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Abstract

In the present paper we consider two subportfolios of risks as well as the
union of these portfolios and for the chain—ladder method and the additive
method we study the problem of whether or not the predictors based on the
subportfolios are consistent with those based on the full portfolio.

In the case of the chain-ladder method we extend the results of Ajne [1994]
and Klemmt [2005], using the duality of the chain—ladder method applied to
incremental losses; we also give a short proof for this duality, which was first
observed by Barnett, Zehnwirth and Dubossarky [2005].

Apparently, in the case of the additive method the aggregation problem has
not been considered before.



1 Introduction

To model a portfolio of risks, we consider a family of strictly positive random vari-
ables

{Zik}Yigeron,..ny

We interpret the random variable Z; ; as the loss of accident year ¢ which is settled
with a delay of k years and hence in development year k and in calendar year ¢ + k
and refer to Z;;, as the incremental loss of accident year ¢ and development year k.
We assume that the incremental losses Z; j, are observable for calender years i+k < n
and that they are non—observable for calender years i + k > n. The observable
incremental losses are represented in a run—off triangle and the non—observable ones
are to be predicted.

Consider now two subportfolios of risks with incremental losses ZM and Zi,k, respec-
tively, as well as the union of these portfolios with incremental losses

Zi,k = Zi,k + Zi,k

For a given loss reserving method the problem arises whether or not the sum of the
predictors based on the subportfolios equals the corresponding predictor based on
the aggregated portfolio. This problem is called the aggregation problem.

In the present paper we study the aggregation problem for the chain—ladder method
(Section 2) and for the additive method (Section 3). For the chain-ladder method
we extend results of Ajne [1994] and Klemmt [2005]; for the additive method, it
appears that the aggregation problem has not yet been considered in literature.

2 Chain-ladder method and aggregation problem

In the present section we study the aggregation problem for the chain—ladder method.
To this end, it is convenient to consider not only the chain—ladder method but also
its dual version, which is the usual chain—ladder method applied to the transposed
run—off triangle where accident and development years are interchanged. This allows
for a prediction of the non—observable incremental losses also in terms of the dual
version.

The uncommon approach of using chain-ladder method together with its dual ver-
sion is twofold: First, the use of usual and dual chain—ladder factors facilitates the
presentation of our results. Second, the proofs benefit from the fact that the chain—
ladder predictors of the non—observable incremental losses in terms of the usual
chain—ladder method coincide with those of the dual chain—ladder method which we
call duality of the chain—ladder method. This result is due to Barnett, Zehnwirth
and Dubossarsky [2005] and we include a proof of it which is particularly short.

The results on the aggregation problem presented in this section extend those of
Ajne [1994] and Klemmt [2005].



2.1 Chain—ladder method and dual chain—ladder method

We refer to
k i
S@k = Z Zi,l and T%Jc = Z Zj,k
1=0 j=0

as the primal cumulative loss and the dual cumulative loss of accident year ¢ and
development year k, respectively. Obviously, the cumulative losses S; and T}, are
observable for calendar years ¢ + k < n and they are non-observable for calendar
years i+ k > n. Moreover, the incremental losses can be recovered from both primal
and dual cumulative losses by letting

Si if k=0 Ti if 1=0
Zik = 0 ' and Zik = Ok ne
Sik — Sik—1 else Tikg —Timap  else

This fact motivates the prediction of the non—observable incremental losses along
both development and accident years and hence to distinguish between primal
(usual) and dual chain-ladder method.

The primal chain—ladder method is based on the primal chain—ladder factors
Z::ok Sz’,k
>0 Sik-t

of development year k, k € {1,...,n}, and consists in the prediction of the primal
cumulative losses S;x, ¢ + k > n, by the chain-ladder predictors

oL .__
Pr =

k
CL .__ CL
ik = Sin—i H i

l=n—i+1

with ¢ + k& > n. Analogously, the dual chain-ladder method is based on the dual
chain—ladder factors '
=0 Ti-1,

PO =
pet.

of accident year i, ¢ € {1,...,n}, and consists in the prediction of the dual cumulative
losses T; x, 1 + k > n, by the chain-ladder predictors

)
DCL .__ | | DCL
ik - tn—kk ¢j

j=n—k+1
with ¢ + k£ > n. Thereby, the terms primal and dual are justified by the identities
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The dual chain—ladder factors are the primal chain—ladder factors applied to the
transposed run—off triangle where accident and development years are interchanged,
i.e. in the dual chain—ladder method prediction runs along accident years instead of
development years.

