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A number of dynamic density functional theories (ADFTs) have been developed to describe the
dynamics of the one-particle density of atomic fluids. We review an approach that accounts for
particle advection by a flowing solvent, and make further approximations using a locally
advected phase-field-crystal model which in turn is
coupled with a Navier—Stokes equation. In particular
we apply the approach to Brownian particles (e.g., coarse
grained polymer coils) in a solvent flowing around var-
ious obstacles (e.g., colloidal particles). We compare the
bow wave in the density distribution of particles in front
of the obstacles as well as the wake behind it. The results
qualitatively agree with full dDFT results and simu-
lations based on the underlying Brownian dynamics.
The much lower computational cost of the phase field
crystal approach provides an efficient way to couple fluid
flow around macroscopic fixed or moving particle with
interactions of particles in the solvent.

Introduction

Binary mixtures of colloids and non-adsorbing polymer
coils are ideal model systems for the study of phase
behavior and equilibrium as well as non-equilibrium
physics of multicomponent systems.

The generalization of classical density functional theory
(DFT) to the case of non-equilibrium situation, known as
dynamic density functional theory (dDFT), was first
introduced by Marconi and Tarazona,’ and was recently
extended to driven systems® in the advected dynamic
density functional theory (adDFT). The authors used this
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method to model colloidal particles moving through a
polymer solution, or conversely, the flow of polymer
particles around a fixed macroscopic particle. The colloid
deforms the flow field, as it has radius of hydrodynamic
interaction with the solvent greater than 0.

Earlier studies of a similar system with conventional
DFT! neglected this deformation and are therefore only
valid for small obstacles of radius R < d, where d represents
the size of the polymer particles. A full dDFT model
including the advection of the solvent particles was
analyzed by ref.[?!

Simple flow fields around a colloidal particle with radius
R at low Reynolds number are given by the solution of the
Stokes equation around a spherical obstacle at the origin:

'd i (1+R72)C
4|z 3|x)f?
3R R?
4o (1), )
4|3 [[x]|2

with ¢ = ¢ e, the velocity at infinity distance from the
obstacle. For R = 0 this reduces to the uniform flow u(r) = c.

u(r) =
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More complex situations with more colloidal particles that
are not fixed but can move independently, are difficult or
impossible to calculate analytically. Numerical solutions
of the Stokes equation have to be used. For non-stationary
flow fields a direct coupling of the equations of fluid
dynamics to the equations of the simulation of interacting
polymer particles in the solvent would be necessary. Such
coupling is crucial for the inclusion of the hydrodynamic
forces between polymer coils exerted on the solvent.

In this paper we present an approximation of the dDFT
using a phase field crystal (PFC) model, and motivated by
refs.!>3! extend it by a transport term to approximate the
generalized adDFT. In contrast to dDFT equations the PFC
model is given by a differential equation and can easily be
coupled to other equationslike the aforementioned Navier—
Stokes equations of fluid dynamics.

The paper is organized as follows: in the next section the
model is derived starting from the Langevin equation of
motion for an ensemble of advected interacting Brownian
particles. Using various approximations we have obtained
an advected PFC-model, which is coupled to a Navier—
Stokes equation. In Computational Results Section simula-
tion results for the polymer density around a colloidal
particle were shown. We have considered the bow wave in
the density distribution of particles in front of the obstacles
as well as the wake behind it and have compared the results
with full dDFT results and simulations based on the
underlying Brownian dynamics. The density profile is
analyzed in terms of different velocities and different radii
of the obstacle. In Conclusion Section we have drawn
conclusions.

Model Derivation

A continuum model considering the particle density in a
flowing solvent is derived starting from an atomistic theory
as motived by ref.™

Fokker-Planck Equation

We consider the Langevin equation of motion for an
ensemble of N advected interacting Brownian particles
with position coordinates ¥ = {r;,1,,...,1y}, and mass m,
immersed in an incompressible fluid.

ders = u(z, t) + % (Fi(E.t) + (1))
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with the external potential Vi(r; t), the pair interaction
potential V,(||r;—1;]), flow field u(r; t) and a noise term
7;(t). The potential terms sum up to the deterministic force
F; acting on the ith particle. Equation (2) is a stochastic
differential equation for each particle in the system.

The corresponding Fokker—Planck equation for a prob-
ability density, W(¥, t), which determines the probability of
finding the set of N particles around the positions r;,.. ., xyx
reads:

WW(T,t) = LW(T,

=2 Vu [( (1, 1) iFi(f,f)—O—kBTVrl)(.)} (3)

t) with

with initial conditions W(¥,t,) = §(¥—1,) and appropriate
boundary conditions.

