
The Hair Bundle:

Fluid-Structure Interaction

in the Inner Ear

Das Haarbündel:
Fluid-Struktur-Wechselwirkung

im Innenohr

Von der Fakultät Maschinenwesen
der Technischen Universität Dresden

zur

Erlangung des akademischen Grades
Doktoringenieur (Dr.-Ing.)

angenommene

Dissertation

von

Dipl.-Ing. Johannes Baumgart

geboren am
8. April 1978 in Konstanz

Tag der Einreichung: 13. Juli 2010

Tag der Verteidigung: 8. November 2010

Gutachter: Prof. (em.) Dr.-Ing. R. Grundmann
Technische Universität Dresden

Prof. Dr. A. J. Hudspeth
Rockefeller University





Sea Ranch, California, 2008

Lass das Auge die Klänge fangen;
Dann wirst du endlich verstehen.
Tozan, 9. Jahrhundert, Japan

Let your eye catch the sound;
Then you will �nally understand.

Tozan, 9th century, Japan





Kurzfassung

Das Haarbündel: Fluid-Struktur-Wechselwirkung im Innenohr

Bei der Hörwahrnehmung eines Klangs spielen viele komplexe Prozesse zusammen. Der Schlüssel-
prozess, die Umwandlung mechanischer Schwingungsbewegung in elektrische Signale, findet in den
Haarbündeln im Innenohr statt. Diese Haarbündel sind hoch entwickelte mechanosensitive Organel-
len, bestehend aus vielen nahe beieinander stehenden Stereozilien umgeben von Flüssigkeit. Die be-
trächtliche Viskosität dieser Flüssigkeit führt zur Energiedissipation und zur Schwingungsdämpfung,
was im Gegensatz zur bekannten hohen Empfindlichkeit und der ausgezeichneten Frequenzselektivität
der Hörwahrnehmung steht. Um die Komponenten des Haarbündelsystems in ihrem funktionalen Zu-
sammenspiel besser zu verstehen, bedarf es eines wirklichkeitsgetreuen Modells unter Einbeziehung
der Wechselwirkung zwischen Flüssigkeit und Struktur.

Mit dieser Arbeit wird ein neuer Ansatz vorgestellt, um die Mechanik der Fluid-Struktur-Wech-
selwirkung im Innenohr zu analysieren. Da die Bewegungen bei der normalen Mechanotransduktion
wesentlich kleiner als die geometrischen Abmessungen sind, ist es möglich, das Verhalten von Fluid
und Struktur in Form der Verschiebungsvariable in einem linearen einheitlichen System von Gleichun-
gen ausreichend genau zu beschreiben. Dieses System von partiellen Differentialgleichungen wird mit
der Finite-Elemente-Methode gelöst. Basierend auf experimentell ermittelten Daten vom Haarbündel
des Ochsenfrosches wird ein detailliertes Modell erstellt, welches sowohl die Interaktion mit der um-
gebenden Flüssigkeit als auch die koppelnde Flüssigkeit in den engen Spalten zwischen den einzelnen
Stereozilien erfasst. Die experimentellen Daten sind Ergebnisse von hochauflösenden interferometri-
schen Messungen bei physiologisch relevanten Bewegungsamplituden im Bereich von unter einem Na-
nometer bis zu mehreren Dutzend Nanometern, sowie über einen breiten Frequenzbereich von einem
Millihertz bis hundert Kilohertz.

Das Modell erlaubt die Berechnung der auftretenden viskosen Widerstände aus der numerischen
Analyse der verschiedenen beobachteten Bewegungsmoden. Es kann gezeigt werden, dass durch die
Gruppierung zu einem Bündel der Gesamtwiderstand drastisch reduziert ist, im Vergleich zur Summe
der Widerstände einzelner Stereozilien, die sich individuell und unabhängig voneinander bewegen. Die
einzelnen Stereozilien in einem Haarbündel sind durch elastische Strukturen mechanisch miteinander
verbunden: Die Energie des Schalls wird durch schräg angeordnete sogenannte Tiplinks auf die mecha-
notransduktiven Kanäle übertragen, wohingegen horizontale Querverbindungen die Stereozilien direkt
koppeln. Während der Haarbündelauslenkung verursachen die Tiplinks zusätzlichen Widerstand durch
stark dissipative Relativbewegungen zwischen den Stereozilien. Die horizontalen Querverbindungen
unterdrücken diese Bewegungen und sind dafür verantwortlich, dass sich das Haarbündel als Einheit
bewegt und der Gesamtwiderstand gering bleibt. Die Steifigkeit der Stereozilien und der Verbindungs-
elemente sowie deren Geometrie sind in dem Modell sorgfältig angepasst, um eine Übereinstimmung
mit den Beobachtungen aus verschiedenen Experimenten zu erzielen. Als Referenz dienen Steifigkeits-
und Widerstandsmessungen, sowie Kohärenzmessungen für die gegenüberliegenden Außenkanten des
Bündels, die jeweils mit und ohne Tiplinks durchgeführt wurden. Darüberhinaus sind die Ergebnisse
durch den Vergleich mit experimentell beobachteten Relativbewegungen validiert, die das Haarbündel
infolge von sinusförmiger Anregung bei Distorsionsfrequenzen zeigt. Diese haben ihren Ursprung in
dem nichtlinearen Prozess des Öffnens von Ionenkanälen.

Das entwickelte Modell eines Haarbündels liefert neue Einblicke in den Schlüsselprozess der audi-
tiven Wahrnehmung. Zur Behandlung von Problemen der Fluid-Struktur-Wechselwirkungen bei klei-
nen Amplituden hat sich der hier ausgearbeitete Ansatz als effizient und zuverlässig erwiesen.
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Abstract

The Hair Bundle: Fluid-Structure Interaction in the Inner Ear

A multitude of processes cooperate to produce the sensation of sound. The key initial step, the transfor-
mation from mechanical motion into an electrical signal, takes place in highly specialized mechanosen-
sitive organelles that are called hair bundles due to their characteristic appearance. Each hair bundle
comprises many apposed cylindrical stereocilia that are located in a liquid-filled compartment of the
inner ear. The viscous liquid surrounding the hair bundle dissipates energy and dampens oscillations,
which poses a fundamental physical challenge to the high sensitivity and sharp frequency selectivity of
hearing. To understand the structure-function relationship in this complex system, a realistic physical
model of the hair bundle with an appropriate representation of the fluid-structure interactions is needed
to identify the relevant physical effects.

In this work a novel approach is introduced to analyze the mechanics of the fluid-structure inter-
action problem in the inner ear. Because the motions during normal mechanotransduction are much
smaller than the geometrical scales, a unified linear system of equations describes with sufficient accu-
racy the behavior of the liquid and solid in terms of a displacement variable. The finite-element method
is employed to solve this system of partial differential equations. Based on data from the hair bundle
of the bullfrog’s sacculus, a detailed model is constructed that resolves simultaneously the interaction
with the surrounding liquid as well as the coupling liquid in the narrow gaps between the individual
stereocilia. The experimental data are from high-resolution interferometric measurements at physio-
logically relevant amplitudes in the range from a fraction of a nanometer to several tens of nanometers
and over a broad range of frequencies from one millihertz to hundred kilohertz.

Different modes of motion are analyzed and their induced viscous drag is calculated. The inves-
tigation reveals that grouping stereocilia in a bundle dramatically reduces the total drag as compared
to the sum of the drags on individual stereocilia moving in isolation. The stereocilia in a hair bundle
are interconnected by oblique tip links that transmit the energy in a sound to the mechanotransduction
channels and by horizontal top connectors that provide elastic coupling between adjacent stereocilia.
During hair-bundle deflections, the tip links induce additional drag by causing small but very dissi-
pative relative motions between stereocilia; this effect is offset by the horizontal top connectors that
restrain such relative movements, assuring that the hair bundle moves as a unit and keeping the total
drag low. In the model the stiffness of the links, the stiffness of the stereocilia, and the geometry are
carefully adjusted to match experimental observations. The references are stiffness and drag measure-
ments, as well as the coherence measurements for the bundle’s opposite edges, both with and without
the tip links. The results are further validated by a comparison with the relative motions measured in
a sinusoidally stimulated bundle for the distortion frequencies at which movements are induced by the
nonlinearity imposed by channel gating.

The model of the fluid-structure interactions described here provides insight into the key step in
the perception of sound and the method presented provides an efficient and reliable approach to fluid-
structure interaction problems at small amplitudes.
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Chapter 1

Introduction

1.1 Objectives and Motivation

Our hearing organ is able to detect air vibrations with an amplitude smaller than the Bohr radius while
cycling about a thousand times per second.* These faint amplitudes are smaller than the thermal motion
of the mechanosensitive structures. Besides this remarkable ability to detect tiny amplitudes, hearing
differentiates minuscule variations of frequency modulation and of spectral content.† To gain further
insights into the mechanical processes underlying the sensation of sound motivates this work.

A key step in the perception of sound is the transformation from mechanical motion into an elec-
trical signal, termed mechanotransduction. In all vertebrates this takes place at the hair bundles which
are situated atop hair cells. These cells occur in the labyrinth of the inner ear and in the lateral lines of
fishes and aquatic amphibians.

This thesis analyzes the fluid-structure interaction of the hair bundle in the inner ear by means of
numerical modeling. The inner ear is filled with an aqueous solution that on a micrometer geometrical
scale and at kilohertz frequencies is highly viscous and nearly incompressible.

Scaling the geometry of the bundle up to the size of a human hand illustrates the environment that
the bundle experiences. The hand is about 10,000 times larger than a hair bundle. For the hair bundle
oscillatory motions with about 1,000 cycles per second are characteristic, but for the hand the motions
are just in the order of one per second. For self-similar behavior the ratio of inertial to viscous force
must be preserved, which implies that the length scale squared multiplied by the time scale has to be
constant. One way to ensure the same force ratio is by adjusting the properties of the surrounding
liquid. To resemble a hair bundle, the hand would have to move through a liquid with the dynamic
viscosity of honey!

A hair bundle comprises many closely apposed, cylindrical stereocilia. The stereocilia protrude
from the cuticular plate, the upper surface of the hair cell. They almost touch each other at their tips,
while standing further apart at their basal insertions. The very small gaps between the stereocilia as
well as the volume surrounding the bundle are filled by liquid, the endolymph. The bundle has a distinct
direction parallel to the cuticular plate: the excitatory direction. When a bundle is displaced along this
direction, mechanically sensitive ion channels open and an ion flow depolarizes the cell. In the positive
direction the stereocilia increase in height. In this direction each shorter stereocilium is also linked by
an oblique tip link to the adjacent taller stereocilium. The stereocilia consist mainly of actin filaments
cross-linked by fimbrin, espin, and perhaps other proteins.

*Based on 0 dB SPL hearing threshold at 1 kHz and an impedance of 420 Pa�s�m�1 for air. The Bohr radius is about
53 pm and the most likely position of the electron orbiting around the hydrogen atom.

†A healthy person can detect frequency modulations of about 0.1 %.
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OM

SC

KB

1 µm

Figure 1.1: Scanning electron micrograph of a hair bundle from the bullfrog’s sacculus attached to
the otolithic membrane. The kinocilium with the kinociliary bulb resides at the bundle’s tall edge. The
stereocilia form a hexagonal pattern. The calcium carbonate crystals above the bundle are removed.
The excitatory direction is toward the upper right. KB: Kinociliary bulb, SC: Stereocilia, OM: Otolithic
membrane. Courtesy of Dr. A. J. Hudspeth, Howard Hughes Medical Institute
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As an example, the geometry of the hair bundle of the bullfrog sacculus is given in detail (Fig-
ure 1.1). In a top view the stereocilia form a hexagonal pattern. The region where the stereocilia
connect to the cuticular plate has a circular shape. The kinocilium resides at the tall edge of the bundle
and has a similar shape as the stereocilia. The kinociliary bulb at the tip of the kinocilium couples
the bundle to the otolithic membrane. In this work the hair bundle of the bullfrog sacculus is used.
Although the human hearing organ senses higher frequencies, the bullfrog hair bundle provides some
experimental advantages. The characteristic frequencies are lower and the preparation is usually more
stable and viable ex vivo. The large distance between the tall and short edge of the bundle allows one
to clearly distinguish them with optical measurement techniques.

1 µm

(a) The hair bundle from an outer hair cell.

1 µm

(b) The hair bundle from an inner hair cell.

Figure 1.2: Scanning electron micrographs of the hair bundles from hair cells of a guinea pig. The
overlaying tectorial membrane is removed. The excitatory direction is upwards to the left. Courtesy of
Dr. Y. M. Yarin, Technische Universität Dresden

The hair bundles of the mammalian and human inner ear are not grouped into a circular arrange-
ment; instead the stereocilia line up in three rows in the bundle. The stereociliary rows of the outer
hair cell bundles form a shape like the letters V or W. Here, the height decrease from row to row is
more pronounced and there are typically just three rows in a column. The micrographs in Figure 1.2
show hair bundles of a guinea pig from the outer and inner hair cells. While the outer hair cell bundles
kink, those of the inner hair cells feature straight rows. Between the individual outer hair cell bundles
is a gap in the longitudinal direction, whereas the edges of the outer hair cells almost touch each other.
The mature mammalian hair bundles lack kinocilia. The tallest row of the outer hair cell bundle is
mechanically connected to the overlaying tectorial membrane. The hair bundles of inner hair cells are
free-standing.

To accomplish the mechanical analysis of the elastic hair bundle in the liquid environment, ap-
propriate numerical tools are necessary. Because an elastic solid and a viscous fluid are present and
coupled, this poses a problem of fluid-structure interaction. The behavior of the physical fields is
described by casting them into differential equations on the basis of mass, momentum, and energy
conservation.

The mechanics of hearing are characterized by micrometer dimensions, nanometer displacements,
and kilohertz frequencies. These special conditions allow us to neglect the large-deformation descrip-
tion for solid material and convection for fluid. The remaining system of coupled differential equations
is linear. To solve the equation on the complex, three-dimensional geometry of the hair bundle, the
finite-element method is employed. A novel approach is presented to efficiently solve the strongly
coupled two-field problem. The implementation is successfully tested with problems related to hearing
mechanics.

For this work extensive experimental data and geometrical observations where provided by Dr. A. J.
Hudspeth and Dr. Andrei S. Kozlov,* Laboratory of Sensory Neuroscience, Howard Hughes Medical
Institute, Rockefeller University, New York. Support on the theoretical aspects and data analysis of
hair bundle data was given by Dr. Thomas Risler, Institut Curie, Physical Chemistry, Paris.

*Current address: Department of Psychology, University of California, San Diego
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1.2 State of the Art

For several decades the field of inner ear mechanics has been attracting researchers to investigate the
mechanism of sound sensation. Already two decades ago important features were identified as reviewed
by Hudspeth (1989). The complex nature of hearing involves people from diverse fields and with mul-
tiple approaches and interests. More than a century ago von Helmholtz (1896) analyzed the capabilities
of the ear with respect to the high precision when listening to music. Later von Békésy (1960) revealed
the underlying mechanism to differentiate frequencies motivated by the research on telecommunica-
tion signal quality for the Hungarian Post Office. Using cadavers, he experimentally showed how the
traveling wave transports the mechanical energy to different locations depending on the stimulus fre-
quency. Later experimental evidence was found that the ear is not solely a passive sensor, but is active
and produces sounds, which is nowadays used in clinics to test the hearing of newborns. The idea of
an active process was originally proposed by Gold (1948) and later experimental evidence was found
at the level of individual hair cells by Ricci et al. (2000) and by Martin et al. (2001). There are several
signatures for this active process, such as amplification, frequency tuning, compressive nonlinearity,
and spontaneous otoacoustic emissions (Hudspeth 2008; Robles and Ruggero 2001). Today most of
the involved individual components are characterized in their mechanical properties (Puria and Steele
2008), but their interplay is still discussed (Ashmore et al. 2010).

The key step in the process of hearing is the transformation from the mechanical stimulus to an
electrical signal. The hair bundle in the inner ear is sensitive to motion as channels open while displaced
(Gillespie and Müller 2009). The mechanical relations were identified by Howard and Hudspeth (1988)
and Howard et al. (1988). The intrinsic noise and the specific properties of the hair bundle system might
explain the compressive non-linearity as well as frequency tuning (Nadrowski et al. 2004; Hudspeth
et al. 2010). The latter is further enhanced by elastic coupling between hair bundles (Dierkes et al.
2008).

To investigate, in which mechanical environment the bundle is working and what are the governing
forces in a hair bundle, several numerical models have been developed. Geisler (1993) investigated the
strain of the elastic links in the bundle during deflection. Also Pickles (1993) found a linear relationship
between the bundle displacement and the tip-link strain. The dependence of the mechanical load on the
tip links with respect to the geometrical parameters was analyzed by Cotton and Grant (2004). Using
the finite-element method Silber et al. (2004) studied the elastic mechanical deformation on utricular
hair bundles. Nam et al. (2007) computed the response of three-dimensional hair bundles with non-
linear gating springs to account for the channel gating. To the author’s knowledge, the only work
incorporating viscous effects in the hair bundle is by Zetes and Steele (1997). Therein the fluid forces
between individual stereocilia were estimated based on squeeze-flow assumptions and modeled in the
whole bundle arrangement. The interaction of the bundle with the surrounding liquid was analyzed
by Freeman and Weiss (1990) and later in more detail by Shatz (2004). Nam et al. (2005) modeled
the fluid induced displacement of the hair bundle by applying drag force estimates of the free standing
parts of the stereocilia to a three-dimensional finite-element model. Matsui et al. (2006) used as well
an analytical estimation for the liquid forces acting on the hair bundle to compute the tension in the
links by means of a finite-element model.

Also for the whole organ of Corti, where the hair bundle and cell are placed in, different models
and approaches exist. Andoh and Wada (2004) focused with a fluid-structure interaction model on the
motion pattern for the fast and slow wave in the organ of Corti. Further on Andoh et al. (2005) computed
the phase relation of the inner hair cell bundle displaced by the circumfluent liquid. The employed
fluid-structure interaction method is based on an iterative approach in the time domain. Cai et al.
(2004) identified a set of material properties for the organ of Corti based on experimental observations
and analyzed the motion pattern of the organ of Corti in the two-dimensional cross-section, without
viscosity in the liquid. Steele et al. (2009) included the effect of the viscous traveling wave by a
Wentzel-Kramers-Brillouin approximation and estimated local drag losses in the organ by analytical
estimations. Ramamoorthy et al. (2007) modeled the fully coupled mechano-electro-acoustical system
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of the cochlea with lumped damping properties accounting for viscous losses adjusted to match the
overall response to experimental observations.

So far an efficient approach is missing to compute the strongly coupled fluid-structure interaction
problem on the complex geometry of the inner ear. In classical engineering problems the fluid-structure
interaction problem is solved by coupling a solver for the fluid mechanics based on the variables ve-
locity and pressure with a solver for the solid mechanics based on the displacements by an iterative
procedure. At the interface of solid and fluid the continuity of momentum and displacement has to be
ensured. As the fluid and solid domains are solved separately, several iteration steps are necessary for
each time step. A way to circumvent this difficulty is to use a single set of conservation equations for
the whole domain and account for the different materials by different material laws. Greenshields and
Weller (2005) presented this technique, grounded in the fluid mechanical conservation equations with
velocity variables. Also Papadakis (2008) used this approach based on velocities with the advantage
that the continuity of momentum and displacement is satisfied in each iteration step. To the authors
knowledge no unified approach was presented so far for the variables pressure and displacement, which
turns out to be an useful approach for the small amplitude motions in hearing mechanics.

A further motivation for this thesis is the experimental observation by Kozlov et al. (2007). They
observed a coherent motion of the hair bundle over broad frequency ranges. The open question is, which
forces are keeping the bundle together. A possible answer is the liquid-mediated coupling (Kozlov et al.
2009; Baumgart et al. 2009b; 2010). Based on further experimental data (Kozlov et al. 2010) this thesis
investigates the viscous liquid forces and elastic coupling by the links between stereocilia in detail.

(a) Cochlea. (b) Organ of Corti.

Figure 1.3: Models of the guinea pig inner ear. Preliminary work

Preliminary work for this thesis was conducted in a collaborative research project on models of
the fluid-structure interaction for the mechanics and pathomechanics of the inner ear (Fluid-Struktur-
Modelle zur Mechanik und Pathomechanik des Innenohres, supported by DFG). The focus of the sub-
project macro and micro fluid mechanics (computational-fluid mechanics) in the cochlea (Makro- und
Mikrofluidmechanik (CFD) der Cochlea, GR 1388/14) was on the fluid mechanics in the organ of
Corti. At first, the characteristics of the fluid mechanics were analyzed (Baumgart et al. 2007). The
geometrical data were provided by micrographs and tomographic scans (Poznyakovskiy et al. 2008) to
accomplish realistic models and dynamical measurements were the reference to adjust the properties
(Nowotny and Gummer 2006; Chiaradia et al. 2009). As an example the surface reconstruction of the
cochlea is presented in Figure 1.3a. Based on the detailed geometry a finite-element model of the organ
of Corti of the guinea pig was constructed (Baumgart et al. 2009a). The model is three-dimensional with
a width of half a hair cell (Figure 1.3b). The fluid-structure interaction was implemented by describing
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the fluid mechanics in the context of solid mechanics. The displacement field in the subtectorial space
is fully resolved and relations of the deflection of the hair bundles from the inner hair cells to variations
of the geometry were investigated. This approach for the modeling of a problem of hearing mechanics
was further developed in this thesis and applied to the hair bundle from the bullfrog’s sacculus.