For the remainder of this paper, we set fg = S, and ﬂDfL =T foralli+k <n.

Using the primal respectively the dual chain—ladder method, the non—-observable
incremental losses are predicted by the chain-ladder predictors

k—1
ik =ik = Siko1 = Sim—i ( 1T 9010L> (k" = 1) = S (" = 1)
l=n—i+1
respectively
i1
Zie =T = T2 = Tk ( 11 wy@) (WP —1) = T295 (¥ — 1)

j=n—k+1
with ¢ + k > n.
The following result is due to Barnett, Zehnwirth and Dubossarsky [2005].
2.1.1 Theorem. The identity

z5f = 7
holds for all 1 + k > n.
In order to give a proof of this duality we introduce the random variables

ik
Aiw=2_ D Z
j=0 1=0

for all 4,k € {0,1,...,n}, which will turn out to be a useful technical device. Then,
the chain—ladder factors satisfy

e
for all i,k € {1,...,n} and the cumulative losses satisfy
Sik = Aig— A1k ie{l,..,n},ke{0,1,...n}, i+k<n
Tix = Aip— Aiga Ee{l,..,n},i€{0,1,...n}, i+k<n



The use of the rectangles A; ;, allows for a particularly short proof of Theorem 2.1.1.

Proof. (Proof of Theorem 2.1.1) We obtain

k—1
z(,jlg = (Ai,n—i_Ai—l,n—z’)< H An_lvl )( An_k,k; _1>

l=n—it1 An—l,l—l An—k,k—l

k—1
LA
l=n—i+1 “n=1l
= (Ai,n—i - Ai—l,n—i)

k
Hl:n—i—H An—l,l—l

(An—k,k - An—k,k—l)

HT'I—_'kjll Aj n—j
= (An—k,k - An—k,k—l) nj_? 1 7 (Ai,n—i - Ai_1,n_i)
Hj:i ’ Aj—l,n—j
i—1
Ajn A
= An—k,k - An—k,k—l Jn—J in—i 1
7z
for all 1 + k > n. -

2.2 Aggregation problem

For the cumulative losses, the chain—ladder factors, the chain—ladder predictors and
the rectangles we take over the notation used for the incremental losses.

As a first result, we obtain that the primal respectively dual chain-ladder factor
based on the aggregated portfolio lies in the convex hull of the primal respectively
dual chain—ladder factors based on the subportfolios.

2.2.1 Lemma. The identities

vCL An—k k-1 _cL An—k k—1 ~cL
Y = kT k
An—k,k—l An—k,k—l
and
DCL __ Ai*Ln*i DCL | i—1,n—i TpcL
7 - /Vl 7 A 7
i—1l,n—1 i—1,n—1

hold for all i,k € {1,...,n}.

First of all, we want to study the aggregation problem on the basis of incremental
losses. We have the following result:



2.2.2 Theorem. Consider ik € {1,...,n} with i+ k > n.
(1) Assume that

(I oo (I s o)) -

holds for all j € {n —k+1,...;i}. Then

forallje{n—k+1,.. i}
(2) Assume that

(7)o )]

holds for all j € {n — k+1,...,i}. Then

forallje{n—k+1,.. i}.
(3) The following are equivalent:
(a) The identity

(7)o ) o)

holds for all j € {n —k +1,...,i}.
(b) The identity 3 5
L+ 25y = Z5),
holds for all j € {n —k+1,...,i}.

Proof.  Assume that the condition of (1) is fulfilled. Initially, we prove the assertion
for j =n — k+ 1. Using Theorem 2.1.1 and Lemma A.3 we obtain

~CL ~CL ~CL
ki1 ke T Zn-ks1k — Lo ki1k
DCL DCL ~DCL
Z, kg T ankJrl,k — ki1 k
— bcL (@EDCL _ 1) _l_TDCL (ILDCL _ 1) _ TDCL (,éZDCL _ 1)
- n—k,k n—k+1 n—k,k n—k+1 n—k,k n—k+1
__ DbCL 7 DCL FDCL 7 DCL DCL DCL 7DCL
= T, %k (On — 1) + 1% (0niy — 1) — (T ke T TPe kk) (Vr — 1)
__ DCL 7DCL 7DCL FDCL 7 DCL 7DCL
= 1,7 ( S n7k+1) + 1, %k ( n—k41 n7k+1)

