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Abstract

Simplified Py (SPy) approximations to the equation of radiative heat transfer are applied to study the effect of
internal radiation on the solid/liquid interface in Bridgman growth of semitransparent materials. An adaptive finite
element method is derived for SP; and SP, approximations in combination with phase-change and used to simulate the

solidification of a material related to BaF,.
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1. Introduction

Theoretical studies of internal radiation in
crystal growth of semitransparent materials show
that this phenomena can significantly effect the
solid/liquid interface, see Refs. [1-5]. Materials of
interest are yttrium alumnium garnet YAG,
gadolinium gallium garnet GGG, sapphire Al,O;
as well as calcium and barium fluoride CakF,,
BaF,. These crystals are commonly grown from
the melt and are semitransparent at the occuring
high temperatures during growth. In order to
account for internal radiation the radiative
heat transfer model which consists of the
energy balance equation, in a quasi-stationary
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approximation
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and an equation of transfer
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has to be solved. These equations involve
the direction-dependent  thermal radiation
field, which makes the numerical solution
complicated and expensive. Besides the spatial,
time and frequency variable, also the directional
variable must be included which gives a seven-
dimensional phase-space. Therefore sufficiently
accurate but less expensive approximations of the
radiative transport model are needed. Applied
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Nomenclature

o hemispherical absorptivity

& scaling parameter

¢ scalar flux

o, scalar flux in [v;, vii1]

(] scattering kernel

h latent heat per unit area in growth
direction

ho heat convection coefficient

I intensity

I, integration parameter

Iy Planck’s function

V4 Planck’s function at T,

K absorption coefficient

K; absorption coefficient in [v;, ;1]

Kref reference absorption coefficient

k heat conduction coefficient

/ latent heat

n outer normal

N conduction-to-radiation parameter
T optical thickness

n refractive index for crucible

n refractive index for crystal/melt

v frequency

Vi lower bound for non-opaque spectrum
Vi bound for frequency band

rip3  integration parameter

0 hemisherical reflectivity

O density

g scattering coefficient

S? unit sphere

(2] phase function

T temperature

Tm melting temperature

Ty external temperature

v velocity

Xref reference length

] test function

w direction

approximations to radiative transfer in crystal
growth simulation are Rosseland, spherical har-
monics (Py) and discrete ordinates methods. As a
method with higher accuracy than simple diffuse
approximations mainly P; approximations are
used for simulating crystal growth processes, see
Ref. [5-7].

We propose a simpler SPy approximation, as an
alternative to the Py equations, which consists of a
coupled system of diffusion equations, depending
on space, time and frequency, but not direction.
For N > 1 the number and complexity of the SPy
equations is considerably reduced compared with
the Py equations, leading to only one additional
equation for each increment in N and therefore
also to much simpler boundary conditions. The
SPy approximation was introduced in the field of
nuclear reactor theory Ref. [§8]. Due to a lack of
theoretical foundation it was not paid much
attention to this method until in Refs. [9,10] the
SPy equations and boundary conditions have been
derived by an asymptotic and variational analysis.
There it was shown that the SPy equations are
higher-order asymptotic solutions of the transport

equation in a regime in which diffusion theory is
the leading order approximation. The SPy equa-
tions reduce to the Py equations in planar
geometries and especially SP; is equal to Py in all
geometries. Numerical results consistently show
that the SPy approximations can yield more
accurate solutions to radiative transport
problems than the diffusion approximation with
considerably less computational expense than Py
approximations, Refs. [10,11]. Furthermore there
it was shown that in situations where the P,
solution is a good approximation to the radiative
heat transfer model, the SP, solution is usually
even more accurate. The SPy method was used for
example to simulate the annealing in glass
manufacturing in Ref. [12] where the obtained
results for SP; and SP, show good agreement with
the solution of the full radiative heat transfer
model.

