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Abstract

We show that the SDE dX; = 0(X¢-)dL:, Xo ~ pu driven by a one-dimensional symnmetric
a-stable Lévy process (L:¢)w0, @ € (0,2], has a unique weak solution for any continuous
function ¢ : R - (0, 00) which grows at most linearly. Our approach relies on random time
changes of Feller processes. We study under which assumptions the random-time change of a
Feller process is a conservative Cp-Feller process and prove the existence of a class of Feller
processes with decomposable symbols. In particular, we establish new existence results for
Feller processes with unbounded coefficients. As a by-product, we obtain a sufficient condition
in terms of the symbol of a Feller process (X¢):»0 for the perpetual integral f(O&o) f(Xs)ds to

be infinite almost surely.
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1 Introduction

Kallenberg [12] showed that a solution to the SDE
dXt :O'(Xt_)st, Xo ~ [, (1)

driven by a one-dimensional symmetric a-stable Lévy process (L:):>0 can be written as a
random time change of a symmetric a-stable Lévy process. Using this idea, Zanzotto [35]
obtained a necessary and sufficient condition for the SDE (1) to have a unique weak solution.
However, his proof relies on local times and is therefore restricted to « € (1,2]. For a € (0,1]
the existence of a unique weak solution to (1) is less well understood. It is known that a
weak unique solution exists if o is Holder continuous, bounded and bounded away from 0, see
Kulik [21] and Mikulevicius & Pragarauskas [26]. Moreover, there are several results under
the rather restrictive assumption that x — x + o(x)u is non-decreasing for all u € (-1,1), see
e.g. [24, 36] and the references therein. Let us mention that the statement “For o € (0,1) the
SDE has a pathwise unique (hence weak unique) solution for any bounded continuous function
o which is bounded away from 0”7, which can be found in Komatsu [15] and Bass [1], is wrong,
see [2] for a counterexample. In this paper we will show the following result which is new for
ae (0,1].

Theorem Let (L¢):»0 be a one-dimensional symmetric a-stable Lévy process, « € (0,2]. For
any continuous function o : R — (0,00) which grows at most linearly there exists a unique
weak solution to the SDE

dX,=o(X)dLs,  Xo~p,

for any initial distribution pu.
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For the particular case that o is bounded and Lipschitz continuous, it is known that the
unique solution to the SDE is a Feller process with symbol p(z,&) = |o(2)|* [€]%, cf. Schilling
& Schnurr [30] or [18]. The idea of the proof of the above theorem is to to construct a Feller
process with symbol p(z,&) = |o(z)|* £, z,€ € R, and then to show that the Feller process is
the unique weak solution to the SDE.

This leads us to the more general question under which assumptions there exists a Feller
process with symbol

p(z,€) = p(x)q(z,6),  =z,£eRY,
where ¢ : R¢ - (0,00) is a deterministic function and ¢(z,&) the symbol of a Feller process,
cf. Section 2. As we will see in Section 4, such symbols are closely related with random time
changes of Feller processes. If ¢ = q(§) does not depend on =z, i.e. q is the characteristic
exponent of a Lévy process, then p(z, &) = o(x)q(€) is a particular case of a so-called decom-
posable symbol. We will establish sufficient conditions on ¢ and the symbol ¢ which ensure
the existence of a Feller process with symbol p(z,£) = ¢(z)g(z,§), cf. Theorem 4.6. The
process will be constructed as a perturbation of a time-changed Feller process. Theorem 4.6
allows us, in particular, to obtain new existence results for Feller processes with unbounded
coefficients. For instance we will show that for any continuous mapping ¢ : R - (0, 00) such

that p(z) < (1 +]z]|*), a € (0,2], there exists a conservative Feller process with symbol

p(z,€) = p(z)¢]*,  z,6eRY,

cf. Corollary 4.8 and Corollary 4.9. As a by-product of the proof, we obtain a sufficient condi-
tion in terms of the symbol of a Feller process (X;):s0 for the perpetual integral [ f(X.)ds
to be infinite almost surely, cf. Corollary 4.3; the result applies, in particular, to Lévy pro-
cesses. Moreover, we will prove the well-posedness of (A, C°(R?))-martingale problems for
pseudo-differential operators A with decomposable symbols p(z, &) = ¢(x)¥(€), cf. Proposi-
tion 5.3.

This paper is organized as follows. Basic definitions and notation are introduced in Sec-
tion 2. In Section 3 we establish a sufficient condition for the conservativeness of a class of
stochastic processes, including Feller processes and solutions to martingale problems. Section 4
is on random time changes of Feller processes. In particular, we give a sufficient condition
such that the random time change of a Feller process is a conservative Cp-Feller process, cf.
Theorem 4.2, and establish an existence result for Feller processes with symbols of the form
p(z,€) = o(x)q(x,€), cf. Theorem 4.6. In Section 5 we apply the results to prove the weak
uniqueness of solutions to SDEs driven by symmetric a-stable processes and to derive an
existence result for Feller processes with decomposable symbols. In the appendix we give a
necessary and sufficient condition for the continuity of the symbol with respect to the space

variable in terms of the characteristics of the symbol, cf. Theorem A.1.

2 Preliminaries

We consider the Euclidean space R? endowed with the canonical scalar product z-y = Z‘;Zl T5Yj

and the Borel o-algebra B(R?). By B(z,r) we denote the open ball of radius r centered at

z and by B(z,r) its closure. We use R4 to denote the one-point compactification of R¢ and
extend functions f:R? - R to R4 by setting f(A):=0. If 7: Q — [0,00] is a stopping time
with respect to a filtration (F¢):»0 on a measurable space (£2,.A), then we set Foo := (F¢;t > 0)
and denote by

Fr={AeTFee;Vt20: An{7 <t} € Fy}

the o-algebra associated with 7.



An E-valued Markov process (Q, A, P*,x € E, X;,t > 0) with cadlag (right-continuous with
left-hand limits) sample paths is called a Feller process if the associated semigroup (7%):0
defined by

Tif(x) =E"f(X:), zeFE,feBy(E):={f:FE—R;f bounded, Borel measurable}

has the Feller property and (T%)¢0 is strongly continuous at t = 0, i.e. Tif € Co(E) for
all Coo(E) and |Tif = flo 290 for any f € Cw(FE). Here, C(E) denotes the space of
continuous functions vanishing at infinity. Following [28] we call a Markov process (X¢):0
with cadlag sample paths a Cy-Feller process if T;(Cy(E)) ¢ Cp(E) for all t > 0. We will
always consider E = R? or E = R%. An R4-valued Markov process with semigroup (T¢)e0 is
conservative if Tyl ga = 1a for all £ > 0.

If the smooth functions with compact support C¢° (]Rd) are contained in the domain of
the generator (L, D(L)) of a Feller process (X )0, then we speak of a rich Feller process. A
result due to von Waldenfels and Courrége, cf. [3, Theorem 2.21], states that the generator
L of an R%valued rich Feller process is, when restricted to C° (Rd), a pseudo-differential

operator with negative definite symbol:
Li@) == [ e a@O)f©)ds,  feCT(RY), zeR!
where f(£) = Ff(€) = (2n)™? Jra e™**¢ f(z) dz denotes the Fourier transform of f and

4(,6) = a(@,0) = ib(@) £+ 2 Qe [ (1= iy Lo (W) v dy). ()

RA\{0}
We call g the symbol of the rich Feller process (X:):>0 and —g the symbol of the pseudo-
differential operator; (b, @Q,v) are the characteristics of the symbol g. For each fixed x € R,
(b(z),Q(z),v(z,dy)) is a Lévy triplet, i.e. b(z) € R%, Q(z) ¢ R™? is a symmetric posi-
tive semidefinite matrix and v(x,dy) a o-finite measure on (R?\{0}, B(R*\{0})) satisfying
fy 0 min{|y|?, 1} v(z,dy) < co. Any pseudo-differential operator A with negative definite sym-
bol g is dissipative on CZ(R?), i.e.