1.3 Overview of this Thesis

In Chapter 2, a set of differential equations is derived. The description is formulated by the displace-
ment field for the solid and fluid material, which adequately represents the small amplitude of motion
characteristic of inner-ear mechanics. The pressure-displacement relation of the fluid adds the pressure
variable for the fluid. The equations for the fluid originate from the Navier-Stokes equation and are
simplified based on dimensionless number analysis.

In Chapter 3, the simplified equations of the fluid are discretized by the finite-element method in a
displacement-pressure formulation. Three examples validate the implementation: an oscillating sphere,
the impedance in a tube, and a fluid sphere surrounded by an elastic shell.

In Chapter 4, a three-dimensional geometrical model of the hair bundle of the bullfrog’s sacculus is
constructed based on literature data and micrographs. This model is meshed by finite elements such that
the fluid coupling between individual stereocilia as well as the drag by the external liquid are captured.

In Chapter 5, a comprehensive analysis with the finite-element model of the hair bundle provides
detailed insights into the mechanical coupling. Three different load cases are investigated: the bundle’s
response to stimulation at the kinociliary bulb, the place where physiological excitation occurs; me-
chanical coupling in the bundle between the stereocilia; and the response of the bundle to a force along
the tip links.



Chapter 2

Equations for the Liquids and Solids

in the Inner Ear

Describing the mechanics of inner-ear materials by differential equations provides a basis to understand
the mechanisms of hearing. As the geometrical dimensions measure a multiple of the molecules, the
underlying continuum assumption is valid. The focus is on small amplitudes related to the threshold of
hearing to gain insights into the function of the highly sensible hearing organ. Dimensionless numbers
provide the possibility of simplifying the field equations for the fluid. For smallest oscillatory motions
they simplify to a linear set of equations and can be written in terms of displacement. Also the solid
material is described by linear differential equations in terms of the displacement. This allows us to
describe the solid and fluid by the same set of variables and differential equations. Only the material law
differs. For the fluid the two material properties, viscosity and bulk modulus, differ by several orders
of magnitude for the frequency range of interest. To circumvent order of magnitude errors for the fluid
the additional variable pressure is introduced by a material law and coupled to the displacement.

2.1 Governing Equations

The principle of conservation of mass, momentum, and energy is applied to the fluid and solid materials.
In the differential description the kinematic relations link the macroscopically observed displacements
and velocities to local strains and strain rates. Phenomenological observations of the material behavior
complete the problem. This provides a set of differential equations for the field of observed variables.

The fluid is able to move over large distances compared to the circumfluent boundary. To deal with
this large motion it is common to write the equations in the Eulerian frame of reference. Hereby a fluid
particle is observed as it moves through a fixed reference frame. This is in contrast to the Lagrange
description where the fluid particle is monitored as moving with respect to the environment, which is
the classical view in solid mechanics. The mechanics are investigated from the perspective of fluid
mechanics and hence an Eulerian description is appropriate here.

7
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2.1.1 Conservation Equations

A fluid as well as a solid material behavior is characterized by the conservation of mass, momentum,
and energy. These equations are briefly summarized. More details about their derivation are available
in textbooks. The equations are in line with the work of Anderson et al. (2009).

The physical principle of mass conservation can be written as continuity equation

D%

Dt
C %r � Ev D 0 (2.1)

for the time t , density %, and velocity Ev. Here the substantial derivative

D%

Dt
�
@%

@t
C Ev � r %

combines the local with the convective derivative. Newton’s second law provides the basis for the
momentum equation:

%
DEv

Dt
D r � � C % Ef (2.2)

for the stress tensor � . The external local force per mass Ef can incorporate for example gravity effects.
The substantial derivative

DEv

Dt
�
@Ev

@t
C .Ev � r/ Ev

sums the local and the convective derivative for the velocity vector. From the angular momentum

� D � T (2.3)

the symmetry of the stress tensor is required. The conservation of total energy reads

%
Detot

Dt
D r � .� � Ev/ � r � Eq C % Pq C % Ef � Ev (2.4)

with Eq the heat flux and Pq the external heat per mass. The total derivative is analogous to the definition
of the scalar continuity equation (2.1). The total energy etot

etot D ein C
1

2
Ev � Ev

consists of the internal energy ein and the kinetic energy.

2.1.2 Kinematics

The strains are a function of the local gradient of the displacement Eu. For infinitesimal strains, where
large deformations are neglected, this simplifies to

" D
1

2

�
rEuC .r Eu/T

�
(2.5)
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and similarly for the strain rate

P" D
1

2

�
r Ev C .r Ev/T

�
(2.6)

as a function of the gradient of the velocity Ev. Here the velocity

Ev D
@Eu

@t
(2.7)

is the partial time derivative of the displacement Eu for small amplitudes of motion.

2.1.3 Material Description

The conservation equations of mass (2.1), momentum (2.2), and energy (2.4) in the written form contain
more variables than there are independent equations. To complete the problem a description of the
material is necessary.

The derivation of the equations for the inner-ear mechanics is restricted to linear isotropic materials.
Justifications are given in Section 2.2. An isotropic material has no directional dependence of the
material law, that relates stresses and strains. Furthermore the linear material is not dependent on the
amount of deformation. Based on these assumptions it is sufficient to describe the material behavior
for infinitesimal small stresses, strains, and strain rates.

For an isotropic and linear Voigt material the relation between the tensors of stress � , strain ", and
strain rate P" is

� D 2� "C � tr."/ I C 2�0 P"C �0 tr. P"/ I (2.8)

with the trace function tr.�/ and I the second-order identity tensor. The four scalar coefficients �, �,
�0, and �0 characterize the material and are constant.

The stress tensor can be separated into

� D �p I C � (2.9)

the hydrostatic pressure p and the deviatoric stress tensor �. A fluid at rest exhibits no deviatoric
stresses

tr.�/ D 0 : (2.10)

The pressure

�p D �fluid tr."/ (2.11)

is proportional to the negative volume strain. The linear coefficient is labeled for fluids as bulk modulus

K D �fluid : (2.12)

From thermodynamics this coefficient is

K D %
@p

@%

ˇ̌̌̌
s

(2.13)
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for a process at constant entropy s. The speed of sound is given by

c D

s
K

%
: (2.14)

The coefficient of the other static term � in the isotropic material (2.8) has to vanish

�fluid D 0 (2.15)

to incorporate the property of fluids not to withstand static shear deformation (2.10). After finite time
the fluid relaxes.

Newton (1726) observed that the deviatoric stresses for a fluid

� D 2�0fluid P"C �0fluid tr. P"/ I (2.16)

are proportional only to the strain rates. For further simplifications Stokes (1849) chose

�0fluid D �
2

3
�0fluid (2.17)

and describes hereby the material using the dynamic viscosity

� D �0fluid ; (2.18)

a single scalar coefficient. Hereby no pressure is induced by shear rates. The remaining variable of an
isotropic fluid is commonly named bulk viscosity

�B D
2

3
�0fluid C �

0
fluid : (2.19)

This fluid property plays a minor role in classical fluid mechanical problems (Graves and Argrow 1999).
It has an effect on sound propagation over distances large compared to the wavelength. This is not the
focus of this work. The material behavior is further simplified by setting

�B D 0 : (2.20)

To sum up, the material law of an isotropic linear fluid is for the pressure

p D �K tr."/ (2.21)

and for the deviatoric stresses

� D �

�
2 P" �

2

3
tr. P"/ I

�
: (2.22)

To link this to the observable quantities displacement and velocity the kinematic relations (2.5) and (2.6)
are incorporated as

� D �

��
r Ev C .r Ev/T

�
�
2

3
r � Ev I

�
(2.23)

p D �K r � Eu (2.24)
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with the material parameters bulk modulus K and dynamic viscosity �.
Besides the material law for the fluid also the relations for the solid material are needed. A purely

linear elastic material is assumed for the investigated mechanical problems in a first approximation.
The assumption is further that an isotropic behavior adequately approximates the bulk properties of the
elastic material. No damping is incorporated and thus strain rate-dependent terms are dropped. The
material properties are further discussed in Section 2.2.1 and the amplitudes of motion in Section 2.3.1.

The material law (2.8) reads

� D 2�solid "C �solid tr."/ I ; (2.25)

where the two Lamé parameters of the solid are linked to the engineering values Young’s modulus E
and Poisson’s ratio � by

�solid D
E

2 .1C �/
(2.26)

and

�solid D
E �

.1C �/ .1 � 2 �/
: (2.27)

The kinematic relation (2.5) allows us to describe the linear elastic solid material by

� D �solid
�
r EuC .r Eu/T

�
C �solid r � Eu I : (2.28)

Finally, in both solid and fluid Fourier’s law relates the heat flux Eq

Eq D � kth r T (2.29)

by the thermal conductivity kth to the gradient of the temperature T . The negative sign accounts for the
heat flow from high to low temperature.

2.1.4 Equations of Motion for a Newtonian Fluid

The relations between the different physical variables mentioned in the preceding section can be incor-
porated into the conservation equations. The mass-conservation equation (2.1) stays untouched.

The material description based on Stokes hypothesis for the fluid (2.23) used in the momentum
equations (2.2) without external forces reads

%
DEv

Dt
D �r p Cr �

�
�
�
r Ev C .r Ev/T

�
�
2

3
�r � Ev I

�
: (2.30)

The energy equation is rewritten for the fluid without external sources in terms of the directly
measurable temperature T

% cp
DT

Dt
D r � .kth r T /C ˇ T

Dp

Dt
C ˚ (2.31)

with the dissipation function

˚ D r �
�
� � Ev

�
� Ev � r � � (2.32)
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based on the deviatoric stress tensor given by (2.23).* Thermodynamic relations provide the isobaric
specific heat capacity

cp D
@s
@T

ˇ̌̌̌
p

(2.33)

and the coefficient of thermal expansion

ˇ D �
1

%

@%

@T

ˇ̌̌̌
p

: (2.34)

The latter can also be expressed as

ˇ D

s
K %cp

T

�
cp

cv
� 1

�
(2.35)

with the isochoric specific heat capacity (Gaskell 2008)†

cv D
@s
@T

ˇ̌̌̌
v
: (2.36)

2.2 Material Properties

The physical properties of the solids and liquids‡ in the inner ear are discussed in this section. The
quantities are given in a system of units suitable for inner-ear mechanics. The length is in micrometers,
the mass in nanograms, and the time in milliseconds. Further details are given in the Appendix A.

2.2.1 Properties of the Hair Bundle Materials

To be able to set up a continuum model, experimental observations are necessary. If all boundary
conditions are known, the material properties can be identified. The tiny dimensions of the cellular
materials complicate the measurement of their mechanical response under defined conditions and in
idealized load situations. So far an effective approach is to identify the unknown material properties by
matching experimental observations with a model reproducing the geometry as closely as possible and
already identified material characteristics.

If the experimental situation coincides with the physiological reality and the model is sufficiently
accurate, this technique provides reliable suitable material properties for the model. The estimated
properties are not necessarily general such that they can be used for the same cell material in other
load configurations or different geometrical arrangements. To investigate physiologically relevant situ-
ations with numerical models it is therefore advantageous to have numerical models and experimental
situation and load configuration as close as possible to the in vivo conditions.

Spatial models of the inner-ear mechanics use orthotropic (Fleischer et al. 2010; Steele et al. 2009)
or isotropic (Andoh and Wada 2004; Cai et al. 2004) elastic material laws for the various cell types.
The cell with wall and soma is not resolved, instead a homogenous material is used. These models
reproduce the geometry very accurately. The material properties are adjusted by various observations.
It is remarkable how well these models can predict mechanical responses by this calibration technique.

*A detailed derivation can be found in textbooks as for example from Schlichting and Gersten (2000).
†The relations given and the energy equation are based on the assumption of thermal equilibrium and without chemical

reactions.
‡To emphasize the water characteristics the term liquid is used and not fluid.
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Typical values for the Young’s modulus in spatial models are in the range from a few kilopascals
to gigapascals. The upper limit is motivated by the properties of the actin filaments and microtubules
in the stiff cytoskeleton (Gittes et al. 1993). A lower limit of the stiffness is not possible to be defined
from the ultrastructure. The liquid in the cells provides a relevant lower bound as an oscillating object
in a liquid environment generates viscous forces. If the force produced by the liquid is larger than that
from the elastic interior of the solid body, the elastic properties of the cell do not play a role. In water
the equivalent shear modulus at 1 kHz is for example about 1 Pa.

Also three-dimensional macroscopic models of the hair bundle use the approach of matching exper-
imental observations with the numerical model (Cotton and Grant 2004; Nam et al. 2006). If the model
to analyze the experimental data agrees with the numerical model, parameters can be used directly, as
for example in the model by Nadrowski et al. (2004).

Another approach to obtain material properties is the direct simulation on an atomistic level. So far
only very well studied small structures as the tip links (Gillespie and Müller 2009) can be computed.
The stiffness of the cadherin complex of the tip links was computed by Sotomayor et al. (2010). The
values there are about 50 times higher than the experimental observations of Howard and Hudspeth
(1988). Although such an approach might be in general desirable, the current state of the art is far from
being usable for large complexes in terms of molecular dimensions as the hair bundle.

In this work the approach of matching the properties to experimental observations was used. New
experimental data were available from Kozlov et al. (2007; 2010) and a new model was build, therefore
the material parameters had to be redefined. Details are given in Section 4.2.

The cells consist of a stiff skeleton filled up by liquid. In some cells the supporting structure
possess a distinct orientation, as for example in the stereocilia (Volkmann et al. 2001) and pillar cells
(Tolomeo and Holley 1997). In the stereocilia actin filaments align with the axis and have a hexagonal
arrangement in a cross section. The actin filaments are cross-linked by fimbrin, espin, and other proteins
(Shin et al. 2007). Consequently an anisotropic material law should be used. For the simplest suitable
case of a transversal, isotropic, elastic material six independent material parameters are necessary.* As
there are not sufficient independent experiments to unambiguously identify six material parameters, the
material is regarded as isotropic. A further simplification is that the material properties are assumed
constant in every region. As all structures mainly consist of water, it is assumed that the density of all
materials is that of water.

Another approach to identify the unknown parameters of an anisotropic material might be to use
homogenization techniques to retrieve macroscopic equivalent properties from the microstructure. To
accomplish this, the geometry and mechanical properties of the skeleton are needed. The connection of
cross links to the actin filaments is unclear and especially important for the mechanical behavior (Bathe
et al. 2008).

2.2.2 Properties of the Liquids in the Inner Ear

There are two liquids in the inner ear, the endolymph around the hair bundle in the scala media and
the perilymph in scala vestibuli and tympani. Although the constituents are different, the overall ionic
concentration (Jahn and Santos-Sacchi 2001) is about the same of the two liquids. Experimental in-
vestigations by Zwicker (1974) on the extracted liquids of pig inner ears confirm a viscosity close to
that of seawater. He measured separately the viscosity of perilymph and endolymph with differences
between both smaller than the uncertainty. Dahl and Kleinfeldt (1970) were using spheres sinking in
the perilymph in the cochlea of the guinea pig.

*For an isotropic material just two independent parameters are needed, as for example the Young’s modulus and Poisson’s
ratio. For an transversal isotropic material the properties are isotropic in a plane. In this plane the Young’s and shear moduli
and the Poisson’s ratio are necessary as well as the Young’s modulus for the normal direction and the shear modulus and
Poisson’s ratio between this direction and the isotropic plane.
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Figure 2.1: Dynamic viscosity measured for Hanks’ balanced salt solution and compared to values of
water and seawater and experimental data for lymphatic liquids.

In the experimental situation the biological liquids are usually replaced by Hanks’ balanced salt
solution (Sigma; supplemented with 4.1 mol·m�3 NaHCO3 and 10 mol·m�3 HEPES buffer), with os-
molarity between 300 and 320 mOsm (pH 7.35). The viscosity of this solution was measured with a
rheometer (MCR 301, Anton Paar GmbH, Austria). The measurements were conducted by Loredana
Pop (Technische Universität Dresden). The solution was taken in a composition as used in a guinea
pig preparation (Nowotny and Gummer 2006). The experiments were conducted up to room temper-
ature of around 22 °C. As no protection against evaporation was available, only measurements near
room temperature were possible. The results are compared in Figure 2.1 with the literature values men-
tioned above and values for water (Kestin and Wakeham 1988) and seawater (Lide 2009) as well as the
experimental data from Zwicker (1974) and from Dahl and Kleinfeldt (1970).
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Figure 2.2: Dynamic viscosity measured for Hanks’ balanced salt solution at 20 °C for different shear
rates.

For a Newtonian fluid the viscosity is not a function of the deformation rate. To check whether this
hypothesis can be applied to the Hanks’ balanced salt solution, viscosity measurements with different
shear rates were accomplished. This dependence is given in Figure 2.2. For lower shear rates the scatter
of the measurement increases as the integral force decreases. In this range it is hard to identify trends.
For high shear rates the viscosity is very constant. It is assumed that the Newtonian assumption of a
shear stress being only proportional to the velocity is valid for inner-ear liquids.

The observation by Zwicker (1974) that a minimum pressure is necessary to drive the lymphatic
liquid through a tube as well as the experimental observation of increasing viscosity with decreasing
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shear rate are indications of viscoelastic properties of the inner-ear liquids and need further verification.

To estimate the validity of a continuum approach the geometrical and molecular length are com-
pared. The smallest reference length is taken as the wall-to-wall distance of two apposed stereocilia at
the place of closest approach. In the model of this work this is ten nanometers. If the geometrical scale
is smaller than lengths over which intermolecular forces are relevant, the continuum assumption for a
liquid fails. The dimensions of the water molecule are in the order of one tenth of a nanometer. This
fits about a hundred water molecules between two stereocilia at closest approach.

Another important geometrical measure is the Debye length, the distance over which charged-
charged interactions play a role. This length

lDebye D

s
"o "r kB T

2NA e2 I
(2.37)

is based on the permittivity of free space "o, the Boltzmann constant kB, the Avogadro numberNA, and
the elementary charge e. For a typical ionic strength of I D 300 mol·m�3 for the inner-ear liquids, a
room temperature of T D 293:15 K, and a dielectric constant of water "r D 80, the length over which
ions interact is lDebye D 0:55 nm which is more than ten times less the geometrical smallest size. The
continuum assumption is supposed to be a valid approximation.

The bulk modulus of the lymph is so far not directly measured. As comparison values of water and
seawater are given. All values are from the reference book by Lide (2009). The seawater properties
depend on the salinity. The values are taken for a value of S D 35, which is a typical concentration
in the ocean. For a room temperature of 20 °C and a body temperature of about 40 °C the values are
2:2 GPa and 2:3 GPa for water. Seawater has a slightly higher bulk modulus. For 20 °C and 40 °C the
values are 2:4 GPa and 2:5 GPa. These values are computed from the density and the speed of sound.
The density variations are below 3 % for the temperature range of 20 °C to 40 °C for water with respect
to a density value of 1 Mg·m�3.

The thermal capacity of heat of water is 4.18 kJ·kg�1·K�1 for the temperature range of 20 °C to
40 °C. For seawater this is 4.0 kJ·kg�1·K�1. For water the heat capacity ratio increases from 1.006 at
20 °C to 1.026 at 40 °C. The thermal conductivity increases for this temperatures from 0.60 W·m�1·K�1

to 0.63 W·m�1·K�1. The coefficient of thermal expansion is given by the relation (2.35). For water at
20 °C it is 2:1 � 10�4 K�1 and 3:8 � 10�4 K�1 at 40 °C.

The water properties over a pressure range from 90 kPa to 110 kPa are inferior to the variations for
the temperature range of 20 °C to 40 °C. The values are compared based on the values from Lemmon
et al. (2010). The dependence on pressure of the properties is neglected.

If not stated otherwise, in this work representative and constant properties are used for the inner-ear
liquids. These are for the dynamic viscosity � D 1 mPa·s, the density % D 1 Mg·m�3 and for the bulk
modulus K D 1 GPa. The Helmholtz number (2.48) for the hair bundle mechanics is always much
smaller than one and thus the liquid is nearly incompressible. The bulk modulus is used to ensure the
volume constancy and for simplicity just the order of magnitude is chosen.

2.2.3 Interaction of Liquid and Solid

The wall of the solid is impermeable for the liquid in normal direction. In the tangential direction
the flow usually sticks fully to the wall. On scales of a few nanometers a partial slip can be observed
depending on the properties of the liquid, those of the solid, and the geometry of the surface where
they interact (Lauga et al. 2005). A way to account for the molecular effect at the surface of contact
is by a slip length in continuum mechanical models. No slip-length measurements are known for the
combination of stereocilia and endolymph; the precise geometry of the interstereociliary distances is
also unknown. Due to lack of information possible slip at the wall is not considered here.
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2.3 Simpli�ed Equations for Inner-Ear Mechanics

Based on the above given material properties and physical scales, a dimensionless form of the equations
of motion is used to evaluate the importance of the various terms in the differential equations. Order-
of-magnitude estimates allow us to drop terms of minor importance.

2.3.1 Dimensionless Form of Fluid Equations

All variables are referenced by a characteristic value. The relations are

t� D ! t ; %� D
%

%ref
;

Ev� D
Ev

V
; T � D

T

Tref
;

r
�
D l r ; ˚� D

l2

� V 2
˚ :

The reference values are indicated by the subscript .�/ref. The material properties are assumed to be
constant. The reference of time is based on the reciprocal circular frequency 1=! of the oscillation.

The pressure is reduced by the average or ambient value pref and normalized by a representative
pressure. In classical fluid mechanics this is usually the dynamic pressure %V 2. In the case of very
low velocities this makes a minor contribution and the pressure results mainly from viscous stresses.
They scale with the dynamic viscosity � divided by a time scale. Here for oscillatory flow with small
amplitudes the dimensionless pressure

p� D
p � pref

�!
(2.38)

is referenced by dynamic viscosity and circular frequency. The subtraction of a reference pressure pref
is without consequence for the dimensionless form as the pressure appears only in derivatives of space
and time.