We now apply the method to the growth process
of semitransparent crystals. An adaptive finite
element method is used to study the influence of
internal radiation on the solid/liquid interface in
Bridgman growth.
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2. SPy approximation

Neglecting scattering effects in the transport
equation for the radiative field leads to the SPy
approximation. This allows optically thick re-
gimes, where the absorption coefficient x is large,
to consider in a diffusion-like manner. To obtain a
diffusion scaling, the parameter ¢ = 1 /icerXper and
an appropriate rescaling is introduced, leading to

ew VI =—«kl + xlg 2.3)

or

(1 +i0. V)I — Iy, (2.4)
K

where the same symbols for the rescaled operators
are used as before. Applying a Neumann series to
formally invert the transport operator leads to
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Now integrating over w, using fsz(w-V)ndw:
(I+(—=D"[2n/(n+ 1)]V" and defining the scalar
flux

o= [ Idw
S2

led by again formally applying a Neumann series to
-2 4¢* 44¢5
dnly = <1 S vE A VA v">¢+0(38).
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When terms of O(e?), O(e*) or O(ef) are discarded
the SPy, SP; or SP, approximations are obtained
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Of course also higher approximations can be
derived by this method. Even if the formal
derivation is obtained for constant parameters x
the resulting equations are assumed to be valid
also for nonconstant parameters. The SPy approx-
imation reduced to an equation for the tempera-
ture T alone, and is the conventional Rosseland
approximation.

4rn *© _613
-V -he(T - Ty,)=0. (2.5)

Despite the different derivation of SP; and P,
approximation, by comparison of the partial
differential equations, it can be easily shown that
P; is equivalent to SP; in all cases. In a plan
parallel situation Py collapses to the SPy equation
for all N.

Starting from semitransparent boundary condi-
tions for the radiative heat transfer model similar
to the Py approximations Marshak’s condition,
see Ref. [13], is used in order to derive suitable
boundary conditions for the SPy approximations,
which lead to

2
kn-NVT = hy(Ty, — T)—Q—om(%) / IE—IB dv
2 0

(2.6)
for temperature T and
Vv > (1 —2r)¢ + e(1 4 3rp) %n -V
= d4n(1 — 2r)IE (2.7)

Vv >y (1 —2r)¢
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+(1—4Grs —r)) % (¢ — 4nlg)
= 4n(l — 2r)I} (2.8)
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for the scalar flux ¢ for SP; and SP,, respectively,
with

1 1

r = /0 pp(—wdu, 1y = /0 @p(—wdu and
1

ry = /0 1 p(—wdp.

A detailed derivation of the boundary conditions
may be found in Ref. [12].

3. Finite element discretisation

The phase-change is considered similar as in
Ref. [14]. The latent heat per unit area in growth
direction is defined as & = p,/v. The phase-function
O is regularized by a small parameter ¢ and is
given by

_1: T<Tm_5a

Tn—0<T<Tn,
o(T) =

5
1-— (1 - ;Tm); Tn<T<Twm+39,

1: T>Tn+ 0.

The phase-boundary is defined by the isotherm at
Tr- Before deriving a weak formulation we use the
chain-rule to transfer -V -hO(T — T,) to
—O'(T — Tw)h - VT and approximate the integrals
over the frequency by a sum over frequency bands
[vi,vir1] in which the involved parameters are
assumed to be constant. By defining ¢; =
[r* ¢ dv, multiplying with a test function y and
inltegrating by parts a weak formulation is
obtained for the SPy, SP, and SP, approximations,
which is only stated here for SP;
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This system is now discretized by linear finite
elements and iteratively solved by a Newton
method. In order to account for the high spacial
resolution needed at the phase-boundary as well as
at the developing boundary layers, due to the
radiative effects an error indicator for temperature
is used for local mesh refinement. We use an error
estimate as in Ref. [15], taking account of both the
phase change and the radiative effects.

