].

(ii). A is C[0, 1]-Gateaux differentiable on BV[0,1] n D[0,1].
(iii). domI ¢ BVJ[0,1]n DJ[0,1]
We defer the proof of (iii) to Theorem 5.7; there we will show that domI ¢ AC[0,1]. As
AC[0,1] € BV[0,1] n D[0,1], this proves (iii). Note that

n-1 n

Zn = Z Lj]l[l' ﬂ) +Ln]l{1} = E(LJ _Ljfl)]l[l 1].
j:l n’n j:l n’

Consequently, by the stationarity and independence of the increments,

Eef*Zn) = Eexp (i(LJ - Lj-1)(a(1) - a(j/n)))

=1

- ﬁEexp (La(a(1) - a(j/n)).-

Since (L¢)s0 is a Lévy process with finite exponential moments, we have
Eer1 = %) for all A eR,

where VU is given by (5.5), see [36, Theorem 25.17]. Therefore,

1 & ) 1
A@) = Jim 2 53 0(a(1) - (i) - [ wa) - ats)) ds.
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Pick 5 € BV[0,1] n D[0,1] and set

1Kt,8)¢=‘P((a(l)-a(S))+t(B(1)-5(S))), te[-1,1],s€[0,1].
Obviously, «, 8 € BV[0, 1] implies |a]co + |8 < C < 00. By (5.3), we have
—00 < log Ee 211 < [u(t, s)| < log Bl < oo

By the differentiability lemma for parameter-dependent integrals, cf. [37, Theorem 11.5],

u(+, s) is differentiable and

1
|Ou(t, s)| < 2Cm\/E(L%)\/EeQC|L1| < 00 for all te[-1,1].

Another application of the differentiabilty lemma yields

Ala+tp) - A(a) t-0
t

1
fo 0wu(0, s) ds
_ [ 1 Li(a(1)-a(s)
- [ (B = By e ) ds.

This shows that A is C[0,1]-Gateaux differentiable at «, and its derivative equals, by the

integration-by-parts formula Lemma A.9,

- [ 1 Li(a(1)-a(s))
Da(t) = ‘/0 WE(Ll@ )dS, te [0, ].] L]

Remark Observe that (Z,,/n)en satisfies a large deviation principle with good rate func-
tion I as n — oo if, and only if, (Z)4)/[t])ss0 satisfies a large deviation principle with good

rate function I as ¢t — oo.

Finally, we claim that the large deviation principle for (Z;|/|t])s0 entails the large devia-
tion principle for (L(t)/t)>0. In view of Corollary 4.3, it suffices to show that (Z;|/|t])e0
and (L(t-)/t)s0 are exponentially equivalent. The following result is essentially [8, Lemma
4.3).

5.6 Lemma (Z);|/[t])is0 and (L(t-)/t)is0 are exponentially equivalent.

Proof. Let € >0 and r > 0. Obviously,

gy

We estimate P(A; > ¢) and P(B; > €) separately. As in the proof of Lemma 5.3 we find

Z[t L(t)

= A+ B, (5.13)

[e.e]

P(A;>e) <P| sup |Lg|>t(t-1)e]<3exp (—t(t - l)i) 6%” (5.14)
0<k<|t] 3
where 8 := Eel“1l. In order to estimate B; we note that

up [Z(s) - Lts)| < sup sup |Leeu - Ll
s€[0,1] 0<k<|t]| ue[0,2]
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as ts — ||[t] s|] < 2. By the stationarity of the increments and Etemadi’s inequality, cf.
Corollary A.2, this implies

t
P(B;>¢e)<P| sup sup |Lgyy— Lg|>te ] <3(|¢]+1) sup P(|Lu| > —5).
O<k<|t] uel0,2] ue[0,2] 3

If we set u:=ELq, then we have for sufficiently large ¢
t t
P(!Lubg)sP(]Lu—u,ubg) for all w€[0,2].

Since (L, — upt)ys0 is a martingale, we know that (eT|L“_““|)uZO is a submartingale. By

Markov’s inequality,

sup IP(|L —upl > ) < e trelSperila=2ul - gy emtrelS, (5.15)
u€[0,2]
Combining (5.13), (5.14) and (5.15) yields
L(t
limsup — logP(H—J——) >2€)
t—o0 [ t oo

< max {hmsup logP(A; > €), hmsup —logIP’(Bt > 8)} < —% 2% .

t—o00

This finishes the proof. O

Proof of Theorem 5.1. By Theorem 5.5, (Z)4)|/ |t])is0 satisfies a large deviation principle
in (D[0,1],] - |e) with respect to B with good rate function I defined in (5.8). Since
(Z14))/ [t])es0 and (L(t-)/t)s>0 are exponentially equivalent, cf. Lemma 5.6, the claim
follows by applying Corollary 4.3 and Theorem 5.7 below. O

5.7 Theorem The good rate function I defined in (5.8) equals

Jowr (f'(s))ds, feAC[0,1], f(0) =0,

00, otherwise.

J(f) =

Proof. First, we show that I(f) < oo implies that f is absolutely continuous and f(0) = 0.
Then, there exists g € L*([0,1], Alfo,17) such that

t
£(t) = fo g(s)ds,  te[0,1]. (5.16)
Fixe>0,0<s1<t1<...<8,<tp,<1,and c=(cy,...,¢c,) € R". We define
a(t) := Z Cj]l[s]»,tj)(t)y te[0,1]. (5.17)
j=1

Obviously, a € BV[0,1] n D[0,1] and

Jy s S esr(s) - 1)) (5.18)
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Moreover, by the definition of «,
1 noorl
fo log Eel1 (e()-a() g5 = $° fo logEe "1, , () ds
j=1

n
<logEelele=Il (- s5). (5.19)
i

From the very definition of the rate function I, cf. (5.8), we see

1 1
[ rda<i(r)+ [ logBehe®-at) gy

Using (5.18) and (5.19), we find

ch(f(sj) F(t5)) <I(f)+logEelFllel= Z(t 5

7=1

In particular, for ¢; :=rsgn(f(s;) - f(t;)), r >0,

I(f) logEe‘Ll"” n
r

>t = 55).

IORIOE

Choosing r > 0 sufficiently large and ¢ > 0 sufficiently small, we see that
n

Sty -s) <6 = il|f<tj> ~fs)l <

i.e. f is absolutely continuous. A similar calculation shows

I( 1), o Eellalr

r

[F ()] <

Letting t — 0 and r — oo yields f(0) = 0. This proves (5.16). Now let f e D[0,1] be given
by (5.16). By Lemma A.9,

[ e [T wa)-ats))ds= [ o)1) - a(s)) - Ba() - a(s)] ds
1 1
< [ wa@)ds= [ e () ds

for any a € BV[0,1] n D[0,1]. Thus, I(f) < J(f). It remains to prove I(f) > J(f) for
feAC[0,1], f(0) =0. By the monotone convergence theorem, it suffices to show

[ @) ds <107)

where

Ak (z) := sup (azx - ¥(a)), rxeR keN.

|| <k
Note that Ay is convex and locally bounded, hence continuous, see e.g. [35, Corollary
10.1.1]. Since

5 (]”) /(

- 1 i

)(s) - f'(s) a.s.

<.
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we get from the dominated convergence theorem

f aarenas=m 5 in o5 (52)-1(2)])

As a - ax - ¥(«) is continuous, we can choose |a(x)| < k such that

Ap(z) = a(x)x - ¥(a(x)).

Consequently, for suitable ag),...,a;_,
L S AR AV
f A(f(s))ds = Tim 3 [aj (f(—)—f(—))——\li(aj)]
0 n—oo =0 n n n

< ([ gdan = [Twen) - an()ds) <109,

n—00

where o’ € BV[0,1]n D[0,1], n € N, is a step function of the form (5.17). This finishes
the proof. n

It is natural to ask whether there are other scalings than S(¢) = ¢ which yield a large
deviation principle. The following large deviation principle was stated by Mogulskii [31]
without providing a detailed proof. We show that de Acosta’s approach remains valid in

this setting.
5.8 Theorem Let (L;)iso be a Lévy process such that EL; =0, EL% >0 and Ee*M1l < 0o
for all e (0, o] # @. If S:[0,00) - [0,00) is an increasing function such that

S() oo S(t) 1o

—> 0
\/E Y

then (L(t-)/S(t))w0 satisfies a large deviation principle in (D[0,1], ] ||o) with respect to

0 and (5.20)

B with normalizing coefficient S*(t)/t and good rate function I given by

sz Jo F/(D7dt, [ e AC[0,1],£(0) =0,

I(f) = | (5.21)
00, otherwise,
1. €.
timinf —— log P 28 ¢ 4) >~ inf 1()
Ry Tey S )7 rea
. L(t) .
s @ logp( S@) € B) <= inf ()

for any open set A e B and closed set B € B.

Note that the rate function I coincides with the rate function of the scaled Brownian

motion, cf. Example 5.10. In order to prove Theorem 5.8 we need the following lemma.



5. LARGE DEVIATION PRINCIPLES FOR SCALED LEVY PROCESSES 36

5.9 Lemma Let (Lt)w0 be as in Theorem 5.8. Then there exists C >0 such that
1
Eert < exp [(QELW + C/\3)t] for all Xe (0,\]. (5.22)
In particular, for some constant C’,
EeMt <Nt for all Ae (0, )] (5.23)

Proof. Let 0 < X < \g. First of all, eMF1l e L1 implies eM™l ¢ L' for any t > 0, cf. (36,
Theorem 25.17]. Moreover, Ee*t = eV (N) where

U(N):= %0’2 22 —[R\{ }(e)‘y 1-\y)v(dy),

cf. [36, Theorem 25.17]. (Recall that EL; = 0.) The integral appearing on the right-hand
side is finite as eM1l e L1, cf. [36, Theorem 25.17]. Using Taylor’s formula, we find

1 1
W(A =—(02+f 21,(d )A2+—)\3f W3 (d
(N=3 - (dy) " Jevo (dy)

EL?

1

<rrae Ly f Nolvljy[3 1 (d
5 6 Jovo © lyl” v(dy)

for some intermediate value £(y) between 0 and y. As Eetoll1l < oo the latter integral is
finite, cf. [36, Theorem 25.3]. Consequently, the claim follows. O

Proof of Theorem 5.8. Essentially, we have to show that Lemma 5.3, Theorem 5.5 and
Lemma 5.6 are satisfied for the discrete approximations Z,/S(n) of L(t-)/S(t). Without
mentioning it explicitely, we pick up the notation from the the corresponding results. The

remaining part of the proof goes through as in the proof of Theorem 5.1.

(i). Lemma 5.3: Obviously, Z,/S(n) is tight. In order prove the exponential tightness of
(Zn/S(n))nen, we modify the estimates of I and . By Etemadi’s inequality and

> r) <3 sup [IP (Lj > S(n)r) + IP(—Lj > S(n)r)]
1<j<n 3 3

< 3exp (_S(;)r)\(n)) sup (Ee’\(")LJ + ]Ee‘A(n)Lj)

1<j<n

Markov’s inequality,

I; =P su
' (p St

for any A(n) > 0. For A(n) := S(n)/n we obtain from (5.23)

ﬂSW)

I < 6exp(— 3
n

for a constant C > 0 which does not depend on n € N and r > 0. I is treated in a

similar way. Consequently, we get

li;n_)soljp %20 )logIP( (S( ) (Km))>5) Ut QPSS

This shows the exponential tightness of (Z,,/S(n))nen, cf. Lemma 5.2.
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(ii). Theorem 5.5: For o € BV[0,1] n D[0,1] set

L S(n)? Zn
Ala) := T}Lnolo S0 )logEeXp( - (v, S(n)> .