INf=Affoo 2 Al flee  forall A>0,feCT(RY).

We say that a rich Feller process with symbol g has bounded coefficients if
sup (la(a.0)] + (@) + Q@ + [, [ul* A Tv(a,dy)) < .
zeRd R4\ {0}

A subspace D ¢ D(L) is a core for the generator (L, D(L)) if (L, D(L)) is the closure of (L, D)
with respect to the uniform norm.

A Lévy process (Lt )+s0 is a rich Feller process whose symbol ¢ does not depend on z. This
is equivalent to saying that (L:t)¢»0 has stationary and independent increments and cadlag
sample paths. The symbol ¢ = ¢(§) (also called characteristic ezponent) and the Lévy process
(L¢)¢z0 are related through the Lévy—Khintchine formula:

EEei(Le=2) _ ~ta(©) for all t>0, z,&¢ R,

Our standard reference for Lévy processes is the monograph [27] by Sato. Weak uniqueness
holds for the Lévy-driven stochastic differential equation (SDE, for short)

dXt = O'(th) st, XO ~

if any two weak solutions of the SDE have the same finite-dimensional distributions. We refer
the reader to Ikeda & Watanabe [10] and Situ [32] for further details.

Let (A,D) be a linear operator with domain D ¢ B,(R%) and p a probability measure
on (R%,B(R?)). A d-dimensional stochastic process (X;)0 with cadlag sample paths is a
solution to the (A, D)-martingale problem with initial distribution p if Xo ~ p and

M f(Xt)—f(Xo)—fOtAf(Xs)ds, t>0,



is a martingale with respect to the canonical filtration of (X¢)s»0 for any f € D. The (A, D)-
martingale problem is well-posed if for any initial distribution p there exists a unique (in
the sense of finite-dimensional distributions) solution to the (A, D)-martingale problem with

initial distribution p. For a comprehensive study of martingale problems see [6, Chapter 4].

3 Conservativeness of Feller processes and solutions to martingale problems

In this section we establish a sufficient condition for the conservativeness of a class of stochastic
processes, including Feller processes and solutions of martingale problems. It will be used in
the next section to prove that the time-change of a conservative Feller process is conservative,

see Theorem 4.2 for the precise statement We start with the following auxiliary result.

3.1 Lemma Let (X;)s0 be an R%-valued stochastic process with cadlig sample paths and
z e R such that

E"uw(Xinre) - u(z) = B (f(o Au(X.) ds) . 20,750 3)

SAATE)
for allu e CZ (R®) where 7 := inf{t > 0;|X; —x| > r} denotes the first exit time from the closed
ball B(x,r) and
Auz)== [ pz O u)dg,  zeR!
R
for a family of continuous negative definite functions (p(2,-)) epda- Suppose that p(-,0) =0 and
that for any compact set K € R® there exists a constant ¢ > 0 such that |p(z,€)| < c¢(1 + |¢]*)
forallze K, £eRe. If
liminf sup sup [|p(z,&)|< oo,

T Je—al|<2r |gl<rt

then

lim P* (sup|Xs| > 7“) =0 for all t>0.

r—>o0 s<t
Proof. The first part of the proof is similar to the proof of the maximal inequality for Feller
processes, cf. [3, Corollary 5.2] or [19, 20, Lemma 1.29]. Pick x € C°(R®) such that suppy €
B(0,1) and 0 < x < 1 = x(1). Set x¥(2) = x((z - z)/r) for fixed € R?, r > 0. Since
xZ e O (RY), we have

1-BE* (X7 (Xinrz)) = E (f(o m)Axf(Xs)ds).

Using that
P* (Ssgp | Xs — x| > 7‘) <PO(77 <t) <E*(1- X7 (Xearz))
and )
Axr(2) = - /}Rd p(2, )X (€)e'™  dg = - /Rdp(z,g)rd;g(rg)ei(ﬂﬂ'g d¢
== [ P EmR©E T dg
we find

P® (sup|X5 —z|> r) <

s<t

¥ (fm ) [I‘H‘“ fR p(z,&[r)R(€)e’ dﬁ] dS)
o 2=Xs

<E” (fof[]uz-mg f}Rd |p(2,£/r)|.\>g(§)\d§] » ds). (4)

Pick a cut-off function « € C?(Rd) such that 1,1y <K < Lp(o,2y. If we set

9:(2) = w((z=a)/r) [ IpC8/r)]- [R(©)]de




then the above estimate shows

¢
P” (sup|X5 —z|> r) < f E*g-(Xs)ds.
0

s<t

As supy, .z, [p(2,§)] < (1 + |€]?) an application of the dominated convergence theorem gives

gr(2) =550 for all z e R%. Since

gr(z) <’ sup sup Ip(y,n)lfkd(ﬂ\f\Q)Ifc(é)ldE,

ly-al<2r pl<r—1

cf. [3, Proposition 2.17d)], there exists, by assumption, a sequence (74 )gen € (0, 00) such that

ri — oo and sup,, sup, gr, (z) < co. Applying the dominated convergence theorem yields
lim P* (sup|XS—a:| >rk) =0. O
k—oo s<t

Lemma 3.1 applies, in particular, to solutions of martingale problems.

3.2 Corollary Let A be a pseudo-differential operator with continuous negative definite symbol
p, i e.

Af@) == [ e p@f©)ds,  feCT(®Y)acR"

Suppose that p(+,0) =0 and that for any compact set K ¢ R¢ there exists a constant ¢ > 0 such
that |p(z,&)| < c(1 + &) for all z € K, € e R®. Let (Xt)e0 be an R% -valued solution to the
(A, CZ(RY))-martingale problem with initial distribution u=8,. If

liminf sup sup |p(z,€)|< oo,

e R A

then (Xt)t=0 s conservative.
For Feller processes a slightly stronger statement holds true:

3.3 Lemma Let (X¢)ws0 be a rich Feller process with generator (A, D(A)) and symbol p such
that p(-,0) = 0. Suppose that there exists a set U ¢ R? such that

liminf sup sup |p(z,&)|< o0 for all zeU. (5)

T Jz-als2r |gert
If (xp)new € U is a sequence such that x, — x € U, then (Xt)es0 satisfies the compact

containment condition

lim sup P*" (sup|XS| > r) =0 forall t>0.

7= nelN s<t
In particular, if U = R, then (Xt)t=0 is conservative.

For the particular case that z, := « we recover a result by Wang [34, Theorem 2.1] which

states that a rich Feller process with symbol p is conservative if

liminf sup sup |p(z,&)|< oo for all zeR".
Te0 o aler el<r-1

Let us remark that the proof of Lemma 3.3 becomes much easier if we replace (5) by the

stronger assumption

liminf sup sup |p(z,£)|=0 for all z e R%; (6)

T Jz—x|<2r |¢|<r—L

in this case Lemma 3.3 is a direct consequence of the maximal inequality which states that

P (sup\Xsfzbr) <ct sup sup |p(z&)|, zeRY,

s<t |z—z|<r |¢|<r—1



for an absolute constant ¢ > 0, cf. [3, Corollary 5.2] or [19, 20, Lemma 1.29]. Later on, in
Section 5, we will consider solutions of SDEs driven by a one-dimensional isotropic a-stable
Lévy process (Lt)i0

dX: =o(X-)dLy, Xo ==,
the symbol of (X¢)w0 equals p(z,€) = |o(z)|*|€|¥, and therefore (5) allows us to consider
coefficients o of linear growth whereas (6) would restrict us to functions o of sublinear growth.