The equations to describe the fluid behavior are rewritten in non-dimensional form. It is assumed
that the material properties are not dependent on position. Labels under the braces indicate the type of
the corresponding terms in the equations. The expression for mass conservation (2.1) reads

@%�

@t�„ƒ‚…
inertial

CKc Ev� � r� %�„ ƒ‚ …
convective

CKc %� r� � Ev�„ ƒ‚ …
compressive

D 0 ; (2.39)

momentum conservation (2.30) gives

Wo2 %�
@Ev�

@t�„ ƒ‚ …
inertial

CRe %�.Ev� � r�/Ev�„ ƒ‚ …
convective

D

�
1

Kc
r
� p�„ ƒ‚ …

pressure

Cr
�
�

�
.r� Ev� C Ev� r�/ �

2

3
r
�
� Ev� I

�
„ ƒ‚ …

viscous�dissipative

; (2.40)
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and energy conservation (2.31) implies

Wo2 %�
@T �

@t�„ ƒ‚ …
inertial

CRe %�.Ev� � r� T �/„ ƒ‚ …
convective

D
1

Pr
r
�
� r
� T �„ ƒ‚ …

thermal�dissipative

�
Ec Kt
Kc2

T �
@p�

@t�„ ƒ‚ …
compressive

�
Ec Kt

Kc
T � Ev� � r� p�„ ƒ‚ …

convective�compressive

CEc ˚�„ƒ‚…
viscous

: (2.41)

The dimensionless numbers Wo, Re, Kc, Pr, Ec, and Kt as well as the Helmholtz number He are
discussed below.

Table 2.1: Order of magnitude estimates of physical quantities for hair bundle mechanics. The used
units µnm are discussed in the Appendix A.

Quantity Variable Value

Length l 100–102 µm
Circular frequency ! 10�3–100 ms�1

Velocity V 10�3 mm·s�1

Dynamic viscosity � 100 mPa·s
Density %ref 10�3 Gg·m�3

Temperature T 102 K
Speed of sound c 106 mm·s�1

Thermal conductivity kth 109 nW·m�1·K�1

Heat capacity at constant pressure cp 109 µJ·kg�1·K�1

Coefficient of thermal expansion ˇ 10�4 K�1

The estimation of the orders of magnitude is based on typical values listed in Table 2.1. The mate-
rial properties of the endolymph were presented in Section 2.2.2. Additional parameters are needed to
characterize the mechanics. For the geometry, one measure is the distance over which flow gradients
develop and influence the liquid. Another is the diameter of single stereocilium, which is a little bit
less than half a micrometer. A large geometrical scale is the distance between bundles which measures
several tens of micrometers. For the lower time scale the observation is that the bullfrog sacculus is
sensitive to oscillations starting from about ten hertz. Human hearing defines an upper limit of more
than ten kilohertz. The objective of this work is to understand the hearing at threshold. Typical dis-
placements for the bundle are in the order of a nanometer (Hudspeth 1989) at threshold for frequencies
around one kilohertz. This is equivalent to velocities of the order of a micrometer per second.

These observations motivate the selected orders of magnitude. They are further supported by the
experimental observations from Kozlov et al. (2007), which are extensively used in this work. The
dimensionless quantities are evaluated for their minimal and maximal possible value with respect to
the given ranges of the quantities.

Womersley number Womersley (1955) analyzed pulsating blood flow by decomposition into the
spectral content of sinusoidal motions. The flow can then be characterized by the ratio of geometrical
size, here the tube radius, to the length over which the momentum dissipates in a cycle

Wo D l
r
! %

�
: (2.42)
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For a sinusoidal pressure gradient in a circular tube the flow changes from a parabolic shape to plug
flow for small to larger Womersley numbers. This number is also proportional to the square root of the
ratio of inertia to viscous forces. Here this ratio reads

10�3 - Wo - 10 : (2.43)

Thus the inertial terms in the momentum and energy equations (2.40, 2.41) have to be retained as they
might be of similar order as the viscous dissipation or thermal dissipation.

Reynolds Number The Reynolds number is the ratio of convective to dissipative momentum

Re D
%V

�=l
: (2.44)

For typical engineering problems this ratio is well above one. But a small geometrical scale and low
velocity dramatically reduce this number. If this ratio is below one, the nonlinear convective terms in
the momentum and energy equations disappear. This ratio is

10�6 - Re - 10�4 (2.45)

well below one. The convective terms on the left-hand side of the momentum and energy equa-
tions (2.40, 2.41) are therefore negligible. This greatly simplifies the system of equations as they
are now linear in all variables.

Keulegan-Carpenter Number Keulegan and Carpenter (1958) analyzed the forces on cylinders and
plates in oscillatory flow. To characterize the forces an important parameter is the ratio of two distances.
The amplitude of the oscillatory motion of the fluid with respect to the body and the characteristic
dimension of the body, which reads

Kc D
V=!

l
: (2.46)

If the velocity is large enough that parts of the fluid move completely around the body during one cycle,
this ratio is larger than one. Here the fluid displacements are small compared to the geometry

10�5 - Kc - 1 : (2.47)

If the frequency is low and the geometry small, this number is overestimated. At low frequencies the
elastic force dominates and the mechanics are controlled by displacement rather than by velocity. Thus
the effective velocity is smaller for low frequencies. It is assumed that the displacement amplitudes
are always smaller than the geometrical dimensions and so Kc � 1. Therefore, the convective and
compressive terms are always smaller than the inertial term in the mass-conservation equation (2.39)
and can be neglected. The pressure-gradient term in the momentum equation (2.40) is divided by
this small number and thus is important. In the energy equation the Keulegan-Carpenter number is
combined with other dimensionless numbers, which are discussed below.

Helmholtz Number The ratio of geometrical size to acoustic wavelength is the Helmholtz number

He D
l !

c
: (2.48)
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For wavelengths shorter than the geometry, acoustic modes are present. For hair-bundle mechanics the
Helmholtz number is well below one and therefore the fluid can be regarded as nearly incompressible

10�9 - He - 10�4 : (2.49)

Physical problems with acoustic resonances have numbers close to one.*

Number of Thermal Expansion The thermal expansion coefficient times the ambient temperature

Kt D �ˇ T (2.50)

characterizes the variations of the volume strain with respect to temperature change. The value is

Kt � 10�2 ; (2.51)

smaller than one. This implies minor volume change with respect to temperature variations. The
number appears together with other dimensionless numbers which are discussed below.

Eckert Number The ratio of kinetic energy to the enthalpy is characterized by the Eckert number

Ec D
V 2

cp T
: (2.52)

As a flow decelerates the temperature increases. Due to the very low velocities this ratio is

Ec � 10�18 : (2.53)

The last three terms of the right hand side of the energy equation (2.41) are multiplied by this very small
number. The products with the number of thermal expansion and the Keulegan-Carpenter number
are also much smaller than one. So it is safe to assume that unsteady pressure variations and their
convective transport can be neglected as well as the thermal energy coming from viscous losses in the
energy equation (2.41).

Prandtl Number The dissipation by momentum and thermal conductivity are compared by the
Prandtl number. It is based on material properties in the form

Pr D
cp �

kth
: (2.54)

For oscillatory flow this is also the ratio of the thermal and viscous boundary-layer heights. In air this
ratio is close to one and for water it is

Pr � 10 ; (2.55)

larger than one. This implies a thinner boundary layer for the temperature field than for the velocity
field at the wall. A way to interpret this is by comparing the dissipative terms of the momentum and
the energy equations (2.40, 2.41). The dissipative term of the energy equation is smaller than that of
the momentum equation by the reciprocal of the Prandtl number. Thus, the ratio of viscous to thermal
dissipation is proportional to the Prandtl number.

*As an example in Section 3.2.2 the impedance of a tube is computed in the frequency range where the first eigenfrequen-
cies are relevant.
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For classical fluid mechanical problems the Reynolds number and the Keulegan-Carpenter number
are much larger than one. The Prandtl number is only material dependent. For water it is larger than
one and for air about one. The Eckert number is relevant if the kinetic energy of the fluid is sufficient
to heat the fluid; this usually plays a role in hypersonic flows. This motivates a simplification of the set
of governing equations for special conditions such as the fluid mechanics in the inner ear.

2.3.2 Small-Amplitude Fluid Equations

Using the order of magnitude estimates allows to drop some terms in the equations describing the
physics of the fluid (2.39, 2.40, 2.41). The mass conservation equation simplifies to

@%

@t
D 0 (2.56)

as the Keulegan Carpenter number is small. The pressure change is related to the density change by the
bulk modulus and density (2.13). The relation rewritten in dimensionless form is

@p�

@%�
D

Wo2

He2
: (2.57)

This ratio is a function of the circular frequency and material properties as

Wo2

He2
D

K

! �
: (2.58)

For the given values yields

109 - K=.! �/ - 1012 : (2.59)

This ratio is much larger than one. Thus, the approximation that density variations over time are
negligible does not imply that pressure variations can be neglected as well.

The momentum equation reads

%
@Ev

@t
D �r p C �r �

��
r Ev C .r Ev/T

�
�
2

3
r � Ev I

�
(2.60)

where the convective term proportional to the Reynolds number is omitted. The divergence of the
velocity, the last term on the right-hand side, is in dimensionless form and integrated once over time
with the pressure velocity relation of the fluid (2.24)

r
�
� Eu� D �

1

K=.! �/
p� : (2.61)

This is always much smaller than one and so the divergence term of the velocity can also be neglected
for the dissipation.

The energy equation simplifies to

@T

@t
D 0 (2.62)

as the thermal dissipation is smaller than viscous dissipation by one over the Prandtl number. The terms
multiplied by the Eckert and Reynolds number are negligible. Thus the processes can be regarded as
isothermal.
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The simplified energy (2.62) and mass conservation (2.56) equations state that the temperature and
density are constant over time. In the momentum equation (2.60) the variables of velocity and pressure
appear. To complete the problem a pressure velocity relation is needed. The material law provides the
missing link with the relation of volume strain and pressure (2.24) differentiated with respect to time

@p

@t
D �K r � Ev : (2.63)

The equations above are derived under consideration of dimensionless numbers. Assuming small
variations of the variables around a mean value leads to the same equations, as presented for example
by Pierce (1994).*

The dimensionless analysis restricts the validity to situations where all the conditions

Pr� 1 ; Re� 1 ; Ec� 1 ; Kc� 1 ; and Ec Kt� Kc2

are satisfied.

2.3.3 Small-Amplitude Solid Equations

The solid material is purely elastic and without any dissipation (2.28) as discussed in Section 2.2.1.
Assuming isothermal processes, which is also a valid assumption for the fluid as discussed above, the
momentum equation suffices to solve the field problem of the solid material. With the material law for
the elastic isotropic material (2.28) the momentum equation (2.2) reads

%
@2 Eu

@t2
D r �

�
�solid

�
r EuC .r Eu/T

�
C �solid r � Eu I

�
; Ex 2 �solid (2.64)

where the convective term of the substantial derivative is neglected. The displacements are small and
also for the solid domain the Keulegan-Carpenter number is smaller than one.

2.3.4 Coupled Fluid and Solid Equations for Small Amplitudes

For the fluid the equations (2.60) and (2.63) with the variables velocity and pressure have to be solved.
The solid is described by the displacements (2.64). The equations are solved in the domain�, which is
subdivided into the fluid part�fluid and the solid part�solid (Figure 2.3). The boundary � of the domains
is subdivided into the part between fluid and exterior �fluid, solid and exterior �solid, and fluid and solid
�fsi. At the outer boundary �fluid [ �solid boundary conditions have to be applied as displacements or
forces. The boundary conditions complete the boundary value problem. This states a fluid-structure
interaction problem.†

To solve the two-field problem a classical approach is to use a staggered algorithm where for each
time step subiterations are necessary. In the subiterations the field problems of solid and fluid are solved
independently and coupled by boundary conditions. The variables of velocity and pressure for the fluid
and the displacement for the solid are retained. For the interface of fluid and solid �fsi two continuities
have to be satisfied. The velocity vectors have to be equal

@Eusolid.Ex/

@t
D Evfluid.Ex/ ; Ex 2 �fsi (2.65)

*For the velocity the mean value has to vanish, as otherwise the non-linear convective terms will not vanish.
†It would be more appropriate to call it fluid-solid interaction, but to be consistent with other publications the name

fluid-structure interaction is used.
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�solid

�fluid

�solid

�fluid

�fsi

Figure 2.3: Regions of �uid and solid domain and their boundaries.

as well as the projection of the stress tensor on the normal direction of the interface surface En

� .Ex/solid � Ensolid D � .Ex/fluid � Enfluid ; Ex 2 �fsi : (2.66)

The positive normal direction is defined as positive pointing inwards to the domain �fluid and �solid.
One way to circumvent different variables for the fluid and solid is to describe the solid material

in the context of fluid mechanics by the variable pressure and velocity (Greenshields and Weller 2005;
Papadakis 2008).

For the small amplitudes encountered in hearing mechanics a different approach is pursued here.
The velocity in the fluid equations is replaced by the time derivative of the displacement (2.7). The
momentum balance for the fluid (2.60) reads

%
@2 Eu

@t2
D �r p C �r �

  
r
@Eu

@t
C

�
r
@Eu

@t

�T
!
�
2

3
r �

@Eu

@t
I

!
; Ex 2 �fluid (2.67)

and for the pressure (2.63)

p D �K r � Eu ; Ex 2 �fluid : (2.68)

This formulation in terms of displacement and pressure is convenient for coupling with elastic mate-
rials as it uses the displacement as common variable. Furthermore, the same fundamental principle of
momentum conservation is used for the derivation.

To sum up, the fluid-structure interaction problem at small amplitudes is described by the same
set of fundamental equations. For the solid the Equation (2.64) and for the fluid the Equation (2.67)
have to be solved. Only the material law differs. Therefore the continuity conditions of displacement
and normal stress are already incorporated into the differential equations. For the fluid an additional
equation is solved for the pressure (2.68). This additional equation reduces possible issues with the
numerical implementation as the large ratio K=.! �/ is not directly involved in the equations. As
boundary condition the variables either displacements or forces are necessary to be defined at the outer
boundary.



Chapter 3

Finite-Element Formulation

for the Fluid

The finite-element method is employed to discretize the differential equations for the fluid. For the
solid material a finite element formulation based on displacement is state of the art and not detailed
here (Zienkiewicz et al. 2006). In this chapter a brief summary of the final matrix formulation is
given. The implementation is validated by comparison to analytical solutions. The test cases were
selected to be representative for the fluid mechanics in the inner ear and to satisfy the constraints of the
dimensionless numbers presented in the previous chapter.

3.1 Finite-Element Discretization

The finite-element method is a standard technique in mechanics to solve field problems on complex
geometries. The implementation is based on the two-�eld incompressible elasticity (u-p form) from the
textbook of Zienkiewicz et al. (2006).* Three-dimensional, cartesian coordinates with the directions x,
y, and z will be used here.

3.1.1 Galerkin Projection

The momentum equation of the fluid (2.67) weighted with a vectorial ansatz function Ewu and integrated
over the whole domain �Z

�

Ewu �

�
% REu � r � � Cr p

�
d� D 0 (3.1)

is the basis for a finite-element discretization. Herein the time derivatives are abbreviated by

PEu �
@Eu

@t
and REu �

@2 Eu

@t2
: (3.2)

The deviatoric stress � is not rewritten in the displacements as in Equation (2.67).

*The pressure is regarded as positive for a decrease in volume in fluid mechanics. Zienkiewicz et al. (2006) use the
definition of positive pressure for an increase of volume.

23
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To the integral expression the divergence theorem is appliedZ
�

�
Ewu � %

REuCr Ewu W � � r � Ewu p
�

d� D
Z
�

�
Ewu � En � � � p Ewu � En

�
d� (3.3)

and higher order derivatives are thus shifted from the displacements to the ansatz function.* The normal
vector En on the boundary � points into the domain �.

In addition the pressure displacement relation (2.68) is necessary to complete the problem. Weight-
ed by the scalar ansatz function wp this readsZ

�

wp

�
r � EuC

1

K
p

�
d� D 0 : (3.4)

To facilitate the algebraic implementation of the numerical solution of the field problem, the ten-
sor notation is converted into a vector notation for the strains and stresses. Using Voigt notation the
cartesian indices are replaced as

xx ! 1; yy ! 2; zz ! 3; yz ! 4; zx ! 5; xy ! 6 (3.5)

and thus the two dimensional symmetric strain tensor transforms into a vector

"! e (3.6)

which has the components

0@"xx "xy "zx
"xy "yy "yz
"zx "yz "zz

1A!
26666664

e1
e2
e3
e4
e5
e6

37777775 : (3.7)

The strain rates

P"! Pe (3.8)

and deviatoric stresses

�!Td (3.9)

are similarly transformed. The strains are now computed from the displacement vector by the operator

S D

26666664
@x 0 0

0 @y 0

0 0 @z
0 @z @y
@z 0 @x
@y @x 0

37777775 (3.10)

*Pozrikidis (2005) provides some detail and practical explanations from the perspective of fluid mechanics.
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as

e D S Eu : (3.11)

Based on the vector notation the relations of the material law are rewritten for the fluid. The
pressure displacement relation (2.24) reads

p D �KmT e (3.12)

with

m D

26666664
1

1

1

0

0

0

37777775 (3.13)

to extract the trace from the strain e. For the deviatoric stresses � of the fluid (2.23) the relation is
rewritten as

Td D 2 � Id Pe (3.14)

with the deviatoric projection matrix

Id D

26666664
2=3 �1=3 �1=3 0 0 0

�1=3 2=3 �1=3 0 0 0

�1=3 �1=3 2=3 0 0 0

0 0 0 1=2 0 0

0 0 0 0 1=2 0

0 0 0 0 0 1=2

37777775 (3.15)

to extract the deviatoric part from the strain rates Pe.

The relation for the deviatoric stresses (3.14) is used in the integral equation (3.3) and reads in
vector notation

%

Z
�

EwT
u
REu d�C 2 �

Z
�

EwT
u S

T Id S PEu d� �
Z
�

EwT
u S

T mp d� D
Z
�

EwT
u
Ef d� (3.16)

where in Ef the forces on the boundary � are summarized. This is the complete right-hand side of
Equation (3.3). The material properties are regarded as constant over the domain �.

For the pressure (3.4) the integral equation with the expression for the bulk modulus (3.12) reads

�

Z
�

wp mT S Eu d� �
1

K

Z
�

wp p d� D 0 : (3.17)

This equation has no term with a boundary integral.

Displacement and pressure are approximated by

Eu � Nu u and p � Np p ; (3.18)



26 Finite-Element Method

basis functions with local support for the entire domain �. The degrees of freedom are gathered in u
for the displacement and in p for the pressure.

The velocities and accelerations are approximated by the same basis functions as the displacements
as:

PEu � Nu Pu and REu � Nu Ru : (3.19)

If the ansatz function is replaced by the basis function of the displacement, a symmetric formulation
is possible. The Equation (3.16) than reads in vector notation

%

Z
�

uT Nu
T Nu Ru d�C2 �

Z
�

uT Bu
T Id Bu Pu d��

Z
�

uT Bu
T m Np p d� D

Z
�t

uT Nu
T g d� (3.20)

with Bu introduced as

Bu D S Nu : (3.21)

The pressure displacement relation (3.17) reads equivalently

�

Z
�

pT Np
T mT Bu u d� �

1

K

Z
�

pT Np
T Np p d� D 0 (3.22)

where the ansatz function is set to the basis function of the pressure to maintain symmetry.

This system of equations for the fluid is combined in a single matrix equation. Furthermore,
the constant material properties incorporate the inertial force proportional to the density %, the shear
stresses scaled by the dynamic viscosity �, and the pressure being equivalent to the negative volume
strain by the bulk modulus K.

A valid ansatz function with a single degree of freedom differs from zero. One possible choice is
to take the unity matrix to represent all possible combinations. This leads to the following system of
equations�

Muu 0up
0pu 0pp

� �
Ruu
Rpp

�
C

�
Cuu 0up
0pu 0pp

� �
Puu
Ppp

�
C

�
0uu Kup
Kpu Kpp

� �
uu
pp

�
D

�
fu
0p

�
(3.23)

where 0 denotes a zero matrix and the subscripts .�/u denote the degrees of freedom related to the
displacement, velocity, and acceleration and .�/p those of the pressure. Herein are the mass matrix for
the accelerations

Muu D %

Z
�

Nu
T Nu d� ; (3.24)

the damping matrix for the velocities

Cuu D 2 �

Z
�

Bu
T Id Bu d� ; (3.25)

the stiffness matrix for the pressure

Kpp D �
1

K

Z
�

Np
T Np d� ; (3.26)
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and the matrix coupling pressure and displacement

Kup D Kpu
T
D �

Z
�

Bu
T m Np d� : (3.27)

(a) Displacement. (b) Pressure.

Figure 3.1: Finite element with node locations of the shape functions.

The shape functions for the displacement Nu are quadratic without nodes in the center of the faces
and in the center of the element (Figure 3.1).* The shape functions for the pressure Np are linear. The
displacement and pressure shape functions are both continuous from element to element.† This differ-
ence in degrees of freedom is necessary to satisfy the Babu�ska-Brezzi condition. The geometry of the
finite element uses the same shape functions as the displacements to map the unit element coordinates
onto the global geometry. The integration is performed by the complete Gaussian quadrature on the
unit element. Throughout this work meshes consisting only of hexahedrons are used.