First of all, we have to show that the limit exists. As in the proof of Theorem 5.5
we see

S L n

otesn (2 (0. 2,)) - 520 (2 (0 - an))).
n le

where

_1 2. 2 [ wy 1 _
W) = 5ot [ (- (dy),  l <,

is the logarithmic moment generating function of L;. Observe that the expectation

values are finite for sufficiently large n € N since S(n)/n — 0 as n - co. Consequently,

log E exp (w

Sz(n) <a7ZTZ>)

1,1

= 50’ — Z(Ol(l) a(]/n))

S(n) .
=2 (a(l)-a(j/n))y _
S(n)2 Z fR\{o} (6
=: Jl + J2

1- 50 (o) - a(y/n))y) v(dy)

Since Ji can be seen as a Riemann sum, we find

n—o00 1 2

J —— 3¢ Al(a(l) ~a(s))?ds.

Using Taylor’s formula and the growth condition (5.20), it is not difficult to show
that

5225 ([ 7)) [ ) -a(e) ds.
Indeed: By Taylor’s formula,
=5 (L 771) S e - aGmy?

L 5m) ([R\{O} o 2 (a(1)-a(j/n))e .3 ,,(dx)) Zl(a(l) -a(j/n))?

n2

= Jy + J3

Obviously, it suffices to show J3 — 0. Since

S(n)

J2| < 8 3[ Liwon + )22 v(da
3] ] R\{O}( (~00,0) )|2[” v(da)
the claim follows with (5.20). This proves

Aa) = %Eﬁfol(au)-a(s))?ds for all a e BV[0,1] n D[0, 1].
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In view of Theorem 5.5 and Theorem 5.7, it follows easily that A is C[0,1]-Gateaux

differentiable and its Legendre transform is given by

siz Jo £/(D7dt, f€AC[0,1],£(0) =0,

00, otherwise.

A*(f) =

(iii). Lemma 5.6: As in step (i) the estimates of A; and B, are modified appropriately

using Lemma 5.9. O

Before we proceed with two applications, let us give some examples.

5.10 Example (i). Both Brownian motion and Poisson process have exponential mo-
ments of all orders. Therefore, the corresponding scaled processes satisfy a large
deviation principle in (D[0,1],] - ||e) as t - oo relative to the scaling function
S(t) =t as well as any scaling function meeting the growth condition (5.20). For the
scaled Brownian motion the domain of the rate function equals the Cameron-Martin
space H':= {f € AC[0,1]; £(0) = O,_[Ol f'(t)?dt < 0o} and

I(f):%[olf’(t)2dt for all f e K1,

By the scaling property,
B(ts) B(s)
t Vi
and it is therefore not difficult to see that (B(-)/V/t)io satisfies the same large

deviation principle as (B(t)/t)0 for any Brownian motion (Bs)sso-

s,t>0,

(i1). Let (L¢)ts0 be a Gamma process, i.e. a Lévy process such that

Oét

I'(t)

Ly~ xtflefax]l(o’oo)(a:) dz, t>0,

Ml ¢ 00 for 0 < A < . Consequently, by Theorem 5.8,

for some a > 0. Then Ee
(L(t)/S(t))i>0 obeys a large deviation principle relative to any scaling function S
satisfying (5.20). Lynch and Sethuraman proved that a large deviation principle

holds for (L(t-)/t)s0 with respect to the weak*-topology, cf. [29, Example 6.2].

(iii). Neither Theorem 5.1 nor Theorem 5.8 does apply to Lévy processes with infinite

moments of order k for some k£ € N. In particular, a-stable processes are not covered.

Theorem 5.8 shows that, under the growth condition (5.20) on the scaling function S,
scaled Lévy processes share the rate function with the scaled Brownian motion. Therefore,
it is a natural guess that some asymptotics of the Brownian motion carry over to Lévy
processes. In fact, using Theorem 5.8, it is not difficult to prove the analogue of the
(functional) law of iterated logarithm. The assumption on the exponential moments is

due to our approach; there are more general statements, see e.g. [36, Proposition 48.9].
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5.11 Theorem (Law of iterated logarithm) Let (L;)¢so be a Lévy process such that
EeMl < oo for all X e (0,X0] # @. Then

, L, —tEL,

lim sup ————— = \/VL 5. 5.24

Htrio:)lp 2tloglogt ! o ( )
L, —tEL

liminf ————1 = \/VL,  a.s. (5.25)

t—oo /2tloglogt
Proof. Clearly, it suffices to consider the case EL; =0, VL; = 1. Moreover, applying (5.24)
to —L yields (5.25); it remains to prove (5.24). The idea of the proof is taken from [38,
Corollary 11.2] where the result is shown for Brownian motion. Set S(s) := \/2sloglog s,
and pick g > 1. Note that S satisfies the growth condition (5.20).

(i). Let e > 0. Consider B := {f € D[0,1]; f(0) = 0,8upyo,1] f(s) 2 1 +&}. Obviously,
B € B is closed (with respect to the uniform topology)? and therefore, by Theo-

rem 5.8,
L(s) L(q"™) (q”)2
IP’(SE]B 50 > (1+ ))_ (S(q”) eB)gexp( (mf[(f) 5)) (5.26)

for n > ny = no(e) sufficiently large where I denotes the rate function (5.21). For

f € B such that I(f) < co we have by Jensen’s inequality

(1+0)* < sup |7(s) = FO)P < [ 17/ (5) ds =21(5).

s€[0,1]

On the other hand, if we set t ~ f(t) := (1+¢)t, then f e B and I(f) =1/2(1+¢).
Hence, inf rep I(f) = 1/2(1 +¢)?. By (5.26) and the definition of S, we conclude

S L(s) & 1
P| su >(1+¢ < - <
nz::l (SﬁqE S(qn) ( )) nz::l (nlog q)szfeB I(f)-2¢
Now Borel-Cantelli’s lemma shows
: Supsgq" Ls
limsup —————— < (1 +¢ a.5.
M gy <)

Clearly, any ¢ > 1 is contained in an interval of the form [¢"!, ¢"]; thus

L, <supsgans S(q")
S~ S(g") S(g"1)

as S is increasing. Letting ¢ » 1 and € - 0 along countable sequences yields

L(t)
limsup 273 <

q—1,e—0

(1+e)/qg— a.s.

(ii). By the stationarity of increments, we have?
ny _ n—-1 L n n 1
IP,(L(q ) L(q1 )>(1—£))2]P’( ((¢" - 1)) )
S(q"-q* ") S(¢" - q)

2Revised version: Reformulated.
3Revised version: Corrected misprint.
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where A := {f € D[0,1]; f(1) > 1 -&}*. Obviously, A € B is open. Applying Theo-
rem 5.8, we obtain

ny _ n—1 n n—1\2

P(L(q ) L), (1-5)) 2exp(—M(I(f) +5/4))
S(g"—q" ") q"
for n > ng = no(e) sufficiently large and any f € A. If we choose f(t) := (1 -¢/2)t,
then fe A and I(f) =1/2(1-¢/2)%. Thus,
p(L(a") - L(¢"™) 1
S(q" - q" ) ~ (log(g(1-g1)))tme/zee?/t”

Since the increments are independent, Borel Cantelli’s lemma yields for € > 0 suffi-

>(-9)

ciently small
L(g") > (1-2)S(¢" - ¢" ) + L(¢" ™)

for infinitely many n € N. Applying the first part of this proof to the Lévy process
—-L, we find

~L(¢" ) <25(¢" ) < %S(q") a.s.

for n > ny sufficiently large. Hence,

L(qn) ( _ )S(qn_qn_l)_i
S(q™) S(q") Va
Letting ¢ - oo and € — 0 along countable sequences, we conclude
lim sup ——= L(t) > lim sup g ) >1 a.s. ]

toco S(t)  nmee S(q")

5.12 Theorem (Functional law of iterated logarithm) Let (L;)s0 be a Lévy process such
that EL; = 0 and EeM1l < 0o for X e (0,X\0] # @. The set®

—L(t w) it>e

V2tloglogt’
is relatively compact in (D[0,1],] " |c) a.s., and the set of limit points (as t - o) is for
almost all w € Q given by the sublevel set ®(E(L})/2) of the good rate function I defined
n (5.21).

Remark Obviously, it suffices to consider the case IEL% =1 (otherwise we apply the result
to Li/\/EL?). If EL? = 0 the statement is obvious.

5.13 Lemma The set of all limit points L(w) satisfies L(w) € ®(1/2).

Proof. Since ®(1/2) = N5 P(1/2 + 1), it suffices to show L(w) € ®(1/2+ ). Set S(t) :=
V2tloglogt and Z; := S((t)) Fix ¢>1, § > 0. By Theorem 5.8 and (L2’), we find for v <r

P(d(Zy,®(1/2+7)) >0) <exp (—2loglogq” (% +r—7)).

4 . . . .
Revised version: Corrected misprint.

5 . . . .

°Revised version: Corrected misprint.
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for n > no(y,w) sufficiently large. Thus, by Borel-Cantelli’s theorem,
d(Zgn(-w), ®(1/2+7)) <6

for n > ng. It remains to fill the gaps in the sequence (¢")nen. Note that

L(rt) _ L(rq")

sup | Zi—Zgp|oo = sup sup

qnisi<qr grtstsgnosrst | S(t) - S(q")
L - L(rqg" L n
< sup sup |L(rt) - L(rq )|+ sup  su | (Tt)|‘5(q )_1‘
qni<t<gn O<r<l S(q™) g-t<t<qn 0<r<1 S(q") | S(t)
=:An =B,
From
L S(g"
B, < sup LG (C]_z ~ 1‘
s<qn S(q") [S(¢"7)

it follows easily from the law of iterated logarithm, cf. Theorem 5.11, that B, < g for

n >ni(w,d,q) sufficiently large. In order to estimate A,, we note that

|L(q"rt) - L(g"r)| _ 0 L(g™)
> —) <P (W € B)

0
IP’(An>—):]P’ sup su
2 (q1<£)<1 oersl S(q™) 2

where
B {f e D[0,1]; sup sup |f(rt) - F(r)] > g}

q1<t<10<r<]

It is not difficult to see that infrp I(f) = %ﬁ, cf. [38, Lemma 12.16]. Therefore, by
Theorem 5.8,

1) 52
P(An > 5) < exp (—210glogq" . (gq—il ‘7))

for any v > 0 and n > no(7) sufficiently large. If ¢ > 1 is close to 1, this implies Y., .y P(Ay, >
0/2) < oo. Applying Borel-Cantelli’s theorem yields
sup | Zi—Zgn|oo <0

qnl<t<gn

for n > n3(w) sufficiently large. Finally,

d(Zs(-w), (5 + 1)) <[ Zs(-,w) = Zgn (-, )] oo + d(Zgn (-, w), ®(3 +7)) < 26

N(w)+1

for s > sp(w) :=¢q , N(w) := maxj—g,1,2,3n;(w). Since ®(1/2 +r) is closed, this proves

the claim. O
5.14 Lemma £L(w) 2 ®(1/2).

