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Abstract We develop a multigrid finite element approach
to solve PDE’s on surfaces. The multigrid approach involves
the same weights for restriction and prolongation as in the
case of planar domains. Combined with the concept of para-
metric finite elements the approach thus allows to reuse code
initially developed to solve problems on planar domains to
solve the corresponding problem on surfaces. The method is
tested on a non-linear reaction-diffusion system on stationary
and evolving surfaces, with the normal velocity of the evolv-
ing surface depending on the reaction-diffusion system. As
a reference model the Schnakenberg system is used, offer-
ing non-linearity and algebraic simplicity on one hand, and
quantitative reference data on the other hand.

1 Introduction: PDE’s on surfaces

Motivated by various applications especially in biology,
materials science and image processing, there is a growing
interest to solve PDE’s on surfaces. While the solution of
PDE’s on Cartesian grids has become a standard tool the
numerical solution of PDE’s on surfaces is much less under-
stood. Only recently various numerical methods have been
proposed to solve a general class of PDE’s on surfaces. They
can be distinguished into direct methods, which require a
surface mesh and indirect methods in which the surface is
only implicitly described. Within the first approach paramet-
ric finite elements can be used to solve the PDE, see e.g.
[1–4]. Level set method have been used within the second
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approach, see e.g. [5–8]. Furthermore also phase-field mod-
els can be used to implicitly describe the surface, as used in
Ref. [9–11]. In order for the implicit approach to be efficient,
adaptively refined meshes or narrow band approaches are
required. For recent approaches in this direction see [12–15].
We will here concentrate on the direct approach of parametric
finite elements and discuss a multigrid algorithm and results
for a reaction-diffusion equation to model pattern formation
on stationary and evolving surfaces.

The paper is organized as follows: In Sect. 2 we review the
concept of parametric finite elements and show how available
finite element code to solve problems on Cartesian grids can
be used to solve also problems on triangulated surfaces. In
Sect. 3 we discuss as a model problem on a surface a reaction-
diffusion equation of Schnkenberg type on various stationary
and evolving domains. We use a hierarchy of surfaces meshes
and a multigrid solver. Finaly we draw conclusions in Sect. 4.

2 Using FEM to solve PDE’s on triangulated surfaces

We consider the following PDE, which serves as a model
problem and describes a general second order parabolic equa-
tion on a closed stationary surface � ⊂ R

d , d = 2, 3, with
d = 2 representing the case of a curve instead of a surface

ut − ∇� · A∇�u + b · ∇�u + cu = f on�, for t > 0 (1)

u(·, 0) = u0 on�, (2)

with problem specific parameters A = A(u,∇�u, x, t), b =
b(u,∇�u, x, t) and c = c(u,∇�u, x, t), with ∇�· and ∇�
the surface divergence and surface gradient, respectively, and
x ∈ � and t ∈ (0, T ]. The right hand side is given by f =
f (x, t), while the initial condition is given by u0 = u0(x).
For all these functions we assume appropriate regularity. We
further assume an existing representation of u off the sur-
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face, to be able to formulate the spatial derivatives in R
d .

With X = H1(�) the weak form reads
∫

�

utφ d� +
∫

�

A∇�u · ∇�φ d� +
∫

�

b · ∇�uφ d�

+
∫

�

cuφ d� =
∫

�

f φ d� (3)

for all φ ∈ X . Now we split the time interval by discrete time
instants 0 = t0 < t1 < . . . and define the time steps τ n =
tn+1 − tn . We consider at time instant tn finite dimensional
subspaces Xn

h,i ⊂ Xn = H1(�) with N n
i = dim Xn

h,i , i =
1, 2 to allow for different spaces. For simplicity lets apply an
implicit Euler discretization in time. The discrete solution of
(3) is then given by: Find un+1

h ∈ Xn+1
h,1 such that

∫

�

un+1
h − un

h

τ n
φh d� +

∫

�

A∇�un+1
h · ∇�φh d�

+
∫

�

b · ∇�un+1
h φh d�

+
∫

�

cun+1
h φh d� =

∫

�

f φh d� (4)

for all φh ∈ Xn+1
h,2 . If we treat all dependencies of the param-

eters on u explicitly, the resulting equation becomes lin-
ear. Now choosing basis {φ1, . . . , φN n

1
} and {ψ1, . . . , ψN n

2
}

of Xn
h,1 and Xn

h,2, respectively. For vn
h ∈ Xn

h,1 we denote
by V n = (V n

1 , . . . , V n
N n

1
) the coefficient vector of vn

h , with

respect to the basis {φ1, . . . , φN n
1
}, i.e.