Proof of Lemma 3.3. Let (X¢)t=0 be a rich Feller process with symbol p. Then the Dynkin for-
mula (3) holds, and it follows from [3, Theorem 2.31] that the other assumption of Lemma 3.1
are satisfied. Let (yn)nen € U be a sequence such that y, -y € U. Then B(yn,r) € B(y,3r/2)
for sufficiently large 7 > 0. Pick a cut-off function x € C2°(R%) such that 15(0,3/2) £k < 1po,2)-
If we set

9:(2) = (2 =p)fr) [ Ip(z €] ()] de
then (4) shows

t
Py (sup | Xs = yn| > 7“) < f EYg.(Xs)ds for all n e IN.
s<t 0

As p(-,0) = 0, we obtain from [3, Theorem 2.31] that p(-,£) is continuous for all £ € R®. Using
that sup..x [p(2,&)| < (1 +|€|*) for any compact set K ¢ R?, it follows from the dominated
convergence theorem that g, € Cy(R?). Since (X¢)eso is a conservative Feller process, Py

converges weakly to P% , and therefore we find
t

t
lim sup PY" (sup | Xs = yn| > 7") < / EYg-(Xs)ds.
0

n—oo s<t

The proof of Lemma 3.1 shows that there exists a sequence (7 )gen € (0, 00) such that ry — oo

and
t
limsup lim PY" (sup | Xs = yn| > rk) < lim / EYg,, (Xs)ds =0.
k—oo NTo° s<t k—oo Jo
Using the boundedness of the sequence (yn)nen, the assertion follows. O

4 Time changes of Feller processes

In this section we are interested in Feller processes with symbols of the form

p(z, &) = p(x)q(z,§)

where ¢ : R - (0, 00) is a continuous function and ¢ the symbol of a rich Feller process. For
bounded functions ¢ € Cb(]Rd) it is well known that a Feller process with symbol p can be

obtained by a random time change, cf. [3, Corollary 4.2] and [25, Theorem 2].

4.1 Theorem Let (X¢)t=0 be a conservative rich Feller process with generator (A, D(A)) and

symbol q. For a continuous bounded mapping ¢ : R* — (0,00) denote by a:(w) the unique

ag(w) 1
- sman ™

Then Yy := Xq,, t >0, defines a rich Feller process with symbol p(x,&) = p(z)q(x,&). Moreover,

number such that

the infinitesimal generator of (Yi)wso is the closure of (p(-)A,D(A)); in particular any core
for the generator (A, D(A)) is a core for the infinitesimal generator of (Yz)to-

Note that oy is well-defined since, by the boundedness of ¢,

u 1 U
ds > for all u >0;
fo (Xs(w)) leloo




in particular (Yz)+0 does not explode in finite time. Time changes for bounded functions ¢

which need not to be continuous have been studied by Kriithner & Schnurr [16].

We will establish sufficient conditions on the symbol g(x, &) which ensure the existence of
Feller processes with symbol p(z, &) = p(z)q(z, &) for unbounded functions ¢, cf. Theorem 4.6.
For the particular case that g(z,£) =¥ (£) does not depend on z, i. e. g = 1 is the characteristic
exponent of a Lévy process, there are two existence results by Kolokoltsov [13, 14]; in [14] it
is assumed that ¢ is twice differentiable and that the associated Lévy measure v has a finite
second moment. The result in [13] requires that ¢ is bounded whenever the Lévy measure v
does not have bounded support. Both results are quite restrictive; for instance they do not
allow us to construct Feller processes with symbol p(z, &) = p(x)[¢]*, a € (0,2), for unbounded
functions ¢.

We will combine the random time change technique with a classical perturbation result
for Feller semigroups to obtain a new existence result for Feller processes with decomposable
symbols. The first step is to investigate whether the random time change of a Feller process

is a Cyp-Feller process.

4.2 Theorem Let (X¢)w0 be a rich Feller process with symbol q and generator (A, D(A))
such that q(x,0) =0 for all z e R%. Let ¢ : R - (0, 00) be a continuous mapping such that

liminf sup sup max{e(y),1}-|q(y,&)| < oo. (7)
R=eo |yl<dR|gl<R-1

(Note that (7) implies, by Lemma 8.3, that (X¢)t=0 is conservative.) Set

1
Tn(w) = /(o,n)mds’ nelNu{oo},

and for t < re(w) denote by ax(w) the unique number such that t = Oat(w) 1/o(Xs(w)) ds.
Then the process (Yi)to0 defined by

Xa; (W), t<re(w),

Ye(w) = A, 12> Too(w)

s a conservative Cy-Feller process; in particular, P*(re < 00) =0 for all x € R<.

There are several results in the literature which give sufficient conditions which ensure that
the random time change of a Cy-Feller process (X¢)+»0 is a Cp-Feller process; typically, they

assume that (Xt)so is uniformly stochastically continuous, i.e.

lim sup P* (sup | X5 — x| > 6) =0 for all & >0,

t=0 Rrd s<t
see e. g. Lamperti [23] or Helland [7]. This condition fails, in general, to hold for Feller processes
with unbounded coefficients, and therefore it is too restrictive for our purpose.
Let us also mention that it is, in general, hard to verify whether a time-changed process is

conservative, i.e. whether

/ ;dsfoo a.s.;
(0,00) 9(Xs) o

as we will see in the proof of Theorem 4.2 the growth condition (7) is a sufficient condition for

the conservativeness. Since the result is of independent interest we formulate it as a corollary.

4.3 Corollary Let (Xi¢)w0 be a rich Feller process with symbol q such that q(-,0) = 0. If
f:RY > (0,00) is a continuous mapping and
1
liminf sup sup max{i,l} lg(y,&)| < oo,
oo Jy<ar|gl<rt f)

then
f F(X)ds=oo  P®-as. for all z ¢ R%. ®)
(0,00)



Corollary 4.3 applies, in particular, if (X¢ )0 is a Lévy process with characteristic exponent

9; in this case the growth condition reads

1
liminf| sup —— sup [¥(&)]] < oo. (9)
R—oo (y<4R f(y) |¢]<R-1
For instance if (X¢)s0 is an isotropic a-stable Lévy process, a € (0,2], then (8) holds for any
continuous function f: R% — (0, 00) such that |f(z)| > ¢/(1+]|z|*), z e R*. We would to point
out that the dimension d plays an important role for the (in)finiteness of the perpetual integral;
for instance the one-dimensional isotropic a-stable Lévy process, a € (1,2), is recurrent, and

therefore
/ f(Xs)ds=00 as.
(0,00)

is trivially satisfied for any function f > 0. It is far from being obvious how this result can
be generalized to higher dimensions since the isotropic a-stable Lévy processis transient in
dimension d > 2; in particular, we cannot expect the perpetual integral to be infinite almost
surely without additional growth assumptions on f. Note that our result, Corollary 4.3, applies
in any dimension d > 1.

Perpetual integrals f(o#x)) f(Xs)ds for one-dimensional Lévy processes (X¢):»0 have been
studied by Déring & Kyprianou [5], but their result requires that (X¢):0 has local times and
finite mean; e. g. for an isotropic a-stable Lévy process this means that « € (1,2] (the almost
sure explosion of the perpetual integral is then trivial because the isotropic a-stable process

is recurrent in dimension d = 1).