Proof. Since the sublevel sets are compact, we have cl(UKl/Q (I)(T)) c ®(1/2). On the
other hand, any f € ®(1/2) can be approximated by (1-¢)f € ®((1-¢)?), e > 0. Therefore,
CI(UT<1/2 <I>(r)) = ®(1/2). Consequently, it suffices to show that for any r < 1/2, ¢ > 0,
f e ®(r), there is a.s. a sequence S, = sp(w) - oo such that

limsup || Zs, — f|e < €.

n—>oo
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We set s, := ¢" for some ¢ > 1. Obviously,

L(tsy) — L(sp-1)
S(sn)

|L( Sn- 1)| + su p |f(t)|+ su |L(t5n)|

t<q1 t<q~ 1 S( )

We estimate the terms separately. By the stationarity of the increments, we have

125, = flloo < sup
g l<t<1

—f(t)‘

_ n _ n-1
(A, =P sup L(tsn) = L(sn-1) A Y (. L(tq" - q"™") €
g 1<t<1 S(Sn) 4 g l<t<l S(q”) 4
L(qnt) 1 £
=P| sup - f(t+q <=
0<t<l-g1 S(q”) ( ) 4

(i <2(03))

where

f@)-flgh), 0<t<1-g!
g(t) = ., .,
() =f(g), 1-q¢ <t<l,

and ¢ > 1 is sufficiently large such that |f(¢™!)| < /8. Obviously, I(g) < % and therefore
we conclude by Theorem 5.8 that Y, yP(Ay) = co. Taking a subsequence, if necessary,
we obtain by applying Borel-Cantelli’s theorem,

L(tsy) — L(sp-1)
S(sn)

limsup sup
n—oo  g-lgi<l

- f(®)

<

=~ ™

By Lemma 5.9 (for A(n) = S(¢"")/¢""") and Markov’s inequality, we find

Lig" | ) £
P <2exp(loglogq ( q—+C)).
(156 Vi
Similarly, by Etemadi’s inequality,
L(tq")|
P sup <6exp (10glogq ( —+C’))
( s |7 Ve

Moreover, by Holder’s inequality,

sl [l < 2

For ¢ > 1 sufficiently large, we find by Borel-Cantelli’s lemma

n—o00 S(Sn) t<q! t<q ! S(Sn)

This finishes the proof. O

L(s,_ L(tsy,
limsup(MJr sup |f(t)| + sup [L(ts )|) < %5.



From Lévy to Lévy-Type Processes

One natural way to generalize the concept of Lévy processes are Lévy-type processes.
Roughly speaking, a Lévy-type process is a time-homogeneous Markov process which
locally resembles a Lévy process. In order to give a precise definition we have to introduce
some notions which are closely connected with (time-homogeneous) Markov processes.
For a survey on Lévy-type processes we refer the reader to [5]. Throughout this chapter

(92, A,P) denotes a probability space.

6.1 Definition Let (X, J;)0 be an adapted stochastic process and (P¥),r a family of

probability measures on (2, A). (X¢,Ft)is0 is a (time-homogeneous) Markov process if
E°(f(X;) | Fs) =EXf(X;_s) P*—as.  forall feCy(R),zeR,s<t. (6.1)

Equation (6.1) is also called Markov property. The transition semigroup (T})so of the
Markov process (X¢, Ft)is0 is defined by

Tif(x) =E"f(Xy),  feBp(R),t20,z€eR.

We associate the generator A:dom A — Co(R) with (X;)ss0',

dom A = {fecm(R);agecm(R):yI%‘ tht‘f_gH =o}
Af::Iimth_f.
t—0 t

Using the Markov property (6.1), it is not difficult to see that (7%):»0 defines indeed a
semigroup; that is T3 T = Ty for all s,t > 0. For some basic properties of the transition

semigroup and the generator see e.g. [38, Chapter 7].

6.2 Definition A Markov process? (X;, F¢)sso is called a Lévy-type process with symbol q
if §(Xi-2)

E*etstAt7r) — ]

= - 1. B — e —
= g(,€) = ~lim ;

defines a continuous function for each £ € R and ¢(x,&) is of the form

0(,6) = -y @+ Sa(@)E+ [ (1= 4 ay€lly) Nz, dy)

\{0}

'Revised version: Corrected misprint.
2More precisely: a Feller process. For the sake of simplicity we omit this detail here.

43



6. FrRoM LEVY TO LEVY-TYPE PROCESSES 44

where, for fixed z € R, (v(z),a(z),N(z,-)) is a Lévy triplet, i.e. y(x) € R, a(x) > 0 and
N(z,-) is a measure on (R\{0}, B(R\{0})) satisfying /R\{O} (y?> A1)N(z,dy) < oco.

6.3 Example Let (L;);s0 be a Lévy process with Lévy triplet (v,02,v). The Lévy-

Khinchine formula (5.1) implies

Ezez.ﬁ(Lt—m) -1

. 1 242 7
_};E%f =—1vE+ 2 &+ [R\{O}(l_e vé +1y&l <) v(dy).

Moreover, (L;)ts0 is a Markov process with respect to the canonical filtration, see [5,
Theorem 2.6] for more details. Consequently, (L;);s0 is a Lévy-type process, and its
symbol coincides with the characteristic exponent. In particular, the symbol ¢ does not

depend on the variable x. This indicates that Lévy processes are homogeneous in space.

Another typical example for Lévy-type processes are solutions of SDEs driven by a Lévy
process, i.e. SDEs of the form
dX; = f(Xy-)dL, (6.2)

where (L)t is a Lévy process. Our standard references for stochastic integration and
SDEs are Ikeda-Watanabe [24] and Protter [32]. The next result is compiled from [32,
Theorem V.7].

6.4 Theorem Let f:R — R" be bounded and (L¢)i>0 be an n-dimensional Lévy process.
Suppose that f is locally Lipschitz continuous, i. e. for any R > 0 there exists L = L(R) >0
such that

\f(x) - f()|<Llz-y|  forall x,yeB[0,R]
Then there exists a unique solution (X¢)wo of the SDE

dXt = f(Xt_) st, X[] =z elR. (63)

Note that Theorem 6.4 entails in particular existence and uniqueness of solutions for SDEs
of the form

dXt = b(Xt_) dt + O'(Xt_) dBt + T](Xt_) st (64)
where (Bt)¢s0 is a Brownian motion and (Lt )¢ an independent Lévy process. This follows
simply from the fact that (t, By, Li)¢s0 is a Lévy process. We call b drift coefficient and o

diffusion coefficient.

In order to consider solutions of SDEs as Lévy-type processes we need to overcome a minor

technical difficulty: we have to enlarge the underlying probability space (€2, A,P). Define
Q=RxQ A=B(R)®A P =6, ®P.

Any random variable X on (£,.A) can be extended to (€2, A) by setting X (z,w) = X (w).
We further define a process (X;):s0 on (2, 4) by Xi(z,w) = X (w) where (X )50 is the
unique solution of (6.3). Clearly,

t
Xp=a+ fo F(X,)dL, P*-as.
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In abuse of notation we call (X});>0 unique solution of (6.2). The following theorem is
taken from [39, Section 3.1].

6.5 Theorem Let f:R — R"™ be bounded and (locally) Lipschitz continuous and (L)¢s0
be an n-dimensional Lévy process with symbol 1. Then the unique solution (X;)iso of the

SDE (6.2) is a Lévy-type process with symbol q(x,&) = (f(x)E), =, & € R.

6.6 Example Let b,0,7: R — R be bounded and (locally) Lipschitz continuous. If (By)ss0
is a Brownian motion and (L;);»0 an independent Lévy process with symbol 1, then the

symbol ¢ of the unique solution of (6.4) is given by

(2,6) = ~b(2)E + 50 ()€ +H(n(2)E).



Large Deviations for Lévy-Driven SDESs

In this chapter we consider large deviation results for solutions of SDEs of the form
4XF = f(XE)dL; (7.1)

where Ly := €Ly, € > 0, is a scaled Lévy process. They are a special case of so-called
Freidlin-Wentzell results. Wentzell [40] studied families of time-homogeneous Markov pro-
cesses (X°)z>0 with generators of the form

AF(@) = b))+ Sa@) @)+ [ (e = f@) =eus' @) Na.dy) (7.2

€
for f € C(R). Speaking in terms of symbols, cf. Definition 6.2, this corresponds to
1

€ (,€) = ~0b(@)¢ + Ja(a)¢” +
S

1- €'Y +4ey€) N(x, dy),
oo y&) Nz, dy)

cf. [5, Corollary 2.23]. We have seen in Theorem 6.5 and Example 6.6 that the symbols

of solutions of (7.1) are indeed of this form.

The original proof of Wentzell is based on a change of measure (for the large deviation
lower bound) and an approximation of the solutions by polygons (for the large deviation
upper bound). Since both are typical large deviation techniques, we present this approach
in Section 7.1 following the monograph [18] by Freidlin and Wentzell. Let us remark that
the (quite restrictive) assumptions have been relaxed since then. In particular for SDEs
driven by Brownian motion there exists rich literature, see e.g. Azencott [1] and Baldi-
Chaleyat-Maurel [3] (e-dependent coefficients), Cutland [7] (time-dependent coefficients),
Millet-Sanz-Nualart [30] (anticipating SDEs), and Kulik-Soboleva [26] (discontinuous drift
coefficient). The most general extension has been obtained by Feng-Kurtz [17, Section
10.3].

Liptser and Puhalskii [28] studied large deviations for SDEs driven by Brownian motion
and random measures; this comprises SDEs driven by Lévy processes. Their results cover
SDEs of a quite general form: the coefficients may be time-dependent functionals of the
past of the process X¢. Later on we will see that the assumptions formulated by Freidlin
and Wentzell [18] are hard to check; it is therefore worth mentioning that Liptser and
Puhalskii give sufficient conditions for their assumptions in terms of the coefficients of
the SDE. More recently, de Acosta [9] has developed a generalization of the Gértner-

Ellis approach presented in Chapter 3 which works in a non-convex framework. As an
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application, a large deviation principle for SDEs driven by Brownian motion and random
measures is proved. Dembo and Zeitouni [10] obtained a large deviation result for SDEs
driven by Brownian motion using an extension of the contraction principle, cf. Section 4.1.
A generalisation to SDEs driven by Lévy processes is presented in Section 7.2. We will
close this section with a glimpse into a more general setting; namely, large deviations for
stochastic integrals with respect to semimartingales, cf. Theorem 7.12. For a thorough

discussion we refer the reader to Garcia [22] and Ganguly [19].

Throughout this chapter (€2, .A,P) denotes a complete probability space, (Q,fl,IP’x) the
corresponding enlarged probability space, cf. Chapter 6, and (B;)to a Brownian motion
on (Q,A,P).

7.1 Solutions as Markov Processes

Here we give a purely probabilistic proof of a large deviation principle for solutions of (7.1)
following the presentation in the monograph [18] by Freidlin and Wentzell. We restrict
ourselves to solutions of (7.1) — instead of considering time-homogeneous Markov processes

with generators of the form (7.2) — and re-write the statement in terms of symbols.

7.1 Theorem Let f: R — R" be bounded and locally Lipschitz continuous. Let (L)¢s0
be a Lévy process with Léuvy triplet (v,02,v) and symbol ¢ such that EeMil < oo for all
A eR. Denote by (X} )0 the unique solution of the SDE

dX; = f(X¢-)dL;
where Lf := €Ly, is the scaled Lévy process. The symbol of the solution of the SDE

dX, = f(X,-) dL,

is given by q(x,£) = ¥(f(x)€). Set Q(z,§) = q(x,—1§), and denote by Q*(x,-) the Leg-
endre transform of the convex function Q(x,-). Suppose that the following conditions are
satisfied.