3.1.2 Frequency Formulation

In hearing it is essential to look at periodic signals with an assigned frequency. It is common practice
to use Fourier transform for the data analysis. For the numerical model an integration over a sinu-
soidal time signal is inefficient in comparison to a single solution for one frequency. As the system of
equations is linear they can be directly Fourier transformed. The basis is an ansatz for the pressure as

p.Ex; t/ D Re
�
Op.Ex/ e�i! t� (3.28)

and for the displacement as

Eu.Ex; t/ D Re
�
OEu.Ex/ e�i! t

�
(3.29)

where the circular frequency is ! D 2 f and i is the imaginary unit. The velocity is the time
derivative of the displacement and consequently

PEu.Ex; t/ D �! Re
�

i OEu.Ex/ e�i! t
�
I (3.30)

the acceleration is the second time derivative

REu.Ex; t/ D �!2 Re
�
OEu.Ex/ e�i! t

�
: (3.31)

*This type of element is a member of the serendipity family.
†Zienkiewicz et al. (2006) call this type of element in two dimensions Q 8/C4.
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For convenience the hat O.�/ as well as the real-part operator Re .�/ will be omitted in subsequent writing
when functions of frequency and time are not present in the same equation.

The matrix formulation of the finite-element discretization in the frequency domain reads�
�!2

�
Muu 0up
0pu 0pp

�
� i!

�
Cuu 0up
0pu 0pp

�
C

�
0uu Kup
Kpu Kpp

�� �
uu
pp

�
D

�
fu
0p

�
: (3.32)

The Fourier transform is a powerful tool but has a drawback. The transformation is for periodic
signals of indefinite duration, but in reality the stimulus is present for only a finite time. Therefore,
it would be more appropriate to use a transform with finite time window, in example the wavelet
transform. Although the signals are finite in hearing mechanics, they usually oscillate for hundreds of
cycles and thus the Fourier transform is still an adequate tool for the analysis of inner ear mechanics.

3.1.3 Implementation

The finite-element code was successfully checked by a multiple-element patch test under Matlab (Ver-
sion 7.7, The MathWorks Inc., Natick, Massachusetts). For larger problems this Matlab code was
implemented by Mario Fleischer (Technische Universität Dresden) as user-defined element into the
finite-element software Ansys (Version 11, Ansys Inc., Canonsburg, Pennsylvania). For validation pur-
poses three problems related to hearing mechanics with an analytical solution are presented. These
examples were also used to select a suitable mesh size to resolve the pressure and displacement field
with sufficient accuracy.

3.2 Validation of the Finite-Element Formulation

3.2.1 Oscillating Sphere

Denk et al. (1989) use the drag coefficient of a sphere in water with a radius of 2.5 µm as reference to
compare with a hair bundle. The same geometry is used to validate the correct implementation of the
fluid element for three-dimensional oscillatory flow problems with viscous and inertial forces.

The analytical solution for an oscillating sphere by Stokes (1856) provides a valuable reference. As
the method here, this analytical solution relies on the assumption of small displacements and oscillatory
motion.

If a sphere is accelerated slowly, the surrounding fluid moves relatively and the liquid shear causes
frictional forces. If the acceleration is faster, inertial forces intervene. The reaction force divided by
the velocity at the same location in the same direction is the drag coefficient. For an investigation in
the frequency domain the drag coefficient csph is a function of the circular frequency ! as

csph D m! kcof : (3.33)

Herein the mass of the sphere with radius r and density % reads

m D
4

3
 % r3 (3.34)

and the coefficient

kcof D
1

2
C

9

4
p
2

�
1

Wo
� i

�
1

Wo
C

1
p
2 Wo2

��
(3.35)
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where i is the imaginary unit. The Womersley number (2.42) is based on the radius of the sphere and
also a function of the frequency.

This analytical solution is valid for an outer boundary of the liquid at infinity. With the standard
finite-element method this cannot be meshed.* To analyze the influence of the outer boundary distance
on the computed drag, a series of computations were performed with fluid-layer thickness ranging
from the sphere radius of r D 2:5 µm to 100 times of the radius. The frequencies range from 1 Hz to
1 MHz. The properties for the liquid are similar to water with a bulk modulus of K D 1 GPa, density
of % D 1 Mg·m�3, and a dynamic viscosity of � D 1 mPa·s. The sphere around which the fluid moves
has a zero density and a perfectly rigid wall. The analytical solution for the steady drag coefficient,
which is equivalent to the limit of the frequency towards zero, is csph D 6  � r and with the given
values csph D 47 nN·s·m�1.

On the artificial outer boundary of the liquid, two boundary conditions were applied. The first case
presented in Figure 3.2 is with zero forces applied at the outer boundary. In the second case, shown
in Figure 3.3, the outer spherical surface is blocked in motion for all directions. Both are extreme
situations. The first one is equivalent to a change of density to zero at the outer boundary radius and
the second to a sudden increase to infinite density.
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Figure 3.2: Drag coefficient of an oscillating sphere surrounded by a �uid layer with constant thickness.
The thickness is given in the legend. The upper plot shows the absolute value and the lower plot
the phase angle. No boundary conditions are applied to the outer spherical surface. The analytical
reference solution is the black solid line from Stokes (1856).

If the outer boundary is free to move, the drag curve faithfully follows the reference solution down
to the frequency where the unsteady boundary layer is larger than the fluid layer’s thickness (Fig-
ure 3.2). If the frequency is lower, the relative motion declines and so does the drag. What remains is
the inertial force needed to move the mass of the fluid. Consequently the phase lags by  =2 for low
frequencies.

In the other case where the outer boundary is held in position, the inertial forces decrease with
decreasing frequency (Figure 3.3). If the fluid thickness is not much larger than the sphere radius, the

*There are ways to circumvent this difficulty such as infinite elements, perfectly-matching layers, and multipole expan-
sions.
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Figure 3.3: Drag coefficient of an oscillating sphere surrounded by a �uid layer with constant thickness.
The thickness is given in the legend. The upper plot shows the absolute value and the lower plot the
phase angle. The outer spherical surface is held in position. The analytical reference solution is the
black solid line from Stokes (1856).

drag forces are higher due to the smaller distance over which shearing occurs. For high frequencies
where the boundary layer is thinner than the fluid layer thickness, the numerical results align with the
analytical solution.

To sum up, the numerical finite-element solution of an oscillating sphere in a viscous fluid con-
verges to the analytical solution. The finite size of the mesh has to be large enough to encompass the
boundary layer. If the outer boundary is fixed, it is difficult to see from the drag coefficient an insuffi-
cient domain size. For an outer boundary which is free to move, a deficient fluid thickness appears as
phase change.

3.2.2 Acoustic Tube

The method implemented to model the fluid is valid for viscous-acoustic problems with small am-
plitudes. This example presents a validation relevant for problems dominated by acoustic modes. The
resonances in a tube are damped by the local gradient of the velocity at the wall. The problem was orig-
inally analyzed by von Helmholtz (1863). Later Kirchhoff (1868) investigated also the thermal losses
that play a role in air. Because the energy equation is dropped, only the viscous losses are modeled
here.

The properties used for the fluid are similar to those of water and the same as for the computation
of the drag of a sphere (Section 3.2.1). The geometrical dimensions are close to the geometry of the
cochlear chambers in the guinea pig (Thorne et al. 1999). The length of the tube is l D 20 mm and the
radius r D 0:4 mm.

At the one end the tube is closed. On the other end a piston-like motion sinusoidally excites the
fluid. If the excitatory frequency coincides with the resonance frequency, the pressure amplitude peaks
at the inlet. To quantify this the impedance at the inlet is computed. This is the ratio of pressure to
volume flow rate and is plotted in Figure 3.4
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Figure 3.4: Impedance at the inlet of a tube closed at the end and filled with water. The tube length is
20 mm and the radius 0.4 mm. The upper plot shows the absolute value and the lower plot the phase
angle. The markers are the numerical results and the solid line the analytical solution.

To avoid a mismatch of the velocities locally at the inlet, the analytical solution of the oscillating
flow in a tube was applied as inlet velocity profile. The geometry was meshed with 50 elements over
the length. To ensure a good resolution of the viscous boundary layer, the mesh was refined normally to
the tube wall with a height ratio of 1.3 for successive layers of elements. The height measured normal
to the wall of the first element at the boundary is

hbl � 5
r

Wo
(3.36)

with the Womersley number based on the tube radius r . For every computed frequency step the mesh
was newly generated to correctly resolve the unsteady boundary layer. The remaining interior of the
tube was meshed with approximately equilateral elements. Only a quarter circle with symmetry con-
strains in circumferential direction was computed. The analytical solution given by Nederveen (1998)
serves as reference. Without thermal losses the impedance of a closed tube is

Z D �
i %w cw

  r2
cot.kw l/ (3.37)

with the properties corrected for boundary-layer effects marked by the subscript .�/w. The modified
density reads

%w D %

 
1C .1 � i/

p
2

Wo

!
; (3.38)
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the corrected wave number is

kw D k
�
1C

.1 � i/
p
2 Wo

�
with k D

!

c
(3.39)

and the speed of sound is modified to

cw D

s
K

%w
: (3.40)

The Womersley number is much larger than one with Wo � 220 for a frequency of 50 kHz. Therefore,
the resonance peaks are sharp and the phase jumps over small frequency ranges.

Overall the method proves to be able to correctly compute acoustic problems with viscous dissipa-
tion. For fluids where the Prandtl number (2.54) is equal or below one, as for example air, it would be
necessary to include the energy equation for thermal dissipation.

3.2.3 Fluid-Filled Elastic Sphere

The finite-element discretization should satisfy the continuity conditions for displacement (2.65) and
stress (2.66) at the interface between solid and fluid. A spherical shell filled with fluid is used to validate
the implementation. Motivated by the basal end of an outer hair cell, a sphere with an outer radius of
5 µm and a wall thickness of 0.1 µm is modeled. The interior of the spherical shell is filled with a water-
like fluid. The properties used for the fluid are similar to water and the same as for the computation of
the drag of a sphere (Section 3.2.1). The elastic shell is an isotropic material with a Young’s modulus
of Esolid D 100 kPa. The value is similar to the properties used by Tolomeo and Steele (1995) for an
outer hair cell wall. The Poisson’s ratio is set such that the bulk modulus of the solid is a scalar factor
˛ times the bulk modulus of the fluid. This reads as

�.˛/ D
1

2
�
1

6

Esolid

Kfluid

1

˛
: (3.41)

The volumetric strain is applied by a constant displacement in radial direction on the outer boundary
of the elastic sphere.

The mesh has 16 elements for a quarter circle. The elastic shell is resolved with two elements over
the height. For the elastic material the hexahedral 20-node element Solid186 of Ansys (Version 11,
Ansys Inc., Canonsburg, Pennsylvania) is used.* The mesh of the fluid is refined towards the elastic
shell. The three dimensional model is just meshed as an eighth sphere with symmetry boundary con-
ditions in the circumferential direction. The results are reported for a frequency of f D 1 Hz. At this
low frequency the physical behavior is quasi-static.

In Figure 3.5a the negative pressure in the fluid and the radial stress of the elastic shell are plotted
normalized by a reference pressure. This reference pressure is the bulk modulus of the fluid times the
volume strain of the whole sphere. The volume strain of the sphere is the ratio of displacement at the
outer boundary times the surface divided by the whole sphere volume. For equal bulk moduli in fluid
and solid (˛ D 1) the volume strains are as well close to each other.† If the outer shell is softer, the
pressure is dominated by the bulk modulus of the elastic material.

In Figure 3.5b the displacement in the radial direction is plotted for various values of ˛ normalized
by the amplitude at the outer boundary uref. If the ratio ˛ is one, the radial displacement is a linear
function going through the origin. For smaller values the compression takes place mainly in the softer

*For an accurate solution it was necessary to use the full integration option.
†In the solid material the radial and circumferential stress are not equal for Poisson’s ratios smaller than 1=2. For the

material parameters used, they are close to each other: � � 0:499983.
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(a) Negative pressure in the �uid and ra-
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Figure 3.5: Elastic shell filled with a �uid displaced at the outer boundary in radial direction. The
results of the �uid are marked by circles (ı) and of the solid by crosses (�). The ratio of the bulk
moduli is ˛ D Ksolid=Kfluid and given in the legend. At the radial distance of 4.9 µm the stresses and
displacements are continuous.

elastic shell and the fluid tends to zero displacement. For higher values of ˛ the outer elastic shell
becomes incompressible. The surface decreases with decreasing radius and so a nearly incompressible
material has higher amplitudes of motion towards the center. The area changes from the outer to the
inner radius of the elastic sphere by about 5 %.

Hereby the method proofed to be successful also for the interaction of solid and fluid, albeit without
shear deformation. The normal stresses are correctly transferred between solid and fluid as well as the
displacements. In the test case with the oscillating sphere shear stresses contribute significantly to
the reaction force at the boundary and were correctly computed. Thus, the fluid reaction forces are
correctly treated and interaction forces between solid and fluid are correctly transferred. Henceforth
a validated numerical method is ready for computation of fluid-structure interaction problems in the
inner ear.
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Chapter 4

Model of the Hair Bundle

from the Bullfrog's Sacculus

Kozlov et al. (2007) measured with two laser interferometers simultaneously the motion at the tall and
short edges of the bullfrog’s sacculus hair bundle in a thermal bath. The experimental data show a high
coherence for frequencies from a few hertz up to several kilohertz. This suggests that the mechanical
coupling between the stereocilia is stronger than the resistance of individual stereocilia in the bundle
against deflection. The main objective here is to investigate to what degree the viscous liquid between
the stereocilia mechanically couples them and what amount of elastic coupling might be needed to
reproduce the experimental observations.

In this chapter the geometry of the hair bundle from the bullfrog’s sacculus is used to build a detailed
numerical model. This model encompasses the mechanics of the elastic properties of the cellular
structure and the viscous liquid surrounding the bundle and filling the gaps between the stereocilia.
The mechanical parameters of the model are adjusted to match different experimental observations.

The numerical model of the hair bundle relies on the equations describing the relevant physics,
the geometry, and the material properties. The equations were discussed in Chapter 2 and a numerical
method to solve them on complex geometries was presented in Chapter 3. Literature and microscopic
images provide the necessary geometrical information for the bundle model. Experimental data are the
reference for the mechanical response and to estimate and adjust the unknown material properties.

4.1 Geometry

The careful morphologic study of the bullfrog’s sacculus by Jacobs and Hudspeth (1990) provides
most of the required information. The geometry for the model is idealized and adjusted to simplify
the geometry setting and the meshing procedure. The dimensions are taken as close as possible to the
experimental observations.

The model was constructed with the stereocilia placed on a hexagon with nedg D 5 stereocilia on
each side. For the full hexagon the total number of stereocilia is nsc D 3 nedg .nedg�1/C1 D 61. At the
tall edge the stereocilium is replaced by the kinocilium and the three next neighbors are removed. Thus,
the total number of stereocilia is 57 and there is one kinocilium. Figure 4.2a shows this arrangement
in the top view. By this five stereocilia are the next neighbors to the kinocilium, as experimentally
observed.* The longest stereocilium has a length of about 7:8 µm. For simplicity the height of the

*The enlarged distance between the kinocilium and the stereocilia in the model was helpful. The bending kinocilium is
clamped at the point of insertion and displaces with a quadratic displacement profile over the height. The neighboring pivotal
stereocilia are just bending in the rootlet section next to the point of insertion, above this bending section they displace linearly
versus the height. By the kinociliary links their displacements are coupled next to the tips. The increased distance between
stereocilia and kinocilium ensures that the linear and quadratic displacement profiles do not collide next to the rootlet section.

35
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0.1 µm

(a) Tip region.

0.5 µm

(b) Rootlet region.

Figure 4.1: Transmission electron micrograph of different regions of stereocilia. In the tip region is
the top connector material visible as darker area in the gap between the stereocilia. Courtesy of
Dr. A. J. Hudspeth, Howard Hughes Medical Institute

kinocilium measures hkc D 8:45 µm to keep the height profile smooth over the whole bundle. The
kinociliary bulb is placed at the height of hkb D 6:5 µm. The height decreases from one stereocilium to
the next shorter by ht D 325 nm. The diameter of the stereocilia and the kinocilium is dsc D 380 nm.
At their tips all are rounded by a half sphere with a radius equal to that of the cylindrical part.*

At the bottom section the diameter decreases towards the base to db D 125 nm. The height of the
rootlet section, the conical frustrum, is set to hr D 3 ht D 975 nm. These data were estimated from
micrographs as given in Figure 4.1b.

The stereocilia and the kinocilium are interconnected by different links, as sketched in Figure 4.2.
The kinocilium is connected to the next neighboring stereocilia by kinociliary links at about the height
of the kinociliary bulb. There are no kinociliary links between stereocilia. They are interconnected
at their top by single, oblique tip links. They link stereocilia only in the physiologically mechano-
sensitive direction, the direction along which the bundle is sensitive to the stimulus. The angle between
the tip-link and stereociliary axis is about 45°. All other links interconnect a stereocilium to all next
neighbors.

The top connectors are just below the tip links in the narrow gap between the stereocilia. They
spread over a height of about 0:5 µm (Figure 4.1a). Basal links connect the basal shafts of stereocilia.

For a consistent three-dimensional geometrical model, additional information was taken from mi-
crographs. Recordings based on electron microscopy are sharp and have a high resolution, but during
the preparation the specimen is dehydrated and fixated. Figure 4.3a shows a hair bundle seen in the
frontal view with a scanning electron microscope. Therein the individual stereocilia are curved and not
straight as in the light micrographs (Figures 4.3b and 4.3c). The resolution of the light microscope is
not sufficient to clearly resolve the individual stereocilia in the upper part of the bundle, but the liquid
medium ensures a native environment keeping the cells alive and provides geometrical information
without shrinkage. As far as possible geometrical data from light micrographs are used.

The kinematics of the hair bundle are dominated by the ratio of tip-link extension to hair-bundle
deflection (Jacobs and Hudspeth 1990), which is in a first-order approximation characterized by the
stereocilia separation at their bottom divided by their height. The cuticular plate and stereocilia tips
are clearly visible in the light microscopy side view and from this the angles and heights can be mea-
sured without artifacts. The measured center-to-center distance of the stereocilia on the cuticular plate
might be erroneous by optical distortion or preparation treatment. Dr. A. J. Hudspeth (Howard Hughes
Medical Institute) measured for the center-to-center spacing of the stereocilia on the cuticular plate

*Garcı́a et al. (1998) observe an increasing diameter of the stereocilia from the tip to the bottom. This possible diameter
variation is not taken into account as it was not observed in all micrographs of this study.
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Figure 4.2: Schematic drawing of the hair bundle from the bullfrog’s sacculus with the excitatory
direction to the right. BL: Basal links, CP: Cuticular plate, KB: Kinociliary bulb, KC: Kinocilium, KL:
Kinociliary links, RL: Rootlets, SC: Stereocilia, TC: Top connectors, TL: Tip links.
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2 µm

(a) Scanning electron microscopy frontal view.

5 µm

(b) Light microscopy
frontal view.

5 µm

(c) Light microscopy
side view.

Figure 4.3: The hair bundle of the bullfrog’s sacculus in frontal and side view. Courtesy of Dr. A. J.
Hudspeth, Howard Hughes Medical Institute

10 µm

Figure 4.4: Differential-interference-contrast micrograph of several hair bundles of a bullfrog’s sacculus
seen from top and kinocilium to the right. Courtesy of Dr. A. J. Hudspeth, Howard Hughes Medical
Institute

2 µm

Figure 4.5: Scanning electron micrograph of the cuticular plate with the stereocilia and kinocilium
removed in a freeze-fractured preparation. The kinocilium is to the right. Courtesy of Dr. A. J. Hudspeth,
Howard Hughes Medical Institute
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Figure 4.6: View of the symmetry plane of the bundle model with geometry parameters used in Ta-
ble 4.1.

with differential interference contrast microscopy sdic D 860 ˙ 80 nm (n D 14) from micrographs
as in Figure 4.4. Care was taken in checking the absence of different following artifacts: The results
are independent of the presence of the otolithic membrane. Also the refraction index of the liquid did
not affect the results. The addition of 10 % metrizamide lowered the mismatch in index of refraction.
The use of two different lenses (Achromat water-immersion objective lens, 63�, NA D 0:9 and C-
Apochromat water-immersion objective lens, 63�, NA D 1:2) did not alter the results as well. The
diameter of the stereocilia was reconstructed based on this spacing, their height, and the angle of the
bottom plane and the stereocilia axis at the tall and short edge. The diameter of the stereocilia needed to
correctly reconstruct the geometry is dsc D 380 nm. The kinocilium diameter measures about 320 nm
including the outer membrane (Dr. A. J. Hudspeth, personal communication, November, 2009). Al-
though the kinocilium diameter is less than the diameter of the stereocilia, for simplicity it is taken to
be the same with dsc D 380 nm.

The liquid coupling drag between stereocilia is inversely proportional to their wall-to-wall distance.
For the model, a conservative estimate of the lower limit of this measurement was s D 780 nm for the
center-to-center spacing of the stereocilia on the cuticular plate.* Thus the wall-to-wall distance at the

*This also simplified the geometry construction of the full bundle.
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Table 4.1: Geometrical parameters of the model of the hair bundle from the bullfrog’s sacculus.

Name Variable Value Ref.