Proof of Theorem 4.2. The first step is to prove that (Y:):»0 is conservative. By (7) and

Lemma 3.1 it suffices to show that
E*u(Yirrz ) —u(z) = E* (—/( ) oY) Au(Ys) ds) , reRYt>0,
0,tATE

for all u € C2°(R®); as usual 77 := inf{t > 0; |Y; —z| > 7} denotes the first exit time from B(z,r).
Fix u e C°(R?), and let (F;):=0 be an admissible right-continuous filtration for (X;)o, see
[3, Theorem 1.20] for one possible choice. Since (X¢)¢s0 is a rich Feller process, there exists a

martingale (M )0 with respect to (Ft)+z0 such that
t
w(Xy) —u(x) - My = / Au(Xs) ds;
0
By the very definition of the time change, this implies

u(Xa@yan) = w(@) = Ma(iyan = f(o )@(Yq)Au(Ys) ds;

see [3, proof of Corollary 4.2] for details (recall that r, := ;" 1/¢(Xs)ds). For n e Nu {oo}
define

o™ = inf {t >0; sup |Xs-—z|> r};

s<atAn
note that the continuity of ¢ » a; implies o) = 77, By the optional stopping theorem,
(Mo (tyan> Fa(tyan )t=0 is @ martingale. Since o™ is an Fa(t)yan-stopping time, another applica-
tion of the optional stopping theorem yields

E*uw(X_ (n - =E" Ys)Au(Y- .
UKo ~u(@) =BT ([ () Au(a) ds)

It is not difficult to see that ¢(™ | ¢(°) = 7% ag n - 0. Hence, by the dominated convergence

theorem,

B u(Vines ) — u() = B ( S PO AU ds)

JAATE



where we use the convention that f(A) := 0 for f: R% - R. This shows that (3) holds with
p(z,€) = p(x)q(x,&). Applying Lemma 3.1 we find that (Yz):0 is conservative.
It remains to show that (Y:):0 is a Cp-Feller process. It is known that (Y3):s0 is a strong

Markov process, see e.g. [33], and therefore it suffices to prove the weak continuity:

weakl
pPyr ey, Py, for all sequences x, — x, t > 0. (10)

n—oo

In the remaining part of the proof we use the canonical model, i.e. we consider (X¢):>0 and
(Y3)ss0 as mappings X : D([0,00),R%) - R* and Y : D([0, %), R%4) - R4 where D([0, ), E)

denotes the space of cadlag functions w: [0,00) — E. If we define

w(ay(w)), t<re(w),

A, t>7reo(w),

f:D([O,oo),IRd)%D([O,oo),]RdA), wa(w)(t) =

then Y; = f(X)(t). In order to prove (10), we fix a sequence x, — x and denote by X (™ the
process started at z,, and by X© the Feller process started at x. For each n € INg the process
X ™ induces a probability measure P™ on D([0,00),R?). Clearly, (10) is equivalent to

FX) ) == FXO) (@) (11)

Since (X )ss0 is a Feller process, we have X ™ (¢) 4 X (¢) for all ¢ >0, and by the Markov
property this implies X ™ - Xx© in finite-dimensional distribution. On the other hand,
Lemma 3.3 shows

sup P (sup|X5(")\ > R) — 0.

nelNg s<t

It follows from [14, Theorem 4.9.2] that (X("))M]N0 is tight, and this, in turn, implies by Pro-
horov’s theorem, cf. [6, Theorem 2.2, p. 104], relative compactness in D([0, 00), R%). Applying
[6, Theorem 7.8, p. 131] we get X ™ — X(© in D([0, 0), R?). Since f is P-a.s. continuous,

cf. [7, Theorem 2.7], the continuous mapping theorem yields
FX™) 5 p(x),
As X is quasi-leftcontinuous, see [11, p. 127], and « is a predictable stopping time, we have
PO D)) = (X))t <ra(XD)}) =1

for fixed t > 0. Since we already know that (Y;)sso is conservative, i.e. P (ro = 00) = 1, we
find that the mapping s — f(X(®)(s) is P®-a.s. continuous at s = ¢. This means that the
projection y — y(t) is P®-a.s. continuous at y = f(X(O)). Applying the continuous mapping

theorem another time, we conclude
FXOY) S F(XO)(t)  forall t>0. O
Combining Theorem 4.2 with the following perturbation result will allow us to construct

Feller processes with decomposable symbols.

4.4 Lemma Let (q(z,))era be a family of continuous negative definite functions with char-
acteristics (b, Q,v) such that q(-,€) is continuous for all &€ e R and q(x,0) = 0 for all x ¢ R
Let R:R% > [1,00) and x : R? - [0,1] be continuous mappings such that 1 g1y < x < Lp(0o,2)-
Set

qr(x, &) = —ib(z) - € + %f'Q(@fﬂ‘[Rdx(%)(lfeiy'g+iy'£1(071>(|y|))y(:r,dy) (12)

Suppose that

sup / v(z,dy) <oco and lim v(z,B(-z,r))=0 for all 7> 0. (13)
zeRd Y |y[>R(z) |z| o0



(i). If there exists a rich Feller process with symbol g and C°(R®) is a core for its generator,

then there exists a rich Feller process with symbol qr.

(ii). If there exists a rich Feller process with symbol qr, then there exists a rich Feller process

with symbol q.

4.5 Remark Under the assumption of Lemma 4.4 the truncated symbol gr is continuous

with respect to the space variable x. Let us consider both cases separately:

(i). If there exists a rich Feller process with symbol ¢, then [28, Theorem 4.4] shows that
x> q(z, &) = q(z,€) - ¢(z,0) is continuous for all £ ¢ R%. Since ¢ is locally bounded, cf.
[3, Proposition 2.27(d)], it follows from Corollary A.4 in the appendix that z — qr(z,&)
is continuous for all £ € R%.

(ii). If there exists a rich Feller process with symbol ggr, then we obtain from [28, Theorem
4.4] that = — qr(x,€) is continuous for all £ € R? as gr(z,0) = 0.

Proof of Lemma 4.4. Set

Piw = [, (1-x| g || 0 e - s v, ere

sup [Pf(z)| < 2| f]e sup v(z,dy) < oo
zeRd zeRd J|y[>R(x)

we see that P is a bounded linear operator. By combining the dominated convergence theorem
with Remark 4.5 we find that

ze PI(@) == [ (a(w,€) - an(e,)e™ f(6) de

is continuous for any f e CZ°(R?). If f e CZ(R?) is compactly supported in B(0,r) for some
r >0, then
|[Pf(z)| <2||f|ev(z, B(-z,1)) for all |z|>r

which implies, by (13), limjy.e Pf(z) = 0. Hence, Pf € Coo(R%) for all f e C(R%). Using
the boundedness of P and that (C°(R?), | - [e) is dense in (Coo(R?), ] - |o), We get Pf €
Coo (R) for all f e Cu(R?), and so P : O (R?) - Coo (R?) is a bounded operator.

We prove (i). Suppose that there exists a rich Feller process with symbol ¢ and that
CZ(R?) is a core for the generator (A, D(A)). Then

Lu(z) = (A - P)u(z) = - f]Rd qr(z, €)e™ a(¢) de, ueCo(RY), 2 e R?

and therefore Lo (gay is dissipative. As CZ(R?) is a core, this implies that L|na) is dissi-
pative. Since P is bounded, it follows from a classical perturbation result that (L, D(L)) is
the generator of a Feller semigroup, see e.g. [4, Corollary 3.8], and this proves (ii).
Conversely, if there exists a Feller process with symbol gr and generator (L,D(L)), then
A = L + P is dissipative as a sum of two dissipative operators and A is, when restricted
to C(RY), a pseudo-differential operator with symbol q. The assertion follows from the

above-mentioned perturbation result. O

Using Theorem 4.2 and Lemma 4.4, we obtain the following existence result for Feller

processes with unbounded coefficients.

4.6 Theorem Let (X;)is0 be an R%-valued rich Feller process with characteristics (b, Q,v)
and symbol q. Suppose that q(-,0) = 0 and that C°(R?) is a core for the infinitesimal generator
of (Xt)ts0. Let ¢ : R — (0,00) be a continuous mapping. Suppose that there exist a constant
ce(0,1), a continuous mapping R : R* - [1,00) and a continuous function x : R* — [0,1],

150,1) £ X £ 1po,2), such that the following properties are satisfied.
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|z| >0

max{¢(z),1}v(z, B(-z,r)) —— 0 for all v >0

max{p(z),1} |b(m) + f1<|y|<R(z) yu(x,dy)‘ <C(1+|z|) for all z e R?
max{p(z),1} (|Q(m)| + f\y|sR(z) y|? l/(x,dy)) <C(1+|z*) for all z e R?
sup,pa (max{e(z),1}v(z, B(0, R(z))°)) < oo for all z ¢ R?