(S1) Q*(x,B) < oo for all x,B € R; for any R > 0 there exist constants C1,C2 > 0 such
that

" A

Q" (x,B) + a5

%Q*(aj,ﬁ) <Ci; and

Q*(z,8)>Cy  forall veR,|B<R.

(S2) Continuity condition:

AQ*((S) = Sup sup Q*(l" B) — Q*(y’ﬁ) 6—0

0.
wyl<s Bk 1+Q*(y,5)

Then the family (X¢)zs0 of processes on (Q, A, P%) satisfies a large deviation principle in
(D[0,1],]  ||loo) with good rate function

Jo Q(p(1).¢' () dt, ¢ e AC[0,1],¢(0) =z,

00, otherwise.

I(p) =1(p) = (7.3)
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Remarks (i). Since (L¢)»0 has exponential moments, its symbol 1 is twice differen-
tiable. This implies in particular that £ » Q(z,€) is twice differentiable and so is
its Legendre transform § — Q*(z,[), see e.g. [35]. Therefore, we do not have to
assume differentiability in (S1).

(ii). Using the boundedness of f and the definition of @, it is not difficult to see that the

following condition is automatically satisfied:

(S3) There exists Q : R — [0,00) such that Q(0) = 0 and Q(z,£) < Q(¢) for all
r,£eR .

(iii). The large deviation lower and upper bound hold uniformly in the initial point z € R,
see [18, Theorem 5.2.1]. Moreover, we can replace the Lipschitz continuity by uniform
continuity if we assume that there exists a solution to the SDE dX; = f(X;-)dL§

for each £ > 0 (we do not need uniqueness).

(iv). The assumptions on the Legendre transform @Q* are quite restrictive. In fact, The-
orem 7.1 does not even apply to the scaled Poisson process — i.e. f =1, (L¢)s0
Poisson process — since the Legendre transform QQ* of the logarithmic moment gen-

erating function @ of the Poisson distribution does not satisfy Q* < oo.

Theorem 7.1 claims that I, defined in (7.3), is a good rate function; we defer the proof to
the appendix, see Lemma A.8. To keep notation simple, we restrict ourselves to the case

n =1 and assume that (L;)»0 admits the Lévy-Ité6 decomposition
¢ -
Lt=t+Bt+[O[ZN(dZ,dS)=1t+Bt+Jt, tZO, (74)
cf. Chapter 5. Then @) equals

Q) = f@)6+ 3 @PE+ [ (FOD 1= f(2)ey) duly). (7.5)

\{0}

We prove the large deviation lower and upper bound separately. In order to obtain the
large deviation lower bound, we need the following lemma. Let us remark that Freidlin
and Wentzell use a different argumentation based on the fact that (X7)wo is a (non-
homogeneous) Markov process with respect to the family of measures (Q%*),r defined in

Lemma 7.2.

7.2 Lemma (i). For any bounded Borel-measurable function a:[0,1]xR - R ande >0

the process

1 rt 1 rt
e e [Ca(r X2 )dxi -2 [ QUG XD)dr), tef0.1]

is a P*-martingale with respect to the canonical filtration F5 := o{BS, J5;s <t}. In
particular, E* M = 1.
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(ii). Let ¢ € C[0,1] be piecewise differentiable, and set a(t,y) := %Q*(y,gp’(t)). Then
(X§ = ®t)teo1] is a martingale with respect to the probability measure

dQ™ := M dP*, and its variance equals

1 92

EQI,E((Xf—%)?):sEQZ,E( ; 8—§2Q(X§,a(r,X§))dr). (7.6)

Proof. Denote by N, the compensated jump counting measure of the Lévy process L;. It

follows from It6’s formula that (M;"%).e[0,1] satisfies
1 . .
AM® = =M f( X )a(s—, Xy ) dBE + MO (eF @G=Xe) (X2 _ 1) 4N, (dz, ds). (7.7)
€

This shows that (M;"").(0,1] is a positive local martingale, hence E*M;"" < oo, cf. [38,
Proposition 17.3]. In order to deduce that (M;"")s[o1] is a martingale, we show that
s,upte[OJ](Mta’E)2 e L'(P*). Set

N = exp(a_lj:a(r—,Xf_)d(Xf—forf(Xj_)ds)), tef0,1].

Note that the exponent is a martingale; as a stochastic integral with respect to a martin-
gale. Since Esz “€ < o0, condition (S3) implies N;*° € L?(P*). Therefore, by Jensen’s
inequality, (N} ’E)tE[OJ] is a submartingale. Applying Doob’s maximal inequality yields

E( sup (MtO‘E)Q) :E[ sup (]\fto"‘g)2 eXp(g fot (f(Xf_) -Q(X;, a(r, Xﬁ)))dr):l

te[0,1] te[0,1]

€ lel<llaf o

S4exp(§||foo+2 sup Q(&))E((Nla’s)z)“o-

This proves (i). Now let a(t,y) := %Q*(y,@’(t)). For brevity, we suppress the index e
and set My := M. First of all, by (i), Q" is indeed a probability measure. Recall that for
any measure of the form dQ = 8 dP where 8 > 0 is a random variable, we have
E(XB[9)

E(B|F)

see e.g. [38, pp. 255-6]. Hence, since (M;)s[o,1] is a P*-martingale, we get

Eq(X |F) =

E* (Xt — )My [ Fs)  E7((Xi = o) My | F)

for all s<t<1.
Ex (M | Fs) M,

Eqe (Xt — @1 | Fs) =

This means that it suffices to show that ((X; — ¢¢)M;)se[o,1] is a PP-martingale. Using
(7.7) and
d(Xy - ) = (f(Xs-) = ¢'(s)) ds + f(Xs-) dBS + f(Xs-) dJS,
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cf. (7.4), we conclude from It6’s formula
(Xt —@t) My = (z = o)

t 1 rt
=/ f(XS_)MS_dB§+—f (Xs- — 0)Ms_ f(Xs_)a(s—, Xs_) dBE
0 g Jo
t . -
. [0 [ [(Xs—gps+zf(Xs))Msea O‘(S"XS-)f(XS-)Z—(XS—@S)M]dNE(dz,ds)

. [ tMs[f<Xs>+f(Xs)2a(s,Xs)+ L f(Xs)y(ea“’Xs)f(XS)y—1>u<dy)—so’(s)]ds.

\{0}

(7.5)
= %Q(XSza(SvXS))

By (A.4), we have £:Q(X;,a(s, X;)) - ¢'(s) = 0. This shows that ((X; - ¢r) M¢)sefo,1] i
a local P*-martingale. In fact, it is a martingale; we do not dwell on this technical issue.

A similar calculation yields the desired expression for the variance. O

Proof of the lower bound. We have to show that the large deviation lower bound (L1’)
holds for each § > 0 and ¢ € D[0,1] for which I(¢) < co. For any such ¢ there ex-
ists a sequence of polygons (lx)keny such that ¢ — ¢ and limsup_ . [(¢x) < I(yp), cf.
Lemma A.8(ii). Therefore, it suffices to prove (L1’) for piecewise differentiable functions.
Let ¢ € C[0, 1] be piecewise differentiable, and set a(t,y) = %Q*(y, ©'(t)). For constants
C,D >0 we define

1
A= {Ix - plecactet), B {| [ ol XE) d(XE - 20)
0

Clearly, A°n B® ¢ {| X® - ¢|c <&} for e sufficiently small. We choose
0? 0?
C:=sup — ,a(t, D :=sup —
up 85262(3/ (t,9)) 1P 5z
Let M{"® and Q™° be as in Lemma 7.2. By Lemma 7.2(ii), (X - @¢)te[o,1] is a Q™°-

martingale. Therefore, we obtain by applying Markov’s inequality and Doob’s maximal

s4D%g%}.

Q(y, alt,y))a’(t,y).

inequality
1 1 (76) 1
©rE A€ ¢ < E z,e | S XE_ 2 S—E e XE— 2 < =,
Q) $ porgens s XF - i) s oo (X P ¥
Similarly, we find Q%¢((B%)¢) < 5. Hence, Q“¢(A° n B%) > 1. Since Q“°/P” has the
strictly positive density M;"°, we get
P (| X = oo < 8) > Egee [ Tacnm oz | > & inf  ~—oo . (7.8)
B M{X’E " 2 weAsnBs M{l’s(w)

By virtue of our choice of o, Lemma A.7 shows

s = o[- ([ el X a0 - p0 + [0t X0 1) - QKT o X)) at)|
(A.3)

exp[ -1 ([ at- XD OG- w0+ [ Q1 E S0 at)] (7.9)

! Apply Doob’s maximal inequality (for the martingale M) and the Burkholder-Davis-Gundy inequality

(for X¢) in order to show that the integrands are properly integrable.
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On A¢ n B® we have

NI

1
’ [ at- X2 d(xz - )| < 4D (7.10)

and
1 1 1
[ @i myde= [ @ (e (1) - Q (w0, 0)dt+ [ Q (o), ¢ (1)) dt
SAQ*(4C’§5§)+(1+AQ*(4C§sé))/OlQ*(go(t),go’(t))dt. (7.11)

Recall that AQ*(4C’%€%) -0 ase—0,cf. (S2). Therefore, combining (7.8), (7.9), (7.10)
and (7.11) yields

1
limnf elogP* (1X* = ol <) > = [ Q7 (1), /(1) dt = ~I (). s

It remains to prove the large deviation upper bound. The following lemma comes in handy;

it shows in particular how to approximate the Legendre transform Q*(z,-) by polygons.

7.3 Lemma (i). Q"(7,")|(—oo,f(x)) 18 strictly decreasing, Q*(x,-)|(f(z),00) 18 strictly in-
creasing, and Q*(z, f(x)) =0 for all x € R.

(ii). For any £,0 > 0 and x € R there exist &1,...,&m, m = m(x) < M, such that the

polygon
P(x,0):= max (§5-Q(2,&))

satisfies 0 < Q*(x, B) — P(xz,B) < e for |B] < 4.
(iii). For each 6 >0 and £ € R,

AQ*(9)

QU (1+AQ1(9)) )~ (1+ Q" (1) Q) < 1 g0

for all |x—y| <.

Proof. (i). Fix x € R. By definition, we have Q(z,0) = 0 and therefore Q*(z,3) > 0 for
any € R. Thus, by (7.5), Q*(x, f(z)) =0, i.e. Q*(x,-) attains its minimum at
B = f(z). Moreover, by (S1), aa—;Q*(x,B) > 0; this implies that Q*(z,-) is strictly

convex. This proves the claimed monotonicity.

(ii). Let k € N such that Q*(z,-)([-0,d]) ¢ [-ke, ke]. By (i), there exist (at most) two
points f3;, B_; such that |5.;| < and Q*(x,Bs;) = je, j = 1,...,k; for j = 0, there
exists (at most) one point 5y € R, |By| < d, such that Q@*(x,0) = 0, see Figure 7.1.
Define

0
P(xHB) = ]zl'_l}ﬁa.X k(Q*(xmgj) + %Q*(xvﬁj)(ﬂ - /Bj))

Because of the monotonicity and convexity of Q*(x,-), it is not difficult to see
that 0 < Q*(x, 8) - P(x,3) < e. If we set & := %Q*(x,ﬂj), j =—k,...,k, then by
Lemma A.7 9

Q*($7ﬁ]) + %Q*(m7ﬂ])(ﬁ - BJ) = g]/ﬁ - Q(‘T?é—j)
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_ >

B_a B Bo B1

Figure 7.1: The Legendre transform Q*(z,-) and the approximating polygon P(z,-)

This finishes the proof. Note that we need at most

M := {25_1 sup sup Q*(x,B)J < o0
o<k |Bl<s

supporting points 3; for any x € R.