Height of kinocilium hkc 8.45 µm �

Height of kinociliary bulb hkb 6.5 µm �

Height decrease in the bundle ht 325 nm �

Height of rootlet hr 975 nm �

Diameter of the stereocilia and kinocilium dsc 380 nm �

Diameter at the cuticular plate of the stereocilia dr 125 nm �

Gap distance at the tip gt 10 nm �

Gap distance at the bottom without taper gb 400 nm �

Spacing of the stereocilia on the cuticular plate s 780 nm �

Angle between bundle shoulders � 96 ° �

Number of stereocilia along one edge nedg 5 �

Total number of stereocilia ntot 57 �

� Jacobs and Hudspeth (1990)
� This study
� Dr. A. J. Hudspeth (personal communication, November, 2009)
� Estimated from micrographs

bottom without tapering measures gb D 400 nm with the given diameter of the stereocilia.*

The bundles seen from the top deviate from a perfect, equal-sided hexagonal arrangement (Fig-
ure 4.4). The angle between the bundle sides with the origin at the kinocilium measures �dic D

102:6 ˙ 5:9° (n D 7), which is less than 120° as for the equal-sided case. This implies an elon-
gation of the hexagonal arrangement on the cuticular plate in the excitatory direction. In Figure 4.5 a
scanning electron micrograph illustrates the hexagonal arrangement of the cuticular plate with removed
stereocilia, which presents as well an elongation in the stimulus direction. For the model an angle of
� D 96° facilitated the construction.

In agreement with this observation are the stereocilia standing more parallel in the frontal view
(Figure 4.3b) than in the side view (Figure 4.3c). In the side view the angle between the stereocilia
axes from the tall and short edge measures about 30°, in the frontal view the angle between the axes
of the edges is about 20°. For an equal-sided hexagonal arrangement, an angle in the side view of 30°
would correspond to an angle of 26.1° in the frontal view.

The wall-to-wall distance at the tips is not known. Micrographs from transmission electron mi-
croscopy provide some rough estimations under the assumption that the top connector material sur-
vives the treatment for the electron microscopy. In Figure 4.1a the gap distance measures no more than
gt D 10 nm.

The geometrical dimensions used for the bundle model are given in Table 4.1 and illustrated in
Figure 4.6. The kinociliary bulb was omitted from the model to simplify the liquid mesh around the
kinocilium. It is assumed that potential increase in drag and inertia due to this spherical body are
negligible compared to the overall bundle behavior. The values used for the model differ partly from
the references, but allowed the construction of a parametric geometry and meshing with finite elements.
Possible differences in the geometry do not critically affect the stiffness properties of the bundle as the
Young’s moduli of the material were adjusted by comparing the results provided by the finite element
model to the experimentally measured stiffness.

*A closer distance at the bottom might be also due to a diameter increase of the stereocilia from the tip towards the upper
end of the rootlet section (Garcı́a et al. 1998).
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4.2 Mechanical Properties

Two characteristic properties of the hair bundle from the bullfrog’s sacculus are the stiffness and drag
at the kinociliary bulb along the stimulus direction. A technique to measure the bundle stiffness is to
attach a probe to the kinociliary bulb. Using this technique, Howard and Ashmore (1986) measured
khb D 256 ˙ 28 µN·m�1. Two observations suggest that the bundle stiffness is related to bending of
the stereocilia next to the cuticular plate. Firstly, the bundle stiffness is approximately proportional to
the number of stereocilia. Secondly, the bundle stiffness is inversely proportional to the square of the
height of application of the force measured from the cuticular plate. The second was observed as well
for the hair bundles of turtles by Crawford and Fettiplace (1985). The concept of an elastically bending
pivotal rootlet section and a rigid main part of the stereocilium was used in the model here as well. The
rootlet section of the model consists of an elastic isotropic material whose Young’s modulus is adjusted
to reproduce measured bundle stiffness values.

Later studies by Howard and Hudspeth (1988) revealed an operation-point dependence of the hair-
bundle stiffness. This dependence originates from the mechanoelectrical transduction channels which
are connected to the tip links. The effective stiffness of the tip links was estimated as ktl D 500 µN·m�1.
They computed this stiffness under the assumption that the system has a single degree of freedom.* As
in the finite-element model a relative motion between stereocilia is in general possible, the tip link
stiffness was readjusted here to match the experimental observations.

Cadherin 23, a part of the tip link, was analyzed in detail by Sotomayor et al. (2010). Their molec-
ular dynamical simulations predict a stiffness of 40 mN·m�1 to 60 mN·m�1 for this part of the tip link,
about hundred times stiffer than the experimental observations. Their ab inito calculations are missing
the connections to the stereocilia bulk material as well as the other constituent of the tip links, the
protocadherin 15, which might be more compliant.

Jaramillo and Hudspeth (1993) estimated the linear bundle stiffness with a displacement clamped
probe as khb D 650 µN·m�1. Later Martin et al. (2000) confirmed the values with khb D 680 ˙

360 µN·m�1. Another technique to estimate the bundle properties is based on the observable Brownian
motion of the hair bundle. Denk et al. (1989) retrieved by this method a stiffness of khb D 350 µN·m�1

and a bundle drag of chb D 127 nN·s·m�1. Bashtanov et al. (2004) observed that removing all links
from a chicken hair bundle except the top connectors reduces the bundle stiffness by 90 %. The stiffness
of the hair bundle from the bullfrog’s sacculus also reduces with the same treatment by a similar amount
(Kozlov et al. 2010). The measured stiffness for the hair bundle without tip links is khb D 19 ˙

12 µN·m�1 (n D 6) and the drag is chb D 30˙ 13 nN·s·m�1 (n D 6).
The kinocilium misses a distinct rootlet section and the inner structure is unchanged over the whole

length. This suggests constant properties and a behavior as an Euler-Bernoulli beam characterized by
its flexural rigidity. Okuno and Hiramoto (1979) measured for the cilia of echinoderm spermatozoa a
flexural rigidity of 300 yN·m2 to 700 yN·m2. For the kinocilium of the hair bundle from the bullfrog’s
sacculus Kozlov et al. (2010) measured similar values with EIkc D 630 ˙ 300 yN·m2 (n D 13).
Besides the kinocilium individual stereocilia were analyzed. The drag of an individual stereocilium is
with csc D 16˙ 5 nN·s·m�1 (n D 6) about half of the drag of the whole bundle without tip links.

The properties of the top connectors and the kinociliary and basal links could not be determined
experimentally so far. The properties have to be adjusted to observations where their function is in-
volved and has a significant impact on the behavior. As the stereocilia are assumed to be rigid rods,
the top connectors and basal links are mechanically coupled in parallel. The dense structures in the
micrographs (Figure 4.1a) at the tips suggest a high stiffness for the top connectors. For the model,
only the top connector stiffness is taken into account, the basal links being neglected. Also the lever
arm is the longest for the top connectors with respect to the center of rotation. This further motivates
the selection of the top connectors as the only elastic coupling element between stereocilia, besides the
tip links.

*This also implies that the wall-to-wall distance is constant at the stereocilia tips or equivalently that the top connectors
are infinitely stiff.
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4.3 Finite-Element Mesh

To analyze the mechanics of the hair bundle by means of the finite-element method, at first the geometry
has to be provided. Based on the given geometry, the approximation of the domain by basis functions
with local support can be accomplished by constructing the mesh (Section 3.1.1).

10 µm

Figure 4.7: Finite-element mesh of the hair bundle model with a symmetry half of the surrounding
liquid. For illustration purposes the symmetry half of the solid elements is mirrored here.

The geometry of the bundle is based on the dimensions given in Table 4.1. The bundle with a
diameter of about 6 µm at the bottom and a maximum height of around 8.5 µm is placed into a cylinder
of liquid with a diameter of 62 µm and a height of 37 µm on a flat, rigid surface (Figure 4.7). The exci-
tations to the model are applied only in the symmetry plane along the physiological relevant direction.
To reduce the model size, advantage is taken by regarding only one symmetrical half.

The tiny gap distance between stereocilia at their tips is less than a hundredth of the stereocilia
height. The three dimensional configuration inhibit the correct arrangement of all cylindrical stereocilia
with this gap distance to all next neighbors.* To circumvent this problem, the geometry was initialized
with a slightly enlarged gap distance of 28 nm. Afterwards the local radius of the stereocilia was
increased to ensure the correct wall-to-wall distance of 10 nm at the tips with a linear increase towards
the bottom. The local radius of the stereocilia in each cross section between the points of closest
approach was kept smooth as well. Different views of the closely apposed stereocilia are presented in
Figure 4.8.

The mesh is multi-block structured and uses only hexahedral elements with quadratic shape func-
tions (Chapter 3). The number of degrees of freedom is roughly 800,000 for the liquid and solid
material together. The mesh is generated to resolve as accurately as possible the fluid mechanics be-
tween the stereocilia over lengths of 10 nm as well as the outer liquid drag with distances of more than

*If the bundle is constructed by adding sequentially stereocilia to the model, new added stereocilia have to be placed at
the correct gap distance to three next neighbors. This is an overdetermined problem. Increasing the gap distance sufficiently
relieves this constrain for the slightly oblique stereocilia.
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(a) Side view. (b) Back view.

(c) Oblique view. (d) Top view.

1 µm

Figure 4.8: Mesh of the finite-element hair-bundle model of the stereocilia and the kinocilium. For
illustration purposes the solid elements were mirrored at the symmetry plane.



44 Model of the Hair Bundle

10 µm, while keeping the computation time as short as possible.* When possible, the element sizes
vary smoothly with a factor of 1.4 from element to element.

1 µm

Figure 4.9: Mesh of the finite-element hair-bundle model with the mesh of the liquid shown in the
symmetry plane. For illustration purposes the symmetrical half of the solid elements is mirrored here.
The inset illustrates the gap near the tips.

A gap between two neighboring stereocilia is always filled by two elements (Figure 4.9). In a
channel the fluid flow profiles are either linear or quadratic, if the thickness of the liquid layer is
constant. The quadratic basis functions of the implemented finite element allow a correct solution for
this configuration. Between two cylinders, the wall-to-wall distance variations are small in the vicinity
of closest approach. For the drag force of two cylinders approaching each other, the mesh was fine
enough to compute the reaction forces with an error that was less than a few percent (data not shown).

The top connectors and the tip links are incorporated as spring elements.† To simplify the meshing,
the element height is set to the geometry parameter ht. The elastic spring elements can be placed at
element nodes only. Thus the tip link’s axis is at an angle of about 30° with respect to the stereociliary
axis. The tip links are ending at the outer wall of the stereocilia. The top connector material spreads
over some distance in vertical direction. To account for this, two springs are used, one next to the
tips where the cylindrical part turns into a hemisphere and the other by the distance ht lower. The
top-connector stiffness is distributed equally between the upper and the lower spring. The ends of
these spring elements are inside the stereocilia on their axes. This was necessary to prevent unrealistic
rotation of the stereocilia around their axis.

*The computation for single frequency on a single CPU took about 10 hours.
†In Ansys (Version 11, Ansys Inc., Canonsburg, Pennsylvania) the Combin14 element is used. This element has only a

longitudinal stiffness assigned. At the ends it couples just the translational degree of freedom. The rotations are uncoupled
between this spring element and the solid element.
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4.4 Material Properties

The material properties used in the model are given in Table 4.2. The properties for the inner ear
liquids are discussed in detail in Section 2.2.2. The solid material properties are assumed to be isotropic
(Section 2.2.1). The Poisson’s ratio of all solid materials is set to � D 0:3, a typical value for elastic,
isotropic material. The Young’s modulus of the kinocilium is adjusted to reproduce the experimentally
measured flexural rigidity of about 630 yN·m2 (Kozlov et al. 2010). Based on the second moment
of area for the cross section with radius r D 0:19 µm, the Young’s modulus yields 615 kPa. In the
finite-element model the equivalent flexural rigidity for a force at the kinociliary bulb differs due to the
mesh size and three-dimensional effects. The Young’s modulus is adjusted to compensate for this. The
pivotal stiffness of the stereocilia is matched by the Young’s modulus of the rootlet section to reproduce
the experimentally measured bundle stiffness of 19 µN·m�1 (Kozlov et al. 2010). The pivotal stiffness
of an individual stereocilium is about 10 aN·m·rad�1. The Young’s modulus of the rootlet section
is also adjusted on the final mesh to compensate for possible mesh size dependencies. The Young’s
modulus assigned to the upper main part of the stereocilia is much higher than in the rootlet section to
ensure a rigid motion of this upper part.

Table 4.2: Material properties of the model of the hair bundle from the bullfrog’s sacculus.

Name Variable Value Ref.

Density of liquid and solid % 1 Mg·m�3 �

Viscosity of liquid � 1 mPa·s �

Bulk modulus of liquid K 1 GPa �

Young’s modulus of rootlet Er 111 kPa �

Young’s modulus of stereocilium Esc 1 GPa �

Young’s modulus of kinocilium Ekc 585 kPa �

Poisson’s ratio of solid material � 0.3 �

Stiffness of tip link ktl 1 mN·m�1 �

Stiffness of top connector ktc 20 mN·m�1 �

Stiffness of kinociliary link kkl 1 N·m�1 �

� Similar properties to water (Section 2.2.2)
� This study
� Estimated as rigid
� Elastic isotropic material

The stiffness of the kinociliary links was set to a high value to ensure a rigid connection. These
links are just connecting the kinocilium to the stereocilia, but not the stereocilia to each other. The
stiffness values for the tip links and top connectors were selected based on various computations in
an evolutionary way.* The final results are in agreement with the various experimental observations
discussed in Section 4.2. In the following Chapter 5 is the model used to analyze the importance of
the elastic links between stereocilia in four different conditions: with only top connectors present, with
only tip links present, with both types of links present simultaneously, and finally with no coupling
links at all.

*With the various versions of the model 100,000 hours of computation time on single processors were used. An average
computation with the model took about 10 hours yielding a total of about 10,000 computations.
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Chapter 5

Mechanics of the Hair Bundle

from the Bullfrog's Sacculus

The finite-element model presented in Chapter 4 allows a detailed analysis of the mechanics of the
hair bundle, by studying the bundle response to different load conditions. Three different modes of
excitation are investigated here:

Kinociliary Bulb Displaced The response to a displacement at the kinociliary bulb mimics the exci-
tation of the bullfrog hair bundle under in vivo conditions.

Stochastic thermal excitation To understand the mechanical coupling between the stereocilia the
coherency is evaluated between individual stereocilia in the bundle for forcing by a thermal bath.

Tip-Link Force A force applied along the tip links is used to investigate response of the bundle due to
non-linear forces generated by channel gating.

The observation and excitatory direction always align with the stimulus direction of the bundle. In all
cases the bottom plate is fixed and rigid. The arbitrary outer boundary of the liquid domain moves
freely and no forces are applied there. The sufficient size of the domain is validated as the dimensions
of the fluid compartment are larger than a millimeter. The liquid around the bundle is modeled without
taking into account nearby bundles or the otolithic membrane. The range of frequencies from 1 mHz
to 100 kHz encompasses more than the complete relevant range of physiological conditions and exper-
imentally available data. For the computed frequencies the mechanics are dominated by stiffness, drag,
and inertial forces.

The properties and consequences of the elastic linkages between individual stereocilia are studied in
detail. Four different configurations are computed for the elastic links in the bundle between stereocilia:

All links As in an intact hair bundle there are both types of elastic links in the bundle: the top connec-
tors and the tip links. Most data are available for this configuration.

Tip links Only elastic tip links connect the stereocilia. So far no treatment exists which removes the
coupling top connectors, but not the tip links.

Top connectors Only top connectors link the stereocilia. By treatment with BAPTA the tip links can
be removed from the bundle.

No links There are no elastic links between stereocilia. So far no treatment exists which removes the
coupling top connectors and the tip links.

47
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In all cases the viscous liquid between and around the stereocilia is present and the kinociliary links
tightly couple the kinocilium to the next neighboring stereocilia.

In this chapter no parameter studies are presented. The properties of the model were carefully
selected and adjusted in numerous computations. In the Appendix C parameters are presented with
variations of the wall-to-wall distance at the tips, of the top-connector stiffness, of the kinocilium stiff-
ness, of the stereocilia rootlet stiffness, of the density, and the viscosity between the stereocilia. These
parameter studies show how the individual observed quantities are affected by the selected properties.

5.1 Kinociliary Bulb Displaced

The kinociliary bulb is the connecting structure between the otolithic membrane and the hair bundle.
The response of the bundle to this stimulus is investigated by the frequency dependent displacement
patterns. Time traces of individual stereocilia tips are given and the force at the kinociliary bulb in the
stimulus direction, which is the physiological relevant direction, are analyzed.

In Figure 5.1 the motion patterns in response to the displacement of the kinocilium are presented
for a cycle of the sinusoidal excitation signal. The amplitudes are scaled by the individual stereocilia
height to plot with the same amplitude stereocilia moving with the same pivotal rotation angle. The
phase relation of the individual markers is given in Figure 5.1e.

A bundle with just viscous liquid filling the gap has two regimes (Figure 5.1a). Below 0.1 Hz
the drag is dominated by the squeezing between the displaced stereocilia and the next neighbors. Just
the elastically coupled next neighbors move with the kinocilium. The viscous forces at these low
frequencies are not large enough to work against the individual, pivotal stiffness of the stereocilia.
With increasing frequency the viscous forces increase relatively to the elastic forces of the stereocilia
and more and more stereocilia move together with the kinocilium. Around 0.1 kHz the bundle starts to
move coherently with no noticeable relative motion between the stereocilia. At very high frequencies
such as 100 kHz inertial forces come into play and reduce the amplitude of those stereocilia which
are further away from the point of excitation, the kinocilium. Adding the stiff top-connector material
blocks relative motions in the bundle (Figure 5.1b). For all frequencies the bundle moves as one unit,
except the high frequencies where again the inertial forces intervene. Adding tip links to the model
introduces some elastic coupling between the stereocilia (Figure 5.1c). Only stereocilia aligned along
the stimulus direction are coupled by the tip links. The viscous coupling is too weak to suppress the
relative motion at low frequencies. For a deflection in the excitatory direction the pivoting stereocilia
are pulled closer to each other by the oblique tip links, which amplifies the motion at the short edge. If
tip links and top connectors are present the top connectors dominate the motion pattern (Figure 5.1d)
and the bundle moves without noticeable relative motion for all frequencies. Also for the last two cases
the motion pattern at 100 kHz is not affected by the additional elastic links, indicating that the problem
is governed by inertial and viscous forces.

The mechanical behavior is further characterized by the ratio of the reaction force at the kinociliary
bulb to kinematic variables. There are three possible kinematic variables, namely displacement, veloc-
ity, and acceleration. The force with respect to them depends upon the frequency. At low frequencies
the motion is quasi-static and all relaxations have enough time to equilibrate, thus damping forces are
small. Inertial forces scale with the frequency to the power of two and decay faster with decreasing
frequency than damping forces and therefore play a minor role at low frequencies. The hair bundle is
overdamped and thus viscous forces gain importance smoothly with increasing frequency. For higher
frequencies the inertial forces dominate and delay the motion by a half cycle, if no other modes of
oscillations play a role. This is the case here.

Assuming a mass-spring-damper system with a single degree of freedom allows us to characterize
the dynamics of the hair bundle. Denk et al. (1989) measured for an intact bundle a stiffness of khb D

350 µN·m�1 and a drag coefficient of chb D 127 nN·s·m�1. The effective mass for a moving bundle
is not only the mass of the stereocilia. The liquid in between the stereocilia and the entrained external
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Figure 5.1: Time traces of a cycle of the stereocilia tips for a displacement prescribed at the kinocilium
and phase relation of the time traces with time advancing during the cycle clockwise. The displacements
are scaled arbitrarily and divided by the individual stereocilia height for illustration purposes. The time
traces are centered around the location of the rootlets.
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liquid have to be taken into account as well. The bundle’s overall mass is estimated as roughly three
times the mass of the elastic structuresmhb D 0:1 ng. A more rigorous estimation of this effective mass
will be given further below in Section 5.1.3. The undamped resonance frequency of the oscillator is

f0 D
1

2 

r
k

m
: (5.1)

With the value for an intact hair bundle this yields f0 D 9:4 kHz. The damping ratio

� D
c

2
p
k m

(5.2)

is larger than 1 if the system is overdamped. With the above given values � D 11 the bundle is
clearly overdamped. The experimental data for a hair bundle without tip links provide a stiffness
of khb D 19 µN·m�1 and a drag of chb D 30 nN·s·m�1. Assuming as above an effective mass of
mhb D 0:1 ng decreases the undamped resonance frequency to 2.2 kHz, while the resulting damping
ratio of � D 10:9 indicates overdamping also in this situation.*

A way to analyze the ratio of force and a kinematic variable over frequency in more detail is
by the impedance, which is the complex ratio of force divided by velocity.† The overdamped hair
bundle exhibits a smooth variation of the forces and motions in the range of interest. Under these
specific circumstances the real part of the ratio force to displacement, to velocity, and to acceleration
is more descriptive. Therefore, the computational results are presented as drag, stiffness, and inertial
coefficients, which can be directly compared to experimental observations.

5.1.1 Drag

The real part of the ratio of force divided by the velocity provides the drag coefficient

chb.f / D Re
�
Fkb.f /

vkb.f /

�
; (5.3)

which is a function of the frequency f based on the force Fkb and velocity vkb. Both are evaluated
along the excitatory direction at the kinociliary bulb. Re.�/ is the real value operator. There are no
forces counteracting the drag in the model.

Figure 5.2 presents the drag coefficient of the bundle. The purely liquid-coupled bundle has a
drag coefficient of up to 4;400 nN·s·m�1 at a frequency of 1 mHz. For these high drag values the
presence of the external liquid does not alter the results. The drag coefficient decays as the coupling
forces of the viscous liquid between the stereocilia overcome the pivotal stiffness of the stereocilia.
For frequencies of 0.1 kHz and higher the drag is around 50 nN·s·m�1 with the surrounding liquid and
around 13 nN·s·m�1 without. This indicates that the coherent bundle drag is mainly dominated by the
external liquid. Above 10 kHz the drag increases again due to the decrease of the thickness of the
oscillatory boundary layer, as for an oscillating sphere (Section 3.2.1).