vn
h =

N n
1∑

j=1

V n
j φ j . (5)

Using (4) with test functions ψi , i = 1, . . . , N n+1
2 , we get

the following equations for the coefficient vector U n+1 of
un+1

h

1

τ n

N n+1∑
j=1

U n+1
j

∫

�n+1

φ jψi d� +
N n+1∑
j=1

U n+1
j

×
∫

�n+1

A∇�φ j · ∇�ψi d� +
N n+1∑
j=1

U n+1
j

×
∫

�n+1

b · ∇�φ jψi d� +
N n+1∑
j=1

U n+1
j

∫

�n+1

cφ jψi d�

=
∫

�

f̃ψi d� + 1

τ n

N n∑
j=1

U n
j

∫

�

φ jψi d�

for i = 1, . . . , N n+1
2 . The resulting system has to be assem-

bled, which is done by looping over all grid elements and
using quadrature formulas for each element to compute the
integrals. If T n+1 is a surface triangulation of �n+1 with
elements T n+1 the integrals read∫

�

φ jψi d� =
∑

T n+1∈T n+1

∫

T n+1

φ jψi d�, . . . (6)

where the sum can be restricted to T n+1 ⊂ supp φ j ∩
supp ψi . Now instead of performing the integration on the
surface elements T n+1, a parameterization FT : T̂ → T n+1

is used, with T̂ = conv hull {0, e1, . . . , ed} the standard
element in R

d , with d = 1, 2. Furthermore the basis func-
tions are defined on a reference element T = {(λ0, . . . , λd) ∈
R

d+1; λk ≥ 0,
∑d

k=0 λk = 1} using barycentric coordinates.
These allow to rewrite the integrals as∫

T n+1

A∇�φ j · ∇ψi d�=
∫

T̂

Ā∇λφ j (λ(x̂)) · ∇λψi (λ(x̂)) dx̂

∫

T n+1

b · ∇�φ jψi d�=
∫

T̂

b̄∇λφ j (λ(x̂)) · ψi (λ(x̂)) dx̂

∫

T n+1

cφ jψi d�=
∫

T̂

c̄φ j (λ(x̂))ψi (λ(x̂)) dx̂

and so on, with Ā = �(FT (x̂))A�t (FT (x̂))| det DFT (x̂)|,
b̄ =�(FT (x̂))b| det DFT (x̂)|, c̄ = c| det DFT (x̂)| and � the
Jacobian of the barycentric coordinates on T n+1. In this way
we transform all integrations onto the standard element and
have the definition of basis functions on the reference element
at hand. Both are defined in R

d and R
d+1. The parameteri-

zation FT is given by the coordinates of the mesh elements
and provides the only difference between solving equations
on surfaces and on planar domains. For a surface we have
to allow FT : R

d → R
d+1, whereas for a planar domain

FT : R
d → R

d . With this tiny modification any code to solve
PDE’s on cartesian grids can be used to solve the same prob-
lem on a surface, providing a surface triangulation is given.
Within an efficient implementation this does not even require
to recompile a running 1D or 2D code, but only a change in a
parameter file, as e.g. done in AMDiS [2]. With this approach
all available tools to solve PDE’s on planar domains, such
as adaptive refinement or parallelization approaches, can be
used also to solve PDE’s on surfaces. We will demonstrate in
the following that also multigrid solvers can be carried over.
Analytic justification for these are however missing in many
situations. One problem results from adaptive refinements on
surface meshes, which require to project inserted grid points
to the surface, see Fig. 1.

Thus coarser triangular surfaces do no longer generate a
sequence of nested finite element spaces. As a consequence
convergence results for multigrid solvers based on subspace
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Fig. 1 Globally refined surface
mesh. Refinement levels 3,6,9
(from left to right)

correction method can no longer be applied. We will not
address this theoretical question but test a straightforward
approach in which the same weights for restriction and pro-
longation as in the case of planar triangulations are used to
solve a problem on a surface mesh. A similar approach have
already been used to solve the Einstein equations [16] or
for preconditioners [17] and a theoretical justification for the
special case of an open surface was given in [18]. We apply
the concept to solve reaction-diffusion equations on surfaces
to model biological pattern formation.

