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Abstract

Suppose that (N¢)¢>0 is a counting process on a probability space (2, F,P)
and that Q is provided with a filtration (F;);>0 of the form 7 = GV o({N; :
s < t}). If C = (C¢)e>0 is the (F;)-compensator of (NV;), then (Ny) is called
a mized (or conditioned) counting process with (Fi)-compensator C. The
construction of such mixed counting processes for a given compensator is due
to Jacod. By the structure of the filtration, the mixing takes place at time O.
In the present paper we study the problem how to construct point processes,
where the mixing takes place ”continuously” at every time point ¢ > 0. The
main result is the following: Suppose that P is the probability measure
obtained from the Jacod construction - with mixing at time 0. Then it is
shown that a certain Girsanov transformation of P¢ can be interpreted as a
probability measure, for which (Ny) is the result of continuous mixing.

1 Introduction

A point process on Ry is defined as a sequence (7},),>1 of R -valued random vari-
ables on some probability space (£, F,P) such that (i) 0 < Ty, (ii) T,, < Tp41, and
(iii) T,, < Tpyq, if T, < 0o. Such a point process can be equivalently described by a
counting process (Ny):>o related to (7,)n,>1 by

Neo= > 1pg(Th)

n>1

If F = (Fi)i>0 is a given standard filtration on €2, such that (N;):>o is F-adapted,
then by the theorem of Doob-Meyer there exists an increasing, right-continuous, F'-
predictable process (Cy)i>o, called the F-compensator of (Ny)i>o, such that (NtATn —
Ct/\Tn)n>1 is an F-martingale for every n > 1.

The compensator plays an essential role for the construction of point processes.
Define now € = S to be the space of all sequences (t,),>1 in R, such that (i)
0 < ty, (i) tp < tyq1, and (iil) ¢, < tneq, if £, < 00. For w = (tx)r>1 € S™ and
n > 1 we set T,(w) = t, and introduce on Q = S the filtration F* = (F);>0
defined by

F) o= g({Tn/\t|n > 1})
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We further set F° := F2  and define N = (Ny);>0 by (T,)n>1 as above. Now suppose
that C' = (C})s>0 is a given increasing, right continuous, and F%-predictable process
on €. Then a classical construction (due to Jacod, cf. Liptser, Shiryayev [1978])
proves that there exists a probability measure P¢ on (€, F°) such that relative to
P¢ the given process C' is just the FO-compensator of V.

There is a rather immediate generalization. Let (D, D, Q) be a further probability
space and set (Q, F) := (S x D, F®® D). Suppose that (T},),>1 and N = (N,)i>0
are canonically extended to this larger . We consider the filtration F! = (F});>¢
given by F} := F? @ D and suppose again that C' = (C});>o is a given increasing,
right continuous, but now F!-predictable process on . Then C(y) = (Ci(-,y))i>0
is FO-predictable for every y € D, and hence there exists by the above mentioned
construction a probability measure P¢® on S* for every y € D, such that relative
to PYW the process C(y) is the F-compesator of N. Now define

PO(d((t)n>1,y)) = Qdy)P W (d(tn)n>1) -

Then relative to P the process C' is the F'-compensator of N. With this general-
ization of the first construction one gets among others the existence of the double-
stochastic Poisson processes.

The just described construction method means that at the starting time 0 there is
mixing according to the probability measure Q on (D, D). Let us give a slightly
different view of this mixing. Denote by Y the canonical projection from 2 onto
D, and let FY = (F});>¢ denote the natural filtration generated by the counting
process N. Then F¥ = F) @ {0, D} and F}! = FN V o(Y), i.e. every o-algebra of
the natural filtration of N is enlarged by o(Y), F3 = o(Y'), and

PC{(Tn)n21 S | Y = y} = P°W .

Now we can start to explain the problem we will consider in this paper. Let first
T = (s;)j>1 € S™ be fixed, i.e. (s;)j>1 is an infinite (or finite, if s,, = 0 for some
m > 1), strictly increasing sequence 0 =: sy < s1 < sy < --- of given time points.
For every s; < oo (j > 0) we choose a measurable space (D?, D7) and set

(Q, F) = (Q < [[ .7 e ® DJ‘) .
55<00 55<00

Let Y7 : Q — D7 denote the canonical projection. Then we define the following
filtration F™ = (F])i>0 on €. We set

Fr o= FNVvo({Y?'|j<k—1}) for s_1 <t <sp .

Suppose that Qy is a probability measure on D° and that for & > 1 Qy, is a stochastic
kernel from (Q,}"SJZ Vo(Yo, -, Y 1)) to (D*, D).

Now let C' = (Ct)i>0 be a given increasing, right continuous, and F7-predictable
process on €. Then for s;,_; <t < s, C, is just a function on S* x D% x - - - x D=1,
and for every fixed y,_; € D*~! the process

<Ct<'>yk—1) — Csk_l(',yk—1)>

Sp—1<t<sp
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is predictable for the filtration (F¥ V o({Ys, -+ ,Yi_a})) . It follows from

Sp—1<t<s
the classical construction method, that there is a stochastic kernel PCsk-1(vr-1)
from (5 x D% x --- x D*2 FN v o({Yy,--,Yi2})) to (2, FLY), such that
(C,—C is the (FJ)-compensator of (N; — N,

Sk_l)sk—1§t<3k Sk—1

P10 () Qp_1 (-, dy_1). Therefore, the composition

)si_1<t<s, relative to

P (dw) = (Qo(dyo)PCO("yO)(dwo)) 0.-.0 (Qn(7 dyn)PCS"("y")(dwn)) o...

of all the above kernels gives a probability measure on € such that C' = (C})s>0 is
the F™-compensator of N = (N;);>o relative to PT.

The roughly outlined ideas of conditioning or mixing at the time points 0 = sg <
s1 < Sg < ---, where the mixing may depend on the history of the point process
up to the times s;, are the content of the next paragraph. There we will prove
the details even for marked point processes. At the same time, we will replace the
above sequence of measurable spaces (D7, D7) (j > 0) by a single function space.
The reason is that later on we will consider the question, what happens in case that
the mesh |7| of 7 = (s;);>1 tends to zero. This means the question, whether there
exists a kind of ”permanent” or ”continuous” mixing and not only mixing at fixed,
discrete time points.

This problem is the content of the last paragraph. There we start with a fixed
measure P¢ = P¢WQ(dy) obtained by the classical construction with mixing at
time 0 (see above). We prove that a special type of Girsanov transformation of P¢
can indeed be interpreted as a certain permanent mixing.

2 A Generalization of the Classical Construction

Let (E, B(E)) be a polish space with its Borel field B(F). For an element A outside
of E we set Eao = E'U{A}. Then we define

S*(B) = { (e m)ier € Ry x Ep)¥[ () 0 <ty Sty <o
(ZZ) by <00 = xp € F and ty < tpyq,

(1i1) ty = 00 = x = A and tk+1:oo}.

Ift = (te)i>1 € ET and x = (z1)r>1 € EX are such that ((tg, zx))i>1 € S®(E),
then we also write (t,x) instead of ((¢, zx))k>1, and if (t,x) has the property that
tr = oo for k > n, then we will also write ((tx, x))1<k<n for (t,x) and (¢;)1<r<, for
t. It will often be convenient to define ty = 0 for a given ((tg, xx))g>1-

For every k > 1 we will denote by T} and X}, resp. the projections on S*(FE) defined
by
Ti(w) = t and Xi(w) = xy

resp. for w = (t,x) = ((tg, zx))k>1 € S®(E).
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On S*°(E) we will consider the filtration (C;);>¢ defined by
C = o({{Ii <s}n{XyeB}|s<tand BeB(E)}),
and S*°(F) is provided with the o-algebra C = Cw.
We also need the space
5% = { (o1 €RL | () 0< i Sta <o,
(%) ty <00 = g <lpy1,
(#00) th = 00 = tpp1 = oo} .