4. Results and discussion

In this section, the numerical results obtained
from the SP; and SP, approximations are con-
sidered. In order to test the numerical algorithms
we start with a one-dimensional problem without
phase-change. A region of length L with a single
semitransparent material is confined by perfectly
black surfaces. The temperatures at the surfaces
are fixed at 7) = T(x=0)=1000K and 7, =
T(x=L)=500K. In this slab geometry the
equation for radiative heat transport reduces to a
simple integral equation [13]:

Grad(x) = 27‘6[113E3(KX) — 27rI]§E3(K(L — X))

+2n /x Ig(xX")E>(k(x — x'))dx’
0

L
- Zn/ Is(X)E>(k(x' — x))dx/, 4.9)

where E,(x) = foao exp(—xt)dt /1" is the exponential
integral of order n. Combined with Eq. (1.1), the
heat transport due to radiation and diffusion in
one dimension may be easily solved numerically
Ref. [13]. For discussion the two governing
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Fig. 1. Normalized temperature in one-dimensional slab
geometry. Solid lines indicate the solution obtained by solving
the exact heat transport equation. Lines with open symbols
correspond to results from SP; approximation of heat transfer.
Lines with closed symbols correspond to SP, approximation.

dimensionless numbers are introduced: the optical
thickness T = k x" and the conduction-to-radiation
parameter N = (kx)/(4on*>T"?) where primed va-
lues are typical length scales, x’, and Tempera-
tures, 7T’. Fig. 1 shows the solution of the exact
radiative transfer equation for 4 different conduc-
tion-to-radiation parameters N in comparison
with the SP; and SP, results. A single frequency
band was used. With decreasing N, the influence of
radiation increases and the temperature profile
changes from linear to a behaviour with rapid
changes at the boundaries.The limit N -0 would
lead to a discontinuity at the boundaries. The
temperature profile predicted by the SPy-models
quite good agrees with the results obtained by
solving the exact heat transfer equation. But there
is no clear evidence, that SP, is in general more or
less accurate than SP;. The SPy equations are
derived for optical thick materials. So, to check for
validity of the approximation calculations are
performed for a fixed N=0.01 and varying t,
Fig. 2. In this case the temperature distribution
obtained by the Rosseland approximation is
independent on 7. The Rosseland approximation
perfectly agrees for 7>100. For smaller 7 the exact
temperature distribution begins to differ from the
Rosseland solution. In this simple case the SPy -
models predict the temperature distribution quite

Temperature in T/T,
o
~
o
>

Ros
Splt=100
T =10
=1
Sp2 1 =100
=10
=1

» e m b o O x

0.5 t
0 0.5 1

Length in x/L

Fig. 2. Nondimensional temperature distribution for different
optical thickness 7. Solid lines are obtained by the exact heat
transport equation, crosses corresponds to solution of the
Rosseland model and open symbols are calculated by SP;
approximation.

good for all 7. This is mainly due to the simple
boundary conditions.

Semitransparent or flux boundary conditions
are likely to change the situation for small 7.

The algorithm is now applied to a three-
dimensional situation with phase-change. There-
fore a vertical Bridgman process for a semitran-
sparent material related to BaF; is considered. An
ampoule of diameter 11mm and length 70 mm is
chosen as the computational domain. The tem-
perature at the surface is fixed and increases
linearly in height. The gradient of temperature at
the surfaces is 15 K/cm according to a global
simulation of a Bridgman furnace used in Ref.
[16]. The pulling velocity is v = 3 mm/h. Together
with a density of p = 4830 Kg/m® and a latent
heat of /= 3.8 x 10°J/Kg these lead to a latent
heat per unit area in growth direction of /& =
1529.5 W/mz. For the solid phase of BaF, a heat
conduction coefficient of ks = 2.4 W/mK is cho-
sen, whereas for the liquid phase k,, = 0.24W/mK
is applied. All these parameters are taken from
[16]. Here N and 7 are derived according to ey =
1628K and the crucible diameter.

The influence of internal radiation on the
deflection of the solid/liquid interface is now
studied. Fig. 3 shows the final adaptive grid
obtained without radiative effects, with SP; and
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Fig. 3. Adaptively refined grid at the solid/liquid interface and
radiative boundary layers. (a) without radiation, (b) SP;, the
grid obtained for SP; on this level of detail coincides with the
one for SP;.