3 Reaction-diffusion systems and biological pattern
formation

Reaction-diffusion systems are prominent candidates for pat-
tern generation mechanisms in various processes ranging
from biological, chemical, and physical up to economical
systems. We will here concentrate on biological applica-
tions. In morphogenesis of living organisms, positional infor-
mation and prepatterning processes are required in order to
guide developmental processes and the building-up of higher
order structures. Other pattern formation processes observed
in biological systems concern the coat patterning of animals.
During the coarse of evolution, different mechanisms of pat-
tern formation may have developed, which differ in function,
but may be based on some basic patterning mechanisms. Tur-
ing proposed a theory of morphogenesis based on interacting
and diffusing molecules which he called morphogens, mean-
ing that they are suggested to contribute to the formation of
the body of living organisms [19]. In the context of reac-
tion-diffusion systems, an inhomogenous spatial pattern of
the interacting molecules arises if the diffusion constants of
at least two reactive species is different to each other, while
feedback loops are involved in determing the nonlinear kinet-
ics of the system. This concept is commonly denoted as Tur-
ing system, and the instability leading to pattern formation is
called Turing instability. Different kinetics and models have
emerged over the past decades, see e.g. [20–22]. We focus
on the Schnakenberg system, as it is one of the best studied
and algebraically most simple non-linear reaction diffusion

system, thus being a suitable model to test the effectiveness
of the multigrid solver.

3.1 The Schnakenberg model

The Schnakenberg model [22] describes the interaction of
a long range inhibitor with a short range autocatalyst, also
called activator, in a tri-molecular interaction. The model
reaction steps can be summarised with the following system
of chemical reaction equations,

X � A, B → Y, 2X + Y → 3X.

The functional description of the corresponding reaction
kinetics reads

f (u, v) = a − u + u2v (7)

g(u, v) = b − u2v, (8)

where u and v correspond to the non-dimensionalized con-
centrations X and Y , respectively. The Schnakenberg
system can now be formulated in general as a system of par-
abolic partial differential equations on an evolving surface
� = �(t):

∂t u = 	�u + γ f (u, v) (9)

∂tv = d	�v + γ g(u, v). (10)

The parameter d constitutes the ratio of the diffusion coeffi-
cients of Dv and Du and is an essential parameter influencing
the range of parameters for which Turing patterns are pre-
dicted to form, see [23]. The parameter γ models the strength
of the chemical reaction.

3.2 Discretization

Letφ ∈ V ⊂ H1(�) be a test function, and
∫
�

·φ d� = (·, φ)
be the L2 inner product. The general Schnakenberg model
equations can then be described in the weak form
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Fig. 2 Schnakenberg pattern
on a sphere of radius
r = 1/

√
(4π) for grid constants

h = (0.035, 0.0175, 0.00875)
corresponding to global
refinement levels 7, 9, and 11,
respectively, applied to our
initial coarse grid

(∂t u, φ)+ (∇�u,∇�φ)+ (γ u, φ)−
(
γ u2v, φ

)
= (γ a, φ)

(11)

(∂tv, φ)+ (d∇�v,∇�φ)+
(
γ u2v, φ

)
= (γ b, φ) .

(12)

We use a semi-implicit discretization scheme suggested in
[24] for this system. Using linear finite elements φh ∈ Vh ,
with Vh ⊂ V a finite dimensional subspace, the fully-discrete
general Schnakenberg system can be formulated as(

un+1
h − un

h

τ n
, φh

)
+

(
∇�un+1

h ,∇�φh

)
+

(
γ un+1

h , φh

)

−
(
γ un

hv
n
h un+1

h , φh

)
= (γ a, φh)(

vn+1
h − vn

h

τ n
, φh

)
+

(
d∇�vn+1

h ,∇�φh

)

+
(
γ un

hun
hv

n+1
h , φh

)
= (γ b, φh) ,

where τ n = tn+1 − tn . Due to the semi-implicit discretiza-
tion the resulting equations are linear. In order to formulate
the discretized Schnakenberg system as a linear system of
equations in matrix notation, we employ the coefficient vec-
tors U n+1 and V n+1, i.e.un+1

h = ∑
U n+1

i φi and vn+1
h =∑

V n+1
i φi . Furthermore, for the assembling of the system

matrix, we define:

M = (
Mi j

)
,Mi j = (

φi , φ j
);

A = (
Ai j

)
, Ai j = (∇�φi ,∇�φ j

);
Ra = (

Ra,i
)
, Ra,i = (a, φi );

Rb = (
Rb,i

)
, Rb,i = (b, φi );