(iii). For brevity, we write A* := AQ*(4). By the definition of A*, cf. (S2),
Q" (z,8) - (1+A")Q"(y,8) <A forall |z-y|<d.
Hence,
nf (£(5 - 0) + Q" (r,0) - (1+ A)Q" (5, 7)) < A°
for fixed 5 € R. Applying the duality lemma, cf. Theorem A.3, yields
Qy,(1+ A7) - (1+ A7) 7' Q(,€)

=sup inf (1+ A7) 74(5 =) = Q"(1,8) + (1+ A1) Q" (,)) <

AX‘
1+A*

Proof of the upper bound. By Lemma 2.3, it suffices to show?
limsupelogP*(d(X®,®(r)) >d)<-r  forall r>0,
e—=0
where ®(r) is the sublevel set of the rate function I. For n € N we denote by IL,(X)(-,w)
the linear interpolation of X (-,w) on the grid ¢; := tAt:=i/n, i=0,...,n,neN. Fix r >0
and 0, x > 0. Choose p < §/2 sufficiently small such that AQ*(¢) < x. Obviously,

P(|XE = 0(r) | > 6) <P (U(A;)C) +P" ("ml AZ A {TT,(X°) ¢ @(r)}) A
i=0 i=0

for

AS = { sup | Xy - X7 |< g}.
O<t<At

2Revised version: Corrected misprint.
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We estimate the terms separately. Using the Markov property and a well-known inequality

for Markov processes, see e.g. [9, Lemma 5.1] or [12, Lemma 6.3], we find®

L < nsup]P’y( sup | X[ —y|> Q) <2nsup sup PY <|Xt‘E -y > Q)
yeR O<t<At yeR 0<t<At 2
C C C
< 2nexp (——Q) sup sup EY [exp (—(Xf - y)) + exp (——(Xf - y))] . (7.12)
€ 2/ yeR t<At € €

By Lemma 7.2(i) (applied to the constant function a = +C) and (S3),

EYet € (Xi-v) Z gy [exp(ig(XtE —y) - é fOtQ(Xg,iC) ds)exp(é fOtQ(Xg,iC) ds)]
<exp (e TALQ(C) v Q(-C))). (7.13)

for any constant C' > 0 and ¢ < At. Plugging this estimate into (7.12) yields®
At — —
I < dnexp (-QQ 2L @)y Q(—C))) .
2e €
For C = 4r/o und n € N sufficiently large such that At(Q(C) v Q(~C)) <r, we conclude
n-1
lim sup € log P* ( U (Af)c) < -7
=0 i=0

It remains to estimate Ip. Since II,(X®) is a piecewise linear function, we can calculate
I(11,(X*®)) explicitely. As AQ* (o) < x, cf. (S2), we obtain

n-l rtig X; —-X:
ey =5 @ (oo, e

n-l X, - Xf
S T a0 (0o, He )

n-1 Xt - X¢
=y + ;)At(uX)Q* (Xt#) (7.14)

on ﬂ;‘:ol A:. Applying again Markov’s inequality, we find
n-1

I, = P* ( () A; n {I(IL,(X%)) > 7“})
i=0

n—-1
< exp(-e'(1+x)7%r) E [exp (e 1+ )2 IAL (X)) T ]1A§]

=0
7.14) = Xisy = X
B O R v
1=0

Since (X7 )0 is a Markov process, it is not difficult to see that

I <exp (—5_1(1+X)_2(r—x))8161]§[3(5,y)” (7.15)

3 . . . .
Revised version: Corrected misprints.

4 . . . .
Revised version: Corrected misprint.
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where

o Y -1 -1 * th_y
Iy:=1I3(e,y) =EY | Lazexp|e (1 + x)" AlQ =)

Now let & =&(y), 1 <i<m(y) < M, as in Lemma 7.3(ii) (applied for e2x, d2o/At). Set
&(y) =0 for m(y) <i< M. Then,

I3 <EY {]IA(EJ exp [5_1(1 +x) A (X +max (&% - Q(y,&)))]}

=1,...

¢ om0 A ny{mg exp [ (1+ ) (6&(XEy - 9) - At@(y,m)]}.
=1

Using a similar argumentation as in (7.13) and applying Lemma 7.3(iii), we get
“L(1+x) " IxAt g A -1 -1 -1
Iy < 0TS sup exp (7 [T QU@ (140 ) ds -7 (1420 8006
i=1 weA§

< M exp (2571(1 + X)flet) :
Combining the estimates gives
log I, <nlog M -1 (1+ X)_l((r -X)+ 2x).
Finally, we conclude
. -1 x—0
limsupelog Ir(e) < —(1+x) " ((r - x) +2x) — - O
e—0
Let us mention the following two important corollaries.

7.4 Corollary Let b,o,n: R — R be bounded, locally Lipschitz continuous functions and
(Lt)ts0 a Lévy process with Lévy triplet (0,0,v) such that EeMNl < oo for all A > 0. If

Q) = b(@)e + 52 @ + [ (D 1y ()€l d(y)

\{0}
satisfies (S1) and (S2), then the family (X¢)-s0 of solutions on (2, A,P%),

dX7 = b(X7 ) dt +Eo(XE ) dBy +n(XE ) dL;, (7.16)

obeys a large deviation principle in (D[0,1],| - ||eo) with good rate function I defined in
(7.3).

Proof. Since (L) is a non-Gaussian Lévy process, the processes (By)0 and (L))o
are independent, see e.g. [24, Theorem I1.6.3]. Therefore, the claim follows by applying
Theorem 7.1 to (¢, B¢, Li)is0. (As indicated in Example 5.10, we may replace B by

NG O

In general, the Legendre transform Q*(x,-) cannot be calculated explicitly®, and con-
sequently it is difficult to formulate sufficient conditions for (S1) and (S2) in terms of
the coefficients of the SDE. Corollary 7.5 gives a sufficient condition for SDEs driven by

Brownian motion.

5 . . . .
°Revised version: Corrected misprint.
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7.5 Corollary Let b,o : R - R be bounded, locally Lipschitz continuous functions such
that inf g o(7) > 0. Assume that (X7 )01 @5 a solution of the SDE

AXE = b(XE)dt + Veo(XE)dB,, X =
Then (X¢)es0 satisfies a large deviation principle in (C[0,1], || ) with good rate function

Lo sk (P = 0(f (1)) dt, £ e AC[0,1], £(0) = 2,

00, otherwise.

I(f) =

In the next section we will show that a large deviation principle holds whenever the

coeflicients b, o, 7 are globally Lipschitz continuous.

7.2 Large Deviations by Exponential Approximations

Dembo and Zeitouni [10] obtained a large deviation principle for solutions of SDEs driven

by Brownian motion, i.e. SDEs of the form
dXt :b(Xt)dt-i-\/gO'(Xt)dBt, X() =,

by applying a generalization of the contraction principle, cf. Theorem 4.4. The key point

is the approximation of the drift and diffusion coefficient by simple functions:

dX]" = b(X T

m]
m

Ydt +/eo(X ) dBr,  meN,

Doing so, the stochastic integral can be evaluated pathwise, and therefore, similar to
Example 2.9, we can define continuous mappings F"* such that F™(y/eB) = X™. Using
the large deviation principle for the scaled Brownian motion (\/2B)cs0, Theorem 4.4 yields
the desired large deviation principle. In this section we will show that the approach remains

valid if we consider solutions of SDEs driven by Lévy processes, i.e.
dX; =b(Xy-)dt +/eo (X)) dBy + n( Xy ) dL; Xo ==, (7.17)

where Lj := €L, is a scaled Lévy process with finite exponential moments. Let us remark
that the result we are going to prove is a special case of large deviation results presented
in [9] and [19] for SDEs driven by Brownian motion and random measures. Throughout
this section we denote by

;i=0(Bs, L, N;s<t)

the canonical filtration augmented by the P-nullsets N. We remind the reader that this
filtration satisfies the usual hypotheses, i.e. it is a right-continuous complete filtration,
cf. [32, Theorem 1.31], and is admissible for both (B;)»0 and (L3 ):0. We call a process
(X¢)es0 Fe-previsible if it is measurable with respect to the o-algebra generated by the

left-continuous F*-adapted processes.
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7.6 Theorem Let (Li)iso be a Lévy process with Lévy triplet (y,0,v) and symbol ¢ such
that EeMEl < oo for all X\ >0. Let b,o,n: R — R be bounded globally Lipschitz continuous

functions. In particular, there exists L >0 such that

b(x) —b(y)| +|o(x) - o)+ n(z) —n(y)| < Llx —y|  for all z,yeR.

Then the family (X%)s0 of solutions of (7.17) satisfies a large deviation principle in
(D[0,1],] - [leo) as € = 0 with good rate function

inf (3 o' lg'(DP dt+ [ 0 (W (1)) dt), | e AC[0,1], f(0) =,

, otherwise,

I(f) = 1(f) = (7.18)

o0

where the infimum is taken over all functions g,h € AC[0,1], g(0) = h(0) =0, such that

W=z [To(f)ds+ [ColFNd ()ds+ [ n(is)n (s)ds

and

U(w) = (—1w) =yw + /R\{o} (eyw -1-yw ]l|y‘§1) v(dy), weR

denotes the logarithmic moment generating function of L.

Remarks (i). Comparing Theorem 7.6 and Theorem 7.1, it seems reasonable to claim
that the rate functions (7.18) and (7.3) coincide. In case both theorems are applica-
ble, this follows from the uniqueness of the rate function. Unfortunately, we did not
succeed in proving the equality directly except for the special cases n = 0 (continuous
SDE) and ¢ =0 (jump-only SDE).

(ii). The assumption on the boundedness of the coefficients can be weakened. Feng-Kurtz
[17, Theorem 10.17, Remark 10.18] have shown that a large deviation principle holds

if b, o are of linear growth, i.e.
[o(z)] +|o(x)] < M(1 +|z]), reR
for some constant M > 0, and 7 satisfies a certain integrability condition.

We split the proof of Theorem 7.6 into several parts:

(i). Show that (\/eB, L%).so satisfies a large deviation principle in D[0,1] x D[0,1] as

€ -0, cf. Lemma 7.7.

(ii). Define continuous mappings F" : D[0,1] x D[0,1] - DJ[0,1], m € N, such that
(F™(\/eB,L?))menes0 is an exponentially good approximation of (X®)..g, cf.

Lemma 7.9.

(iii). Apply Theorem 4.4 in order to obtain the large deviation principle for (X¢).-q.
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Throughout the remaining part of this section the processes (L;)is0, (Bt)ws0, and the
coeflicients b, 0,7 are supposed to meet the assumptions of Theorem 7.6. Without loss of
generality we may assume EL; = tEL; = 0 (otherwise consider the Lévy process L;—tELy).
Then, by the Lévy-It6 decomposition,

5 = fo t/szg(dz,ds) (7.19)

where N. denotes the compensated jump counting measure of the Lévy process L. It
follows from the Lévy-Khinchine formula that the compensator Ng(dz,ds) of the jump

counting measure N. equals e 'dsv(e1dz).

7.7 Lemma (\/eB, L) satisfies a large deviation principle in D[0,1]xD[0,1] endowed

with the norm

Il = [ flleo + lglees  fr9€DI0,1]

as € — 0 with good rate function Iy,

LG @) dt+ [0 (R (1)) dt, g,he AC[0,1],9(0) = h(0) =0,

00, otherwise.