The top connectors fully block the relative modes and the associated drag. The value is constant
around 55 nN·s·m�1 and again slightly increases from around 10 kHz. Again this is mainly dominated

*The overdamping implies that no distinct peaks exist in the amplitude spectra. Therefore no resonance frequency can be
identified from the bundle response. The cross-over frequency where the dominant forces change from stiffness to inertia still
exists and has a characteristic frequency assigned. In this work this frequency is labeled as undamped resonance frequency.

†The impedance is widely used in acoustics, electrical circuits, optics and other fields where several resonance frequencies
play a role.
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Figure 5.2: Drag of the hair bundle computed at the kinociliary bulb from the real part of the applied
force divided by the velocity in the stimulus direction. The solid lines with large markers are for the bun-
dle with surrounding liquid. The dashed lines with small markers are for the bundle without surrounding
liquid. Stereocilia are always coupled by the viscous liquid and elastically coupled only by horizontal
top connectors (Top con.), tip links (Tip links), both types of elastic links (Tip & top), and no elastic links
(No links).

by the surrounding liquid, as the results without yield a value of around 13 nN·s·m�1. Below 10 mHz
the drag evaluation fails probably due to numerical inaccuracies.*

A bundle with only tip links as elastic coupling elements between stereocilia exhibits highest
damping compared to the other three cases. Below the frequency of 20 mHz the drag is around
6;000 nN·s·m�1. With increasing frequency the drag is always higher than the drag of the purely
liquid-coupled bundle. The oblique tip links transfer about the same displacement amplitude from the
tall stereocilium to the next shorter one, but the lever arms of the center of the pivotal motion with
respect to tip-link connection point differ. The shorter stereocilium displaces at a lower height and
therefore rotates further causing additional relative motion with associated drag. From around 3 kHz
to higher frequencies the viscous coupling of the liquid overcomes the tip-link stiffness and the drag
aligns with the purely liquid coupled solution. Starting from around 3 kHz the drag is, as in the previous
cases, about 50 nN·s·m�1 with the external liquid and around 13 nN·s·m�1 without.

The drag of a bundle with both types of elastic links between stereocilia follows closely the drag of a
bundle with just top connectors for frequencies above 1 kHz. The same issues with the drag evaluation
are present for very low frequencies. For frequencies from 0.1 Hz to 0.1 kHz the relative motion
induced by the tip-links increases the drag to 85 nN·s·m�1 with external liquid and to 43 nN·s·m�1

without. This indicates that the displacement patterns of the relative modes propagate in the external
liquid. This higher drag at low frequencies is in agreement with the experimental observation by Denk
et al. (1989) that a healthy bundle has a higher drag than a solid object of the same dimensions.

Drag by the External Liquid

The drag induced by the external liquid is further analyzed on simplified geometries. Denk et al. (1989)
used as reference a sphere in an unbounded liquid in steady motion. Based on Stokes’s analytical

*The computations are performed with complex numbers. For the low drag cases the ratio of the real to the imaginary
part is about 106. The very small imaginary part is needed for the drag evaluation. No further studies investigated this issue in
this work. The frequencies where the drag evaluation fails are below the frequency where the quasi-static response is reached.



52 Bundle Mechanics

solution the associated drag reads

csph D 6  � r (5.4)

with the sphere radius r and the dynamic viscosity �. For a viscosity of � D 1 mPa·s and an average
radius of r D 2:5 µm the drag coefficient yields csph D 47:1 nN·s·m�1, a value similar to the bundle
computations with only top connectors present (Figure 5.2).

The hair bundle is not translating, but pivots around the base. To estimate the drag of a pivotal mo-
tion the drag of a rotating semi-ellipsoid is analyzed. The ellipsoid elongates along the major axis and
has equal minor axes. The plane of the minor axes divides the ellipsoid and mimics the bottom plane
of the bundle. The tip of this ellipsoid corresponds to the tip of the kinocilium. The drag coefficient
is computed based on the force required at the tip to rotate the semi-ellipsoid around one of the minor
axes. The velocity is evaluated at the same location. Based on the analytical solution of Perrin (1934)
the drag coefficient reads

cell D
8

3
  �

p
h4 � h2 r2

�
h4 � r4

��
.2 h2 � r2/ arccosh

�
h
r

�
�
p
h4 � h2 r2

�
h3

(5.5)

with the semi-ellipsoid height h and minor axis radius r . The same radius and viscosity are used
for an estimation of the drag coefficient as for the sphere. The height is assumed to be similar to
the kinocilium height of the model with h D 8 µm. The drag of this pivoting semi-ellipsoid yields
cell D 24:9 nN·s·m�1 and is about half of the drag estimated for the sphere. An ellipsoid is very smooth
and without sharp corners, whereas the hair bundle instead ends at the tips of the stereocilia, which are
rounded with their radius. The drag of the ellipsoid is therefore a lower estimate. In agreement with
this estimation is the experimentally measured drag of 30˙ 13 nN·s·m�1 for a bundle without tip links
(Kozlov et al. 2010). This confirms that the external liquid drag dominates the drag for a bundle without
tip links. The remaining drag due to internal relative sliding between stereocilia is smaller.

For an individual stereocilium the drag is about half that of the full bundle with 60 stereocilia. The
experimental data provide a value of 16˙5 nN·s·m�1 (Kozlov et al. 2010). This value can be compared
with the drag of a pivoting cylinder. As for the equivalent ellipsoid the geometry is simplified to a
cylinder with the height h and radius of a stereocilium r . The axis of rotation lies in the bottom plane
of the cylinder and the drag is again evaluated at the tip surface center. Based on the approximative
solution of Broersma (1960) with the corrected coefficients of Broersma (1981) the drag coefficient
reads

ccyl D
4

3
  �

h

� � 1:14 � 0:2 ��1 � 16 ��2 C 63 ��3 � 62 ��4
(5.6)

with

� D ln
�
2 h

r

�
and 0 �

1

�
< 0:45 : (5.7)

For a stereocilium with a height h D 8 µm, a radius r D 0:19 µm and the dynamic viscosity � D
1mPa·s the equivalent drag of a pivoting cylinder displaced at the tip yields ccyl D 11:2 nN·s·m�1. The
estimation based on the semi-ellipsoid fitted into the cylinder results in 8.5 nN·s·m�1. This is a smaller
value, as the drag of the cylinder combines the drag of an ellipsoid and the drag by the end surfaces
(Broersma 1960).

A finite-element model of a pivoting cylinder is used for two purposes: at first for the validation
of the size of the external liquid domain to ensure that the arbitrary outer boundary does not alter the
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Figure 5.3: Drag of a cylinder displaced by a linear profile over the height on a fixed plate. The
height is h D 8 µm. The drag is given for an equivalent force at the cylinder tip. For the finite-element
results the liquid domain has an outer diameter of 62 µm and a height of 37 µm. The outer boundary
is either free to move (FEM free) or held in position (FEM held). As comparison the analytical solution
of a translating sphere (anal. sphere), of a rotating half ellipsoid (Anal. ellipsoid) based on the work
from Perrin (1934), of a translating sphere (Anal. sphere), and the fitted function for a cylinder (Anal.
cylinder) from Broersma (1981) are given. The later is only given up to the valid range of r < 0.22 h.

results and secondly to compare the finite-element results with the above given analytical estimations.
All relevant results are collocated in Figure 5.3.

The finite-element mesh corresponds to the mesh of the bundle model for the external liquid. The
bundle is replaced by a cylindrical volume with a height of 8 µm. The variable radius encompasses the
geometry of a single stereocilium and the whole hair bundle. The cylinder is displaced with a linear
velocity profile over the height in a single direction parallel to the bottom plane. The motion in axial
direction on the cylindrical wall is set to zero. The reaction moment of torque is computed with respect
to the bottom center of the cylinder. The division by the cylinder height and the velocity at the cylinder
tip provides an equivalent drag coefficient from the finite-element computation.

The finite-element solutions are given for two situations. The outer liquid boundary is either held or
free to move. The later case corresponds to the case used for all hair bundle computations in this work.
The liquid properties are the same as those given in Table 4.2. The frequency in the computations is
1 Hz. The characteristic dissipation length for the liquid at this frequency is about 400 µm, which is
much larger than the computational domain. Therefore the problem is quasi-static. Both finite-element
solutions align well with each other. For a too thin outer boundary layer they would differ significantly
as presented in the example of an oscillating sphere in Section 3.2.1. This implies that the external
liquid domain is sufficiently large for the hair bundle model for frequencies down to 1 Hz.

The finite-element solution aligns as well with the analytical approximation of the cylinder drag.
This suggests a minor importance of the rigid bottom plane where the bundle inserts. The ellipsoid
fitting into the cylinder has a lower drag, as the volume is smaller and the end surfaces are missing.
The variation of the drag versus the radius is similar, whereas the translating sphere has a different
variation. For radii similar to the height of the cylinder the values are comparable, but for small radii
the drag of the sphere is much less, as the drag is determined by the largest geometrical dimension of
the object (Howard 2001).

Drag in the Bundle

To understand the liquid coupling between the stereocilia and the losses in the bundle in more detail,
the interaction of two pivoting cylinders is investigated. There are four independent modes of motion:
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Squeezing (! ) Both cylinders pivot towards their common center. This is the relative mode in a
bundle induced by the oblique tip links for example.

Shearing ("#) The cylinders pivot in opposite directions and normal to the plane containing their
axes. This mode represents shearing in the bundle.

Transversal ("") The cylinders pivot in the same direction normal to the plane containing their axes.
This mode represents for example the motion of neighboring stereocilia of the symmetry plane
moving normal to this plane and so also normal to the stimulus direction.

Sliding (!!) The cylinders pivot in the same direction and in the plane containing their axes. This
mode represent for example the motion of neighboring stereocilia of the symmetry plane moving
in the stimulus direction. This is the physiologically relevant mode in a bundle moving coherently
for stereocilia standing behind each other.

In all situations it is assumed that the amplitudes of motion are the same for the two cylinders.
The assigned drag to all four modes of motion is computed with a finite-element model of two

cylindrical bodies with dimensions corresponding to the ones of the stereocilia in the bundle. The
height measures 8 µm and the diameter 380 nm. The wall-to-wall distance at the bottom is 400 nm and
at the tips values from 5 nm to 150 nm are assigned. There is no liquid above the cylinders and so their
caps do not induce any drag. The external liquid layer around the cylinders has a thickness of about
seven times the diameter, which is sufficiently large to represent an infinite external liquid radius. The
displacement profiles applied are similar to the single cylinder computations from the previous section
with the exception that displacements along the axis are applied here as well. They are set in such a
way that the cylinders rotate like solid objects.

The liquid properties are given in Table 4.2. The frequency of the computations is 1 Hz. The
velocities are set along the cylinder wall without an axial component as for the single cylinder described
above. The equivalent reaction forces are evaluated based on a momentum balanced with respect to the
center of rotation.

The squeezing mode of motion induces the highest drag. In the gap between the cylinders the ve-
locity profiles over the gap height are quadratic with a large velocity gradient next to the wall. Together
with Dr. Thomas Risler (Institut Curie, Physical Chemistry, Paris) an analytical approximation was
derived for small gaps with the minimum gap distance varying over the cylinders length smoothly. For
a relative motion between the two cylinders this reads

csqueeze D  �h
�2.3C �/�3

.1C �/3
(5.8)

where

� D
gt

gb
and � D

r

gt
: (5.9)

Here h is the cylinders height, r the cylinders radius, gt and gb the wall-to-wall distance at the tip and
bottom, and � the dynamic viscosity. A similar drag coefficient estimation was conducted by Zetes
(1995) for parallel cylinders. Further details are given in the Appendix B.1.

In Figure 5.4 the analytical approximation is compared with the finite-element solution. They
converge to the same solution for small gaps. For comparison purpose liquid motions are also blocked
in the axial direction to enforce a two-dimensional flow pattern. This keeps the resulting drag coefficient
marginally affected. If the gap at the tips decreases to zero the drag coefficient diverges. Even for almost
parallel cylinders the drag is significantly higher than for a single cylinder with a pivotal motion, which
was estimated and computed to be in the order of 10 nN·s·m�1. For the shearing mode of motion no
analytical estimation could be derived and found in the literature.* The finite-element results provide
lower drag values than for the squeezing mode and lower divergence for the decreasing gap size.

*The work of Jeffrey and Onishi (1981) uses bipolar coordinates for viscous flow of a cylinder next to a wall. With some
modifications this might provide a general solution.



5.1 Kinociliary Bulb Displaced 55

10
−2

10
−1

10
1

10
2

10
3

Gap (µm)

D
ra

g
 (

n
N

⋅s
⋅m

−
1
)

 

 

Squeezing

Free

Held

Anal.

10
−2

10
−1

10
1

10
2

10
3

Shearing

Gap (µm)

D
ra

g
 (

n
N

⋅s
⋅m

−
1
)

Figure 5.4: Drag coefficient of pivoting cylinders moving in the opposite directions in squeezing and
shearing modes. The finite-element results are for a �uid free to move in all directions (Free) and for
a two-dimensional constraint where the �ow in the cylinders mean axial direction is held (Held). For
comparison the analytical approximation (5.8) is given (Anal.) for the squeezing mode.
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modes. The finite-element results are for a large radius of the volume of the external liquid (Large) and
a small radius (Small). For comparison an analytical approximation is given (Anal.).
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For the modes of motion with the same orientation, the transversal and the sliding mode, the drag
values are significantly lower than for the relative modes (Figure 5.4) and even below the drag of a
single cylinder in the liquid. The reason here is the missing cylinder ends. To check the influence by
the external liquid, the layer thickness of the liquid around the cylinders was decreased from seven
times the diameter to just the diameter. The drag decreases for both modes from 1.4 nN·s·m�1 to
0.12 nN·s·m�1 indicating that the shearing of the liquid between the cylinders is negligible compared
to the single cylinder drag. This agrees also with the observation that the overall bundle drag of a
coherent bundle without external liquid is 10 nN·s·m�1 (Figure 5.2) as there are roughly 50 pairs of
sliding stereocilia, which yields a sliding drag per pair of 0.2 nN·s·m�1. The comparison with an
analytically based estimation supports this low sliding drag. The algorithm to compute this estimation
is described in detail in Appendix B.2.

5.1.2 Stiffness

Like the drag coefficient of the bundle (5.3), the ratio of the force divided by the displacement charac-
terizes the stiffness provided that inertial forces are not dominant. The stiffness coefficient

khb.f / D Re
�
Fkb.f /

ukb.f /

�
(5.10)

is a function of frequency f based on the force Fkb and displacement ukb. Both are evaluated along
the excitatory direction at the kinociliary bulb. This ratio is in effect the subtraction of the inertial force
from the stiffness force. This ratio yields zero at the undamped resonance frequency as the stiffness
and inertial forces are equal and cancel each other. For higher frequencies this ratio becomes negative,
as long as there are no other oscillatory modes gaining importance.
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Figure 5.6: Stiffness of the hair bundle computed at the kinociliary bulb from the real part of the ratio
force divided by displacement in the stimulus direction. Stereocilia are always coupled by the viscous
liquid and elastically coupled only by horizontal top connectors (Top con.), tip links (Tip links), both types
of elastic links (Tip & top), and no elastic links (No links).

Figure 5.6 presents the bundle stiffness as a function of frequency. For the bundle without any
elastic coupling between stereocilia the low-frequency response is set by the stiffness of the kinocilium
and the tightly connected next neighbors to a value of 7.4 µN·m�1. For the frequencies from 1 Hz to
10 Hz the liquid coupling intervenes and the stiffness increases to 20.7 µN·m�1, corresponding to the
sum of the stiffness of all stereocilia and the kinocilium.
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Figure 5.7: Length change of tip links divided by the bundle displacement at the kinociliary bulb. The
solid lines with the markers are the mean values, the dashed lines the maximum values, and the
dashed-dotted lines the minimum values of all tip links. Stereocilia are always coupled by the vis-
cous liquid and elastically coupled only by horizontal top connectors (Top con.), tip links (Tip links), both
types of elastic links (Tip & top), and no elastic links (No links).

The stiffness of a single stereocilium ksc at the height h can be estimated by the pivotal stiffness
krot based on the conservation of momentum with respect to the center of rotation as

ksc D
krot

h2
: (5.11)

The experimentally determined pivotal stiffness is 10 aN·m·rad�1. The sum over all stereocilia in the
bundle yields 13.5 µN·m�1. This is the contribution of the individual stereocilia to the overall bundle
stiffness. The bending stiffness of the kinocilium converts into a stiffness by

kkc D
3EI
h3

(5.12)

assuming a single force at h acting on a clamped Euler-Bernoulli beam with flexural rigidity EI. With
the experimentally determined flexural rigidity of 630 yN·m2 this yields a stiffness contribution by
the kinocilium of kkc D 6:9 µN·m�1. The sum of all stereocilia and the kinocilium stiffness is
20.4 µN·m�1, which is close to the value given above of 20.7 µN·m�1. Thus, the individual stiff-
ness properties are correctly assigned to the model. The undamped resonance frequency of the bundle
without elastic links between stereocilia occurs around 2 kHz.* Adding the top connectors to the bundle
prevents a decoupling of the stereocilia. The stiffness remains constant with about 20 µN·m�1 for all
frequencies below 0.1 kHz as all stereocilia are equally deflected. The addition of tip links increases
the bundle stiffness to 440 µN·m�1. With this increased stiffness the undamped resonance shifts up to
6 kHz. The bundle equipped with only tip links between stereocilia has a stiffness of 18.5 µN·m�1for
low frequencies. Around medium frequencies the viscous coupling is strong enough to couple some
stereocilia and the stiffness increases with frequency. At 1 kHz the viscous coupling between the stere-
ocilia overcomes the relative motion induced by the tip links. Henceforth the tip links are almost fully
coupled to the bundle motion and the bundle stiffness reaches a value of 410 µN·m�1. For frequencies

*At the undamped resonance frequency the coefficient khb D 0. With the logarithmic scaling of the ordinate khb can be
displayed only for frequencies below resonance.
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higher than the undamped resonance frequency the ratio khb is negative and decreases monotonically
up to 100 kHz proportional to the square of frequency for all configurations (data not shown). This
indicates that no further resonance frequencies play a role for an excitation on the kinociliary bulb in
the direction of sensitivity for the investigated range of frequencies.

The length change of the tip links with respect to the bundle displacement accounts for the tip-link
stiffness contribution to the overall bundle stiffness (Jacobs and Hudspeth 1990). The length change of
the individual tip-link distance with respect to the bundle displacement is shown in Figure 5.7. In the
model each tip-link strains individually and frequency-dependent. To reduce the amount of data shown
in the plot only the minimum, mean, and maximum values are presented. If tip links are not present, as
for the cases with just top connectors and no elastic links, the values correspond to the length change
of a virtual link with zero stiffness at the same position. The top connectors hold the bundle tightly
together up to a frequency of 1 kHz. All tip links elongate by a similar value, ranging from 0.106 to
0.109. For higher frequencies the bundle moves with increasing relative motion due to the inertial and
viscous forces, independent of the elastic linkage. If the tip links are added to the model, the frequency
response remains flat up to 0.1 kHz. The mean value is increased to 0.13 and the values have a broader
range from 0.09 to 0.19. At higher frequencies the viscous coupling holds the stereocilia more together
and the values asymptotically align with the results from the bundle with just top connectors. Removing
all elastic links causes different individual relative motion in the bundle with a mean value still around
0.1. Just for 1 kHz and higher frequencies the values converge to a common narrow range as the liquid
coupling starts to dominate. The bundle with only tip links has a qualitatively comparable behavior.
For frequencies below 1 kHz the elongation is larger due to the oblique orientation of the tip links and
the splay they induce.
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Figure 5.8: Length change of top connectors divided by the bundle displacement at the kinociliary bulb.
The solid lines with the markers are the mean values, the dashed lines the maximum values, and the
dashed-dotted lines the minimum values of all tip links. Stereocilia are always coupled by the viscous
liquid and elastically coupled only by horizontal top connectors (Top con.), tip links (Tip links), both types
of elastic links (Tip & top), and no elastic links (No links).

Figure 5.8 presents the length change of the top connectors divided by the displacement at the
kinociliary bulb. In the model the top connectors link the individual stereocilia axes directly and so this
is a measure of the relative motion of the stereocilia. For the bundle with all links the value is around
0.05 for frequencies below 3 kHz. If the tip links are removed the scatter decreases and the mean
value becomes 0.06 for the same frequency range. In both situations the mean value increases slightly
up to 0.065 at 100 kHz and the scatter increases again with values from 0.04 to 0.09. Without any
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elastic coupling the relative motion between the stereocilia is roughly 0.15 up to 10 Hz where viscous
coupling starts to play a role. For the bundle with just tip links the mean relative motion is larger at low
frequencies with a mean value of 0.35. Around 150 Hz the relative motion decreases and aligns with
the other link configurations for higher frequencies.

This analysis illustrates the importance of elastic coupling for frequencies below 100 Hz. For
higher frequencies the viscous forces start to dominate until the inertial forces prevail at even higher
frequencies.

5.1.3 Inertia

Although of minor importance for physiologically relevant frequencies, the kinematic variable accel-
eration can serve as a reference for the force experienced by the hair bundle at the kinociliary bulb.
Similar to the drag (5.3) and the stiffness (5.10) coefficients of the bundle, the coefficient

mhb.f / D Re
�
Fkb.f /

akb.f /

�
(5.13)

is defined with units of mass as a function of frequency f . The force Fkb and acceleration akb are both
evaluated along the excitatory direction at the kinociliary bulb. This coefficient has the opposite sign
of the stiffness coefficient (5.10) and is positive above the undamped resonance frequency.
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Figure 5.9: Inertia of the hair bundle computed at the kinociliary bulb from the real part of the ratio force
divided by acceleration in the stimulus direction. Stereocilia are always coupled by the viscous liquid
and elastically coupled only by horizontal top connectors (Top con.), tip links (Tip links), both types of
elastic links (Tip & top), and no elastic links (No links).