Fuv = (
Fuv,i j

)
, Fuv,i j = (

un
hv

n
hφi , φ j

);
Fu2 = (

Fu2,i j

)
, Fu2,i j = (

un
hun

hφi , φ j
)
,

where A and M being the stiffness and mass matrices, respec-
tively, Ra and Rb are the remaining right-hand-side operators,
while Fuv and Fu2 are the matricies representing the line-
arization of the non-linear Schnakenberg reaction kinetics.
Using these notations the discretized Schnakenberg model
reads:

1

τ n
MU n+1 + γU n+1 + AU n+1 − γ FuvU

n+1

= 1

τ n
MU n + γ Ra

1

τ n
MV n+1 + d AV n+1

+ γ Fu2 V n+1 = 1

τ n
MV n + γ Rb.

The system matrix can now be assembled as
( 1
τ n M + γM + A − γ Fuv 0

0 1
τ n M + d A + γ Fu2

)

(
U n+1

V n+1

)
=

( 1
τ n MU n + γ Ra
1
τ n MV n + γ Rb

)
.

The linear system is solved using a standard multigrid solver.

3.3 Grid independence

We start by showing grid independence of the solution on
a sphere with surface area of Area = 1. The solutions are
calculated with the multigrid solver, see Fig. 2. Qualitative
differences in pattern morphology are observable. for refine-
ment levels L < 9, where the regular spot pattern breaks
down, whereas it remains stable for L ≥ 9. These observa-
tions suggest a grid constant of h = 0.0175, corresponding
to 9 global refinements, to be applied to the initial coarse
grid. This has been carried out for all further numerical cal-
culations.

3.4 Results on a spherical domain

Various numerical approach have been used to solve such sys-
tems on spherical domains, see e.g. [25–30]. Most of these
approaches are restricted to the special structure of a sphere.
Our approach can be used on any surface, we just require a
hierarchy of refined surface triangulations. However, such a
hierachy might not be available for general surfaces. In many
applications it will be much more common to have a geom-
etry described only by a fine mesh available, which might
result from range scanning techniques, see e.g. [31]. We thus
must address the issue of mesh coarsening, which is related to
mesh simplification, commonly used in computer graphics.
For a review on available approaches see e.g. [17].

123



A multigrid finite element method for reaction-diffusion systems on surfaces 181

Fig. 3 Concentrations for the
Schnakenberg model on a
sphere. Parameters:
a = 0.1, b = 0.9, us =
1.0, vs = 0.9, d = Dv/Du =
10.0, γ = 5000. A total of 2113
gridpoints has been used to
define 4,096 triangular
elements. Time is discretized
with τ = 0.00001s. Pairs a:d,
b:e, c:f, g:j, h:k, i:l (a–l
numerated from top left to
bottom right) depict the
solutions of BiCGStab:multigrid
at corresponding time points of
0.0091, 0.0191, 0.0291, 0.1091,
0.2091 s and 5.0 s, respectively

We first compare results on a sphere obtained with the mul-
tigrid and a BiCGStab solver. Several representative times
have been chosen in order to give an impression about the
time development of the pattern evolution, as well as to check
if the intermediate solutions obtained with both solvers are
identical. Figure 3 shows both results for various times and
indicates the agreement of both results.

Figure 4 shows the solution for different refinement levels,
i.e. on the different levels of multigrid. Due to the projection,
the refinements at different levels correspond to practically

different domains. However, the domain adaptivity seems to
have no influence on the multigrid solver. The more refine-
ments are carried out, the better is the approximation of the
sphere.

3.5 Stability issues with respect to size and perturbations
of the domain

We now apply the approach to solve the reaction-diffusion
system on modified domains. We first vary only the radius
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Fig. 4 Example levels from the multigrid solver at global refinement levels 0, 4, 6, and 9 (from left to right)

Fig. 5 Multigrid solutions for
the Schnakenberg model for
different radii r = 0.15625,
0.03125, 0.0625, 0.125, 0.25,
0.5 and parameters as before
(b = 0.9, us = 1.0, vs =
0.9, d = Dv/Du = 10.0,
γ = 5000 ), evaluated at time
t = 20.0 s

of the sphere and numerically obtain a dependence of the
stability region and formed pattern on size (see Fig. 5 for
the dependence on the forming patterns on the radius). We
observe an increase of the number of spots of high activator
concentration for increasing radius, which is consistent with
other numerical results adressing the influence of the domain
size, e.g.[24,30] and linear stability results in e.g. [28].

In the next step we modify our domain and solve the
reaction-diffusion system on a perturbed sphere. As a per-
turbation we use spherical harmonics (see Fig. 6 for the
corresponding results).