~CL 7 DCL 7 DCL

Yn—k+1 (@k - ¥k )( n—k+1 — n—k—i—l)
> 0

where Vn—k41 = (An—k:,k—l An—k,k—l)/ﬁn—k,k—l- Now, consider j € {n —k+2 .. Z}
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We assume that the assertion holds for 7 — 1 and we prove the requested inequalitiy
for j. Using Theorem 2.1.1 and Lemma A.3 we obtain

~CL ~CL
ik T 45k~

— DCL+
- 1 i3
> TP (= 1) + TP (0 - 1) -

— DCL (wDCL

~CL
7,k
DCL __ 7DCL
J,k
1)+ T (07 = 1) = T (07 = 1)

(TDclLk + DCL ) (@E}DCL _ 1)

,&?CL) DCL (wDCL 1%[)(&)

(O

> 0

(l H+ ) )> <¢ @;u)

where v; 1= (A 10 flj,lyn,j)//\ij,m,j. Cases (2) and (3) can be proved analo-
gously. O

The duality of the chain—ladder method allows for a dual version of Theorem 2.2.2
where accident and development years are interchanged.

We illustrate the results of Theorem 2.2.2 by the following example:

2.2.3 Example.

Incremental losses and predictors of the incremental losses of portfolio I:

accident | development year k

year i 0 1 2 | ypper
0 150 270 240

1 420 200 354 2.48
2 400 330 417 1.70
P 1.82 1.57

Incremental losses and predictors of the incremental losses

of portfolio II:

accident | development year k
year i 0 1 2 @?CL
0 200 200 200
1 200 200 200 2.00
2 200 200 200 1.50
P 2.00 1.50
Sum of the predictors of portfolios I & II:
accident | development year k
year ¢ 0 1 2
0
1 554
2 530 617




Incremental losses and predictors of the incremental losses of the aggregated portfolio:

accident | development year k
year ¢ 0 1 2
0 350 470 440
1 620 400 o547
2 600 538 611
Pe- 1.90 1.54

The conditions of Theorem 2.2.2 (1) are fulfilled for (i, k) = (1,2) as well as (i,k) = (2,2)
and those of Theorem 2.2.2 (2) for (¢,k) = (2,1). So, we have

Z$5 + 255 =554 > 547 = 77

Zgﬁ + 7§ =530 < 538 =75}

Z$5 + Z55 =617 > 611 = Z55
However, for the primal cumulative losses we have

SS9 + S5% = 1747 # 1749 = S%
Now, we want to study the aggregation problem on the basis of cumulative losses.
For that purpose, we need to strengthen the conditions given in Theorem 2.2.2.
2.2.4 Lemma. Consider i,k € {1,...,n} with i+ k > n. Assume that

H —CL H ~CL

l=n—j+1 l=n—j+1

holds for all j € {n —k+1,....,i}. Then

( H ) 1>>< H @fL)(@?jL—l)

forallje{n—k+1,..i}.

Proof. By assumption, we have @ > @¢", hence (o7 — 1)/@g" > (@5" — 1)op"
and thus
k—1 k oL
_ _ N ot —1
( II 901“>(902L—1) = ( II &) %
l=n—j+1 l=n—j+1 Pi
k ~“CL
- ot —1
> ( II o) 5
l=n—j+1 Yk
k—1
= ( II &)@ -
l=n—j+1
forall je {n—Fk+1,...,i}. a



As can be seen from Example 2.2.3, the converse implication is in general not true.
For the cumulative losses we have the following result:

2.2.5 Theorem. Consider ik € {1,...,n} with i+ k > n.
(1) Assume that

k
< H —CL _ H gEICL) (&}DCL _ 1@3(&) >0
l=n—j+1 l=n—j+1
holds for all j € {n —k +1,...,i}. Then

S5k + S5k > S5

forallje{n—k+1,..,i}.