Io(g,h) == (7.20)

Proof. In accordance with Chapter 5 we denote by le/a /|1/e| and ZU/S /11/e]| the ap-
proximations of (Bj)ie[0,1] and (Lf)se[0,1], respectively. Since (Bi)e0 and (L) are
independent, see e. g. [24, Theorem II. 6 3], we find by combining Lemma 5.3, Theorem 5.5
and Lemma 2.7 that (Zl /[1/5] 1/5 /Ll/eJ)Do satisfies a large deviation principle in
(D[0,1] x D[0,1],] - |) as € = 0 with good rate function Iy. Using the scaling property,
cf. Example 5.10, and Lemma 5.6, it is not difficult to see that this family of processes is
exponentially equivalent to (/eB, L®).s0. Therefore, the claim follows from Corollary 4.3
and Theorem 5.7. U

Remark By Theorem 5.1, (1/2B)cso as well as (L?).»¢ satisfies a large deviation principle
in (D[0,1], || |leo) With a good rate function but, since (D[0, 1], ||| ) is not a Polish space,
this does not imply exponential tightness, c¢f. Lemma 2.5. Therefore, we cannot apply
Lemma 2.7 to (\/eB, L%)es directly.

The remaining part of the proof is based on the idea that the solutions (X; ’m)te[o,u of the

stochastic differential equation

dX;™" = (XEm )dt+fa(X”” )dBy+n(XL0 )dLy, XM =a. (7.21)

m

are an exponentially good approximation of (X¢).0. In order to prove this we need the

following technical lemma.

7.8 Lemma Let b,0,m:[0,00) x Q - R be F*-previsible bounded processes, and set

t t t
Zt:=z0+[0 bsds+\/5[0 asst+f0 s dLE.
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Let 7 be a J5-stopping time and o >0, M >0 such that
Ibe| + o] + el < M (> +1Z_|?)2  for all te[0,7]. (7.22)

Then, for fixed 6 >0,

Q2 + 22
elogP| sup [|Z] >0 SC+log(2—g) forall e<1
te[0,7A1] Y +9

for a constant C >0 which does not depend on 0, o,¢.
Proof. Set p(y) := (0* + y2)%. By It6’s formula and (7.19),
o(2) - o(Z) = [ ¢ (ZeYbsds +E [ (2, Yo dB,
t3 Otgp"(Zs,)ag ds + [Ot[ (o(Zs- +ns2) - (Zs-)) dN:(dz, ds)
[ (s - o)~ (2 ) ANz ). (729)
Obviously,

2
S (y) = 2 e(y) ) Sy = 2 v(y) (1+2(1_1) y ) (7.24)

_gg2+y2 _292+y2 € 0% + 12

Define a stopping time 7 := inf{¢ > 0;|Z¢| > 6} A7 A 1. Using the boundedness of o,7 and
fR\{o} ly[" v(dy) < o0, n > 2, we find

B( [ 62 Vot () ds) <o,
E (.[olfR\{o} (o(Zs= +nsz) - go(Zs_))Q]l[Om](s)dNE(dz,ds)) < 00.

This means that the corresponding stochastic integrals in (7.23) are martingales, and

therefore we obtain
tAT1 , tAT1 ~
E([O O (Zs-)os st)+E([O f (o(Zs- +ns2) —@(Zs,))dNE(dz,ds)) =0.
Moreover, because of the growth condition (7.22), it is not difficult to see that

tAT tAT tAT:
E(/O 1@’(Zs_)b5ds)+E(ng ' (2 )02 ds) < ﬁE(fo 1<p(ZS_)ds)
g

for some constant C7 which does not depend on g, d,¢. In order to apply Gronwall’s lemma
we have to estimate the remaining term in (7.23). By Taylor’s formula and the definition
of L3, cf. (7.19),

I:= fomf (O(Zs- +m52) = p(Zs-) = ' (Zs-)ns 2) dN=(dz, ds)
- é ‘/[; Tl]R\{O} (90(23— + 57733/) - SO(ZS,) — QOI(ZS,)gnSy) y(dy) ds

_ 1 tAT] p )
e fo fR\{o} ¢"(Zs- +eOnsy)(ensy)” v(dy) ds
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for some intermediate value © = ©(w, s,y) € (0,1).5 By (7.22) and (7.24),

1 AT
1] < 2M° (1 + —) f 1/ V2 (0° + (Zo- +£Onsy)?) =710 + Z2) v(dy) ds.
e)Jo  JIryoy

Note that

(1+5a:)éTexas5J,O for all z>0.

Therefore, we find

1
2 2v1-1 |Zs nsyl =~ o ney® \° 2 2 11
(0° + (Zs- +Onsy)*)= < (1+26Q2+Z§_ +e Q2iZ§_ (0" + 722 )¢

(7.22) 2 1_
< (1+6M'|y|)5(g2+Z3_)s 1

< €2M’|y|(g2+282_)§—1

for all s € [0, 7] for a constant M’ > 0. Thus,

1| < 2M* (1 + 1) (/R\{o} y2e?M V(dy)) (fot/\ﬁ o(Zs-) ds) =: Cy(e) /Ot/\ﬁ o(Zs-)ds.

€

Clearly,

- _ o2 2 _2M'[y|
ll_r)%ng(e) 2M fR\{O}y e v(dy). (7.25)

Recall that L; has exponenial moments so that the integral on the right hand side is finite.

Consequently, we have shown

B (Zinr,) - (20 < (% . 02(5)) fot B (Zons, ) ds.

Applying Gronwall’s lemma yields

Bo(Z,) < plzo)exp (2 + o(2)).

Finally, by the definition of 7 and Markov’s inequality,

5logIP’( sup |Zy| > 6) <elogP(|Z+| 29) <elogEp(Z:,) —elogp(6)
te[0,7A1]

2 2
o0~ + |20
SCl +ECQ(€)+IOg(W). Il

Now we are ready to show that the family of solutions (X*™)..0men given by (7.21) is

indeed an exponentially good approximation.
7.9 Lemma For m €N define F,, : D[0,1] x D[0,1] — D[0,1] via f = F™(g,h) where

F@) = &)+ (f (8°-)) (= t) +o (f (85-)) (9(8) = g(8")) +n (f (1°-)) (h(2) - h(t;"))

for t e (0,60 ], t7' = k/m, k = 0,...,m -1, and f(0) := f(0-) := xz. Then
Xem = F™(\/eB, L) defines an exponentially good approzimation of (X¢)zs0.

5The measurability of the mapping (s,w,y) = ¢”(Zs- +£Onsy) follows from the integral representation

of the remainder term in the Taylor formula.



7. LARCE DEVIATIONS FOR LEVY-DRIVEN SDES 60

Proof. Let 6, 0, > 0. Obviously, (Xf’m)te[o,l] is the (unique) solution to the SDE

AYy =b(Yimay ) dt +vE0 (Vi )dBy+0(Vimy )dLf,  0<ts<l,  Yo=z.

m

Define a J3-stopping time by
7:=7(p) :=inf{t > 0; |X€m—X5m > er Al
and set
b= b(X ) ) ~OXE) o= o (X0 ) — o (X)) mes= (X0, ) — (X))
By the global Lipschitz continuity,

ool + lou| + el < LIXTT - = XE| < VRL(Q*+ X7 - X )2

mt|/m—
for any ¢ € [0,7]. Lemma 7.8 (applied to Z; := X; — X;™) shows
e,m € Q2

610gIP’(tEs[138] | X" - X5 > 6) < C’+log(m) .

for some constant C' > 0 which does not depend on m, ¢, 0. Hence,

>0m>1  e-0 te[0,7]

limsuplimsupslog]P’( sup | X" - X7|> 5) =—00 for all 4 > 0.

{|X5™ = X%||oo > 8} < {7 < 1}U{ts[lép]|Xf’m_Xte| >5}
e[0,r

it remains to show

lim limsupelogP(7<1)=-o00 for all o> 0. (7.26)

m—0o0 5_)0

Since the coefficients are bounded, we find

1
|X‘Em X€m|<C’ —+\/_ max  sup |Bi Bk|+ max sup L%  —L%]

0<k<m—1 1 m 0<k<m—1
-m

for 0 < s <1/m where C := max{||b]co, [7] 0, [|0] o }- By the stationarity of the increments,

we conclude

m—1
]P’(7'<1)=IP>(U{ sup |X2T5_X2m|>g})

k=0 (0<s<l/m m
-C -C
<mP| sup |Bs| > e=Cjm +mP| sup |Ls|> e=CJm (7.27)
0ss<L 2\/_ 0ss<L 2eC

for all m > C'/o. Applying Etemadi’s inequality, Markov’s inequality and Lemma 5.9 gives

0o-C/m o-C/m ('
P Lg|>——F7—1<6 -vVm—-—-+—.
05;;1' o 2eC eXp( " eC €

for a constant C’ > 0. An analogous estimate holds for the first term in (7.27). Combining

these estimates proves (7.26). O
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Summarizing, we have shown that (\/eB, L®).so satisfies a large deviation principle with

good rate function Iy, and that (F™(\/eB, L?))e>0,men defines an exponentially good ap-
proximation of (X¢)..9. The task is now to find a function F' : D[0,1] x D[0,1] - D[0,1]

such that F™ converges uniformly on the sublevel sets of Iy to F'. Then, the claim follows

from Theorem 4.4.

7.10 Lemma (i). The mappings F™, m € N, defined in Lemma 7.9 are continuous.

(ii).

For absolutely continuous functions g,h € D[0,1] and x € R denote by f := F(g,h)

the unique solution of the integral equation

W =e+ [To(f)ds+ [[o(fNg s+ [T ) ds,  tefo],

Then,

lim  sup |[F™(g,h)-F(g,h)|e =0 for all >0,
70 (g,h)ed(r)

where ®(r) := {(g,h) € D[0,1] x D[0,1];Iy(g,h) < r} is the sublevel set of the good
rate function Iy defined in (7.20).

Proof.  (i). For (g1,h1), (g2, h2) € D[0,1] x D[0,1] we set f;(t) := F™(g;,h;)(t), j=1,2,

(ii).

and
e(t) :=|f1(t) = f2(t)|- By the Lipschitz continuity and boundedness of o, we have

o (1t =))g1(t) = o (f2(t'=))g2()] < oo - [ 91 = g2[l 00 + € (=) - 92 co-
Using similar estimates for the other terms, we find
sup e(t) <C(e(ty’) +e(ty' =) + g1 — 92] 00 + |1 — h2|leo) , k=0,...,m-1,
for some constant C' > 0 which does only depend on (g2, h2). Since e(0) =e(0-) =0
the continuity of F™ at (g1, h1) follows by iterating the above estimate over k.

By assumption, b, o,n are (globally) Lipschitz continuous, and therefore there exists
a unique solution of the given integral equation. In order to prove the uniform
convergence on the sublevel sets of Iy we apply Gronwall’s lemma. We claim that

there exists a sequence (&, )men such that &, - 0 as m — oo and
t
ﬁmJ W (s)|ds <& forall te[0,1],(g,h) € ®(r). (7.28)

Indeed: By the definition of the Legendre transform,

* !
h'(s) < LMUACHERICY for all a>0.
o'
Hence,’
t 1 L. 1 ¥(am,
[M W (8) L (s)s0y ds < - fo U*(h'(s))ds +—g (7.29)

<r

7 . . . .
Revised version: Corrected misprint.
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for any sequence (am)men € (0,00). If ¥l oy is bounded, we choose ay, = m;
otherwise we set

Q= sup{z 2 0;[¥(z)| <m},  meN;
then clearly o, — oo as m — co. In both cases, (7.29) entails®

m—>0oo

1
A h,(s)]l{h’(s)z(]} ds<epm ——0

for a sequence (&, )meny Which does not depend on (g,h) € ®(r) and ¢ € [0,1]. A
similar estimate holds for the integral [@ (=R () Linr(s)<0 ds®. This proves (7.28).