For the perturbed sphere we observe spot-like regions of
high activator concentrations located near the highest
curvature regions of the domain. However, this effect seems
to be overlayed by the tendency of the spots to distribute over
the whole size of the domain, which is a consequence of the
action of the long range inhibitor, limiting the spreading of
islands of self-enhancing activators, and is valid for both
the unperturbed and perturbed sphere. Furthermore, both the
perturbed and the unperturbed sphere share the influence of
size on the number and relative position of spots. Remark-
ably, the changed geometries of the perturbed spheres seem

to induce a distortion of the angles within triangles of spots
(as for instance in the second row, first and second panel of
Fig. 6), which has direct consequences on the spot morphol-
ogies observed. On both of these disturbed spheres, spots
are positioned close to or exactly on an imaginative circle.
As a consequence, their relative distances along those circles
are small, whereas spots in the opposite direction are fur-
ther away, being in less contact or even being seperated from
their neighbors. The separation of spots is an effect of the
increased surface area of the perturbed spheres, but the dis-
torted angles between spot–spot axes, which are isotropic far
away from the ideal case of 60 degrees is clearly visible for all
depicted variants of perturbed spheres, although this effect is
weakened for the Y 1

2 -based and Y 1
3 -based perturbation. We

argue that in contrast to the other perturbed spheres, the dis-
tribution and number of localized regions of high curvature
enables the spots to distribute evenly enough to avoid close
proximity of spots, resulting in a relatively lowered intensity
of spot fusion. A meaningful example reflecting such effects
in nature could be the embryonic development of skin pig-
mentation prepatterns (cf. [23,32] for details), as differences
in the curvature of the body, as found for instance at the
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Fig. 6 Schnakenberg pattern
on an undisturbed and disturbed
sphere with initial radius of
r = 0.125, evaluated at time
t = 20.0 s. Starting from the
second panel, the initial
spherical coordinates, as applied
in the first panel, have been
superposed with damped
absolute values of squared real
parts of spherical harmonics
Y 1

1 , Y 1
2 , Y 1

3 , Y 2
2 , Y 3

2 ,
respectively, using a factor of
0.2 for damping of the
amplitudes of abs

(
Re2(Y m

l )
)
.

Model parameters have been
chosen as before

Fig. 7 Schnakenberg pattern
on the surface of the Stanford
bunny after t = 0.00, 0.05, and
10 s respectively. Model
parameters have been chosen as
before

periphery of the body, are leading to different morphologies
of patterns or fusion of close spots to stripes, for instance
regarding the tail patterns of Leopards (cf. [33]). The direc-
tionality of the observed fusing spots could be an effect of
curvature-induced anisotropy as observed for the disturbed
spheres. The influence of such anisotropies is described in
[34], which is consistent with our findings. Nevertheless it
is not clear to which extend these anisotropies are induced
by curvature in relation to the randomly induced anisotropies
created by noisy initial activator and inhibitor concentrations.

As a final example for the pattern formation on fixed
domains we solve the reaction-diffusion system on the Stan-
ford bunny as a more complicated example.

In Fig. 7 it is shown that after a transition phase in which
stripe patterns may arise, the predominating patterns, as with
most examples shown here, are spots. In contrast to the
sphere, both the disturbed sphere and the Stanford bunny
show increased pattern variability due to oscillation-like flow
of concentration towards and away from regions of high cur-
vature radii. Depending on the local morphology, the spots or
stripes move according to the spacing of spots. If high activa-

tor concentrations come close together, the respective spots
fuse and tend to create stripes. If larger regions of low acti-
vator concentration form, large neigboring spots tend to split
or extend into the direction of lowest activator concentration.
For the Stanford bunny the spot generation is fast in compar-
ison to the sphere, but the rearrangement of spots is taking
longer. The development of the pattern over time shows a
high preference of stripe patterns to occur at an early stage of
pattern development, remaining the predominant pattern for
quite a while, which is consistent with the anisotropy conjec-
ture formulated in the previous example. However, the last
panel of Fig. 7 suggests that anisotropy is finally resolved
at these locations, probably because of dilution effects and
an increased average spot-to-spot distance after the folding-
like movement and rupture of stripe patterns into individual
spots of high activator concentrations. This behaviour seem-
ingly contradicts the phenomena observed in biological sys-
tems, where stripe patterns at extremities remain stable over
time. One possible explanation for this difference could be a
switch-like resistance of the natural pattern to changes, once a
certain activator or inhibitor concentration has been reached.
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Fig. 8 Schnakenberg pattern
after activator
concentration-dependent growth
in normal direction for
t = 0.00501, 0.03001, and
0.05 s, respectively. Model
parameters have been chosen
as before