(2) Assume that
k k
( H @lCL o H ~CL> (,wDCL &?CL) <0
l=n—j+1 l=n—j+1

holds for all j € {n —k+1,...;i}. Then
o5k + 553 < 5%
forallje{n—k+1,.. i}
(3) The following are equivalent:

(a) The identity
k
H —CL H ~CL DCL _ ,QEDCL) —0
J
<l:nj+1 I=n—j+1 )(

holds for all j € {n —k+1,...,i}.
(b) The identity
S+ S5k = S5
holds for all j € {n —k+1,...,i}.
Proof. Assume that the condition of (1) is fulfilled. Initially, we prove the assertion
for j =n — k4 1. Using Lemma A.4 for cell (n — k + 1, k) we obtain

QCL CL SCL
n—k+1k T Sn—k+1,k — Oplktlk

_ cL —CL ~CL SCL YCL
= S, kel k-1 Pr + Scm k1 Ph — Splhi1ho1 Ph

~CL Y CL

= St ft1k— 1@2L+Sn k1 k—1PE (Sc 1, k— 1+S k- 1)8%

Y CL Y CL

= 57?£k+1,k—1 (PR — &%) + S i (P — @17)

7 DCL T DCL

= Yn-k+1 (@EL - @EL) (1/’n_k+1 - n—k—H)
> 0

where Vn—k+1 = (An—hk—l /In_]%k_l)//vln_hk_l. Now, consider j € {n —k+2, ,Z}
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We assume that the assertion holds for j — 1 and we prove the requested inequality
for j. Using Lemmas A.1 and A.4 we obtain

QCL QCL SCL
ik T 95k — Djk

k
= Sjnj H @1 +SJ”J H @i — Sjn—j H o

l=n—j+1 I=n—j+1 l=n—j+1
k
_ —CL ~CL uCL
= H +SJnJ H ] _(SjnJ+S,nJ H
l n—j+1 l=n—j+1 l=n—j+1
k
_q. ] - vCL Q. ) ~CL_ VCL
= Sy | I @ H + Sin-s H H
l=n—j+1 l=n—j+1 l=n—j+1 l=n—j+1
k J—1 &cL k J—1 &cL
_ S —CL Zh:o Sh,k 5 ~CL h=0~h.k
= Ojn—j T + Ojn—j L S
I=n—j+1 Jj—ln—j l=n—j+1 j—1,n—j
J—1/gcL JCL
3 o 2 h—o(Shk + Sivk)
> Jm—J - A
Jj—ln—j

l=n—j+1

+5*j7n_j( I & -

l=n—j+1

1 _CL NCL)

AJ Lin—j

_ ( H —CL _ ~CL) < DCL _ DCL)
l=n—j+1 l=n—j+1

> 0

where v; == (A;_1n_j flj_ljn_j)//ulj_lm_j. Cases (2) and (3) can be proved analo-
gously. O

For the case i = k = n Theorem 2.2.5 is due to Ajne [1994].

Due to Lemma 2.2.4 the results of Theorem 2.2.5 are also valid for the incremental
losses. As can be seen from Example 2.2.3, the converse implication is in general not
true. Additionally, the duality of the chain—ladder method allows for a dual version
of Theorem 2.2.5.

2.2.6 Example. Incremental losses and predictors of the incremental losses of portfolio I:

accident | development year k

year i 0 1 2 | pper
0 100 100 300

1 300 100 600 3.00
2 400 200 900 2.00
P 1.50  2.50

10



Incremental losses and predictors of the incremental losses of portfolio II:

accident | development year k

year i 0 1 2 | yppor
0 200 200 200

1 200 200 200 2.00
2 200 200 200 1.50
P 2.00 1.50

Sum of the predictors of portfolios I & II:

accident | development year k
year 1 0 1 2
0

1 800
2 400 1100

Incremental losses and predictors of the incremental losses of the aggregated portfolio:

accident | development year k
year ¢ 0 1 2
0 300 300 500
1 500 300 667
2 600 450 875
P 175 1.83

The conditions of Theorem 2.2.5 (1) are fulfilled for (i, k) = (1,2) as well as (i,k) = (2,2)
and those of Theorem 2.2.5 (2) for (i, k) = (2,1). So, we have

S¢h + 855 =1600 > 1467 = ST

S§h + 555 =1000 < 1050 = S

S9% + 955 = 2100 > 1925 = S5%
The same inequalities are valid for the incremental losses.

In contrast to Theorems 2.2.2 and 2.2.5 which contain local results for the aggre-
gation problem, i.e results for the chain-ladder predictors of a single cell, Corollary
2.2.8 finally provides a global result. The following lemma is obvious.