(V). |R(z)| < (1 +|z|) for all x ¢ R?

Then there exists a conservative rich Feller process (Yi)tso with symbol p(z,€) := p(x)q(x,&).

Proof. By Lemma 4.4, there exists a rich Feller process (Xt(R))tzo with symbol gr. Denote by
(Ar,D(AR)) its generator. Using the well-known estimates

i . 1 ‘ i
L= e v age] < SluP e [1- €] < min(2. il "

it follows that

lel*

an(@. €)1 < @)l + 51Q@IIEE+ 5 [ 1wl v(a.du) + e

1<|y|<R(z)

which implies, by (ii) and (iii), that gr satisfies (7). Applying Theorem 4.2, we find that the
time-changed process (Yt(R))Qo is a conservative Cy-Feller process. We claim that (Yt(R) )es0 is
a rich Feller process with symbol pr(z,&) = p(z)gr(z,£). By Dynkin’s formula (for (Xt(R))tzo)

and the very definition of the time-changed process (Y;(R))tzo, we get
t
B u(Y, ) - u(w) = B [ o) Apu(vi?) ds)
0

for any u € D(Ag) such that ¢+ Aru is bounded, see e. g. [3, Proof of Corollary 4.2] for details.
Since, by (i), ¢ Aru € Coo (R?) for any u € C2°(R?) € D(Ag), this implies

T (R) _
B ue)

t—0 t

¢(z)Aru(e) € Coo (RY)

which shows that C2°(R?) is contained in the domain of the generator of (Yt(R))QO and that
the generator restricted to C2°(R?) is a pseudo-differential operator with symbol —pr(z,€) =
—o(z)qr(z,€). It remains to show that (Yt(R))tZO is a Feller process. Since we know that
(Yt(R)))tZO is a Cp-Feller process, it suffices to prove that

Jim P° (Y| <k)=0 forall keN,

cf. [3, Theorem 1.10]. Using a standard truncation argument and a similar reasoning as above,
it is not difficult to see that

Eu(V ) u(e) =B ([ o) Aru(vi®) s)
for u(zx) == 1/(|Jz[* +1). Since (ii), (iii) and (v) imply, by Taylor’s formula, that
lo(z) Aru(z)| < C'u(z), zeRY,
for some absolute constant C’ > 0, we get
Eu(Y ™) <u(z) +C' fot]E’”u(Ys(R))ds.
By Gronwall’s inequality, there exists a constant C*" > 0 such that

Ezu(Yt(R)) < u(x)ecﬂt for all ¢>0, zeR%

11



Thus,
P (VP < k) = P (w(VP) 2 1/(k* + 1)) < (K + DE u(v, ")

< (K*+ l)u(x)ecﬂt

|z| o0
—_

This proves that (Yt(R))tzo is a rich Feller process with symbol pr(z,£) = ¢(z)qr(x,&). Ap-
plying Lemma 4.4 another time, we find that there exists a rich Feller process (Y:):0 with
symbol p(z,&).

In order to prove that (Y;:)s0 is conservative, it suffices to show that

liminf sup sup |p(z,&)|< oo,

70 |al<2r fg<rt
see (the remark following) Lemma 3.3. Using the estimates (14), this follows easily from the
growth assumptions (ii)-(iv). O

For Lévy processes we obtain the following corollary.

4.7 Corollary Let (Lt)t0 be a d-dimensional Lévy process with Lévy triplet (b,Q,v) and
characteristic exponent . Let ¢ : R? > (0,00) be a continuous function which grows at most

quadratically. Suppose that the following assumptions are satisfied.

(i). If b#0, then o(z) < C1(1+|z|) for some absolute constant Cy > 0.
(i

). max{p(x),1} |f1<\y\<lzv2 yu(dy)| < C2(1 +|z|) for some absolute constant Ca > 0.
(iil). max{p(x),1} f\y\ilz\ﬂ ly|> v(dy) < C3(1 + |z|*) for some absolute constant C5 > 0.
).

).

(iv). max{e(z), 1}v({y e R%|y| > |2|/2}) < Cu for some absolute constant C > 0.

|z| >0

(v). max{¢(z),1}v(B(-z,7)) —— 0 for all r > 0.

Then there exists a conservative rich Feller process with symbol q(x,&) = @(x)(€).
In Section 5 we will show that the (A4, C°(R?))-martingale problem for the generator A
of the Feller process (X¢)¢>0 with symbol g(z,&) = o(z)y(€) is well-posed, cf. Proposition 5.3.

Proof of Corollary 4.7. Set R(zx) := max{2,|z|/2} for z e R%, and let x € C(R?) be a cut-off

function such that 1 z(o,1) < X £ 1p(o,2). By the dominated convergence theorem,
v an(n,€) = -ib €+ 56-Qe+ [ x[=o) (1S iy €10 (o) v(dy)
2 y#0 R(m) ’

is a continuous mapping for all £ € R%. Now the assertion follows from Theorem 4.6. O

For stable-dominated Lévy processes Corollary 4.7 reads as follows:

4.8 Corollary Let (L¢)w0 be a Lévy process with Lévy triplet (b,Q,v) and characteristic
exponent 1. Suppose that v|go1ye is symmetric and v(dy) < Cly|™** dy on B(0,1)° for some
B € (0,2] and C > 0. Let ¢ : R - (0,00) be a continuous mapping which grows at most
quadratically. Furthermore assume that

(1). () <c(l+]|z|) ifb+0,

(ii). @(z) <c(l+z?) if v +0.

Then there exists a conservative rich Feller process with symbol q(x,€) = o(x)(€).

Proof. Since v(dy) < Cly|™" on B(0,1)° it follows easily that there exists a constant ¢ > 0
such that

f i lyl* v(dy) < er®” v(B(0,r)) <er™®
O<|y|<r

12



for all r > 1 and
v(B(~z,7)) < clz|"! for all |z| > 1.
Applying Corollary 4.7 finishes the proof. O
Corollary 4.8 applies, for instance, to the following Lévy processes:
(i). isotropic a-stable: ¥(&) = |€]*, a€ (0,2] (B = a in Corollary 4.8)
(ii). relativistic a-stable: () = (|¢* + m?)*? —=m®, a € (0,2), m >0 (B = 2 in Corollary 4.8)
(iii). truncated Lévy process: 1(€) = (|€]* + m?)*/% cos (a arctan %) -m%, a€(0,2), m>0
(8 =2 in Corollary 4.8)
(iv). homographic: (&) = A|€]?/(1 + A€]*), A >0 (B = 2 in Corollary 4.8)
Each of the processes (ii)-(iv) is stable-dominated since the density of the associated Lévy

measure (exists and) decays exponentially.

In a similar fashion, we obtain an existence result for time changes of stable-like dominated

processes.

4.9 Corollary Let (X¢)+0 be an R%-valued rich Feller process with symbol q, characteristics
(b,Q,v) and core C°(RY). Suppose that q(-,0) = 0, v(z,-)|p(0.1) is symmetric for all x € R
and that there exists a mapping B : R - (0,2] such that v(z,dy) < Cly| @ on B(0,1)°.
Let ¢ : RY - (0,00) be a continuous mapping which grows at most quadratically, and assume
that there exists a constant ¢ >0 such that

(). o(x) <c(l+]|x]) for all e RY such that b(z) # 0,

(ii). @(z) < (1 + 2@ for all z € R such that v(z,dy) % 0.

Then there exists a conservative rich Feller process with symbol p(z,€) = p(x)q(x,&).