3.6 Evolving domain

We now want to consider pattern formation on a growing
surface. We therefore define V the normal velocity of the
surface as a function of activator species u, in the simplest
case V = cu, with c a positive constant. The velocity vec-
tor

−→
V = V n with n the surface normal can be computed as

described in [35–37] by solving
−→
M

−→
V = −→

N V, (13)

where
−→
M is a diagonal matrix with mass matrices M =

(Mi j ) = (ψi , ψ j ) as entries and
−→
N is a vector of normal

matrices
(

N k
i j

)
= (ψi , ψ j nk), i, j, k = 1, 2, 3 with weights

nk = −→n · −→e k containing the k-th spatial components of
the normal. The vertex coordinates of the surface mesh are
updated at the end of the m-th timestep τm as follows:
−→
X → −→

X + τm
−→
V , (14)

where
−→
X contains the spatial components of the vertex coor-

dinates.
The surface coordinates are updated with linear growth

with c = 1.0001 in normal direction, weighted with the sur-
face concentrations of u at each vertex of the underlying
mesh (results are shown in Fig. 8). This approach can only
be viewed as an approximation in the case of a seperation
of time scales between diffusion and surface evolution, with
the diffusion being much faster, which is the most relevant
case in many biological systems. In the more general case,
where such a separation of time scales is not possible, the set
of equations has to be modified to

∂t u − uV H = 	�u + γ f (u, v) (15)

∂tv − vV H = d	�v + γ g(u, v), (16)

with H the mean curvature of the surface. Within this formu-
lation we assume a constant extension of u and v in normal
direction. All described numerical aspects can be extended
to this and also more general cases in which also tangential
velocities are allowed, see [1] for details.

We observe a preference of the activator u to reside in
the exposed regions (i.e. where local growth enhancement
has taken place before). This reflects the expected growth

promotion of the activator due to local overweighting of the
linear growth.

A similar concept of prepattern-dependent growth has
already been applied in theoretical biology to model solid
tumor growth (c.f. [28]). In this context, a basic growth of
the tumor is enhanced locally in the direction of the highest
concentration of growth factor molecules. The resulting pro-
trusions are thought to be formed by solid tumors at the onset
of malignancy, at a time when the ability of the cells to stop
their growth upon the contact with cells from neighboring tis-
sues is lost, and metastases may arise. An other example for
concentration-dependent growth may be the positioning of
hair follices or feathers in mice and chicken, respectively. In
these cases, a prepattern of localized Wnt or Dkk molecules
seems to induce a protrusion-like growth of hair follicle buds
or feather buds in the direction of a local hot spot of concen-
tration of one of the involved signaling molecules (see [38]
and [39] for details). It is unclear which localized molecule
concentrations are the cause and which the effect of these
patterning mechanisms, but it seems likely that some iso-
forms of Wnt and Dkk may play the role of activators and
inhibitors, leading to a prepatterned tissue.

4 Conclusions

We have reviewed the concept of parametric finite elements to
solve PDE’s on surfaces and pointed out that only a tiny mod-
ification is needed in standard finite element code to solve
PDE’s on cartesian grids to solve the corresponding PDE’s on
a surface mesh. The only requirement is to allow the mapping
from a standard element to the mesh elements given through
the parameterization FT : T̂ → T n+1 to be a mapping from
R

2 to R
3. Within an efficient implementation this does only

require a change in a parameter file, as e.g. done in AMDiS
[2]. With this approach all available tools to solve PDE’s
on planar domains, such as adaptive refinement, paralleliza-
tion approaches, or multigrid solvers can be used also to
solve PDE’s on surfaces. We demonstrate the applicability of
such a surface multigrid approach on a reaction diffusion sys-
tem to model Turing patterns. Various examples are provided
on different stationary and evolving domains demonstrating
the flexibility and efficiency of the approach. However, the
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usage of parametric finite elements in the context of evolv-
ing domains is not always possible. Difficulties arise once the
surface undergoes topological changes for which tracking of
the surface becomes a major issues which limit this approach.
One alternative approach to circumvent these problems is to
use an implicity description of the surface. A diffuse interface
approach which in addition is coupled to a reaction diffusion
equation in the bulk is described in [40].
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