An even simpler computation shows

1 ! 1 * !
fo I (s)|dssf0 U (W (5))ds + (W(1) + U(-1)). (7.30)

Fix (g,h) € ®(r). Using the boundedness of the coefficients, we find by the Cauchy-

Schwarz inequality

sup ‘Fm@,h)(t) (g h)(“mJ)‘

L ”°° Hoo,/ \/ §(5)2 ds +[7com = b 25 0,

A similar calculation shows
e(t) =|F(g,h)(t) - F™(g,h)(t)]

SL[Ot(1+|g,(S)|+|h’(S)|)‘F(g,h)(s)—Fm(g,h) (mTSJ)

ds

<LCS,+ L fotu 19 ()] + W (5))e(s) ds

where we used that

/Ot(1+|g'(s)|+|h'(s)|)ds (7§0)1+\/[Olg/(s)2d5+_/Olql*(h'(s))der\I/(l)Jr\I'(—l)

< 1+V2r+r+U(1)+U(-1) = C (7.31)

for any t € [0,1] as (g,h) € ®(r). From Gronwall’s lemma we see

e(t) < LC(Fm[1+LfOt(1+\g'(s)\+|h'(3)\)exp(LfSt(1+]g'(r)\+|h'(r)])d7") ds]

" Les, (1+LCe©)

Since the constants L, C, d,, do not depend on t and (g, h), we conclude

m—00

sup | F(g,h) = F™(g,h)]eo < LCOy, (1 + LC"C) 2555 0. 0
(g,h)e®@(r)

8 . . . .
Revised version: Corrected misprint.
9Revised version: Corrected misprint.
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Proof of Theorem 7.6. In Lemma 7.7 we have shown that (\/eB,L%).so obeys a large
deviation principle with good rate function Iy. Since (F™(\/€B,L%))e50,meN IS an expo-
nentially good approximation of (X¢)c0, c¢f. Lemma 7.9, and F™ converges uniformly
on the compact sublevel sets of Iy to F' the assumptions of Theorem 4.4 are satisfied.

Consequently, (X¢).-o satisfies a large deviation principle with good rate function

inf (5 Jo o' (D dt + o' w*(0'(£)dt), f € AC[0,1], £(0) =,

o0, otherwise,

I(f) =

where the infimum is taken over all functions g,h € AC[0,1], g(0) = h(0) =0, such that

0 =Flom O =r+ [ i) ds+ [ o(F)g ()ds+ [ n(7s)W (s)ds. T

Remark It is not difficult to see that the proof of Theorem 7.6 carries over to solutions

of non-homogeneous SDEs of the form
dXtE = b(t, Xt_) dt + \/EO'(t, Xt_) dBt + ﬁ(t, Xt_) dLi

if the coefficients b, 0,7 are bounded and (globally) Lipschitz continuous in both compo-

nents, i.e. there exists a constant L > 0 such that
[b(s, ) = b(t, )| +lo(s,2) —a(t,y)| +n(s, ) —n(t,y)| < L(|t - s| + [y - z[)
for any s,t € [0,1], z,y € R.

The following result shows that the large deviation bounds in Theorem 7.6 can be strength-

ened; they hold uniformly (with respect to the initial condition x € R) on compact sets.

7.11 Corollary Let K ¢ R be compact. Denote by (X;™)e(0.1] the solution of (7.17) for
the initial condition X" = x e R. Then,
limsupelogsupP(X®* € B) < — inf inf I.(f) (7.32)
e—~0 reK zeK feB

for any closed set B ¢ D[0,1], and

liminf elog inf P(X** € A) > —supinf I.(f) (7.33)
e—0 reK reK feA
for any open set A c D[0,1].

Proof. Let (x:)es0 such that z. - x € R as € - 0. As b,0,n are (globally) Lipschitz
continuous, Lemma 7.8 applied to Yy := X" — X" and the stopping time 7 = 1 yields

92 +|$€_$|2)

elogP(| X% - X% | > 0) < C+log( 7215

Letting o - 0 and € — 0, we find that (X%)..0 and (X5%)cs0 are exponentially equiva-
lent, and therefore (X%¢)..o obeys a large deviation principle in D[0, 1] with good rate
function I, cf. Corollary 4.3. In particular,

limsupelogP(X“% € B) < - }ng L.(f) (7.34)
€

e—0
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for any closed set B ¢ D[0,1]. Fix § > 0. By (7.34), there exists for each = ¢ K some
ez > 0 such that

1

elog sup P(X*YeB)< —min{inf I.(f) -6, —} for all € <ey;
yEB(iL‘,Sm) fEB 5

otherwise we could construct a sequence (z¢)e>0, = = x, such that (7.34) is violated.

Choosing a finite cover U}, B (7j,€z,) of K, we conclude

1
elogsupP(XY € B) < —min{ inf I,(f) -9, = forall e< min ¢, .
yeK feB ) j=1,..m 7

As § > 0 is arbitrary, this proves (7.32); (7.33) follows in a similar way. O

So far we have used the extended contraction principle presented in Section 4.1 which

relies on the (uniform) approximation of the function (g,h) ~ f = F(g,h),

s =e+ [0 ds+ [ o(rsNg ) ds+ [ alF)s)ds,

by continuous functions. In particular, F' is continuous on the sublevel sets of the good
rate function Iy. In a more general setting — for example if one wants to consider SDEs
driven by semimartingales — we cannot expect continuity, and, consequently, our approach
breaks down. Recently, Garcia [22] has shown a way to define a family of almost compact
functions which gives rise to an exponential approximation of stochastic integrals with

respect to semimartingales. Using the results of Section 4.2, Garcia proves the following

7.12 Theorem ([22, Theorem 8.2]) Let (Y)s0 be a family of semimartingales satisfy-
ing a large deviation principle in D[0,1] with rate function Iy. Suppose that (Y)eso is
uniformly exponentially tight, 4. e. for any a >0 there exists R >0 such that

t
f Z,_ dYE
0

where 8 denotes the collection of simple functions Z for which supge<; |Z(t)] < 1. Let

limsupelogsup P [ sup > R] <-a

e—0 YAS) 0<t<1

b:R —> R be a bounded, Lipschitz continuous function, and assume that X°¢ is a solution
of the SDE
dX; =b(X;)dYy, X5 =x.

If (X%,Y®)es0 is exponentially tight, then (X¢)eso satisfies a large deviation principle with

rate function

1) =it {To(9): g ¢ BVI0.1]: 1) =+ [["b(f(s)) dg(s).t e [0.1]}.

The result has been further generalized by Ganguly [19] to infinite-dimensional semi-

martingales.



Conclusion

The purpose of our work was to present large deviation results for Lévy processes and
solutions of Lévy-driven SDEs. We did not make any attempt to state the results in their

most general form; instead we intended to demonstrate typical large deviation techniques.

Starting from the Gartner-Ellis approach we saw that exponentially good approximations
play an important role in large deviation theory. In many cases they allow us to reduce
our investigations to processes which are easier to handle, such as polygons or simple
functions. Secondly, exponentially good approximations give rise to extended versions of
the contraction principle. These extensions turn out to be crucial when considering large
deviations for SDEs or — more generally — stochastic integrals. Moreover, the change-of-

measure technique proved itself a fundamental tool for large deviation lower bounds.

Chapter 7 left us with some open questions. First of all, it was unsatisfying that we did not
succeed in identifying the rate functions obtained in Section 7.1 and Section 7.2. Possibly,
the proof would have revealed a connection between those totally different approaches.
Furthermore, it would be interesting to see in which way the results of Section 7.2 can be

extended:

e Does the approach remain valid if we consider e-dependent coefficients, i.e. SDEs
of the form
dXt = bE(Xt_) dt + \/EO'E(Xt_)dBt + 77€(Xt—) dLi,

where b. - b, 0. —» 0, 1. - n uniformly as € - 07

e In Chapter 5 we have shown that scaled Lévy processes of the form L(e71)/S(s7!)
obey a large deviation principle as € — 0 if the scaling function S satisfies the growth
conditions

S %0 and VES(ET) S oo,

and used this result in order to establish the law of iterated logarithm for Lévy
processes. Can we modify the proof such that this large deviation principle carries
over to SDEs driven by Lévy processes? And, secondly, does it give rise to a law
of iterated logarithm? For SDEs driven by Brownian motion this question was
discussed by Baldi [2].

65



Appendix

A.1 Lemma (Etemadi’s inequality [16]) Let (X, )nen be a sequence of independent ran-
dom variables. Set S,, = ?:1 X;. Then

IP’(lngl];?fJSﬂ 237“) SBPSl]aS};IF’QSﬂ >r) for all r>0.

Proof. For

A= {1rr£12<Xj|Sk|<37",|Sj|23r}, j=1,....n

we have
1<j<n

{max S| > 37’} =JA;.
j=1

Consequently, by the independence of the random variables,

1<j<n

n—1
P (max B 3r) <P(Sul 2 )+ 3 P(A; 0 {1Sa] < 1))
j=1

n—1
<P(|Sn| >7) + > P(A)P(|S, - 55| > 2r)
j=1

7=

<P(|Sp| 2 r) + max P(|S,, - S;| > 2r)
1<j<n
331121]2);P(|Sj|27“). O

A.2 Corollary Let (X¢)is0 be a Lévy process. Then
Pl sup | Xy —Xs|23r|<3 sup P(| Xy, - Xs|>7) forall t>s>0,r>0.
ue[s,t] ue[s,t]

Proof. Since X has cadlag sample paths, we find

sup | X, - X = sup | X0 — Xl
ue[s,t] ue([s,t]nQ)u{t}

Therefore, the claim follows readily from Lemma A.1 and the monotone convergence the-

orem. O

A.3 Theorem (Duality lemma [10, Lemma 4.5.8]) Let (M,d) be a metric space, and let

f:M — (—o00,00] be a lower semicontinuous, convex function. For

Fr(A) = j?}}((/\’x) - f(z)), AeM*

66
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we have f=(f*)*, i.e.

f(x) = sup ((\z) - f*(N), xeM.
AeM*

Proof. Obviously, the definition of f* implies

sup (A, z) = f*(\)) < sup ((A2) - (N, 2) - f(2))) = f() for all z e M.
AeM* AeM*

Consequently, (f*)* < f holds in any case. The inequality ‘>’ is basically a consequence of
the Hahn-Banach theorem. For a detailed proof we refer the reader to [10, Lemma 4.5.8]
or [35, Theorem 12.2]. O

A.4 Lemma Let (M,d) be a metric space and f: M — [-o0,00] a proper, convex func-

tion.
(i). Xedf(x) =z edf*(N)

(ii). f is lower semicontinuous at x € M if, and only if, f is weakly lower semicontinuous

at x € M, i.e. for any sequence (Tp)nen in M, xn - x in o(M,M™), we have
f(z) <liminf f(zy,).
n—00
(iii). If f is Gateaux differentiable at v with Gateauxr derivative D, € M*, then
9f(x) = {Da}.

Proof. (i). Let A € 0f(x). Then, by definition, f(y) > f(z) + (\,y — ) for all y € M.