By [20, Section 5.1], see also [19, Section 5.1], the assumptions of Corollary 4.9 are satisfied
for the following symbols:
(i). isotropic stable-like: g(z,€) = |¢|*®) for a Holder continuous function a : RY — (0,2]
such that inf; a(z) >0 (8(z) := a(x) in Corollary 4.9),
(ii). relativistic stable-like: q(z,€) = (|€]* + m(z)?)*®/? — m(2)*® for Holder continuous
mappings a : R? - (0,2], m: R* > (0, 00) which are bounded and bounded away from
0 (choose B(x) := 2 in Corollary 4.9).
(iii). truncated-like: q(z,€) = (|€]*+m(z)?)*®/? cos (a(m) arctan %) —m(z)*® for Holder

continuous functions o : R* - (0,1), m : R* - (0, c0) such that

0< inf a(z) <sup a(r) <1 and 0< inf m(z) < sup m(x) < oo,
zeR4 2eRd zeR4 2eRd

(choose B(z) :=2 in Corollary 4.9).

In each of the examples there is no drift part, and therefore the growth assumptions on ¢ in

Corollary 4.9 boil down to ¢(z) < ¢(1 + |z]*), z € R, for some absolute constant ¢ > 0.

5 Applications

In this section we present applications of the results obtained in Section 4. First, we prove
an uniqueness result for stochastic differential equations driven by a one-dimensional sym-
metric Lévy process, cf. Theorem 5.1, and in the second part we study Feller processes with

decomposable symbols of the form
9(2,6) = 2 0 (@);(6), @ EeR,
j=1

cf. Theorem 5.5.
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5.1 Theorem Let (Li)t>0 be a one-dimensional isotropic a-stable Lévy process, a € (0,2].
For any continuous function o : R — (0, 00) which grows at most linearly there exists a unique
weak solution to the SDE

dXy = o(Xs-)dLy, Xo ~ 1, (15)

for any initial distribution p. The unique solution is a conservative rich Feller process with
symbol q(x, &) =|o(2)[*[{]", =,§ € R.

For « € (1,2] it follows from Zanzotto [35] that the SDE has a unique weak solution; for

a € (0,1] the existence of a unique weak solution seems to be new.

5.2 Remarks (i). It is useful to know that the solution is a Feller process since this allows us
to study distributional and path properties of the solution using tools for Feller processes.

For instance, [17, Example 5.4] shows that

E” (sup|X5—I|”)§ct”/a, kel0,a),zeRt<1
s<t

if o is of sublinear growth. Moreover if « € (1/2,2] and o is bounded from below and

Holder continuous with Holder exponent 8 € (0,1), 8> 1/(2a), then it follows from [19,

Theorem 2.12], see also [20, Theorem 2.14], that for each ¢ > 0 the distribution of X; has

a density p; € L*(R%) with respect to Lebesgue measure.

(ii). The linear growth condition on o ensures that the solution (X¢):»0 is conservative, see

(the remark following) Lemma 3.3.

(iii). If z » x + uo(x) is non-decreasing for all u € (-=1,1), then [37, Theorem 2.1] shows that
pathwise uniqueness holds for the SDE (15), and therefore the SDE has a unique strong
solution, cf. [32, Theorem 137].

(iv). Sufficient and necessary conditions for the solution of a Lévy-driven SDE
dXt =O'(Xt_) st, X(] =x,
to be a Feller process were studied in [18].

For the proof of Theorem 5.1 we will use a result by Kurtz [22] which states that a Lévy-
driven SDE has a unique weak solution if, and only if, the associated martingale problem is
well-posed. The well-posedness of the martingale problem follows from the following proposi-

tion which is of independent interest.

5.3 Proposition Let (Lt):0 be a Lévy process with Lévy triplet (b,Q,v) and characteristic
exponent 1. Let ¢ : R? > (0,00) be a continuous function which grows at most quadratically,
and suppose that the assumptions (i)-(v) of Corollary 4.7 are satisfied. Then the (A, CS°(R®))-
martingale problem for the pseudo-differential operator A with symbol —p(x,&) = —p(z)Y(£)

s well-posed. The unique solution is a conservative rich Feller process with symbol p(z,£) =

p(a)y(§), z,E e R

More generally, the proof of Proposition 5.3 shows that if (X;):»0 is a rich Feller process
with symbol ¢ and C°(R?) is a core for the generator of (X;)ss0, then the (A,C°(R?))-
martingale problem for the pseudo-differential operator A with symbol —p(z, &) = —p(x)q(z, &)

is well-posed for any function ¢ satisfying the assumptions of Theorem 4.6.

Proof of Proposition 5.3. By Corollary 4.7 there exists a conservative rich Feller process (Xt )0
with symbol p. Since the generator of (X;)sso is, when restricted to C2°(R?), the pseudo-
differential operator A, it follows from Dynkin’s formula that (X¢)so is a solution to the

(A, CZ(R%))-martingale problem. It remains to show uniqueness.
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Pick (xx)rew € Ce(R?) such that 0 < x < 1 and x|pox) = 1. As ¢k = k¢ is bounded,
there exists by Corollary 4.7 a rich Feller process (Xt(k) )t>0 with symbol gk (x, &) = vr(x)1p(§).
Using that C2°(RR?) is a core for the generator of (L;):s0 and the boundedness of ¢y, we find
that C°(R?) is a core for the generator A®) of X cf. Theorem 4.1. This, in turn, implies
that the (A®,C2°(R?))-martingale problem is well-posed, see e.g. [14, Theorem 4.10.3] or
[19, Theorem 1.37]. Since q(z,£) = gx(x,&) for all |z| < k and ¢ € R?, it follows from [9,
Theorem 5.3] that the (A, CS°(R?))-martingale problem is well-posed. O

Proof of Theorem 5.1. If we set ¢(x) = |o(x)|*, then it follows from Proposition 5.3 and
Corollary 4.8 that the (A, C°(R%))-martingale problem for the pseudo-differential operator
A with symbol ¢(z,&) = |o(x)|” €] is well-posed. By [22] this implies that there exists a
unique weak solution to the SDE (15). O

Let us formulate Proposition 5.3 for stable-dominated Lévy processes.

5.4 Corollary Let (Li)ts0 be a Lévy process with Lévy triplet (b,Q,v) and characteristic
exponent . Suppose that v|g1yc is symmetric and that there exist constants C > 0 and
B € (0,2] such that

v(dy) < Cly| ™" dy on B(0,1)°. (16)

Let ¢ R - (0,00) be a continuous mapping which grows at most quadratically. Assume that

(1). @(z) <ec(1+]z]) ifb=0,
(ii). p(z) <c(1+]z)?) if v +0.

Then the (A, CZ(R®))-martingale problem for the pseudo-differential operator A with symbol

—p(x,€) := —p(x)Y (&) is well-posed. The unique solution is a conservative rich Feller process
with symbol p(x,€) = p(2)(E), ,€ < R,

Corollary 5.4 applies, for instance, if (L):0 is isotropic a-stable, a € (0,2], (choose § = )
or relativistic stable (choose 8 = 2), see the end of Section 4 for some more examples. Note that
(16) implies, in particular, that v|g,1)c has a density with respect to Lebesgue measure. The

growth conditions on ¢ are needed to ensure that the solution is conservative, see Lemma 3.3.

In the second part of this section we are interested in existence results for Feller processes

with decomposable symbols, i.e. symbols of the form
p(x,€) = Y pi(x)y;(E)
j=1

for continuous ; : R* - [0, 00) and continuous negative definite mappings 1, : R* - C. Hoh
[8] proved the well-posedness of the associated martingale problem for real-valued 1); satisfying

the growth condition
L+ (&) 2e(1+[g"), |21
j=1

) for some m > L. More

recently, Feller processes with decomposable symbols were studied by Kolokoltsov [13]; his

for some c,a > 0 under the assumption that ¢; € Cf(m+1)+d(Rd
main result requires that ¢; € C*(R?) for some s > 2 + d/2 and that ¢; is bounded if the
support of the Lévy measure v; of 1; is not bounded, i.e. v;(B(0,R)°) >0 for all R > 0. If
we consider, for instance, isotropic stable processes, 1;(£) = [£|*7, this means that both Hoh
and Kolokoltsov assume boundedness of the coefficients 1; as well as a certain regularity of
;. Combining the results from the previous section with a classical perturbation result, we
will prove an existence result for unbounded continuous functions ¢;.