Figure 5.9 presents the inertia of the hair bundle. For this a reference value can be defined as the one
for the elastic volumetric materials. From the finite-element model this yields 0.037 ng. If the fluid in
between the stereocilia is added this mass becomes 0.050 ng. The bundle without any elastic coupling
has a maximum inertia mass of 0.13 ng around 6 kHz and decays from there. The corresponding value
of the bundle with only top connectors is a little bit less with 0.12 ng. Both values are more than twice
the bundle’s mass. The additional mass originates from the liquid moving together with the bundle.
With increasing frequency the viscous boundary layer thickness decreases and so does the liquid mass
moving with the bundle. If tip links are present in the bundle the undamped resonance frequency is
higher, as mentioned above. The inertial coefficient is positive starting from 10 kHz and peaks around
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25 kHz with 0.08 ng for the bundle with only tip links and 0.07 ng for the bundle with all elastic links.
For higher frequencies they align. At 100 kHz the bundles without top connectors have an inertial mass
of 0.048 ng and with top connectors 0.044 ng, values similar to the bundle mass.

5.2 Coupling between Stereocilia

Kozlov et al. (2007) used the coherence to evaluate the relative motion in a hair bundle based on ex-
perimentally measured time traces from the tall and short edge displacements in the stimulus direction
of the hair bundle. This measure characterizes accurately the amount of common motion, even though
the amplitudes might be scaled differently.*

The finite-element computations are performed in the frequency domain. Dr. Thomas Risler (Insti-
tut Curie, Physical Chemistry, Paris) provided the following relation to compute the coherency† from
the model results (Kozlov et al. 2010).

The motions and forces in a given direction of two investigated stereocilia i and j are related to
each other by the susceptibility matrix�

¦i i ¦ij
¦j i ¦jj

�
„ ƒ‚ …

¦

�
Fi
Fj

�
D

�
ui
uj

�
: (5.14)

All quantities are complex and frequency-dependent.
The susceptibility matrix is reconstructed from the model by two independent computations for

each frequency. At first, a force is applied to the stereocilium i in the excitatory direction and the
response is recorded in the same direction at both stereocilia i and j . In the second computation the
excitation force is applied to the stereocilium j while again the displacements of both stereocilia i
and j are recorded. This provides all needed information to reconstruct the susceptibility matrix ¦ in
Equation (5.14).

The spectral density matrix is given by the fluctuation-dissipation theorem based on the suscepti-
bility matrix as

G D 2 kB T
Im .¦.!//

!
(5.15)

with the Boltzmann constant kB, the temperature T , the circular frequency !, and Im.�/ the imaginary
part operator. Based on the spectral density matrix the coherency between the degrees of freedom i and
j is given by


ij D
Gijp

Gi i Gjj
: (5.16)

For a system operating at the thermodynamic equilibrium the imaginary part is always zero (De Groot
and Mazur 1984). The real part is in the range of �1 � 
 � 1.

Since the original matrices of stiffness, damping, and mass are symmetric, the susceptibility matrix
should also be symmetric and 
ij D 
j i . A measure to control whether the symmetry is kept throughout
the computation is the error

"
 D Abs
�
2

j i � 
ij


j i C 
ij

�
: (5.17)

*In the experimental situation it is difficult to record the time traces at the same height.
†The absolute value of the coherency is the coherence, which was used by Kozlov et al. (2007). In this work however the

coherency is used to keep the sign information.
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Figure 5.10: Time traces of the stereocilia for a displacement prescribed at stereocilia on the symmetry
plane. The upper row is for the excitation of the next neighbor of the kinocilium. The lower row for the
excitation of the third shortest. The displacements are scaled arbitrarily and divided by the individual
stereocilia height for illustration purposes. The phase angle color code is given in Figure 5.1e. The
kinocilium is located to the right. The time traces are centered around the location of the rootlets.
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For the investigated frequency range and all different link combinations this ratio was always "
 <
0:012 and thus small enough to evaluate the coherency.

The probed stereocilia are both located on the symmetry plane of the bundle. The first one is the
tallest stereocilium adjacent to the kinocilium. The other probed is the third shortest on the symmetry
plane. The shortest stereocilium at the corner of the hexagon is frequently missing in real hair bundles.
Computations based on the shortest stereocilium show a very specific behavior with low coupling.
Taking the third shortest ensures more representative results for the coupling in the bundle. In this
situation there are still three stereocilia standing between the two probed stereocilia.

In Figure 5.10 the displacement patterns for the two probed stereocilia are presented. For the
stereocilium next to the kinocilium the results closely resemble the computations for an excitation at
the kinociliary bulb (Figure 5.1) as the kinocilium and next neighbors are always strongly coupled by
the kinociliary links. The excitation of the shortest stereocilium has a different displacement pattern
for the whole bundle in the situation with pure fluid coupling (Figure 5.10a). At low frequencies the
viscous coupling is insufficient to entrain the neighbors, but it becomes more efficient with increasing
frequency. The bundle with only top connectors moves coherently for all frequencies and independent
of the point of excitation. Only at very high frequencies of around 100 kHz at which inertial forces
dominate and the displacement pattern depends on the point of excitation (Figure 5.10b). This is
independent of the elastic linkage and so all displacement patterns with the same excitation location
are the same for 100 kHz. For intermediate frequencies the bundle with only tip links splays differently
depending on the location of the excitation (Figure 5.10c). The bundle with all links present shows
qualitatively the same motion patterns as the bundle with only top connectors (Figure 5.10d).

Just by visual interpretation it is hard to quantify the differences. The approach briefly outlined
above from Dr. Thomas Risler (Institut Curie, Physical Chemistry, Paris) is used to evaluate the co-
herency and results are given in Figure 5.11. The bundle including all elastic links between stereocilia
has a coherency of 0.94 for frequencies up to 0.1 kHz, which increases further to 0.97 at 1 kHz and
falls off afterwards for frequencies higher than the undamped resonance frequency of the bundle. The
evaluation of the drag was erroneous for frequencies below 0.1 Hz, if stiff top connectors were involved
(Section 5.1). Therefore results were discarded for these low frequencies. If tip links are removed, the
coherency increases for the frequencies below 1 kHz to 0.99, as no coupling elements induce relative
motions between the stereocilia for a bundle deflection. If just tip links couple the stereocilia, the
bundle remains coherent up to 1 Hz. Above this frequency viscous forces come into play and the stere-
ocilia move with different amplitudes due to the oblique position of the tip links. The relative motion
induced between stereocilia causes viscous forces with a different phase compared to the elastic cou-
pling forces. The coherency decreases to 0.5 at 1 kHz and increases again slightly up to 0.63 at 6 kHz
where viscous forces dominate. As for the other configurations, the coherency further decays above the
undamped resonance frequency, where inertial forces come into play. The bundle without any elastic
links has a coherency around zero up to 10 Hz. Above this frequency the coherency increases and
is between 0.60 and 0.66 for frequencies between 0.1 and 10 kHz due to the viscous coupling forces
between the stereocilia. These findings are in contrast to the results by Zetes and Steele (1997), who
found a low-pass filter effect of the viscous liquid. Most probably this different behavior is due to the
higher bundle stiffness and geometrical differences of the mammalian model they used.

The experimental data from Kozlov et al. (2007) show a high coherency of 0:95 ˙ 0:01 for an
intact hair bundle undergoing Brownian motion and 0:97 ˙ 0:02 if all tip links are destroyed. Both
results are in agreement with the model results. The high level of coherency for frequencies up to
10 kHz can only be reproduced with the numerical model if the top connectors are sufficiently stiff.
Figure 5.12 illustrates the dependence on the top connector stiffness of a bundle without tip links. The
top connectors start to influence the coherency with a stiffness of 20 µN·m�1 as their stiffness is high
enough to overcome the overall bundle stiffness with the same value. The high coherency up to a
few kilohertz is replicated if the coupling stiffness is further increased by a factor of a thousand to
20 mN·m�1.
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Figure 5.11: Coherency between the tallest and the third shortest stereocilium of the central column
of the hair bundle. The results for the configurations including the top connectors are limited to a lower
frequency of 0.1 Hz as the drag coefficient was erroneous for lower frequencies. Stereocilia are always
coupled by the viscous liquid and elastically coupled only by horizontal top connectors (Top con.), tip
links (Tip links), both types of elastic links (Tip & top), and no elastic links (No links).
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Figure 5.12: Coherency between the tallest and the third shortest stereocilium of the central column of
the hair bundle. The tip links are removed and the top connector stiffness varies as given by the legend.
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5.3 Response to Tip-Link Forces

Jaramillo et al. (1993) demonstrated that a nonlinearity inherent to the mechanoelectrical transduction
process causes distortion products in hair cells. This is due to the gating of channels, which are me-
chanically tightly coupled to the tip links. This nonlinearity can be modeled by applying forces along
the tip links as function of the bundle displacement. The finite-element model of the bundle cannot
incorporate nonlinearities in its current state, but studying the linear response of the bundle to a force
along the tip links helps to understand in which environment the channel gating forces work.

In vivo the bundle is attached to the otolithic membrane with a link of finite stiffness. Instead of
a certain stiffness, two extreme situations are investigated here: the bundle is fully blocked in motion
at the kinociliary bulb and the bundle is free to move. The first case corresponds to an infinite and the
second to a zero coupling stiffness to a rigid and infinitely large otolithic membrane.

Figure 5.13 presents the bundle responses to the forces along all tip links with the same amplitude
and phase to mimic a concerted gating of the tip links. For the boundary condition of a free moving
bundle the kinocilial links were removed in all configurations. This ensured a free and undisturbed
motion of the bundle. In the other situation the kinocilium was fixed in position and the kinocilial links
were present to connect this constrain to the bundle at the tall edge. The excitation forces are applied
at both ends of the links along the tip link axis in opposite directions.* The phase angle of zero degree
corresponds to a maximum pulling force along the tip links.

If the bundle is solely coupled by fluid, it is displaced just at the outer edges (Figure 5.13a). With
increasing frequency the motion enters gradually the bundle. For the held configuration only the next
neighbors are affected by the presence of the kinocilium. With increasing frequency the orientations of
motion of the stereocilia align with the direction away from the kinocilium. If the bundle is not con-
strained at the kinocilium, it splays away from a central point. This reference location shifts from the
center towards the short edge with increasing frequency. The bundle with top connectors moves coher-
ently in the unconstrained situation (Figure 5.13b). In the situation where the kinocilium is clamped,
the bundle can splay with maximum amplitude only at the short edge. The displacement patterns at
100 kHz are an exception. At this high frequency the dominant inertial forces cause in all four link con-
figurations similar displacement patterns. The bundle with tip links exhibits larger displacements at the
short edge (Figure 5.13c), which is in agreement with the studies of the kinociliary displacement and
coherence (Figures 5.1 and 5.10). The configuration with tip links and top connectors (Figure 5.13d)
resembles the case with just top connectors and shows a coherent bulk motion for the free boundary
condition. In the held configuration just the stereocilia around the short edge are moving.

The situation with the bundle held at the kinociliary bulb provides information on the relation
between the force along the tip links and the force coupling to the otolithic membrane. In Figure 5.14
the reaction force at the held kinociliary bulb divided by the force applied along the tip links is plotted.
Along all tip links a force with same amplitude and phase is applied. The reaction force is normalized
by the force applied to a single tip link, and turns out to be around two.

The displacement patterns presented in Figure 5.13 show the relative motions. To quantify the
displacements with respect to the applied force the susceptibility is presented in Figure 5.15 for the
force applied along all tip links with the same phase and amplitude. The full bundle model contains
48 tip links. The susceptibility analyzed is the ratio of the displacement of the shortest stereocilium
evaluated at the same height as the kinociliary bulb divided by the force applied to a single tip link.
The ratio is complex. For all configurations the response is flat at low frequencies and decays with a
power law of exponent around -1 at high frequencies. This indicates a stiffness dominated response for
the low frequencies and a drag dominated for the higher frequencies. The main discrepancy between
the different link combinations is the asymptotic value at the lowest frequencies. For the bundle just
coupled by the fluid the susceptibility is 2.4 Mm·N�1, independent of the boundary conditions at the
kinocilium. If just tip links are present as elastic links, the value is 0.72 Mm·N�1 for the situation

*In this study possible buckling of the tip links is not investigated. The tip links are assumed to be under high tension and
the applied force along the tip link is regarded just as a small modulation of the always positive residual force.
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Figure 5.13: Time traces of the stereocilia for a force along all tip links with the same amplitude and
phase. In each panel the upper row represents the case where the kinocilium is free to move. The lower
row represents the case where the kinocilium is held in position at the kinociliary bulb. The kinocilium is
not shown. The displacements are scaled arbitrarily and divided by the individual stereocilia height for
illustration purposes. The phase angle color code is given in Figure 5.1e. The time traces are centered
around the location of the rootlets.
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Figure 5.14: Ratio of the reaction force at the kinociliary bulb divided by the force applied along tip
links. Stereocilia are always coupled by the viscous liquid and elastically coupled only by horizontal top
connectors (Top con.), tip links (Tip links), both types of elastic links (Tip & top), and no elastic links (No
links).
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Figure 5.15: Susceptibility of the hair bundle at the short edge in response to forces applied along the
location of all tip links with same phase and amplitude. The absolute value is given. The solid lines
with large markers are for the bundle where the kinocilium is free to move. The dashed lines with small
markers are for the situation where the kinocilium is held in position at the kinociliary bulb. Stereocilia
are always coupled by the viscous liquid and elastically coupled only by horizontal top connectors (Top
con.), tip links (Tip links), both types of elastic links (Tip & top), and no elastic links (No links).
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where the kinocilium is unconstrained and 0.14 Mm·N�1 if it is blocked. The bundle with only top
connectors has a susceptibility of 0.22 Mm·N�1 in the free situation and a dramatically lower value
of 0.88 km·N�1 with the held kinocilium. The later value is close to the susceptibility of the bundle
including all links in the same situation, which yields 0.81 km·N�1. If the kinocilium is not blocked,
the susceptibility of the bundle with all links is 4.1 km·N�1. Thus it is about 50 times easier to move
the short edge of an intact bundle by forces along the tip links if the bundle is not held in position at
the kinociliary bulb.

5.4 Analysis of Relative Motions in the Bundle

based on Experimental Data

To validate the variation in susceptibility depending on the boundary condition at the kinociliary bulb
valuable experimental data were provided by Dr. Andrei S. Kozlov (Laboratory of Sensory Neuro-
science, Howard Hughes Medical Institute, Rockefeller University, New York). Together with him and
Dr. Thomas Risler (Institut Curie, Physical Chemistry, Paris) a strategy was developed to analyze the
experimental data and compare the results with the numerical model.

In the experiment a bundle was excited at the tall edge by two different types of probe attachment.
In both cases a stiff probe was used. In the first condition the probe was firmly connected to the
kinociliary bulb. In the second a loose coupling of the probe with the bundle was established. The
first case prescribes the motion that the bundle has to follow. The second situation corresponds to
an excitation by a force, such that motions different from the stimulus are still possible at the probe
connection point. The analysis of the bundle response to these two different boundary conditions allows
us to validate the numerical model of this thesis. The stereociliary coupling strength, mainly the top
connecter stiffness, counteracts the nonlinearities introduced by the tip links. The value of this stiffness
was set by adjusting to the experimental coherency measurements in Section 5.2.

To quantify the nonlinearities, the time series were analyzed separately and identically for the
two edges of a hair bundle from which they were recorded simultaneously. The sampling of the data
recording discretizes the time

t ! Qt (5.18)

into a vector with linearly increasing time from zero by steps of the reciprocal sampling frequency to
the total measuring time. For a measured cell, twenty one-second-long measurements were aligned
to the template A1 sin.2  f1 Qt/ C A2 sin.2  f2 Qt/, such that they all started at the same phase angle
with respect to the motion at the tall edge. The two excitation frequencies are f1 D 90 Hz and
f2 D 115 Hz, and the coefficients A1 and A2 are the particular amplitudes associated independently
with each time trace. After the alignment, the traces were averaged to reduce the noise. The resulting
sample was then subdivided in segments of 200 ms duration, which corresponded to the shortest time
interval containing integer numbers of both stimulations’ periods. After removing the onset and offset
transients and subtracting the constant component of the signal in time, the average was taken over all
subdivisions. This final mean signal Qum was then analyzed for its harmonic content. The amplitudes of
the two primary frequencies were reconstructed by fitting to the undistorted reference displacement

Quref D B1 sin.2  f1 Qt/C B2 sin.2  f2 Qt/ : (5.19)

This signal Quref then served as a reference to compute an orthonormal series of vectors ai consisting of
the power series of vectors . Quref/

i , such that each ai was a linear combination of the different . Quref/
j ,

with j � i .* The orthogonality between the different ai was ensured by the Gram-Schmidt algorithm.

*The notation .�/i is used to indicate that the i th power has to be evaluated element-wise.
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The projection of the averaged experimental displacement traces Qum onto these basis vectors provided
the expansion coefficients of the measured data as a power series of the undistorted input signal Quref as

Qum D C1 a1 C C2 a2 C : : : D
1X
iD0

Ci ai with aT
i � aj D ıij (5.20)

where ı denotes the Kronecker delta function. The deviation from the reference signal is

Qudis D Qum � Quref : (5.21)

The coefficients C2, C3, C4, . . . characterize the distortions. An example is given in Figure 5.16, where
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Figure 5.16: Time traces at short edge of a bundle stimulated with a firmly connected probe at the tall
edge. The averaged original data from the experiment (Raw data) are analyzed by the fundamental
signal (Undistorted), the quadratic distortions (Quadratic), and the remaining part of the original signal
(Residual). Experimental data courtesy of Dr. A. S. Kozlov, Rockefeller University

a time series of an experimental recording after averaging is presented. The linear contribution as well
as the quadratic term and the residual are also plotted.

This procedure assumes that the distorted part of the measured signal Qudis is solely a function of the
reference signal Quref and thus the distortions are induced without any phase delay. A plot showing this
distortion versus the reference signal Quref confirmers this hypothesis. In Figure 5.17 data and fits are
shown for the firm and loose coupling of the probe at the short and tall edge.

In the experiment with the firm probe the tall edge of a hair bundle was prevented from moving at
the distortion-product frequencies. Therefore the focus is on the displacements at the opposite short
edge. Although some cells demonstrated prominent quadratic and cubic distortions, in other cells,
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Figure 5.17: Distortion of the time traces at the tall and short edge of the bundle, while the bundle
is excited with a probe by a loose or firm coupling. Experimental data courtesy of Dr. A. S. Kozlov,
Rockefeller University

presumably because of a different operating point of the ion channels, the cubic distortion products
were too small and buried in the noise. Therefore, only the first coefficient C2 was significant for most
of the experimental data, in that fitting to higher-order polynomials did not increase significantly the
goodness of the fit.* Thus, the distortion Qudis reduced under this approximation to a quadratic function
of the linear part of the mean measured signal Qum and in approximation to a function of the reference
signal Quref as

Qudis �
. Quref/

2

D2
: (5.22)

The coefficient D2 has the unit of length and quantifies the distortion.

It is possible to reproduce the experimental observations with the finite-element model under the
assumption that the distortion products originate from channel gating, and that this nonlinear response
is a function of the bundle’s deflection only. In Section 5.3 the bundle’s response to a force exerted at
both ends of a tip link in opposite directions along its length was discussed. The distortion stems from
tip-link mechanics and is a quadratic function of the reference signal Quref (5.22). All other mechanical
components of the system are linear here. With the ansatz that the tip-link force QFtl is proportional to

*The fitting and comparison procedures were conducted with anova1 and multicompare functions in Matlab (Version 7.7,
The MathWorks Inc., Natick, Massachusetts).
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the distortion Qudis, and therefore quadratic in Quref, the force that mimics the tip-links nonlinearity is

QFtl D
. Quref/

2

E2
; (5.23)

where E2 is a scaling constant which has to be determined. The susceptibility for the motion at the
edge in response to the force along the tip links is

¦ D
Qudis

QFtl
: (5.24)

This provides a quadratic relation between the applied force along the tip links and the displacement
at the short edge. Here, the susceptibility coefficient ¦ depends on both the tip-link and top-connector
stiffness used in the model, as well as on the boundary conditions at the tall edge which is either loosely
or firmly coupled to the probe. In the finite-element computation, these two experimental situations
were mimicked by either leaving the tall edge free, or by blocking the motion there completely. Using
Equations (5.21), (5.23), and (5.24) yields

E2 D D2 ¦ : (5.25)

Associated with the two experimental boundary conditions for which the two fitting coefficients Dloose
2

and Dfirm
2 were obtained, the finite-element model provides the susceptibility coefficients ¦loose and

¦firm. As mentioned above, the tip-link force is assumed not to be a function of the boundary condition,
but solely of the linear bundle displacement. Thus, the coefficient E2 in Equation (5.23) is the same in
both conditions, such that

Eloose
2 D Efirm

2 : (5.26)

Using (5.25), the consequence is that the following ratio should be conserved between experimental
and modeling data as

Dloose
2

Dfirm
2

D
¦firm

¦loose : (5.27)

For a given reference signal Quref, when the tall edge is free to move at the distortion frequencies, tip
links have to work mostly against the small inter-stereocilia sliding drag and the tip links’ stiffness to
create a given distortion signal Qudis at the hair bundle’s short edge; but if the tall edge is constrained, the
same tip links have to work in addition against the larger inter-stereocilia squeezing drag and against
the top connectors’ stiffness. Therefore, the corresponding Qudis is smaller in the second case, which
according to Equation (5.22) corresponds to a larger D2. Consequently, the ratio given above is smaller
than one.