If g € E is fixed, then S can be identified with S ({z¢}) and hence as a subspace
of S>®(FE). For this reason we use the same notation 7}, for the projection defined
on S* onto the k-th coordinate. Moreover, Ty : S — R, denotes the function
TO =0.

Now let (F,B(F)) be a second polish space with its Borel field. By Dy(Ry, F)
we denote the space of all cadlag functions f : R, — F with f(0) = 0. For
f € Dy(R,, F) we use the notation f* for the stopped function f*:= f(- At), and
we define the projections Y; and Y resp. on Do(R,, F') by

Yi(f) = f(t) and Y'(f):= f'
for f € Do(Ry, F). Furthermore, we introduce on Dy(Ry, F) the filtration (D;)i>o

given by
D, = o({Yi]|s < t}) = o({V'}),

and set D := D,.
Let us already remark that
(Qvf) = (SOO(E> X DO(R+7F)7C®D)

will be the measurable space on which we are going to construct probability measures
from certain data to obtain point processes.

There are two types of data involved in our construction.

(I) The first type is a kernel C from S®(E) x Dy(Ry, F) to Ry x E which is
predictable in a sense, we will define now.

For every t > 0 let ¢, : S®(F) — S°(E) be given by

(e 2a))ez1) = (s Yk) i1

where uy, = t, yp = xy for t), <t and up = oo, yp = A for t, > t. If 0 = ((sk, Yr) ) r>1
is the element in S*(F) with s, = oo and y, = A for all k£ > 1, then

got(((tk,xk))kzl) =0 for t<t;. (1)
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Later on, we will also use a kind of complementary function ¢, : S®(E) — S*®(FE)
defined by

Ce(((trs i) i=1) = ((wrs Ys) o1
where uy = tgi1,, —t and yp = Tp1,, for £ > 1 in case that
ng = nt(((tk,xk))kzl) :=min{k > Oty >t} < 0,
and ug = oo, Yy = A for all £ > 1 in case that n; = cc.

The functions ¢; and 1y are connected with another function
Uy ST(E) x S*®(FE) — S®(E)

which will be used later. Let ( ) ((tg, x))k>1 and (u,z) = ((ug, 2x))k>1 be ele-
ments of S*°(E). Then 9, ((t, z)) is defined to be that element ((sy, yx))r>1 €
S°°(E), which is defined by (sk,yk) = (ty, zy) for tp < t and by (Sp, 1k Yn,sk) =
(ug +t, 2z;) for k > 1 and n; := ny((t,x)) as defined above. It is easy to see that the
following relations hold:

th(ﬁt((tjx%(u?Z))) = Sot((tu}()) )
( (u,2) ,

O (e ((6,%)), e ((8,%x))) = (t,x) . (2)

&
—~
NS
—~
e
o
s
N
~—
~—
|

Now the kernel C is called a predictable kernel from S*®(E) x Do(Ry, F) to Ry x E,
if for all (t,x) € S®(E), f € Do(R;, F),t >0, and B € B(E),

C((6.%). £:[0.] x B) = C(p-((t.x). f:[0,1] x B) .

Later on, we will also write
Ci((t.x).f;B) = C((t.x),f;[0,%] x B) .

2.1 Definition. Let C be a predictable kernel with the following additional prop-

erties:

(i) C((t,x), f;{0} x E) = 0,

(i)  C((t.x).[:{t}x E) <1,and

(i) C((t,x), f;[0,t] x E) = 00 = C((t,x), f;]t,00] x E) =0

for (t,x) € S™®(E), f € Do(R,4, F), and t > 0. Then C will be called a compensator
kernel.

(IT) A second type of data we need for our construction is given by a family Q =
(Qs.t)o<s<t<oo Of stochastic kernels from S®(E) x Do(R,, F) to Do(R4, F).

2.2 Definition. Suppose that the family Q has the properties

(i) Q. ((t,%), f;A) = Qur(ips(t,x), f5;A) and
(i) Q. ((t,%), fi{g € Do(Ry, F)| g* = f* and g = ¢'}) =
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for (t,x) € S®(E), f € Dy(R,F), s <t <ooand A € D. Then Q is called a
family of structural kernels.

For the formulation of our first construction result we need some further prepara-
tions. Suppose first that the maps T}, X}, Y;, and Y are canonically extended to
(QF) == (S®(E) x Dy(Ry, F),C® D). Assume for the moment that P is already
a probability measure on (2, F) and that F = (F;);>0 is a given right continuous fil-
tration. The process ((Ty, Xi))r>1 will be called a (marked) point process. A marked
point process can be eqivalently described by a random measure

N:(Q,F,P)— M.(R, x E,B(R,)® B(E))

(M, (X, X):= space of non-negative measures on the measurable space (X, X)): For
t > 0and B € B(E) we set

N(B) = N([0,t] x B)
= (Zé(Tth))([Ovt] X B) = Zl{TkSt}ﬂ{XkEB} :

k>1 k>1
N will be called the counting measure of ((Ty, Xi))r>1. Suppose that
C : (Q7F7P) - M+(R+ X EaB<R+) ®B(E))

is a second random measure with the properties that for every B € B(E)
(i) the process t — Cy(B) := C(]0,t] x B) is F-predictable, and

(ii) (Nzoae(B) — CTnAt(B))t>0 is an F-martingale for every n > 1.

Then C is called the compensator measure of N (or of ((Tj, Xi))k>1)-

Suppose that m = (s )r>1 is a fixed given element in S* such that sup,-, sp = oo.
Then we define

F" = (F )0
to be the following filtration on Q. For ¢ € [s;_1,s;[ (7 > 1) we set
Fro= a({{Tk <s}n{X,eB}|s<t Be B(E)}) v oo({ye}) .
Now we can state our first construction result.

2.3 Theorem. Suppose that a compensator kernel C, a family Q of structural ker-
nels and a ™ € S as above are given. Then there exists a probability measure P™
on Q= S*(E) x Dy(Ry, F) with the following properties:

(1) The marked point process (T,X) = ((Ty, Xz))x>1 has the F™-compensator mea-
sure C™(dt,dz) given by

Cl (B)(w) = C™([0,t] x B)(w) (3)
=) (cmj (T(w), X(w)), Y (w); B)

— Cunoy, (T(@), X()), Y5 (@) B) )
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(2) For sj_1 < oo and every B € D the map

w=((t,x),f) — /13(9)Qsj1,5j (05,21 ((t,x)), f3dg) (4)
1s a version of the conditional probability

P™{Y% € B|C,,_, Vo({Y¥})}.

Proof. For m = (s;);>1 define m, := (s;)1<j<n. Then the theorem is proved by
induction in n.

(A) The case n = 1 is just the classical construction, which can be found e.g. in
Last, Brandt [1995; theorem 8.2.1]. In this case, the filtration F™ is given by

Fo= GVo({Y™T)),

and we have to construct a probability measure P! = P™ such that the point process
((Tx, Xi))k>1 has the F™-compensator measure C! given by

CHANw) = C1([0.1 x A)(w) = Co (Th(w), Xulw))), Y (w); A)

for t > 0 and A € B(E), and such that

Py B} = [ 1a(9) Quui(do)
for B € D (observe that Qg s, does not depend on w).

We outline the main steps of the construction proof of P! not only for completeness
but also for a better understanding of the induction step (B) below.

For every fixed f € Dy(R, F) we will construct by induction a projective sequence
(R}),>0 of probability measures on the spaces (S*(FE),Cr,). Since Cz, = Cy =
{0, S>°(E)}, the definition of R} is clear.