Recall that an operator (P, D(P)) is called relatively bounded with respect to an operator
(A,D(A)) if D(P)2D(A) and there exist constants ci1,cz2 > 0 such that

[Pul < c1|Aul + co|ul for all ue D(A);
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c1 is called relative bound. A classical perturbation result, see e.g. [4, Corollary 3.8], states
that if (A,D(A)) is a generator of a Feller semigroup and (P, D(P)) is relatively bounded

with respect to A with relative bound ¢; < 1, then P+ A is the generator of a Feller semigroup.

5.5 Theorem Let v; ~ (bi,Qi,vi), i € {1,2}, be two continuous negative definite functions,
and suppose that there exists a Bernstein function f such that ¥2(€) = f(¥1(€)), £ e R? and
limy e A f(A) = 0. Let @i : R — (0,00), i € {1,2}, be continuous functions growing at most
quadratically. Suppose that ¢;,; satisfy the growth conditions (i)-(v) in Corollary 4.7 for
1 €{1,2}. If sup,pa w2(z)/p1(z) < oo then there exists a conservative rich Feller process with

symbol

p(2,€) = o1 (@)1(€) + pa(2)ha(€),  w,EeR™

Let us remark that Theorem 5.5 can be formulated (and proved) in a similar fashion for
finite sums p(z, €) = £, 01 (2)6:(€).
Proof. Since s := p2/¢1 is a bounded continuous function which is strictly positive, there
exists a rich Feller process with symbol ¢(z,&) = s(x)12(§) and generator (A,D(A)), cf.
Theorem 4.1. If we denote by A; the generator of the Lévy process with characteristic exponent
i, 1€ {1,2}, then Au=s- Agu for u € D(A2). Moreover, 12 = f 011 implies D(A;) € D(Az2),
and as limy_e A7 f(A) = 0 it follows from [31, pp. 208, (13.17)] that for any § > 0 there exists

a constant ¢ > 0 such that
A2ufeo <0 Arufes +clufeo,  ueD(AL) € D(A2).
Hence,
| Aulloo = sup |s(z) Azu(z)] < |s]eod] Arufleo + [s|ooc|ufoo,  ueD(AL).
Choosing § > 0 sufficiently small, we find that A is relatively bounded with respect to A; with

relative bound strictly smaller than 1. By [4, Corollary 3.8] , there exists a rich Feller process
with generator A + A; and symbol

a(2.€) +61€) = 22 () 4 4 (0.
o1(x)

Since C2°(R?) is a core for (A1, D(A1)), it follows easily from the above estimate for | Au| that
CZ(R?) is a core for A+ A;. Applying Theorem 4.4, we find that there exists a conservative

rich Feller process with symbol

w1(x)(q(x, &) +¥1(&)) = pa()2(&) + w1 (x)P1(€) = p(x,§). O

For two given continuous negative definite functions 1,2 it is, in general, hard to check
whether there exists a Bernstein function f such that 2 = fo;. To our best knowledge, there
is no general result which gives sufficient and/or necessary conditions for such a decomposition
of 2. We close this section with some examples.
p2(z)
p1(z)
(i). isotropic a-stable: Suppose that there exist 0 < o < 8 < 2 such that ¢1(z) < 1 (1 + |z|?)

5.6 Example Let @1, : R - (0, 0) be continuous functions such that sup,

< 00.

and @2(z) < c2(1 + |2|*) for absolute constants ci,c2 > 0. Then there exists a rich

conservative Feller process with symbol
p(x,) = o1(@)El” + p2(2) €%, w,EeR”

(ii). relativistic stable: If @;(x) < c(1 +|z|*), i € {1,2}, then there exists a conservative rich

Feller process with symbol
p(@,6) = 1 (@) ((E* +m*)* =m”) + o2 (2) ((i€]* + m*)** = m®), 2,6 R’

for any o, 8 € (0,2), a < 8.
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(iii). homographic: If p;(z) < ¢(1 +|z|?), i € {1,2}, then there exists a conservative rich Feller
process with symbol

ol¢)? A

d
Teoep P OT O TR

p(w7§) = @1(35)

for any A, p€(0,00), o< A.

A Appendix

Let (q(,-)),ega be a family of continuous negative definite functions g(z,-) : R¢ » C with

characteristics (b, Q,v), i.e.
0(,) = 4(2,0) - ib(2) - €+ 1€ Qa)€ + [ e iy el () v dy), w€ <R

In this section we establish an equivalent characterization of continuity of the mapping = —
q(z,€) in terms of the characteristics (b,Q,v). To this end, it is useful to replace 1o 1) by a
smooth cut-off function x satisfying 10,1y < X < L(0,2):

a(,€) = a(,0) = ib(2) - € + 26 Q2+ fwo(l -V iy X)) v(w,dy), @€ e R
here b(z) = b(z) - fy¢0(]1(0,1)(\y|) -x(y)) v(z,dy) is the compensated drift.

A.1 Theorem Let (q(x,)) era be a family of continuous negative definite functions of the

form
q(z,€) = q(z,0) —ib(x) - £+ /quo(l eV vy ex(y)) vz, dy) (17)
for a cut-off function x € CZ(R?), 10,1y < X < Ipo,2y- If q is locally bounded, then the
following statements are equivalent.
(). =~ q(z,€) - q(z,0) is continuous for all £ e R?.

(ii). Each of the following conditions is satisfied.

(a) v+ q(x,€) - q(x,0) is continuous for all £ € R,

(b) limje o sup,.x |q(,€) = q(2,0)| = 0 for any compact set K < R".
(iii). Fach of the following conditions is satisfied.

(a) =~ b(z) is continuous.
(b) @ v(x,-) is vaguely continuous on (R*\{0}, B(R\{0})), . e.

L@ v =5 [ f@)vady)  forall feCoBA0)),x <R

¢) limp_ e sup v(z, B(0,R)) =0 for any compact set K < R¢ and R > 0.
reK
img,_.o sup y|“v(z,dy) =0 for any compact set K < and r > 0.
d) li werc Jiyjer W2 V(@ dy) = 0 KcR? andr>0
(iv). The pseudo-differential operator with symbol —(q(x,€) - q(x,0)) maps CZ(R?) into
C(R%).

A.2 Remark e (i) < (ii) < (iv) = (iii) remain valid for any Borel measurable
cut-off function x such that 1,1y < x < Lp(o,2)-
e Continuity of z — ¢(z,£) — g(z,0) does not imply that the diffusion coefficient Q(-) is

continuous; consider for instance

o(2,6) = €10y @) + 0 1 @), wgeR

However, the proof of Theorem A.l shows that the implications (i) <= (ii) < (iv)

= (iii)(a)-(c) remain valid if ¢ has a non-vanishing diffusion part Q.
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e Denote by A the pseudo-differential operator with symbol —¢. Continuity of the symbol
with respect to x is a sufficient but not necessary condition for the continuity of x —
Af(z), f e CZ(R?), see [28, Example 4.6] for a (counter)example. Schilling [28, Theorem
4.4] has shown that if A(CZ(R%)) ¢ C(R?) then

Vée Rz q(x,€) continuous <= x ~ ¢(z,0) is continuous. (18)

e A symbol ¢ of the form (17) is locally bounded if, and only if, for any compact set K ¢ R?
there exists a constant ¢ > 0 such that |¢(z,&)| < c(1 + [¢]?) for all z € K, £ e R%. By [29,

Lemma 2.1, Remark 2.2], this is equivalent to
VK cR% cpt.: sup|q(x,0)| +sup|b(z)| + sup f (ly> A1) v(z, dy) < oo. (19)
zeK zeK zeK Jy=0

Local boundedness of ¢ is, in particular, satisfied if there exists a rich Feller process with
symbol g, cf. [3, Proposition 2.27(d)] and Corollary A.3.