2.2.7 Lemma. Assume that ¢ > @7" holds for alll € {1,...,n}. Then

k k
I &> 1[I &

l=n—j+1 l=n—j+1
forallik € {1,...,n} such thati+k>nandje {n—k+1,.. i}

As can be seen from Example 2.2.6, the converse implication is in general not true.
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If both chain—ladder factors, primal as well as dual, of one subportfolio are domi-
nated by both factors of the second subportfolio, then the sum of the chain—ladder
predictors based on the subportfolios exceeds the corresponding chain-ladder pre-
dictor based on the aggregated portfolio. The following corollary describes this
result and includes analogous statements for the converse inequality and identity.

Corollary 2.2.8 is an immediate consequence of Theorem 2.2.2 and Lemmas 2.2.4
and 2.2.7.

2.2.8 Corollary. B .
(1) Assume that @5~ > @~ holds for all k € {1,...,n} and P > ¥P°" holds for
alli € {1,...,n}. Then

I+ 25> 25 and ST+ S5 > S%
foralli+k >n. ) 3
(2) Assume that @F" > @ holds for all k € {1,...,n} and P < P°" holds for
alli € {1,...,n}. Then

7CL ~CL ~CL GCL QCL SICL
ik T2k < 4y and ik T Ok <Ok

foralli+k >n.

(3) Assume that 3% = @ holds for all k € {1,...,n} or > = P holds for all
i€ {l,...n}. Then

G+ 2% 2% and 5%+ 5% = 5%
foralli+k >n.
Corollary 2.2.8 extends a result of Klemmt [2005].

2.2.9 Example. Incremental losses and predictors of the incremental losses of portfolio I:

accident development year k

year i 0 1 2 3| yper
0 230 110 60 20

1 240 120 80 22 2.10
2 230 120 70 21 1.50
3 210 105 63 19 1.30
P 1.50 1.20 1.05

Incremental losses and predictors of the incremental losses of portfolio II:

accident development year k

year i 0 1 2 3| oppor
0 780 140 80 10

1 760 120 100 10 1.98
2 410 130 54 6 1.30
3 390 78 47 5 1.20
PR 1.20 1.10 1.01
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Sum of the predictors of portfolios I & 1I:

accident development year k
year i 0 1 2 3
0

1 32
2 124 27
3 183 110 24

Incremental losses and predictors of the incremental losses of the aggregated portfolio:

accident development year k

year 1 0 1 2 3
0 1010 250 140 30
1 1000 240 180 30
2 640 250 114 22
3 600 168 98 19
P 1.28 1.13 1.02

These results are in accordance with Corollary 2.2.8 (1).

2.3 Remarks

The results given in Theorem 2.2.2 (1), (2) and Theorem 2.2.5 (1), (2) for a given
cell remain valid under weaker conditions. If we replace the given conditions up to
a certain index by non—strict inequalities, we also obtain non—strict inequalities for
the chain—ladder predictors up to this index.

The chain—ladder method is based on the assumption that there exists a development

pattern for factors.

— If we assume that there exists a development pattern for factors for each sub-
portfolio, then we have parameters ¢, and @, with

E[Six] = E[Sir-1] @k

E[Six] = FE[Sip-1]@n
for all k € {1,....,n} and i € {0,1,...,n}.

— If we assume that there exists a development pattern for factors for the full
portfolio, then we have parameters ¢, with

E[S;ix] = E[Sik-1] &x

for all k € {1,....,n} and i € {0,1,...,n}.
Hence, there exists both a development pattern for factors for each subportfolio
and a development pattern for factors for the full portfolio, if and only if, for every
k€ {1,...,n} there exists some ¢;_; € (0,00) with

E[S; k-]

)

E[Si k1]

= Ck—1
for all i € {0,1,...,n}.
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For a consistent modelling of the subportfolios and the full portfolio one can use
the multivariate chain—ladder model which is the basis of the multivariate chain—
ladder method; see Prohl and Schmidt [2005]. The multivariate chain-ladder model
describes not only the subportfolios but also the relation between them.

3 Additive method and aggregation problem

In the present section we study the aggregation problem for the additive method.
Because of the volume measures used in the additive method, the problem of whether
or not the sum of the predictors based on the subportfolios equals the corresponding
predictor based on the aggregated portfolio can be decided from a single and simple
equation (Lemma 3.2.2).

Apparently, the aggregation problem for the additive method has not yet been con-
sidered in literature.