Now suppose that R | (n > 1) is already constructed. First, we define a kernel F;,

from (S*(E),Cr,_,) to (R, B(R,)). For every t > 0 and (t,x) € S®(E) we set

Fo(er, (£, %)), f;]t, 00])
= I (1-Clen (X)), fi{u} x E))

Ty <u<t
rexp { — C* (o, ((t,%)), f1]Ton, 1] X E) }
where C¢ denotes the continuous part of the increasing function
t= Ci((t,x)), [ E) -
For every A € B(R,), every B € B(E), and all (t,x) € S®(FE) we have
C((t,x),/;AxB) < C((t,x),f;Ax E),
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and hence there exists a Radon-Nikodym density ¢ — H,((t,x), f; B) of the mea-
sure C((t,x), fi-x B) relative to C((t,x), fi-x E) Following the ideas in Meyer
[1966;ch.VIIL.p.154] and using that both R, and E are polish spaces, one can prove
that H may be assumed to have the following addditional properties:

(i) (t,x) — H;((t,x), f; B) is measurable for all t > 0 and B € B(E),

(ii) t — Hy((t,x), f; B) is measurable for all (t,x) € S*®(E) and B € B(E),

(iii) B — H((t,x), f; B) is a probability measure on (E, B(E)) for every (t,x) €
S°(FE) and all t > 0,

(iv) For every stochastic kernel G from (S*®(E),C) to (R, B(R,)) such that G((t,x);-)
is absolutely continuous relative to C((t, x), f;- X E),

(630 = [ Hi((x).£58) Gt ) )
is measurable for A € B(R,) and B € B(E), and
[ He.x0. £:8) (6%

defines a probability measure on R, x E for every (t,x) € S®(E).

We apply property (iv) of H for the kernel F,, defined above, and obtain that the
definition

G ((t,x), f; A x B)
_ [T B (60, £ B) B (690, 1)

+ 1A><B<OO> A)Fn ((PTn—l((t7 X))7 f; {OO})

for every A € B(R,), every B € B(E), and all (t,x) € S°(E), defines a stochastic
kernel from S*(FE) to Ry x E. For C € Cr, we define now

R, (f:C)
- /"'/10(((%xk))lﬁkﬁn)Gn(((t/ﬁvwk))lék’én—l’f;d(t"’xn))
"'Gl(ﬁd(tl»xl)) )

where for (t,x) = ((t, ¥&))r>1, ((tr, Th))1<k<n 18 just or, ((t, %)), and
Gi(fid(t1,21)) := Gi(en (t,%), fid(t1,21)) = G1(0, f;d(t1, 1)) (cf. (1)).

Then RL(f;) is a probability measure on (S®(E), Cr,), and it is rather easy to check
that the sequence (R (f;-))n>1 is projective, and hence defines a unique probability
measure R!(f;-) on (S*°(F),C) with the characteristic property that for every non-
negative, bounded, C-measurable function g : S®(E) — Ry,

/g(an((t,X)))Rl(f;d(t,X)) = /g(sOTn((t,X)))Ri(f;d(t,X)) :

Now we just replace f by f*. Then it is proved in Last, Brandt [1995; theorem
8.2.1] that relative to R'(f*;-) the marked point process ((T}, Xi))i>1 on S*®(E)
has the asserted compensator measure.



Moreover, by the construction,
f o R(fA)

is D-measurable for every A € C, and hence
Ax B o P(Ax B) = / RY(f*: A)Qo.s, (df)
B

(A € C, B € D) defines a probability measure P™ := P! on S®(F) x Dy(R,, F)
with the asserted properties.

(B) Suppose that we have already constructed
Pl .— Pt — PStSa-1

If s, = 0o, then the proof of the theorem is finished. Hence assume that s, < oo.
Then we proceed as follows.

For every (u,z),(t,x) € S®(E), every f € Do(R,;, F) and every A € B(E) we
define

Cy((t.%). f:4) := CF " ((t,%), f; )
= Csn71+t<19snf1((uaz)v(tvx))vf;A> - Can((u?Z)af;A) .

Then C™ is a kernel from S*(E) x Dy(R,, F) to Ry x E and one obtains ex-
actely as in step (A) of the proof an associated stochastic kernel R"™ such that
for every (u,z) € S*(F) and every f € Dy(Ry, F) the marked point process

((Th, X))r>1 has the compensator measure C*»(%2) relative to the probability
measure R"((u,z), f;d(t,x)).

Now we can define P*" . For every non-negative, bounded, C ® D-measurable
function H : 2 — R, we set

[ P )

_ H(Ys, ,((u,z),(t,x)),
/gw(E)xDO(R+,F) /130(R+,F) /°°(E) ( ( (6 9)
[R"((u, z),9;d(t,%))Qs,_, 5, (0, 2), f; dg)
Ppstosn1 (d((u’ Z),f))] .

With this definition we compute first the compensator measure of the canonical
marked point process relative to P := P15,

Let E, denote the expectation relative to P™. Then we have to prove (cf. e.g.
Lipster, Shiryayev [1978; lemma 18.6]) that for every A € B(FE) and for every
stopping time 7" such that Np(A) is P"-integrable,

En{NT(A)} = En{CZE(A)},



where for w = ((t,x), f),

n

CRA) W) =Y (ij ((t,%), f9; A) = Craa,_, ((6,%), £ A)) .

=1
Now we have

Nr(A) = Nr(A) = Nras, 1 (A) + Nrps, , (A)
= (NT<A> - Nsnfl(A))l{T>Sn—1} + NT/\an <A>

and also
CT(A) = (CFHA) = CF _(A) Lrss, 1y + OF g, (A) -
The induction hypothesis implies that

En{NT/\Sn—l(A)} = En{C’ZIT“/\sn_l(A)}a

and it remains to prove

E.{ (Nr(A) = Ny, (A) Lirss, 13} (5)
- E"{ (C’}:(A) - C;rn,l(A)>1{T>sn71}} .

Let us start with the left-hand side of (5).

En{ (NT<A> - NSnfl(A))l{T>sn71}}
- En{ (NTVSn_l(A) - Nsn—l(A))]‘{T>sn*1}}

= Eo{liros, Bn{Nrve, () = Nop (A) | 77}

= Eu{lirso B 3 Lowsenicrvanen | Gy Vo (Y"1}

k>1

For the computation of the conditional expectation in the last line we remark that
every w = ((8,y),h) € Q = S®(F) x Dy(Ry, F) can be written in the form w =
(Vs,_, ((u,2), (t,%)), h) with (u,z), (t,x) € S¥(E). We obtain

En{ Z ]‘{Sn—1<Tk§T\/5n71}m{Xk€A} | Csn—l \ U({st})}

k>1

= /OO(E) <Z Lo, 7 (w)vsn 1 —sn_l](tk)lA(xk))R”((u, z), h; d(t, X))

k>1

- / Cgf(lwi)l\;i:’le))— Sm—1 ((t7 X>7 h; A)
55 (E)
Rn((u,z), h; d(t,x))
= /OQ(E) [CT(w)Vsn_1 (193”,1 ((11, Z), (t, X))7 h; A) — CSTL?1 ((u’ Z), h: A)]
Rn((u,z), h; d(t,x))
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= E,{C},,, (A)—CT_(A)|C,_, Vo{Y*"}} ,

Sn—1

and
En{ (NT(A) - Nsn—1 (A)) ]'{T>5n—1}} = En{ (C%(A) - C;rn,l (A)) 1{T>sn—1}}
is proved.