SP, approximations. All grids are refined until the
temperature distribution is independent of the
grid, leading to a strong refinement at the solid—
liquid interface. The grids obtained with SP; and
SP, approximations are in additions refined at the
boundary layers on the top and bottom of the
ampoule. In the used set up assuming a fully
transparent material or a opaque material gives
the same temperature distribution inside the
cylinder. In both cases the thermal field inside
the cylinder is completely defined by diffusion
only:

e In the opaque case (N — o0) the heat transfer
by conduction just governs the heat transfer
by radiation.

e In the transparent case (t—0) the radiation
just passes through the material without
coupling into the thermal field.

But the total heat flux through the cylinder is
surely different for transparent and opaque
material. Due to the different conductivities in
melt and crystal the phase boundary is predicted to
bend towards the melt. The latent heat reduce this
effect. Now for semitransparent material the
radiative heat transport becomes important. As

1.6 T T T T T
1.2 R
£
£
c
= 08 R
=y
q=
(7}
T
0.4 E
ole L L L L L ®
6 -4 -2 0 2 4 6
Radius in mm
no radiation SP, 0O SP, e

Fig. 4. Phase boundary in a cut through the center of the
ampoule for the three cases: without radiation, SP; and SP,.
The optical thickness is 7 = 1.
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Fig. 5. Bending of phase boundary in the center of the ampoule
over optical thickness for the four cases: without radiation,
Rosseland (Ros), SP; and SP;.

the absorption is constant in the material the ratio
of the effective conductivity in crystal and melt
decreases. Therefore the phase boundary flattens.
All treated models qualitatively show this beha-
vior. Fig. 4 shows the phase-boundary along a cut
through the center of the ampoule for the opaque
or transparent case and the semitransparent SP;
and SP, approximations. The obtained results for
SP; and SP; both qualitatively show the described
flattening of the phase-boundary. But quantitative
result whether SP; or SP, gives higher accuracy
can not be given. In Fig. 5 the bending of the phase
boundary in the center is shown for varying optical
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thickness. Comparing the different approxima-
tions we conclude: For t = 100 the SPy, SP; and
SP, solutions coincide, which agrees with the
assumption that the Rosseland approximations is
valid for such an optical thickness. For t = 10 the
SP; and SP, approximation still show the same
behaviour, but the SP; approximation deviates
from this shape and predicts a phase boundary
which is to low. By further decreasing t the SPy
approximation is not valid anymore and only
included here for completeness. For t = 1 the SP;
and SP; approximation deviate from each other.

5. Conclusion

Modeling three-dimensional radiative heat
transfer in semitransparent media is still a
challenging task in crystal growth. Especially for
process optimization efficient and sufficiently
accurate algorithms are needed. Furthermore, the
mostly used and mature techniques for solving
heat transport phenomena in crystal growth are
solvers for the underlying partial differential
equations. So, in order to extend already used
programs and tools to include effects due to
internal radiation, numerical models based on
partial differential equations are favorable. The
SPy approximations are a series of high order
derivations of the scalar flux ¢ in space and may
be reformulated as a set of elliptic partial
differential equations.

In the optical thick regime the SPy approxima-
tion is a good candidate to extend modeling of
radiative effects beyond Rosseland (SPy) approx-
imation. The SP; approximation, which is equiva-
lent to the P; approximation already shown
reasonable results for wide range of semitranspar-
ent materials. Even order SPy approximation has
to be used with care. The strong connection
between SPy and Py approximation may lead to
inferior results of even order compared to a lower
odd order approximation. In Ref. [11] however it

is mentioned that in situations, where SP; is
already a good approximation SP, improves the
results. In modeling of glass cooling processing
higher order SPy approximation already proofed
their applicability. But for crystal growth, the
range of applicability still has to be determined in
detail.
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