Figure 5.18 shows the ratio of the susceptibilities from the finite-element model. The data for the
susceptibilities are from Figure 5.15. The purely fluid-coupled bundle has a value around 1 for most
frequencies. For the bundle with top connectors the ratio is 0.004 for the low frequencies, starting from
0.1 kHz the ratio increases to about 1. The bundle with tip links has a ratio of 0.19 at low frequencies
starting from 1 Hz and increases up to a peak of about 3 around 4 kHz. The intact bundle with all links
has a value of 0.20 for frequencies up to 1 kHz. At higher frequencies the ratio aligns with the ratio
of the other configurations. The intact bundle configuration is to be compared with the experimental
data for frequencies around the experimental frequencies that correspond to quadratic distortions in the
range from 25 Hz to 230 Hz.

The analysis of the experimental data yields Dloose
2 D 0:14 ˙ 0:12 µm .n D 8/ for the loose

attachment of the probe to the bundle and Dfirm
2 D 1:6 ˙ 0:9 µm .n D 4/ for the firm coupling to



5.4 Analysis of Relative Motions in the Bundle 71

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

10
−2

10
−1

10
0

10
1

Frequency (kHz)

R
a

ti
o
 o

f 
s
u

s
c
e
p

ti
b
ili

ti
e

s
 (

fi
rm

/l
o

o
s
e
)

 

 

No links

Top con.

Tip links

Tip & top

Figure 5.18: Ratio of the susceptibilities at the short edge. The ratio is the susceptibility of the bundle
with the kinocilium held divided by the bundle with the kinocilium free to move. Stereocilia are always
coupled by the viscous liquid and elastically coupled only by horizontal top connectors (Top con.), tip
links (Tip links), both types of elastic links (Tip & top), and no elastic links (No links).

the bundle (Kozlov et al. 2010). The ratio of these two mean values is 0.09 with a high uncertainty,
but close to the ratio of the model with a value of 0.20. This validates the model further and shows
that the stiff top connectors in the bundle do not totally prevent relative motions in the hair bundle.
The differences in the distortions between the two bundle edges for the experiments with a firm probe
measures about a twentieth of the amplitude of 50 nm of the undistorted signal for the relative motion
(Figure 5.17). This is a remarkably low relative motion for a single pair of stereocilia, as this has to
be divided by the number of pairs between the edges. This yields an experimentally measured relative
motion in the order of 0.1 nm, which is at the scale of the Bohr radius.
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Chapter 6

Conclusion

6.1 Summary of the Thesis

In this thesis the fluid and solid mechanics of the hair bundle from the bullfrog’s sacculus are numer-
ically analyzed in detail. The developed physical model encompasses all relevant scales from the tiny
gaps between the stereocilia to the viscous boundary layer around the bundle. The geometry of the
model captures uncompromisingly the dimensions of the bundle in vivo with the individual stereocilia,
the kinocilium, and the connecting links. The elastic solid material is formulated as isotropic and in
terms of displacement as variable. A finite-element formulation for the liquid with displacement and
pressure variables permits computation of the strongly coupled fluid-structure interaction problem with
a single solution of the system matrix for a wide range of material properties. The implementation is
successfully validated with test cases encountering inertial, viscous, and elastic forces. The unified for-
mulation for fluid and solid is introduced by discussing the governing equations. The use of appropriate
dimensionless numbers and order of magnitude estimates allows to simplify and linearize the system
of equations.

The hair bundle is analyzed in detail under different load conditions. Stereocilia in a hair bundle
are connected by oblique tip links and by the horizontal top connectors, the stiffness of which has not
been measured directly. The only way to estimate their properties is by well-parameterized models.
So far no other model exists incorporating the full fluid-structure interaction of the hair-bundle. The
agreement with various different experimental data confirms a correct representation of the mechanics
in the numerical model and therefore a good estimation of the properties of the underlying structure. A
summary of the main results from each chapter follows in the order of their appearance.

In Chapter 2, the equations of fluid mechanics are analyzed with respect to the specific physical
scales of hearing mechanics and the small amplitudes of motion. Order-of-magnitude estimates allow
us to neglect the convective terms and the energy equation. The velocity can be substituted by the time
derivative of the displacement. The solid material is also described by the displacement, a common
practice in solid mechanics. It was advantageous for the numerical computation to keep the pressure-
displacement relation for the fluid separated. Both field equations for the displacement of fluid and
solid rely on the conservation of momentum and differ only in the material law.

In Chapter 3, the numerical realization of the differential field equations of Chapter 2 is demon-
strated by means of the finite-element method. The fluid equations are discretized with quadratic basis
functions and the pressure with linear basis functions. The implementation is validated by three repre-
sentative test cases. Firstly, the force needed to drive an oscillating sphere is used to check the viscous
and inertial forces. Secondly, the impedance of a closed tube provides a validation of the compressive
and inertial forces, influenced slightly by the viscous boundary layer. Thirdly, the volumetric compres-
sion of an elastic shell filled with fluid serves as a control on the momentum and displacement transfer
between solid and fluid. In all three cases the validation has been successful. Therefore this approach
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is not only suitable for problems in hearing mechanics, but also for all mechanical situations in which
small-amplitude oscillatory motions are at play. Examples are the air oscillations in musical instru-
ments dampened by a thin viscous boundary layer, atomic-force microscopes in liquid environments
where the resonance frequencies are highly affected by the added-mass effect and damped as well, and
the absorption of sound in elastic structures with small pores in which the pressure field displaces the
structure and dissipation takes place in the fluid.

In Chapter 4, a finite-element model of the hair bundle of the bullfrog’s sacculus is constructed.
Geometrical data are taken from literature and further detailed information is obtained from micro-
graphs. The material properties are selected to represent various different experimental observations.
The pivotal stiffness of the stereocilia is set to 10 aN·m·rad�1, the flexural rigidity of the kinocilium
to 630 yN·m2, the top-connector stiffness to 20 mN·m�1, and the tip-link stiffness to 1 mN·m�1. The
geometry is meshed with the finite-element formulation presented in Chapter 3 for the liquid. For the
isotropic solid and the coupling links standard linear elastic elements are used. The finite-element mesh
so generated is multi-block structured and uses hexahedral elements only. The mesh is parametric and
can be refined as needed.

In Chapter 5, a detailed analysis is conducted for the mechanical forces necessary to deflect the
bundle, for the mechanical coupling in the bundle, and for the response of the bundle to a tip-link force.
The drag of the bundle without tip links is evaluated to be about 55 nN·s·m�1 by removal of the tip links
in the model. The addition of tip links causes small additional relative motions associated with a high
squeezing drag in between stereocilia and the drag increases to about 85 nN·s·m�1. The drag induced
by the external liquid is around 30 nN·s·m�1 including the sliding drag of about 10 nN·s·m�1 inside
the bundle. The drag of an individual stereocilium is computed to be about 10 nN·s·m�1. This result
reveals that grouping stereocilia in a bundle dramatically reduces the total drag as compared to the sum
of about 60 individual stereocilia moving in isolation in the liquid. The stiffness of the bundle is about
20 µN·m�1 without and 440 µN·m�1 with the tip links. The bundle with only liquid in between the
stereocilia displays a coherence of about 0.6 for frequencies above 0.1 kHz. A high coherence of about
0.99 is achieved only with a high top-connector stiffness of 20 mN·m�1 for frequencies from 10 Hz
to 10 kHz and is almost fully retained with a coherence of about 0.95 if the tip links are added to the
bundle. The analysis of experiments with distortions generated at the tip links by the gating compliance
confirmed the observed reduction in relative motion inside the bundle, when the probe attachment is
changed from loose to firm.

In summary, this thesis presents what is currently the most detailed, realistic linear model of hair-
bundle mechanics, that explicitly takes into account the fluid-structure interactions between individual
stereocilia. This reveals how the basic structural features of a hair bundle interact in the process of
hearing.

6.2 Directions for Future Research

This thesis provides new insights into the mechanics of the hair bundle and a novel approach to model
the fluid-structure interaction for hearing mechanics and similar mechanical problems. Not all ques-
tions of hair-bundle mechanics could be addressed and the method presented for the analysis of fluid-
structure interaction could be further improved, for example in its numerical implementation, or by
using a more general material description, and in the incorporation of non-linearities.

The numerical method is currently restricted to linear mechanical situations. It might be of interest
to extend the range to small non-linearities by a fixed-point expansion to allow larger displacements
with respect to the geometry. This would provide a basis to investigate steady flow patterns generated
by oscillatory motions. For objects surrounded by an infinite amount of fluid, it would be advantageous
to use non-reflecting boundary conditions to decrease the size of the problem to solve. So far, a direct
solver was used to solve the system of equations of the finite element problem. An appropriate pre-
conditioner and a suitable iterative solver might significantly accelerate the solution procedure.
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Care was taken to reconstruct the geometry as realistically as possible. Some assumptions were
still necessary; they can be verified when new imaging techniques become available. Additional in-
formation about the space between individual stereocilia would be especially helpful. Although the
structure of the bullfrog’s saccular hair bundle has similarities with that of the mammalian hair bundle,
there are also differences. A model of the mammalian outer and inner hair cell bundles would provide
the possibility to further investigate their mechanics. For the inner hair cell bundle the displacement in
a fluid flow would be of interest.

The material properties of the stereocilia are assumed so far to be isotropic, but the ultrastructure
shows periodic structures with a distinct orientation. Based on mechanical measurements of the stere-
ocilia it might be possible to identify the orthotropic elastic and damping properties for the material
and thus to provide the information necessary to further adjust the model to the in vivo hair bundle.
Also, further experimental characterization of the links and other coupling effects between stereocilia
would be important for future models of the hair bundle. The no-slip condition at the interface of solid
and liquid needs further clarification. The properties of the endolymph are assumed as viscous, but at
low shear rates the liquid might be viscoelastic. Here further experimental data are needed.

The finite-element model is very detailed and provides a large amount of information. For studies
of the bundle interacting with the environment it will be necessary to cast the dynamical behavior of
the bundle into a model with just a few degrees of freedom. The reduction of the problem size will also
provide a basis to model channel gating in a realistic mechanical environment and the response of the
motion of the bundle in a thermal bath.
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G. von Békésy. Experiments in hearing. Mc Graw Hill, New York, 1st edition, 1960. reprint: American
Institute of Physics.

H. L. F. von Helmholtz. Ueber den Einfluss der Reibung in der Luft auf die Schallbewegung. Verhand-
lungen des natur-historisch-medizinischen Vereins zu Heidelberg, 3(17):16–20, 1863.

H. L. F. von Helmholtz. Die Lehre von den Tonemp�ndungen als physiologische Grundlage für die
Theorie der Musik. Vieweg, Braunschweig, 5th edition, 1896.

J. R. Womersley. Method for the calculation of velocity, rate of flow and viscous drag in arteries when
the pressure gradient is known. The Journal of Physiology, 127:553–563, 1955.

D. E. Zetes. Mechanical and morphological study of the stereocilia bundle in the mammalian auditory
system. PhD thesis, Stanford University, 1995.

D. E. Zetes and C. R. Steele. Fluid-structure interaction of the stereocilia bundle in relation to mechan-
otransduction. The Journal of the Acoustical Society of America, 101(6):3593–3601, 1997.

O. C. Zienkiewicz, R. L. Taylor, and J. Z. Zhu. The Finite Element Method: Its Basis & Fundamentals.
Elsevier Butterworth-Heinemann, Oxford, Burlington, 6th edition, 2006.
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Appendix A

Units

Physical quantities of the mechanics of the inner ear are on a small scale for the geometry and fast in
time compared to classical engineering problems. With respect to the typical dimensions the microme-
ter turns out to be a suitable length. For hearing one kilohertz is representative for audible frequencies.
The inverse provides the timescale by the millisecond. As the pressure is usually in the order of one
Pascal, the appropriate mass is in nanogram. The electrical potentials are in the range of millivolts and
thus the electrical current should be given in picoampere.

The base units of the international system SI (2006) with the appropriate prefixes are listed in
Tab. A.1.

Table A.1: Basis µnm units with suitable prefixes for inner ear mechanics.

Name Units with prefix

Length µm
Mass ng
Time ms
Electric current pA
Thermodynamic temperature K
Amount of substance mmol

For convenience the derived quantities should have consistent prefixes. Some examples of derived
quantities commonly used here are given in Tab. A.2. To increase the readability some of the prefixes
are rearranged. In the style of the abbreviation mks (meter-kilogram-second) for the standard SI units
and the cgs (centimeter-gram-second) here the abbreviation µnm (micrometer-nanogram-millisecond)
is used. As far as possible these units are used throughout this work.
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Table A.2: Derived quantities with prefixes consistent with the µnm units.

Quantity Units with prefix

Density Gg·m�3

Drag nN·s·m�1

Energy aJ
Frequency kHz
Force pN
Pressure Pa
Power fW
Stiffness µN·m�1

Voltage mV
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Appendix B

Drag Coef�cients of

Two Closely Apposed Cylinders

B.1 Pivoting to their Common Center

The Stefan-Reynolds equation describes the pressure p in a small gap of a viscous and incompressible
liquid for moving walls (Nguyen 2000). Based on this equation the drag between two closely ap-
posed cylinders pivoting towards their common center is approximated. For the derivation the software
Mathematica (Version 7.0, Wolfram Research Inc., Champaign, Illinois) was used.

The squeeze flow between two disks moving to their common center is the basis for the derivation.
For a gap distance depending only on one spatial variable the relation reads

@

@x

�
g3
@p

@x

�
D 12 �

@g

@t
: (B.1)

with the dynamic viscosity �, the time t , and the gap distance g. The direction x is normal to the line
connecting the centers of the disks and the origin of the coordinate is located at their common center.
The geometry of the gap height, the wall-to-wall distance between two circular disks with the same
radius r is

g.x/ D go C 2 r

 
1 �

r
1 �

�x
r

�2!
(B.2)

with the minimal wall-to-wall distance go. A second-order Taylor-series expansion at the origin pro-
vides an approximation of the geometry as

g.x/ � go C
x2

r
: (B.3)

Both disks are moving towards their common center with the speed v=2. The relative velocity between
them is v and thus the time derivative of the gap height

@g

@t
D �v (B.4)

is independent of x and negative as the disks are moving towards each other.
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The solution of the differential equation for the pressure (B.1) with the gap height relations (B.3)
and (B.4) reads

p.x/ D
3 r3 v �

.go r C x2/
2

C C1

0@ 3 x

8 g2o r
2 .go r C x2/

C

3 arctan
�

xp
go r

�
8 g

5=2
o r5=2

C
x

4 go r .go r C x2/
2

1AC C2 : (B.5)

The two unknown integration constants C1 and C2 are determined from two boundary conditions. One
condition is that at infinity the pressure should be zero

lim
x!1

p.x/ D 0 (B.6)

The second is the symmetry constrain at the origin

@p.x/

@x

ˇ̌̌̌
xD0

D 0 (B.7)

Herewith the pressure equation (B.5) simplifies to

p.x/ D
3 r3 v �

.go r C x2/
2
; (B.8)

The force which acts on the disks is the integral of the pressure over x from �1 to1. The evaluated
integral reads

cdisk D
3

2
 

�
r

go

�3=2
� : (B.9)

where c is the drag coefficient defined as the ratio of force divided by velocity. This is the same relation
as derived by Zetes (1995).

To compute the drag of the pivoting cylinders in their slightly oblique position, it is assumed that the
flow is essentially two-dimensional and the effective drag coefficient can be computed by integrating
over the height. The minimal wall-to-wall distance is a function of the height coordinate z as

go.z/ D gb �
gb � gt

h
z (B.10)

with the wall-to-wall distance at the bottom gb and at the tip gt. The height of the cylinders is h. For
the pivotal motion the relative velocity is also a function of the height as

v.z/ D vt
z

h
(B.11)

where vt denotes the velocity at the cylinder tip. To satisfy the balance of momentum with respect to
the center of rotation the equivalent force at the tip

Ft D
1

h

Z h

zD0

cdisk.z/ v.z/ z dz : (B.12)
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has to counteract the pressure forces of cdisk on the right-hand side. The force at the height h is denoted
Ft. Finally the solution of the integral yields the drag coefficient for two apposed cylinders pivoting
towards their common center as

csqueeze D  �h
�2.3C �/�3

.1C �/3
with � D

gt

gb
and � D

r

gt
: (B.13)

The drag coefficient represents the force needed at the tips to squeeze the cylinders together for a given
velocity.

B.2 Pivoting in the Same Direction

The drag associated with the pivotal motion of two cylinders moving into the same direction and in the
plane containing their axes is estimated here. The drag is induced by the shear of the fluid in between
the two cylinders. If the common translatory motion is removed, the only motion left that induces
drag is their relative motion as both cylinders move along their axis but in opposite directions. The
analytical solution by Hunt et al. (1994) provides an analytical expression for the drag of a cylinder
moving along its axis parallel to a plane wall, which is equivalent to two parallel cylinders moving in
opposite directions along their axes. The drag coefficient per length for this mode of motion is

cslice D
2  �

arccosh .go=r C 1/
(B.14)

based on the relative velocity between the two cylinders with the dynamic viscosity �, the radius of
the cylinders r , and the wall-to-wall distance between the cylinders go. Using the same approach as
in the previous section with a place dependent gap distance allows to compute the drag for the slightly
oblique arrangement. The integral to solve reads

Frel D vrel

Z h

zD0

cslice.z/ dz : (B.15)

where the height dependency of cslice enters by the wall-to-wall distance relation from Equation (B.10).
For this integral no closed solution was found. The integral was evaluated numerically with Mathemat-
ica (Version 7.0, Wolfram Research Inc., Champaign, Illinois).

The kinematic relation of the pivotal motion relates the relative velocity between the cylinders vrel
to the velocity at the tip vt by

vrel D vt
r

h
: (B.16)

The equivalent force along the direction of the cylinder Frel scales by this lever arm ratio as

Frel D Ft
h

r
: (B.17)

Thus the drag coefficient for forces and velocities along the cylindrical axes translates back into the
coefficient with forces and velocities at the tips of the pivoting cylinders by the ratio

Ft

vt
D
r2

h2
Frel

vrel
: (B.18)

This provides an estimate of the drag coefficient related to the sliding motion between pivotal cylinders.
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Appendix C

Parameter Dependence

of the Bundle Model
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C.1 Wall-to-Wall Distance at the Tips
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Figure C.1: Variation of the wall-to-wall distance at the tips. The parameter variations are indicated by
different marker sizes and fillings. The used values are given below all plots. The reference values have
a shorter marker spacing over the frequency. They are discussed in Section 5.1 for the stiffness and
the drag, in Section 5.2 for the coherency, and in Section 5.3 for the susceptibility.
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C.2 Tip-Link Stiffness
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Figure C.2: Variation of the tip-link stiffness. The parameter variations are indicated by different marker
sizes and fillings. The used values are given below all plots. The reference values have a shorter
marker spacing over the frequency. They are discussed in Section 5.1 for the stiffness and the drag, in
Section 5.2 for the coherency, and in Section 5.3 for the susceptibility.
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C.3 Top-Connector Stiffness
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Figure C.3: Variation of the top-connector stiffness. The parameter variations are indicated by different
marker sizes and fillings. The used values are given below all plots. The reference values have a
shorter marker spacing over the frequency. They are discussed in Section 5.1 for the stiffness and the
drag, in Section 5.2 for the coherency, and in Section 5.3 for the susceptibility.
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C.4 Kinocilium Stiffness
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Figure C.4: Variation of the kinocilium stiffness. The parameter variations are indicated by different
marker sizes and fillings. The used values are given below all plots. The reference values have a
shorter marker spacing over the frequency. They are discussed in Section 5.1 for the stiffness and the
drag, in Section 5.2 for the coherency, and in Section 5.3 for the susceptibility.
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C.5 Pivotal Stereocilia Stiffness

10
−3

10
−2

10
−1

10
0

10
1

10
1

10
2

10
3

Frequency (kHz)

S
ti
ff

n
e
s
s
 (

µ
N

⋅m
−

1
)

10
−3

10
−2

10
−1

10
0

10
1

10
2

10
3

Frequency (kHz)

D
ra

g
 (

n
N

⋅s
⋅m

−
1
)

10
−3

10
−2

10
−1

10
0

10
1

0

0.5

1

Frequency (kHz)

C
o
h
e
re

n
c
y

10
−3

10
−2

10
−1

10
0

10
1

10
−4

10
−2

10
0

Frequency (kHz)

S
u
s
c
e
p
ti
b
ili

ty
 (

M
m

⋅N
−

1
)

No links

Top con.

Tip links

Tip & top

10 1 100
k

sc
 (aN⋅m⋅rad

−1
)

Figure C.5: Variation of the pivotal stereocilia stiffness. The parameter variations are indicated by
different marker sizes and fillings. The used values are given below all plots. The reference values have
a shorter marker spacing over the frequency. They are discussed in Section 5.1 for the stiffness and
the drag, in Section 5.2 for the coherency, and in Section 5.3 for the susceptibility.
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C.6 Viscosity between Stereocilia
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Figure C.6: Variation of the viscosity between stereocilia from the tips down by 0.325 µm. The param-
eter variations are indicated by different marker sizes and fillings. The used values are given below all
plots. The reference values have a shorter marker spacing over the frequency. They are discussed in
Section 5.1 for the stiffness and the drag, in Section 5.2 for the coherency, and in Section 5.3 for the
susceptibility.
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C.7 Density
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Figure C.7: Variation of the density of the liquid and all elastic structures. The parameter variations are
indicated by different marker sizes and fillings. The used values are given below all plots. The reference
values have a shorter marker spacing over the frequency. They are discussed in Section 5.1 for the
stiffness and the drag, in Section 5.2 for the coherency, and in Section 5.3 for the susceptibility.
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