To prove the second assertion of the theorem for P”, we take an A € C and a

B e o({Y*1}). Then we get

Sn—1

/ P Y™ € C|C,, Vo({Y™'})} dP"
AxB

_ / L (@)1 (Y™ () P (dw)

-/ Lia@) [ 1oy
S (E)xDo(Ry, F) Do(Ry,F)
Qs (P51 ((8,5)), 3 dg) P (dw) |

where w = (s, _,((s,y)), f) in the last integral. Altogether we have now proved
that for m = (s;)1<;<, the assertions of the theorem are true.

(C) If m = (s;);>1 has the property that s, = oo for some m > 1, then the proof
is finished with the construction of P*** where n = min{j|s; = co}. Hence we
suppose now that s; < oo for all j > 1.

For every n > 1 let p, : Q — Q be the projection defined by

pn(w) = (s, ((t, %)), f°)

for w = ((t,x), f). Then the construction of P" := P""»*» shows that for every
non-negative, bounded, measurable function H : {2 — R, we have

/ H(pa(w))P" (dw) = / H(pa(w))P"(dw) -

Hence the theorem of Kolmogorov implies that there exists a unique probability
measure P™ on () such that

/ H(pa(w))P™(dw) = / H ()P (d)
holds for every n.

Let us prove that P™ fulfills the properties (1) and (2) of the theorem.

For the proof of (1) we choose an arbitrary F™-stopping time 7" such that Nr(A) is
P™-integrable for every A € B(E). Then

E NT/\sn (A) = En NT/\sn (A)
- ETL C;l;/\sn (A) = E Cg“/\sn (A)
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for every n and hence
E Nr(A) = ECL(A) .
This proves that (1) holds.

For the proof of (2) we take an arbitrary set D € C;,_, Vo({Y*~'}) and a C € D.
Then

[Py ccle, vty i
D

_ / 1 1e(Y™) dP

_ / 1 1o(Y*") dP™

- /1D/ an 1sn<psn 1( ),dg)Pn71<dw)
DO(R+F

-/ 9)Q s (0o ()3l P ()
Do(Ry,F)
and (2) follows.

This finishes the proof of the theorem. O

3 Consequences from the Construction

In the definition 2.1 of a compensator kernel we only demanded predictability on
S>®(E), i.e. predictability relative to the filtration (C;);>o. In this section we will as-
sume that the compensator kernel C has the stronger property that C is predictable
relative to the filtration F = (F;)i>0 := (C: V Di)s>0, 1.e. that for every ¢ > 0 and
AeB(E),

S*(E) x Do(Ry, F) 3 ((,x), f) = C((t, %), f;[0,1] x A)
is F-predictable. Let us call C in this case a strongly predictable compensator kernel.
If C is strongly predictable, then we have especially
C((t,x),f; [0,t] x A) = C((t,x),ft; 0,t] x A) )
and from theorem 2.3 we get the following result.

3.1 Proposition. Suppose that C is a strongly predictable compensator kernel. For
every family Q of structural kernels and every m € S with sup;~, s; = oo let pP™Q
denote the probability measure on = S®(FE) x Do(R,, F) constructed in theorem
2.3. Then the marked point process (T,X) = ((Ty, Xp))x>1 on Q has the same
F-compensator measure C for every probability measure P™Q. C' is given by

Ci(A)(w) = Ce((Tr(w), Xp(w)))rz1,Y (w); A) (6)

12



fort >0 and A € B(E), and P™Q and Q are related by
P Q{y* € B|C,,_, Vo({Y* )} (7)
— [ (9D ()
Do(R,F)

forn>1and B € D.

In this section we will be mainly concerned with the following question. Let C be
strongly predictable and let Q be a family of structural kernels. Then for every
7 € S we have the probability measure P™Q on Q. Now suppose that (m,),>1
is a sequence in S* such that lim,_ . |m,| = 0, where |7| := sup,~, |s; — s;_1]| for
7 = (s;)j>1 € 9. Does there exist a limit probability measure Pé_of the sequence
(P™:Q),>1 such that C' = (Cy(B))i>0.ep(r) is again the compensator measure of
the canonical marked point process on €27

Below we will give an answer to that question for an important special case. Before,
we need some further consequences of the construction in the last section.

Suppose that the family Q of structural kernels has the special property that

Qs,t((tax)af;B) = Qs,t(f;B)

for all t > 0, ((t,x),f) € Q, and B € D, ie. every Q,; is just a kernel from
Do(R,, F) to Do(R,, F'). We will shortly say that Q does not depend on S®(E).

If Q does not depend on S*°(FE), then for every m € S the probability measure
P™Q turns out to be well known from the classical construction.

In the following it will write integrals often in the form [ yu(dx)f(x). The reason is
simply that this notation is more natural for the composition of kernels: Suppose
that (X, X), (Y,)), and (Z, Z) are measurable spaces, that K is a kernel from X
to Y and L is a kernel from Y to Z. Then the composition K o L of K and L is the
kernel from X to Z, defined by

(KoL)(z,C) = /YK(:E,dy)L(y, B) (8)
forrx € X and C € Z.

Every strongly predictable compensator kernel C determines a family (R )o<s<t<oo
of stochastic kernels from S®(E) x Do(Ry, F) to S®(E). For 0 < s <t < oo,
A€ C, and w = (((t,x),f) € S®(E) x Do(R,, F) we define the compensator
measure C*% (dr, dz) by

CF(4) = C=(0,1] x 4) )
= Ct/\(s-&—r)(ﬁs((tvx)v (u, y)v f; A) - Cs((t7X)7 f; A)

for r > 0 and A € B(F). This compensator measure determines a unique probability
measure

Rs,t((ta X)v f; d(u7 Y))

13



on S°(E), such that the canonical marked point process has C*"*(dr,dx) as com-
pensator measure, and

((t,%), f) = Ros((t,%), f;d(u,y))

is a stochastic kernel from S*(E) x Dy(Ry, F') to S*(E£), which we denote by R .
To every Rsyt we associate a new kernel R, ¢, which is related to f{s,t in the following
way: Let H : S®(FE) — R, be a bounded, C-measurable function. Then we set for
((t,X), f) < SOO(E> X DO(R+7 F)

/Rs,t((t,x),f;d(v,z))H(v,z) (10)

= [ Reale30. frdtay)) # (0. (6. x) 00, ))

The thus defined family (Rs;)o<s<t<oo Of kernels has the property that
R.:oR;, = Ry,,. (11)

for s < t < v, i.e. the family (Rs4)o<sct<oo i a so-called hemigroup of kernels
relative to the kernel composition introduced in (8).

From now on we will assume that the family Q of structural kernels does not depend
on S°(E) and is also a hemigroup relative to the composition of kernels, i.e. we
assume that

Qs,t o Qt,v = Qs,v (12)
holds for all 0 < s <t < v < 0co. Then the following result holds.

3.2 Proposition. Suppose that C is a strongly predictable compensator kernel
and that Q does not depend on S®(FE). Then there exists a probability measure
Q on Dy(Ri, F) and a kernel R from Do(Ry, F) to S®(E), such that for every
T = (8;)j>1 € % with sup;5; s; = 00,

P™? = RoQ , (13)

which means by (8) that for every non-negative, bounded, measurable function H on
Q

/ H(w)P™?(dw) (14)
_ /D . / 1y QDR X)I(3). ).

The measure Q is related to the kernel family Q in the following way. For every
n > 1 and every B € D,

;o / 15(9)Qur o (1)
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s a version of the conditional probability Q{Ys" € B|Ds, ,}. In the present case, the
compensator measure C' = (Cy(A))i>0,4e8(r) of the canonical marked point process
is even the compensator measure relative to the filtration (D V Cy)i>o.