3.1 Additive method

The additive method is based on known wvolume measures v; of accident year i, 1 €
{0,1,...,n} and on the additive incremental loss ratios

n—k
AD . __ Zi:[) Zivk
ko n—k
>ico Vi
of development year k, k € {0,1,...,n}, and consists in the prediction of the incre-
mental losses Z; ;, @ + &k > n, by the additive predictors

AD ., AD

ik - Uil

with ¢ + k& > n. For the prediction of the cumulative losses we use the additive
predictors

k
AD | __ AD
ik = Oin—i T Ui E G

l=n—i+1
with ¢ + &k > n.

3.2 Aggregation problem

For the cumulative losses, the incremental loss ratios, the volume measures and the
additive predictors we take over the notation used for the incremental losses.

Since the additive predictors of the incremental losses are invariant with respect to
the multiplication of the volume measures with a positive scalar, we set

%

V;, — (?71 —+ @Z)

for all i € {0,1,...,n} and some « € (0, c0).
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A similar result to Lemma 2.2.1 holds for the additive incremental loss ratios.

3.2.1 Lemma. The identity

n—k — n—k ~
“AD E:i:ﬂ Vi =ap E:izo Vi *ap

holds for all k € {0,1,...,n}.

First of all, we want to study the aggregation problem on the basis of incremental
losses. We have the following result:

3.2.2 Lemma. For each i,k € {1,....,n} with i + k > n there exists some ¢ €
(0, 00) with

7AD | 7AD __ r7AD —©c Vi . Vi FAD __ FAD
ik ik ik — Ck n—k _ n—k ~ k k
ijo Uj Zj:O Uj

Proof. Using Lemma 3.2.1 we obtain

77 AD ~AD ~AD
ik T Zik ik
— ~AD ~ ZAD o EAD
= 0 (o +0i G — UG

SIS
— FAD ~ ZAD v j=0 "J =D j=0 "J ZaD
+ — U

= Uiy Ui Gk n—k o n—k o ok
Zj:(] Uj ijo Uj

n—k — n—k ~
B <_ . ijo Uj) ZAD <~ 9 ijo Uj) ZAD
= \U Tt S S T\ VT U S Sk
ijo Uj ijo Uj
_ n—~k/— ~ _ ~ n—k —
(Uz' Zj:() (0 +75) (v + 1) Zj:O Uj) ZAD
n—k/— ~ n—k _ ~
> iz (U +05) >0 @ (U + 7))
~ n—k — ~ — ~ n—k ~
n (Uz’ > o (05 + 05) @ (i + ) D5, Uj) ZAD
n—=k/— ~ n—k _ ~
> o (05 + ) > i—o (U + ;)
~ n—k — _ n—k ~
FAD | (Ui 2_j=0 Ui — Ui 2= “J‘) AD

A ~ k
Z?:o (05 + ;)

(Uz‘ PV S
_k _ ~
Z?:o (05 + ;)

(vz- SIS — B Y O

N—— " —
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The previous lemma completely solves the aggregation problem for the incremental

losses. The following theorem takes up this result.

3.2.3 Theorem.

Then the following are equivalent:

(a)

(b)

K _
Z?:o Uj

2.

n—k ~
j=0 Uj

*~AD

Consider i,k € {1,...n} with i+ k > n and <€ {>,<,=}.

e

)No

7~ AD ~AD ~ AD
ik T Zik X2y

3.2.4 Example. Incremental losses and predictors of the incremental losses of portfolio I:

Incremental losses and predictors of the incremental losses of portfolio II:

Sum of the predictors of portfolios I & II:

Incremental losses and predictors of the incremental losses of the aggregated portfolio:

accident | development year k

year i 0 1 2 V;
0 260 120 70 100
1 205 180 105 150
2 300 240 140 200
¢p°P 1,70 1,20 0,70

accident | development year k

year 1t 0 1 2 Vs
0 300 200 160 200
1 260 250 200 250
2 340 300 240 300
(O 1,20 1,00 0,80

accident | development year k
year ¢ 0 1 2
0

1 305
2 540 380

accident | development year k

year i 0 1 2 V;
0 560 320 230 300
1 465 430 307 400
2 640 536 383 500
P 1,39 1,07 0,77
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In the case of incremental losses, Lemma 3.2.2 demonstrates completely the relation be-
tween the sum of the additive predictors based on the subportfolios and the corresponding
additive predictor based on the aggregated portfolio. So, we have

Z9 + Z$5 =305 < 307 =Z73
730 + Z30 =540 > 536 = 257
735+ 755 =380 < 383 =733
However, for the cumulative losses we have
S55 + 535 = 1560 # 1559 = S35
As can be seen from Example 3.2.4, the aggregation problem on the basis of cu-

mulative losses shall be considered separately. The following result is an immediate
consequence of Lemma 3.2.2.