Hence,

FrN) =sup (N, y) - f(y)) <sup (N y) = (f(z) + (N y—-=))) = (A z) - f(2).

yeM yeM
Thus,
P =) 2 na) - F(@) - (Aa) - F(@) = {u-Ax)  forall peM*.
This shows x € 9f*()).

(ii). Note that f is convex and (weakly) lower semicontinuous if, and only if, its sublevel

sets
O(r):={xeM;f(zx)<r}, reR

are (weakly) closed and convex. Therefore, the claim follows from the widely known

fact that any convex set is closed if, and only if, it is weakly closed.

(iii). Fix y € M. Since the mapping

(0,00) 51 > f(w+tyt) - f(z)
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is increasing, we have

(D y>=hmf(a:+ty)—f($) =inff(:v+ty)—f(g;)
v -0 t t>0 t :

Clearly, this implies D, € df(x). On the other hand,

o SErty) - f@) (A (e rty) —x)
(Dy,y) = 1tll1’(1)1 ; > ltllr(l)l " ={(\y)

for any A € Of(x). Repeating the argumentation for ¢ 1 0, we find D, = A. This
finishes the proof. O

A.5 Theorem ([6]) Let (M, |-|) be a Banach space and f: M - R a lower semicontin-
uous, proper, convex function. For any x € dom f and € > 0 there exists y € M such that
0f(y) + @ and

|z -yl <e [f(x) - f(y)l <e.

A.6 Lemma ([6]) Let (M,|-]|) be a Banach space and f: M — R a lower semicontinuous,

proper, convex function. Define
O-f(x)={ax" e M";Vye M: f(y)>(f(x)—e)+(y—x,2")}, e€>0,z¢€M. (A.1)
For z* € 0.f(z) and v >0 there exist T € M and T* € M* such that * € 0 f(Z),

|z -z <7, |=* -z <

2o

Proof. We define a relation on dom f by
y<zie —ly=2l < (f) - (70D - (f) = (07, 2)) (A2)

Obviously, < is a partial order on dom f. In order to apply Zorn’s lemma, we show that

any totally ordered subset {z,;a € I} € dom f has an upper bound. Since z* € 0, f(z),

(A.2) (A1)
f((l?a)—<$*,1:a) 2 f(xﬂ)_(x*ﬂxﬁ) 2 f(x)_<x*7x>_€

for any a < 8. Consequently, there exists a > —oo such that f(z4) - (za,2*) | a for 1. In

particular, we can choose o = «(§) such that
* oe
fzp) — (" xg) <a+ — for all 5> a.
Y

By (A.2), this shows that (x4 )aer is @ Cauchy net in M. Since M is a Banach space, there
exists £ € M such that z, - z. In particular, z, < for all a € I.
Applying Zorn’s lemma, we find that {y € dom f;x <y} has at least one maximal element

Z. Then, x < T entails

Sle-z| < fx) - f(7) - (2" z-7) <e
vy
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by the definition of df, i.e. |z —Z| <. Moreover, since T is the maximal element, we

have
%HZ—.’E” > (f(z)—(z,2")) - (f(2) = (2,27)) for all 2 # Z.
Define
Hy={(y,c) e M xRie> f(Z+y) - f(Z) - (27, y)},

9
He= {0 e M xRie < Syl

then Hi n Hy = @. Note that H; is closed and convex as f is lower semicontinuous and

convex. By Hahn-Banach’s theorem, there exists z* € M™ such that
g * _ — *
—;YHyH <" y) < f(@+y) - f(Z) - («%,y)  forall yel.
Setting Z* := * + 2 finishes the proof. O

Proof of Theorem A.5. First of all, we note that df.(x) #+ @ for any € > 0. Indeed: By the

duality lemma A.3, we have
f(z)= sup ({z",2) - f*(z")).
x*eM*
In particular, there exists x* = 2*(g) such that

flx) = (% 2) = f (")) <e.

By the definition of the Legendre transform, f*(x*) > (z*,y) - f(y) for any y € M. Hence,
x* e 0. f(x).
Pick z* € J./of(x) and choose v > 0 such that v < ¢ and v|2*| < /2. Let T € M and

¥ € M as in Lemma A.6. Then,
— — % = =% * €
F@) - f(2) < a2 5 < o all | <y 7] + ) <
Thus, z € dom f, f(z) < f(x) +¢e. This finishes the proof. O

A.7 Lemma Let f : R - R be a convex, continuously differentiable function such that
f*(X) < oo for all A eR. For any A € R there exists x = x(\) such that f'(z(\)) =X and

FrA) =z (M)A = f(z(N)). (A.3)
If f* is differentiable, then
FIIY D) = A (A.4)
In particular, (A.3) holds for x(\) = (f*)' ().

Proof. We claim that for any A € R there exists z € R such that f'(x) > X. Indeed: Suppose
not; then we have f(x) < 2\z for |z| > R sufficiently large. Hence,

F(4X) =sup (2Az + (2Az - f(x))) > sup (2Az) = co.
zeR |z|>R
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This contradicts f* < co. Similarly, there exists x € R such that f'(z) < \. As [’ is
continuous, the intermediate value theorem shows f’(R) = R. Moreover, we see that

Az — f(x) = —o0 as |z| > co. This means that the mapping attains its maximum, i. e.
f7 () = max (Az = f(2)) = xx(N) - f(z(N))

where z(\) satisfies f'(z()\)) = A\. (Note that z — Az — f(x) is concave; therefore any
local maximum is a global maximum.) This proves the first claim. Now suppose that f*

is differentiable. By the duality lemma A.1 and Lemma A.4(i),(iii), we have

A= F(@) 3= (F) 0.

Thus,
P O) = 1) = A .

A.8 Lemma Let (Li)so be a Lévy process with symbol 1 such that BNl < oo for all
A>0, and let f:R — R be bounded. Set Q(x,&) =y (f(x)§) and

Jo Q@ (p(1),¢' () dt, e AC[0,1],5(0) =0,

00, otherwise.

I(yp) =

for ¢ € D[0,1]. Suppose that (S1) and (S2) hold.
(i). I is a good rate function.

(ii). For ¢ € D[0,1], I(¢) < oo, and € > 0 there exists 6 > 0 such that for any partition
M={0=ty<...<ty =1} for which |II| < §, the piecewise linear approzimation II(p)
on the grid 11 satisfies | —II(p) | <€ and I(II(p)) < I(p) +¢.

Proof. To prove (i), it suffices, by the Arzela-Ascoli theorem, to show that the sublevel sets
®(r), r >0, are uniformly bounded, uniformly equicontinuous, and closed. Let ¢ € ®(r).

By the definition of the Legendre transform,

Q™ (p(),¢' (1)) 2 €' (1) - Q((1),€)  forall £eR.
Hence,

Q(#(1),¢'(1) , Qe(t),%§) (53 Q" ((1),¢' (1)) , Q(E) v Q(=¢)
§ § - § §

for any £ > 0. Consequently, we get

+0'(t) <

Q(g) v Q(_g) |t _ Sl

§
for all s,t € [0,1] and & > 0. This shows that ®(r) is uniformly bounded and uniformly
equicontinuous. It remains to show that ®(r) is closed, i.e. that [ is lower semicontin-
uous. To this end let (¢pn)ney € D[0,1] such that ¢, - ¢ € D[0,1] uniformly and fix

lo(t) = e(s)] < fst " (u)| du < g +
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e > 0. We may assume liminf, o I(¢,) < oo. Let (II, ),y be a sequence of partitions
M, ={0 =ty <... <ty =1} such that [II,| := maxycq, [tj+1 —tj| - 0 as n —» oco. From the
first part of the proof we know that {¢,;n € N} is uniformly equicontinuous. Since ¢,, — ¢
uniformly, it is therefore not difficult to see that ¢ € AC[0,1] and

. en(tj+1) —en(t;)
Pt) = lim 3 T () s,
tiell, 170

Moreover,

lon = @lloo + sup  sup  |on(t;) —en(t)|<e (A.5)

tyelln te[t)
for n € N sufficiently large. Since Q* > 0 we obtain from Fatou’s lemma

I(p) <liminf 3> ftj“ o (So(t)";on(tjﬂ)_@n(tj))dt

t e, It tiv1 =t

SAQ () + (1+ AQ™ (&) liminf Y (i1~ 1)Q" (%(tj),son(tm)—son(tj))’

t €Il tjr1 — 1
(A.6)

cf. (S2). Recall that Q*(z,-) is, for fixed x € R, a convex function. Therefore, Jensen’s

inequality shows

0" (%(tj)jwn(tjn)—@n(tj)):Q* (cpn(tj),[tj” o ()2t )

tjv1 =t tiv1 =145
tj+1 " dt
< [T Q (enlt) ) . @A
t tjs1 =t

Combining (A.5), (A.6) and (A.7) yields

1(9) £ AQ () + (1+ AQ (N limint 3 [ @ (gulty), eh(0) dt

tjEHn
1

<AQ()(2+AQ () + (1+ AQ" () limint [ Q" (pu(t). o), (1)) dt

=AQ*(e)(2+AQ*(e)) + (1 + AQ*(¢))* liminf I ().
By assumption, AQ*(¢) — 0 as € — 0; this proves the lower semicontinuity; hence, (i).
Now let ¢ € D[0,1], I(¢) < o0, and € > 0. Obviously, ¢ € dom I ¢ AC[0,1]. For fixed p < ¢
we can choose ¢ > 0 such that |p(t) —(s)| < o for |t—s| < 4. In particular, | -TI(¢)]e <&
holds for any partition IT={0 =1ty <...<t,, =1} of [0,1] such that |II| < 4. Using similar

arguments as in the first part of this proof, we get

(1)) =m2_1ftm Q" (H(gp)(t),w) "
j=0 Yt

tjv1 =1

m—1 . _ .
<800+ (1+2¢" @) § (-1 (ptey, L)L)

tjv1 =1

m=1l ~t;
SAQ@+(1+2Q°(@) & [T Q" (#lt). ')
<AQ (2)(2+AQ () + (1+AQ"(2)1(%).



A. APPENDIX 72

By (S2), AQ*(g) = 0 as ¢ — 0; therefore, the claim follows by choosing ¢ sufficiently
small. O

A.9 Lemma (Integration by parts) Let a € BV[0,1]n D[0,1], f e L'([0,1], A|jo,17), and
set F(t) = /Ot f(s)ds for t €[0,1]. Then

folea: _/Olf(s)(a(l)_a(s))ds'

Proof. Set t7 := j/n, 7 =0,...,n. By definition of the left-hand side and the dominated

convergence theorem,

1 n—1
[ Fda=lim 3 F(6,) (a(t) - o)
§=0

n—-1n-1

lim Y 3 (F(th) — F(E))(a(th) - a(t?))

N0 k20 j=k

m Y s
fim 3 [ 6 ) - a()d

[ 7)) - a(s) ds.

Note that the dominated convergence theorem applies since a € D[0, 1] has at most count-

able discontinuity points. O

A.10 Lemma Let (M,|-|) be a normed space and B a o-algebra on M such that (C1)
and (C7) hold. Let K ¢ M be compact and § >0. Then K + B[0,d] € B. In particular,
(C2) holds.

Proof. From (C1) and (C7) we see that B(x,r) € B for any = € M, r > 0. Since K is
compact, there exists F;, € M finite such that

Kc U B(:c,%).

xel,

It is not difficult to show that

K+B[0,d]= U B(x,%ﬂi).

neN xeFy,

Since the right side is contained in B, the claim follows. O
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