Proof. We set m, = (s;)1<j<n. Then it follows from theorem 2.3 that
PTer = QO,Sl © RO,Sl 0--+0 QSn—hSn © Rsn—hsn :

Since Q does not depend on S*°(FE), we can change the order of integration in such
a way that

P™Q = (Qoe 0 0Qs 1) 0 (Ros 0 0 Ry, 15,) -
Thus we get from (11) and (12)
P™Q — Q, oRo,, .
With R R
Q=Qix and R:=Ry

assertion (13) is proved.
The assertion that

QY™ eB|D, } = / 15(9)Quy 1 (:dg) Quas.,

is immediate from the construction of Q. O
The next result is an essential step to a solution of the stated problem.

3.3 Proposition. Suppose that Q does not depend on S*®(E) and that G =
(Gs.t)o<s<t<oo 1S a second hemigroup of structural kernels. Let further as before
™ = (85)j>1 € 8% with sup;>;8; = 00 be given, and denote by P the measure
P™Q=Ro Q of proposition 3.2.

(1) Suppose that for every 0 < s <t < oo, (t,x) € S®(E), and f € Dy(R, F), the
probability measures G&t((t,x),f; dg) and Qs(f;dg) are equivalent. Then there
exists a positive process X = (X, )n>0 on Q with the following properties:

(i) For every n > 1 the random variable X, is Cs, , V Ds,-measurable.

(11) (Xs, )n>1 15 a (Cs, V Ds, )n>o-martingale such that Xy = 1.

(111) For every (t,x) € S®(E) the process

(X ((6:%), ) 15

is a martingale relative to the filtration (Ds, )n>0 and the probability measure Q
(iv) For every A € C, B € D (as o-algebras on S®(FE) and Dy(R, F') resp.), and
everyn > 1,

P %y, ((T,X)) € A,Y* € B} (15)
_ / La(pa, (6, 3)) 15 (£5) X, (6, %), £YP(A((t, %), ))
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(v) For everyn > 1,

X, ((t7 X), 9)
Xsn—l ((t’ X)7 fsn_l)

(vi) For every B € D (as a o-algebra on Dy(R, F)) and m < n the map

Gsn_l,sn ((t7 X)7 f7 dg) an—l,sn(f’ dg) . (16)

((t,x), f) — 15(9) 7, (@5, ((£,%)), 9) Qs s, (f, dg) (17)

Do(Ry4,F)
where

Xsn ((Sv Y)u g)
E) XSm ((Sv y)7 g)

15 a version of the conditional probability

O (ennl€3)9) = [ Rupo((6:3), 0505, y)  (18)

P¢{y* € B|C,, VD, } .

(2) Conversely, suppose that X = (X, )n>0 i a process on Q with the properties
(i), (i) and (iii) of (1). Then the sequence (X, - P)aso is a consistent sequence
of probability measures on Q, and the limit measure PX can be given the following
interpretation. We set

X, ((t,%),9)
Xan((tvx)a /

Then Gy, _, s, ((t,x), f;dg) is a probability measure on Do(Ry, F) for all ((t,%), f) €
S*®(E) and G, s, is a stochastic kernel from 2 to Do(Ry, F). Obviosly, for
every ((t,x), f) € Q the probability measure Gsn_l,sn((t,x),f; dg) is equivalent to
Qs, 1.5, (f,dg) with the density

Gsn71,5n ((tv X)a f; dg) ) anfhs"(fv dg) :

X, ((t,%), 9)
Xowa ((6,%), )

Now define the probability measure P™C as in section 2 by
P™%{p,, ((T,X)) € A,Y* € B} (19)

= / (GO,sl o R0,31 ©---0 Gsn,l,sn © Rsn,l,sn)<dw) 1A><B(W) .
Then PX = P™G,

Proof. By assumption and definition 2.2 we have for every n > 1,

GSn—l,Sn ((t,X),f,dg) = an_l ((tax)ag)an_1,sn(f; dg) ’

where the Radon-Nikodym density Z, _, ((t,x),-) of Gy, _, s, ((t,%), f;-) relative to
Qs,, 1.5, (f; ) has this special form because of definition 2.2,(ii). Moreover, it follows
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from that definition also that Z; | is Cs,_, V D, -measurable. Now we define for
every n > 1,
n—1
XSn(<t7X)7fsn) = H ZSj ((t7X>aij+1) )
=0

and set Xy := 1. Then every X, is clearly positive and C,, , V D, -measurable for
n > 1, i.e. (i) holds.

For the proof of property (ii) we take arbitrary fixed A € Cs, , and B € D,_,, and
get

X, dP

ANB

— / Zo - ZodP
ANB

= / an—l e ZO d(QO,Sl © RO,Sl ©---0 an—%sn—l ° Rsn—z,sn—l © an—hsn)
ANB

— / ( / Zp s dan,hSn) (Zoo - Z0) Lang
Q N JDo(Ry,F)
d(QO,S1 o I{zo,sl 0---0 an7278n71 ¢} Rsn7278n71)

- / (an72 e ZO) 1AﬁB d(QO,Sl o RO,Sl ©---0 anfz,snfl o RSH,Q,Snfl)
Q

= X, ,dP |

ANB

Sn—1

where we used that by assumption

/ anfldQn';nflen - / dGan,sn =1. (20)
DD(R+7F) DO(R+7F)

It follows from the just derived equation that (X, ),>1 is a (Cs, VDs, )n>o-martingale
and (ii) is proved.

The proof of (iii) is an immediate consequence of (20).

For the proof of (iv) we take A € C and B € D (as o-algebras on S*(F) and
Dy(R,, F) resp.). Then

P™%{yp, ((T,X)) € A,Y*" € B}

_ / 1axpd(Gosy 0Ros 0---0Gy, 15 oRy 1)

= /1A><B d((Z0Qos1) ©Ros; 0+ 0 (Zsy 1 Qs 150) © Ry _150)
B / 1axpXs, d(Qos 0 Ros 0 0Qs, s, Ry s,

_ / La((6,30) 15 (f) X, (8, ), SP(d((6,%), )) .
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and (iv) is proved.
The proof of (v) follows from

Xsn((t,X)7fS"> _
~X;n_1((t,x),j3n71) Sn—1

((t,x), fs”) )

For the proof of (vi) we take a C' € C and a D € D (again as o-algebras on S*(F)
and Dy(R,, F') resp.). Then we get

/ P& {y* € B|C,, VD, } dP™¢
CxD
= [ 1o(en (T X)) LAV )1 (y*") aP7C @1

_ / Lo (i (T, X)) L (Vo) 1y (¥*")
d(GO,s1 o RO,sl 0:-+0 Rsn,Q,S,L,1 o Gsnfl,sn)

- /{ / oY )Gty © Ry 00 Gy ) e (T, X))
: 1D<Ysm) d<G0,31 o RO,sl O0:--0 Gsm_l,sm o Rsm_l,sm) .

For the inner integral in the last line of (21) we get more precisely
/ 15(Y*")d(Gs,smis © Rspsmin 00020 Gy, 1s)
= [z, -2, 1d< e © Ry )
X, (

e e

Rsm,sn«T,X),g; A(5,¥)) } Qupsa (V75 dg)
— [ 1@, (1.0, 0)Qu e, (V75

It follows that

/ pm¢{y* e B|C,, V D, } dP™C
CxD

= [{ ] 15007, (00 (. X).9)Qu o, (¥°70) el (2. 0)
. ]-D(Ysm> d(GO,sl o RO,sl ©---0 Gsmfl,sm o Rsmfhsm) )

and (vi) is proved.

