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Abstract
The present paper provides a short and elementary proof of the fact that

the counting process generated by a renewal process with independent and
identically exponentially distributed waiting times is a homogeneous Poisson
process.

Throughout this paper, let (€2, F, P) be a probability space and let {W;};en be a
sequence of random variables which are strictly positive and i.i.d. For all n € Ny,

let
Tn = ZW]
j=1

Then we have Ty = 0 and the sequence {7}, }nen, is strictly increasing. For all
t e R+, let

Ny = ZX(O,t}OTn
n=1

Then we have Ny = 0 and the paths of { NV, },ecr, are right-continuous with jumps
of size one and increase to infinity.

Recall that the exponential distribution with parameter a € (0, 00) is defined to be
the distribution

Exp(a) = /aeawx(o’oo)(w)d)\(w)

where A denotes the Lebesgue measure, and that { N, }er . is a homogeneous Poisson
process with parameter a € (0,00) if {N:},cr, has independent and stationary
increments with

PN, =k}] = e
for all ¢ € (0,00) and k € Ny

(at)"
k!

The following result is well-known; see e. g. Billingsley [1995; Theorem 23.1], Iran-
pour and Chacon [1988; Section 3.4], and Schmidt [1996; Theorem 2.3.4]:

Theorem. Assume that the sequence {W, }nen is i. i. d. with Py, = Exp(a). Then
{Nitier, is a homogeneous Poisson process with parameter o.
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The following proof of the Theorem is straightforward and completes the arguments
used by Iranpour and Chacon [1988]; in particular, it is much simpler than the proof
in Billingsley [1995] and the similar one in Schmidt [1996].

Proof. Consider m € N and ty,ty,...,t, € Ry such that 0 =ty <t; <--- <t
as well as ky, ...k, € Ng. Foralli € {0,1,...,m}, define

i
n, = E k’j
j=1

Then we have

P ﬂ{Nti_Nti—l = kl}]
i=1
i=1
= P m{Tm <t < Toa}
Li=1
'm n; n;+1
- S s Soml|
Li=1  j=1 j=1
m n; n;+1
o (30 e (3
Rrmtl 5 =1 =1
dPWl ----- an7an+1 (w17 e 7wnm7 wnm—i—l)
m n; n;+1
L LT (e e (3 )
R /R R—1 j=1 j=1
m n; n;+1
[ [T (3 v ()
RJR Ry j=1 j=1
TLm"‘l . an+1 .
T vomo () - amtem T A () - dA (g, ) dA (1w, 41)
j=1
m Nom+1
= / / / HX[O,ti] (Vns) X (ti,00) (Ung+1) - H X(0,00) (U —Vj-1)
RJR R j=1
St lemnmtt g\ (vy) - - - dA(v,,) AN (Un,, 1)
with
Un, = ij



foralln € {0,1,..., 1y, nm+1} . To proceed further, we partition the set {1,...,m}
into

10) == {ie{l,....,m} |k =0}
1) = {ief{l,....m} k=1
12) = {ie{l,....,m}|k>2}

Then we have

Nm+1

Hx[ou (Un:) X(t1,00) (Vni+1) H X (0,00) (V; = Vj-1)
=1

= T x0e0(n) Xty (@nis1) - T ] X0y (v3)
i=1 j=1

= HX[Otz (V) X(tim1,00) (Vg1 +1) HX 00551) (V) * X(tm,00) (Vn+1)

=1

= H X 0 tl U”l) X(tz 1, OO Unz 1+1 H X[O t; Unz tz 1:00) (UTLZ'71+1)
1€1(0) i€l(1
. H X[0,t;] (Um> X (ti—1,00) (Um_ﬁ-l) ' HX[O,U]'-H)(Uj) : X(tmyoo)(vnm“’l)
i€l(2) Jj=1

= Hlet]Unz

i€l(1
n;—1
’ H (X(tilyvni_1+2)(vnz 1+1 H X(ti— 1v]+1)(vj) X(ti— 1t}(vm)>
iel(2) J=ni_ 142

* X (tm,00) (Unm+1)

In the last identity, we have omitted the product over i € I(0) since for all i € I(0)
we have n; = n;_y and hence X[o4)(Un,) = X[0,t:](Vni_1) = X[o,ts_1](Vn,_,) as well as

X(ti-1,00) (Uni_1+1) = X(ti_1,00) (Vni+1) = X(ts,00)(Uni41) 3 also, for all @ € I(1) we have
used the identity n; = n;_1+1. We thus obtain

nm+1

// /HXOt Un,) X (ti,00) (Vn,41) H Xooo Ujfl)

T lemWnm+1 dX(vy) -+ -d)\(vnm) dX (v, +1)

L LT e

€l(1
n;—1
: H <X(tilyvni_1+2)(vnz 1+1 H X ti— lv_]Jrl)(U]) X(tz lt}(vn1)>
1€1(2) J=ni—1+2

X (tm,00) (Vnpn+1) 't emnm+1 dX(vy) -+ - dX(vy,,) AN (Vn,, 1)
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H / ti— 17 Unz dA(vnz>
€l(1
(/ / ti_ 1»’”711 1+2 Unz 1+1 H X ti— 17v]+1 U])X(z lyt](vnz)
1€l(2

.7 T — 1+2

dA(vni—H-l) e dA(UnZ. ))

/ X(tm,oo)(vnerl) anm+1efavnm+1 dA(Unerl)
R

- H (ti—ti—1) - H Vi et

Y
i€l(1) i€I(2) (ni nl—l)‘
_ ﬁ e_a(ti_ti—l) (a(tl_tlfl))kl
B k!
i=1
Therefore, we have
— — . — —Oé(ti—ti_ ) (Oé(tz_tz_l)) i
P Q{Ntz Nti—l = kz}] = He ! —k’z'
The assertion follows. O
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