Proof of Theorem A.1. To keep notation simple, we prove the result only in dimension d =
1. Without loss of generality we may assume that g(z,0) = 0 (otherwise replace ¢q(x,&) by
q(x,€) — q(x,0)). The implications (i) = (ii) and (iv) = (i) follow from [28, Theorem
4.4]. Moreover, if z — q(z,&) is continuous, then we find from the local boundedness of ¢ and

the dominated convergence theorem that
2= [ 4@ f(§)e ™ dg

is continuous for all f € Cg°(RR), and this proves (iv) == (i). In the remaining part of the

proof we show that (i) = (iii)) = (i).
(iii) == (i): It suffices to show that
v p(@ €)= [ (1= vipex(y)) v, dy)
is continuous for all £ € R. Clearly,
Ip(z,8) —p(2,8)[ < I+ I2 + I

where

e ) )
b= S (P eedn s [ o v
leykR(l - ™ +iyex(y)) v(z, dy) - fr (1- €™ +iyex(y)) v(z, dy)

<|ly|<R

Iy =

I3 :=v(x, B(0,R)") + v(z, B(0, R)).

The vague continuity implies that I - 0 as z — x for fixed r, R > 0. Letting first 2 - = and
then r - 0 and R — oo, it follows from (iii)(c) and (iii)(d) that p(-,§) is continuous.

(i) == (iii): Denote by A the pseudo-differential operator with symbol —¢. Exactly the
same reasoning as in [28, proof of Theorem 4.4] shows that (iii)(c) holds. For ¢ € CZ°(R) and
2 € R define

S:(9) = A ~aPo(—a)@) = [ vPe(w)v(.dy)

If we denote by Ff := f the Fourier transform of a function f, then

F(|-—afo(~2))(©) = ¢ T Po()(E).  EeR.

Since ¢ is locally bounded and x — g(z,€) is continuous for all £ € R, an application of the

dominated convergence theorem shows that

v Su(p) = = [ ale, T (ool 2))(€)e" de

18



is continuous. Choose ¢, € C°(R) such that 1 5(0,1/k) < @k < Lp(0,2/k) and @1 < @r. Then
Se(pr) < f ly? v(x, dy) iy forall zeR
lyl<2/k
and Sy (k) > Su(pr+1). Applying Dini’s theorem, we find that
k— oo

sup [ WP (o dy) <sup [ () vie,dy) =suplSa (o) S50

zeK Jyl<1/k zeK zeK Dini
for any compact set K, and this proves (iii)(d). If we set u(z,dy) = |y - 2> v(z,dy + z), then

To(g) = A ~aPeO)@) = | wile(rn)vie.dy) = [ o@nte.dy)  (20)
for all ¢ € C°(R). Since
T( o)) = 5= [ (-2 p()e ™ dy
= %(/}Ry%(y) e'iygdy—waRw(y)e_iy&dmefRsﬂ(y)e_iyE dy)

there exists for any compact set K an integrable function g such that sup,., |F(]-—z>¢)(€)| <
g(&) forall§ e R. Asz ~ g(z,£) is continuous and locally bounded, the dominated convergence

theorem shows that the mapping
2o To(p) == [ a@ F (|- ~ale()) (€)™ d
is continuous for all ¢ € CZ°(R). By (20) this means that
[ ntdn) = [ o) u(edy)  foral feCT(R),w R
Combining this with the fact that the local boundedness of ¢ implies

sup u(z,dy) < oo for all R>0,K <R cpt. (21)

zeK J|y|<R

cf. (19), we conclude that p(-,dy) is vaguely continuous on (R, B(RR)). Using that

‘fm“”(y_x)“(“’ﬁdy)—Aw(y—z)u(z,dy)

< [ le(y =)~ oy -2)lu(zdy)

Aw(y—m)u(z,dy)—fﬁw(y—w)u(w,dy)

+

for all ¢ € C.(R), it follows from (21) and the vague continuity of p(z,-) that
f]R oy - 2) u(z,dy) — f]R oy - ) u(w, dy)

for all ¢ € C.(R). Since v(z,dy) = ﬁp(ﬂc,dy —x), it is not difficult to see that this implies
that v(z,-) converges vaguely on (R\{0}, B(R\{0})) to v(z,-) as z - x. To prove (iii)(a) we
note that

b(x) = (= 2)x(~2)(@) = = [ al@, O™ T~ o)~ 2)(©) d
S R CHLCONONGES

here id(y) := y. Applying the dominated convergence theorem another time, we find that

2+~ b(x) is continuous. O
As a direct consequence of Theorem A.1 we obtain the following corollary.
A.3 Corollary Let (X¢)e>0 be a rich Feller process with symbol q and characteristics (b, Q,v).

If x = q(x,0) is continuous, then q — q(x,€) is continuous for all € € R* and (ii)(a)-(c) in
Theorem A.1 are satisfied. If additionally Q =0, then (iii)(d) holds true.
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Proof. By [3, Proposition 2.27(d)] the symbol g is locally bounded. Denote by A the pseudo-
differential operator with symbol —q. Since A is, when restricted to C;X’(]Rd), the generator of
(Xt)t20, we have A(CZ(R%)) ¢ C(RY), and therefore (18) shows that z — g(z, &) is continuous
for all £ € RY. Now the assertion follows from Theorem A.1 and Remark A.2. O

Corollary A.4 is crucial for the proof of Lemma 4.4 since it shows that the truncated symbol

qr is continuous with respect to the space variable x.
A.4 Corollary Let (q(x,-)) ere be a family of continuous negative definite functions,
. 1 e
a0, €) = b+ - QIS [ (1= iy o () v, dy),
y

such that x — q(x,&) is continuous for all £ € R and q is locally bounded. Let R:R — [1,00)
and x : R - [0,1] be continuous mappings such that Lp 1) < x < Lp(,2)- Then

qr(r,§) = —ib(x) - + %5 “Qz)E+ /:#O X (ﬁ) (1-e¥ iy €101, (y])) v(z, dy)

is continuous with respect to x.

Note that the assumption of local boundedness is, in particular, satisfied if there exists a
rich Feller process with symbol ¢, cf. [3, Proposition 2.27(d)].

Proof of Corollary A.4. Fix £ e R%. Since q(-,&) is continuous, it suffices to show that

) :=qr(x,£&) -q(z, &) = _Y )= — e u(x
f(z) =qr(z,&) - q(=,8) y|>1[X(R(x)) 1](1 Yv(z, dy)

is continuous. It follows from Theorem A.1 and Remark A.2 that v satisfies A.1(iii)(b),(c).
By the triangle inequality, |f(z) - f(2)| < I1 + I> where

o (7te) ~{a Jo-rorem)

L) Jo-erein [ty

Choose cut-off functions ¢y, € C’C(Rd) such that 1po,x) < @r < Lp(o,2k)- Then Iz is bounded

Iz =

above by

Yy iy- Y iy
Ajpl [X(R(m))—l]@k(y)(l—e vz, dy) - ot [X(R(:p))_l] en(y)(1-e 5)1/(z7dy)‘
+4/|;/|zk V(x,dy)+4ﬁ/|2k v(z,dy).

Letting first z - = and then k — oo it follows from A.1(iii)(b) and A.1(iii)(c) that I> — 0.

Similarly,
) Y
fs /xly\sk X(R(x)) _X(W)

Using the local boundedness of ¢, cf. (19), and the fact that x is uniformly continuous, it

v(z,dy) +4 ‘ v(z,dy).

yl2k

follows easily that the first term on the right-hand side converges to 0 as z — x. The second
term converges to 0 as k — oo uniformly on compact sets. Letting first z - = and then k — oo

we get I; — 0. O
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