(2): Since (X, )n>1 is a (Cs, V Ds, )n>o-martingale by property (ii), we have

/ X, dP = X, ,dP
ANB ANB
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for every A € C and B € Dy _,. This shows that

Sn—1

X, -P

Csnfl\/DSnfl = Xsn71 ) P :
Thus the sequence (X, - P)nZl is a consistent family of probability measures, and
there exists a probability measure P* on Q such that

~

X
P%e,,vp, = X, -P

for every n > 0. By property (iii) every Gy, , s, is a stochastic kernel and

X, P

Cap VD),
= (X R Ko R
- ( S1Q0,S1) ©cIhgs ©---0 (X anflysn) O, s, -
Sn—1
The assertion P¥ = P™% is then obvious. |

Now we can formulate the main result of this section.

3.4 Theorem. Let F = (F;)i>0 denote the filtration on = S®(E) x Do(Ry, F),
defined by F; := Cy V Dy, and suppose that X = (Xi)i>0 is a process on 0 with the
properties

(1) X is a positive, continuous F-martingale relative to P=Ro Q with Xy = 1,
and

(2) for every (t,x) € S®(E) the process (X((t,%),"))
tive to Q

Then (Xt . f’)t>0
spaces (2, F;), and the limit P~ is a probability measure on (2, F) with the proper-
ties:

(1) The canonical marked point process (T, X»))n>1 has the F-compensator measure
C given by

1>0 18 a (Dy)-martingale rela-

18 a consistent family of probability measures on the measurable

Ci(B)(w) = Ci(((Th(w), Xp(w)))kz1,Y (w); B) (22)

fort >0 and B € B(E),
(i) for every C € C, D € D (again as o-algebras on S*(E) and Dy(Ry, F) resp.)
and s > 0 the probability measures PX and P are related by

P*{y,((T,X)) € C,Y* € D} (23)
- / Lo(pa(t, ) Lp(£9) X.((6,%), £)P(A((6.%), 1)) |

(i1i) For every D € D (as a o-algebra on Dy(R,, F)) and 0 < s <t the map

((t,X),f) = 5 (R F) 1D(g)q)s,t((t>X)vQ)Qs,t(f7 dg) ) (24)
where
_ Xi((s:¥).9) . o dls
w600 = [ R gy ()



s a version of the conditional probability
PY{Y'e D|F}.
(iv) Furthermore, if we set

Gs,t((tvx)af; dg) = Xt(g(OS(t X) i) Qst f dg) (26)

we can define for every m € S the probability measure P™S as in (19). Then for
every sequence (T, )n>1 i S with lim,_, |m,| = 0 we have

lim P™¢ = P* (27)

n—oo

in the sense that for everyt >0

lim sup [P*{A} —P™CG{A}| = 0. (28)

n—=00 AcF,

Proof. The idea of the proof is to approximate the given process X by a sequence
(X™),>1 of discrete time processes as considered in proposition 3.3. Thus we start
with the proof of assertion (iv).

We take a fixed sequence (7"),,>1 of elements 7" = (s');>1 € S* such that 7" C 7"*!
for every n > 1 and lim,, . |7 = 0.

Then we define for every n > 1 the discrete time process (X;%) k>1 by

Xs" (Spsyfl ((t7 X)) f)

XZ,;((mX)af) = Han (

(29)

. n
Jj=1 i

and set X' = 1. By definition and assumption (2) it follows immediately that every
process X" = (X(h)r>1 has the properties (i), (ii) and (iii) of part (1) of proposition
3.3. Now the main part of the proof of (iv) consists in showing that lim,, ., X} = X;
in L' for every ¢ > 0, where X" := X[, for s7_; <t < sj..

For the following we assume w.l.o.g. that the given ¢ > 0 belongs to every partition
n, ie. t = sy for some m, > 1. We will further assume first that ¢ < X, < C
for all s <, where 0 < ¢ < C' < oo are constants. As usual, we denote by [X] the
quadratic variation of X. Then the Ito-formula gives

log X, / Loax. L[ ;2 dIX]. (30)

Using this formula, we get
log X;" — log X,
1 1
= R;+Ri—§R§L+Rﬁ—§R3 :
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where

o Xy (g, 0):7) = Xy (0,0 )
sty (QOS?_1<'>7 )

1 mn (Xs? (905?,1(')7 ) - Xs;-tl (905;-11(')7 ))2
- - ~ ,
2 j=1 Xs;?_l (905;?_1<')7 )
R = < [XS? (905771( )’ )_XS?A (gpsg 1( )’ ) . XS?(? ) XS?,l('v )]
t j=1 XS;L—l (905?_1(')7 ) XSJ,1<7 ) ’

n 2 2
j=1 Xsy 1(%] 1( ) ) Xs?_l(a )
o NN =X G /tidX
' J=1 s?—l(" ) 0o Xs ’

We will prove that lim,, .., R =0 for i = 1,--- ,5 in probability.
() lim R} = 0: From the Taylor expansion

log(l+x) = z—-2°+

with 0 <0 <1, we get

mMn

\Rilséz n 1

= <1 +6;—

XS;L—l (908?—1 ()7 .)3

From the assumption that ¢ < X, < C for all s > 0 one derives that

- 9~XS? (905;_1(-), ) - X | (905?_1(.)7 ) e
; Xan (s (), ") - C
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and hence we get

1 103 Jn 3
Bl < 35 Xo (0, (),) _Xsyil(%?ﬂ(.)’.)‘
j=1
408 1 )
< §0—6(Sn+5n),
with
o 3
Sho= 3| Xe () = X (- )‘
j=1
and
- 3
52 — Z Xs?(? )—Xs;?<90sj 1()7 )‘
j=1
Since
My, 9
! - n L nle ) —
Sp < lgg;;JX ) ij_l(,)‘zl Xon(,) = X 1(,)‘ :
=
and

mn

le Z

J=1

‘ 2

X () = X ()

in L', the assumption of the continuity of X implies that

lim S} = 0

in probability.

For S2 we consider a fixed w = ((t,x), f) € S®(E) x Do(Ry, F) with (t,x) =
((tg, z1))k>1. If t < ty, then obviously S? = 0. Hence suppose ¢ > t; and set m :=
max{k > 1]t;, <t} If |7 < maxicpam [ty — te—1], and j(k) := min{s}|s} > #;} for
k=1,---.,m, then

3
S2((t,%) Z (X (63, 1) = X (o (60,0 (D)
and hence
. 2 “ 3
7111_)120 Sn((t7x)7 f) = Z ’th+((tvx)7 f) - th-l-((ptk—(t)X)v f)’
k=1
The continuity assumption on X now implies lim, .., S = 0 P-a.s.. Altogether,

lim,, .., R = 0 in probability is proved.
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() lim R = 0: As in the last part of the proof of () let w = ((t,x), f) € S®(E) x
Do(Ry, F) with (t,x) = ((tx, zx))k>1 be fixed. Then we get with the notations above
for the non-trivial case t > ¢;

|R$L((t7x>’f)| < C_l |Xs;l((t’x)7f) _XS?(¢S?_1<t7X)7f)’
j=1
= c—l Z |XS;P(k>((t,X), f) — XS?(k)(QOS;}(k)fl (t, X), f)| ,
k=1
and hence
hmsup ‘Ri((t7x>7 f)’ < Cil Z ‘thJr((t?X)a f) - thJr(SOtkf(t,X), f)‘ =0 ,
n—00 P,

and lim,, ., R? = 0 in probability follows.

(7) lim R? = 0: Now we have for the fixed given w
| R ((6.%), f)]

mn

< Y [(Xg ey, 4%, ) - Xs?_l(%?-l(t’x)’ﬂ)z

— (XS?((t,x),f) — Xsyl((t,x),f)>2]
< AL x), 1)+ 245((8, %), )

with
A0, ) = Y (Xal(6.3),0) ~ X, (6.).1))°
and

A6, 5) = D X (69, )~ Xog g, (6., )

: ‘Xs” (9087? 1(t7 X)> f) - XS;‘,1 (905?,1 <t7 X)’ f)| :

J J—

Now

lim Al ((t,x),f) = 0

n—oo

follows as lim,, .., S? = 0 in (a). For A2((t,x), f) we have
Ai((t,X), f) < 202 }XS?((fUX)’ f) - XS?(SOS?_I(tUX% f)| )
=1

and

lim A2((t,x),f) = 0 .

n—oo
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follows. Thus lim,, .., R3((t,x), f) = 0 for all ((t,x), f), and especially, lim,, .o, R? =
0 in probability.

