Problem sheet 2

Exercise 1. Consider the situation of Lemma 2.12 and check that
1. \2,..., )% are the Eigenvalues of A'A
2. [Mly ..., |A\a| are the singular values of A
3 det A=A N\g
4 AP = 02 and [|A] = Mg
5. A€ SO(d) if and only if {\1,...,  a} = {1}.
Exercise 2. Let A, B € R¥*?. Show that:
(1) (det A)Id = Atcof A (Cramer’s rule),
(ii) det(cofA) = (det A)4~1
(iii) cof A = (det A)A™t, if A is invertible,
(iv) cof A=A, if Ae SO(d),
(v) cof(AB) = (cof A)(cof B),
(vi) cof(A?) = (cofA)?,
(vii) cof(A™1) = (cof A)~1 if A is invertible.

Exercise 3. Let Q be a domain, ¢ : Q — R% a C'-deformation, and U CC Q a C'-domain. Then
U? = ¢o(U) is a C'-domain. Moreover, if v(z) denotes the outer mormal to OU at x € U, then
¥ = p(x) € dp(U) and

(cof Dp(x))v(x)

|(cof Dp(x))v ()|’

ve(x¥) =
is the outer normal to 0p(U) at x¥.
Exercise 4. Let A € C*(R%R*?) and f € C°(R% R?). Show that
div(A'f) = (divA) - f + A- Df.
Exercise 5. Let Q C R? be a C'-domain and consider a (countable) covering of O by open balls
B; C R4, a subordinate partition of unity (; C C(B;) with 0 < ¢; < 1 and >-;¢G =1 0n09Q, and

parametrizations (¢;, V;) with B; C ¢;(V;). Convince yourself (briefly) that these objects exist and recall
that f € LY(0Q) if and only if the functions V; — f(¢j(x)) are measurable and

fal1 e =3 | 1506316 0653 faet DDt o < 0

Show that there exists € > 0 and a sequence (fi) € CH(U.) where U, := {x € R? : dist(x,09Q) < ¢}
denotes a small neighbourhood of 0X), s.t.

Jim ILf = frllron) = 0.

Discuss and sketch the approzimation argument in the proof of Theorem 2.24 (b).