3.2.5 Corollary. Consider i,k € {1,...,n} withi+k > n.

(1) Assume that
( nflﬁl v B nflﬁl v ) <_ZAD B ~lAD> - 0
ijo Uj ijo Uj

holds for alll € {n —i+1,...,k}. Then

QAD JAD SAD
il o >0

forallle {n—i+1,.. k}.

(2) Assume that
< nlﬁl_ o nlfl~><_lAD_~lAD><0
ijo Uj ijo Uj

holds for alll € {n —i+1,....,k}. Then

QAD QAD SAD
il o <Oy

foralll e {n—i+1,... k}.
(3) The following are equivalent:

(a) The identity
( /EZ - ijz ) <_AD - NAD) B 0
n—l — n—l ~ l l _
ijo Uj ijo Uj

holds for alll € {n —i+1,...k}.
(b) The identity

QAD JAD __ JIAD
il T O =9y

holds for alll € {n —i+1,...k}.

The concluding corollary is obvious.
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3.2.6 Corollary. Assume that there ezists some ¢ € (0,00) with v;/0; = ¢ for all
i€{0,1,...,n}. Then

~ AD 7AD __ r7AD OAD OAD __ QAD
ik T 4ig = iy and ik T 95k = Ok

forall i,k € {1,...,n}. In this case the additive method is additive.

3.3 Remarks

Unlike the chain-ladder method, the additive method uses not only the information
contained in the run—off triangle but also certain known volume measures, and the
choice of the volume measures may considerably effect the aggregation problem. A
typical example of such a situation is the classification of a given portfolio of risks
into large and basic losses.

—  Using the number of policies as volume measures for both subportfolios, then
0;/0; = 1 and the additivity of the additive method follows from Corollary 3.2.6.
In this case there is no reason to worry about the aggregation problem.

—  Otherwise, if we choose for both subportfolios the expected number of claims
as volume measures, then these volume measures will in general fail to be pro-
portional and the additive method may fail to be additive.

Thus, the choice of the underlying volume measures may have an effect on the

additivity or non—additivity of the additive method.

The additive method is based on the assumption that there exists a development
pattern for cumulative quotas.
— If we assume that there exists a development pattern for cumulative quotas for
each subportfolio, then we have parameters (; and (; with
EZix] = G

E[Z,k] = 0; Gk
for all k € {0,1,...,n} and i € {0,1,...,n}.
— If we assume that there exists a development pattern for cumulative quotas for
the full portfolio, then we have parameters (; with
E[Zi4] = 5 G
for all k € {0,1,...,n} and i € {0,1,...,n}.
Hence, there exists both a development pattern for cumulative quotas for each sub-
portfolio and a development pattern for cumulative quotas for the full portfolio, if
and only if, there exists some ¢ € (0, 00) with
v;
— =C
Ui

for all i € {0,1,...,n}.

For a consistent modelling of the subportfolios and the full portfolio one can use the
multivariate additive model which is the basis of the multivariate additive method;
see Hess, Schmidt and Zocher [2006]. The multivariate additive model describes not
only the subportfolios but also the relation between them.
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A Appendix

In this section we prove some technical Lemmas. Recall that S7} := S; and T3¢ 1=
T forall i 4+ k <n.

A.1 Lemma. The identities

k
E] 0 jk o H CL Z] 0 jk
A, - “ A. 1
1,m—1 l=n—it1 i—1,n—1
hold for alli € {1,...,n}, k € {0,1,....n} such that i+ k > n.

Proof.  The first identity is a generalization of Lemma 13.5.1 in Schmidt [2009].
There, the proof is given for k = n; the general case can be proved quite similar. The
second identity is an immediate consequence of the first identity and the definition
of the chain-ladder predictors of the primal cumulative losses S;:. O

A.2 Lemma. The identities

CL i—1
(Yo

Ak j=n—k+1
and
TD(?‘lLk
T = ( H o5 ) —1)
i—1ln—1 l=n—i+1

hold for all i+ k > n.