(§) lim R = 0: By our assumption s — X! is a continuous function bounded by

¢t If we set
Z 1]5 1 s”]X_ )

7>1

then

lim F,(s) = X!

n—oo

and

¢ M X () = X ()
/ Be)dXe = 3 — % 5
0 j=1 5?71 )

and lim,, ., R} = 0 in probability (even in L?) follows easily.
(€) lim R> = 0: We have

RS = B+ B?

with

e (Xl = X ) = (KD () = W, )

" X ()2 )
and

(X () = [Xen (- ¢
B - Z[ ]J(Xs)n ([ ])2]_1( ) 0 ;zd[X]s
Since
B, < CQ(ZR(Xs?—Xs? )= X))

and

lim Z (XS;L - Xs;_l)z = [X],
j=1
in L', lim,, .., B! =0 in L'. For B? we set (similar as in (4))

lelyX%

j>1

Then
lim G,(s) = X,?, and

S
n—oo
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and hence

This proves (e).
Altogether we have proved

lim log X;" = log X,

n—oo

in probability for all £ > 0 under the special assumption ¢ < X, < C for all ¢ > 0.
If this assumption does not hold, we define the stopping times

S = inf{t20|Xt<% or Xt>m}

A

(m >1). Since X is a continuous, positive process, lim,, . S, = 0o P-a.s.. There-
fore,

15{ ‘long—logXt| >0}
< P{SmSt}—l—f’({Sm>t}ﬂ{’10gXt”—logXt| >5})
< P{S, <t} +P{|log X2 ., —log X5, n| >3} .

For m large enough, we have 15{ Sm < t} < 5. For that m there exists an ng such
that

. €
P{|log X§ ,, —log Xs,.n| >0} < 3
for all n > ng, and it follows that

lim log X;" = logX,

n—oo

in probability without any boundedness restriction. Thus we have finally obtained
that

lim X' = X,

in probability.

Since EX}' = EX; =1 for all n > 1 and since the random variables X' are positive,
the sequence (X}'),>1 is uniformly integrable, which now implies that

lim X! = X,

n—oo

even in L.
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Now consider the family (X, - p)tzo of probability measures on the measurable
spaces (€2, F;). The consistency of this family is an immediate consequence of the
martingale property of X. Thus there exists a unique probability measure P¥ on
(Q, F) such that

~

PXl, = X, P

for every t > 0. Similarly, for the discrete time process X" defined in (29) there
exists a unique probability measure PX" such that

A

Py = X-P
for every t > 0. Furthermore, it follows from proposition 3.3 that
prG¢ = pX.
From lim,, .., X = X; in L! for t > 0 we get for every A € F; that
[PH(A) —PTE(A)] = [P¥(A) - P (4)]

_ \/1Axth /1AdeP\

< / X, — XJ|dP .

and (28) follows. Thus we have proved assertion (iv) of the theorem.

Proof of (i): We have to prove that relative to the limit measure P¥ the point
process ((Ty, Xp))n>1 has the asserted F-compensator measure C. For every m > 1
we have

Epx{Nz,n(B)} = / Np, a( B)dP¥
— /NTm/\t(B)Xtd]-A)
= lim | Np, u(B)XPdP

n—oo

= lim [ Cp, . (B)X]dP

n—oo

— / CTm/\t(B)Xtd].s

— / Cr, n(B)dP* |

since by proposition 3.3 every process (X[');>o defines a probability measure PX"
for which ((7},, X,,))n>1 has the F-compensator measure C. This finishes the proof

of (i).

Proof of (ii): This follows from (15) and (28).
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Proof of (iii): For D € D and A € F; we obtain for t > s

/PX{YteD{fS}dPX = /1D (Y dP¥
A

hS

= /1A1D Yt X dP
/1A1D Yt s d((QO,s o RO,S) o (Qs,t o Rs,t))

= [ux(/ b(YU% A(Qu o R.y)) Qo0 R)

= [ 14 [ 150.00Qu) X d(Qu 0 Ro.)

_ /A(/bcbs,tdQS,t)dPX,

and (iii) follows. O

Remark. (1) Theorem 3.4 remains true, if we demand instead of condition (1) the
weaker condition that X is a positive cadlag F-martingale with Xy = 1 such that X
is predictable on S*°(F) in the sense that

Xt((tv X)v ) = Xt(gpt*«t? X))v )

for every (t,x) € S*®(FE). The proof makes a little bit more effort, since the Ito
formula for log X; (see (30)) is now a little bit more complicated because of the
possible jumps of (X;)i>0. If (X{)i>0 denotes the continuous part of (X;)¢>o, one
has to use now the formula

t
log X, / — = —dXC +) Alog X, .

s<t

(2) Condition (2) of the theorem follows in a certain sense from condition (1). More
precisely, one can prove that condition (1) or the condition stated in remark (1)
implies that there is a modification of (X;);>¢ such that (2) holds for this modifica-
tion.

Especially part (iv) of the last theorem shows in connection with proposition 3.3 that
the probability measure PX presents a model of a point process, where continuous
mixing takes place. For this reason, we will call in the following the process Y the
MITING Process.

It seems not to be obviuos whether martingales of the type considered in the above
theorem exist. Our next result is concerned with this problem.

3.6 Proposition. We denote again by F = (F;)i>0 the filtration on Q = S®(E) x
Do(Ry, F), defined by F; := C; V Dy.

(1) Suppose that Z = (Z;)1>o is a continuous, square integrable (Dy)-martingale on
Dy(R,, F) relative to Q. Then the extension of Z to Q (which we denote again by
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Z ) is an F-martingale relative to P.
(2) Let now F = (F)>o be a given F-progressively measurable process on € such

that .
/ F2d[2),
0

S P—integmble for allt > 0, and that
¢ 2
/0 E((6.%), ) (2],
is Q-integrable for every (t,x) € S®(FE). Define

t
M, = / F,dZ, (32)
0

fort > 0. Then M = (M;)i>o is a continuous, square integrable F-martingale
relative to P, which clearly has the quadratic variation [M|] given by

M), = / F2d[Z), (33)

for allt > 0. Define X = (X¢)i>0 by

Xy = eXp{Mt_%[M]t}

fort >0, and suppose that the following conditions hold:

1
Ep exp (i[M}t) < oo forallt >0 (34)
and

Eq exp (%[M]t((t,x), ) < oo fort >0 and every (t,x) € S™(E). (35)

Then X has properties (1) and (2) of theorem 3.5, and hence the assertions of the
theorem hold for X .

Proof. (1): Let 0 < s <t be given. We know that Q. is a regular conditional
distribution of Q{Y" € -| Ds}. Since Z is a (D;)-martingale, we have

/Zt(g)QS,t(-;dg) = Eq{ZID} = Z, Qas..

Now we take an A € C, and a B € D,. Then

/ 7, dP
AxB

_ / / La((6, )15 () Z HR(F: dlt, %) Q(dF)
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= [ ][ 1l 001 2i0) Qs £ )Rl ) Qu. )
[ 200Quutrsap] | [ 1attex0Ro. (75 (e, 1a(7°) Q.
= [ 24D [ 1t xRl 3D 1(7°) Q)

= [ [ Ll 2R (6 0. (a)

:/ Z,dP
AxB

and it follows that Z is even an F-martingale.

(2): By our assumptions, M is a continuous, square integrable F-martingale. Now
it is well known (cf. e.g. Karatzas, Shreve [1988]) that under the condition (34)
of (2) the process X is an F-martingale, i.e. condition (1) of theorem 3.4 is
proved. Similarly, condition (35) implies that for every (t,x) € S*°(E) the process
(X;((t,%),))e=0 is a (D;)-martingale relative to Q, and condition (2) of theorem 3.4
follows. O

The conditions (34) and (35) in the last proposition are not the most general condi-
tions, which ensure that (exp {M; — 1[M];}) +~o has the martingale properties (1)
and (2) of theorem 3.4. This is known from the theory of exponential martingales
(cf. Liptser, Shiryayev [1978]). We have just chosen these two conditions to give an
impression of the general problem to obtain martingales of the above type. In many
cases, condition (35) is the easier condition, e.g. if the process F' does not depend
on the elements in Dy(R,, F).

We conclude this section with a general example, which shows the difference between
point processes with continuous mixing and classical mixed point processes. To avoid
an overburdening of the notations we restrict ourselves in this example to the case
of non-marked point processes.

3.7 Proposition. Suppose that the process Z of proposition 3.6 is a Q-Bmwman
motion B = (B;)>o and that T = (T},),>1 is a point process such that the count-
ing process (Ni)i>o of (Tn)n>1 s a double-stochastic Poisson process with intensity
(M\(B))iso. Let the process (Fy)yso of proposition 3.6 be given by Fy(t) := Ny(t)2,
and suppose further that

EQ(GXp{(G%t — 1) /Ot )\S(B)ds}) < 00 (36)

for allt > 0. Then the process (Xi)i>o of proposition 3.6 has the properties (34) and
(35), and (36) holds in case of the following two simple examples for the intensity

(Ae(B))ezo-
Ezample (1): Let 0 < a < 3 be given constants and denote by T the stopping time
T =inf{t > 0:|By| > 1}. Define

)\S<B) = Ozl{T>s} +61{T§s} . (37)
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Ezample (2): Define

As(B) = log(1+ m§X|BT|) . (38)
The distribution of T relative to PX is given as follows: For every k > 1 we set
o =vVk—Vk—1. Then for 0 <ty <ty < -+ <t =1t one has

PX{Ty > t1,Ty > ty, -+, Tps1 > tng} (39)

_ EQ(eXp{_/OtAS(B)ds}[/tloo/t:o...[O
1 .

exp { Z (7 (Bins, — Bs,) — 5(75 A sk —sK))} H As, (B)dsy, - - - dsl])

k=1

The distribution of the mixing process Y 1is given by

PX{y' e D} "
_ Z:EQ@D(Bt)eXp{—/OtAs(B)dS}[/Ot/:”'/S:2

oXp { Z (Vj(Bt - By;) - %(t - 53’))} H)\Sj(B) dsg—1-- -ds1]>

j=1
for everyt >0 and D € D.

Proof. Since

Mly(w) = / No((6.x))ds for w = ((t.x),4)

[M]:(w) does not depend on y, and hence condition (35) is trivially fulfilled. For the
proof of (34) we use that N; has the Poisson distribution with parameter fot As(B)ds

relative to the probability measure R(B) = R(B;d(t,x)). Hence we get first

ER(B){GXP(%[M]t)} = ER(B){eXpé/O Nsds)}

1
< Epgp{exp (5tV)}

2
Lige t k
o As(B)ds)
_ Ji )\S(B)dsz €2 (fo
e
=0 k!

= exp ((e%t — 1) /Ot )\S(B)ds> ,

and assumption (36) implies

Be{exp (51M1)} = Bo{Bau {ex (31M1)})
E-

Q{exp((@ét - 1) /Ot)\S(B)ds>} < 00 .
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Thus (34) holds and hence we know from proposition 3.6 that the process X defined
by

X, = exp{/Oth(t)ést—%/o N(t)ds} (41)

has the properties (1) and (2) of theorem 3.4. Thus there exists a probability measure
P¥ on Q = 5% x Dy(R,, F) with the properties stated in theorem 3.4.

Now let us show that for the examples (1) and (2) of intensities the condition (36)
holds.

For example (1) we obtain

/t)\S(B)ds = oI+pt-T)=0pt—(B—a)T ,
0
and (36) holds, since 5 > «.
For example (2) we get
/Ot log(1 +max|B,[)ds < tlog(l+max|Bi]),
and hence
exp ((e%t — 1) /Ot AS(B)ds> < (1 —i—n;lgtx\BS])t(e%tl) :

Now it follows from the theorem of Fernique (cf. Araujo, Giné [1980;theorem 6.5])
that for every t > 0 there exists an ry > 0 such for all r < r

2
Eg exp {rr£123<|33| } < .
This implies especially that
Eq max |Bg|" < o0
for every n > 1, and

1t7
Eq{(1+max B} < oo

follows. Thus we have proved (36) for example (2).

For the proof of the formulas (39) and (40) we use that

Nt = Zl{TkSt} and

k>1

1
Ng = ZWl{TkSt}‘

k>1
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This shows that the process X (see (41)) has the form

X, = exp{ Y limenluBi— Br) — 2t - 1)} - (42)

2
k>1

Using this formula, it is now easy to derive (39) and (40). First we prove (39). From
the definition of P* we have

PX{TI > tlaTQ > t27 e JTn—l-l > tn—l—l}

- Ef) { 1{T1>t1,T2>t2,"- :Tn+l>tn+l}Xt}

= Ep{l{T1>t1,Tg>t2,-~~,Tn+1>tn+1}
cexp { im(BMTk ~ Br,) - %(t ATy~ T3]}
k=1
~ Eq{C(B)} .
with
G(B) = ER(B){l{T1>t1,T2>t2,---,Tn+1>tn+1}

- exXp { Z[’)/k(Bt/\Tk - BTk) - %(t A Tk - Tkﬂ} .

k=1

From the definition of R we get with the shorter notation

1
Fi(sk) = 7(Bins, —Bsk)—a(t/\sk—sk) and A, = \(B)

(1<k<n)
G(B) = / / / exp{ Y Fi(si)}
t1 tn t 1
n+1 s
. H [exp{ — / Aedr YN, ] dsni1 dsy, - - ds
k=1 Sk—1
o0 o0 n t
= [ [ el B} el [ Aar)
t n k=1 Sk
H [exp { — ) ArdrtXg, ] dsy -+ - dsy
k=1 Sk—1

t 00 00 n n
= o= [ vdry [ [Cem {30 R0} [rads - ds
0 t tn k=1 k=1

and integrating G(B) relative to Q gives the asserted formula (39).

For the proof of (40) we proceed similarly. First we have
PY{Y'e D} = Eq{1n(B)Egqp{Xi}},
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and for the inner integral we get

Erp Xt = D Epp{lnc- g cm-nX} . (43)
k>1

For every term under the sum of equation (43) we compute further

Eﬁ(B) { 1{T1 <t,-- ,kalgt,Tk>t}Xt}

— /Ot/t:.../tkt_z/tmexp{iﬁ}(sj>}

k

. H [exp{ — / j )\rdr}/\sj] dsy - -+ dsy
Si_1

7=1 J
t t t k—1 k—1
= exp{—/ Ay dr}/ e / exp { Z Fk(sk)} H Ag;dsp_1---dsy,
0 0 tr—2 j=1 j=1

where for k = 1 the last "iterated” integral is understood to have the value 1. Now
the asserted equation (40) follows from (43). O

Remark: Formula (39) proves especially that the probability measures PX define
new classes of point processes not covered by the classical construction, and for-
mula (40) shows the mutual effect between the mixing of the point process and the
influence of the point process itself on the structural data.
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