Proof. First of all, we obtain

k—1 k—1 1—1 i—1
1 H gOCL _ l=n—i+1 An—l,l _ H]‘:n_k+1 A],n—] _ 1 H wl?CL
An—k k-1 : I A [T A; o A !
neh l=n—i+1 l=n—it+1 “in—=1l-1 j=n—k+1‘Yj—1n—j i=ln=i s ke

for all i + k > n. Now, using this result we also obtain

CL 1 k—1
ik—1
: = Ain—i — Aic1ni o
Ap_k k-1 Ap_k k-1 (Ain—s ' )ZEH :
1 i—1
- Aifl o (Az,nfz A'Lfl,nfz) . H wj
) j=n—k+1
_ DCL _ H wDCL
j=n—k+1
for all i + k > n. The dual part can be proved analogously. O
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A.3 Lemma. The identity

v

TDClLk (¢DCL _ 77Z];»CL) + TDCL (,&DCL _ ¢DCL)

(e (0 ) o) (o)

holds for all i +k > n where ~; := (A1 A,»_lm_i)/;li_l,n_i.
Proof. First of all, using Lemma 2.2.1 we obtain

Ai 1,n—i

77EZI;»CL _ VLZ]‘DCL _ ,QE;DCL _ lizlnz &Z]‘DCL _ 1‘}171@7@' QZJ?CL
i—1,;n—i i—1,n—i
_ Ai—l,n—i f(/_}]‘I)CL . Ai—l,n—i QZPCL
b 3 S 3
Aisin—i Aisin—i
_ Aifl,n*i (&DCL . ,&DCL)
i—1,;n—i

for all i € {1,...,n} and analogously

,&DCL N ,(LDCL _ Ai—lfﬂ—i
(2 (2 b

(QZZPCL . &;}CL)

i—1,n—1i

for all i € {1,...,n}. Using this result and Lemma A.2 we obtain
TSty (77— %)+ T2 (50 = )

(2

Ay - .
TP 5 (P — ) + T

i—1,n—i

Azlnz

(wDCL ,&?CL)

i—1l,n—1i

A
1 1 T'DCL DCL
o Ai—l,n—i Ai—l,n—i 7—;‘71,]@ T -1,k DCL . DCL
Aifl,nfi Ai—lv” i z 1,n—i

(e (0 ) o) (i)

for all 1 + k > n. O

A.4 Lemma. The identity

k i—1/a i k i-1,5 ~
o I & oSSR+ ST | G I & >S5+ S5%)
Sznz( gof _ J (}1 Jik Jik +Si,n7i ‘ch . j ov 4,k 5,k
i—1,n—1i

l=n—i+1 I=n—i+1 i—1,n—1

k
= H @l H ~CL) <wiDCL . QZJZQCL>
(l:niJrl l=n—i+1

holds for all i +k > n where v; == (A;_1n fli_l’n_i)//vli_ljn_i.
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Proof. First, using Lemma A.1 we obtain

zlnz II ~CL

i=1n—i j=p_j41

23>c :bz

= T e e I -
=§”’”,<Hso H~CL)

l=n—i+1 l=n—i+1
for all + + k > n and analogously

i—1 /& & - k
H ~CL . Zj=(}§ vak_‘_ f,i) AZ 1,n—1i ( H ~CL . H @lCL)
i—1,n—i

l=n—i+1 Z Ln—i l=n—i+1 l=n—i+1

for all i + k > n. Moreover, applying Lemma A.2 for k =n — i + 1 yields

Si,nfi

Dini_ ypet g
(]
Ai—l,n—i

for all i € {1,...,n}. Thus, using the previous results we obtain

[ o S+ S | [ g Soma(Sik+ 550
Ai—l,n—i A

l=n—i+1 l=n—i+1 i—1,n—1
o S 'Az 1,n—1i 7CL ~CL
- ,n—1 A
i—1ln—i l=n—i+1 l=n—i+1
- k
I~ Az 1,n—1i
~CL —CL
+ Sin—i 1. H - H i
i—1,n—1 I=n—i+1 l=n—i+1
o Ai—l,n—i Ai—l,n—i Si,n—i . H —CL H ~CL
Ai—l,n—i Ai—lvn—i Az—l,n ( I=n—i+1 I=n—i+1
k
_ wDCL B T;DCL H H ~CL
l=n—i+1 l=n—i+1
for all + + k& > n. O
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