Because we are not interested in the individual position
of all particles, but rather the probability of finding any
particle at a given position, we can integrate Equation (3)
over N — 1 of the Nvariables to obtain a one-particle density
distribution. We introduce the n-particle density p™ by
integrating the probability density (N — n)-times:

N! -
,rn,t):m/ .~-/W(r,t)drn+1...drN

Dropping the superscript for the one-particles density
o = :p and the subscript in the positions one obtains the
continuity equation:

,O(n) (rl, C

dep(r,t) + V- (p(r, ) u(r, 1) = ~V -j(r,) @

with
Yi(r,t) = —p(r,t)VV4(r,t)—ksTVp(1, 1)

- /,0(2)(1', Y, )V, (|lr—7||) dr'’. ©)

If we neglect the pair-interaction term containing the
two-particle density o, Equation (4 and 5) reduce to Fick’s
diffusion equation in a flowing heat bath:

ap(xr,t) + V- (p(r,
7, t) =

Hu(r,t)) = -V-j,t)

(6)
—p(r,t)VU1 (1, t)—Vp(r, t)

with an external potential Us: = (kg T) 'V, and diffusion
coefficient I': = kg Ty~ *. This equation models the flow of
non-interacting particles.

Dynamic Density Functional Theory

In classical dDFT the flux j is related to the gradient of the
variational derivative of an energy functional
Flp(r)] := Fialp()] + Fext[p(T)] + Fex[p(r)]. The functional
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consists of an ideal solution part Fig[p(r)] =
[ ksTp(r)(In(p(r)A%)—1) dr, where A is the thermal wave-
length, a description for an external potential
Fext[p(r)] = [ p(x,t)Va(r,t) dr, and the excess free energy
for particle interactions Fex[p(r)], that is unknown for
general systems. The authors of ref.””) used this relation for
the adDFT to obtain the evolution equation,

dp(r,t) + V- (p(r, HHu(n) =V - (V’lp(n )Y %&;)])'
(7)

Equation (7) still contains the unknown free energy part
Fex and further approximations are necessary. One approach
to obtain Fe is the mean-field approximation for very soft
interactions Fex[po] = (1/2) [[ p(x)p(r')V V> (|jr—T||) drdr.

In ref? this approach is used to obtain a dDFT for
particles in a flowing solvent. Even if the approach is only
valid for potential flows, in ref.,[g] situations are described
where it gives good approximations in cases without
detailed balance. This is confirmed in ref.!”! by considering
Stokes flows.

We will follow this route and further approximate
Equation (7). To derive more efficient models which allow us
to simulate more complex problems we consider a different
way to approximate F.. Known approximations for hard
and soft particles include those based on the Rosenfeld
fundamental measure theory, weighted density approx-
imation,” and the Ramakrishnan—Yussouff (RY) approx-
imation.™) In this work we use the RY approximation.

Phase-Field-Crystal Model

Consider the relative density deviation from a constant
reference liquid density: §p(r) := p(r)—p;. The excess free
part of the energy can be approximated in the RY-
approximation by expansion around the liquid density pp
up to second order, in the sense of generalized gradient
expansions:

Fex[p(r)]=Fexlor] =: AFex[p(1)]

e

= kaT/Sp(r) cD(r, p)d

]'—ex [PL])

Somsete) T

//8,0 r)c (r,r, pp)8p(r') drdr’

with the direct -correlation functions,
c (r p) = (—1/ksT)(8Fex[p]/8p) and P (11,15,p0) =
(8¢ (12, p)/80(12)) = (~1/kaT)(8? (Fexlo]) /50(x1)5p(x2)). In
the liquid reference fluid another form of ¢ can be found:
cV(r, p) = In(o A% —(uuy/keT) with p; the constant che-
mical potential of the reference liquid.

'a\
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The ideal gas part Fiq of the energy can be rewritten as:
Fialp(n)]—=Fialo] =: AFia[o(r)]

= kBT/ép(ln(pLAd)—l) + p(r)In <@) dr.

L

Combining both, ideal gas and excess free part of the
energy (relative to the reference liquid state), results in:

AFialp(r)] +AF ex|o(1)] = kBT/ ) (kB_T 71)
—

fi(p(x))
r J
+ o () - 2 fso(rie® (e ot
L
Sa(p(x)) S3(p(x))

Because V, depends on the distance |r—r/|| only, this
property is assumed to be true also for the direct pair
correlation function, especially in the liquid phase, so
(1,7, p) =: ¢?(||r—r||) and the rotational symmetry of

2 follows immediately.

Now consider the Fourier transformed -correlation
function by rewriting fs(p) as convolution f;(p(r)) =
(1/2)8p(x)[c?  8p](r). The correlation-function is rotation-
ally symmetric. This leads to a simplification of the Fourier-
transform of ¢ to:

S[e?] =: é(k) = / @ (||x||) cos(k - 1) dr.
Rd

Expanding ¢ around ko = 0!®! leads to:

E(k) == éo +k262 +k4é4 + ce

with k™ := >, k". The coefficients with odd derivatives
vanish, due to the choice of the expansion point. We can
now write the Fourier transform of f; as:

Slfs(p)](k) = [$px(¢ - )] ()

2-(27)?

1 oA
= ——[8px((Co+ Ca(-)" +
2.(271)(1[ (( 0 2()

The inverse Fourier transform leads to the real space
approximation, by truncating the expansion at fourth
order:

57 f3(0)] @) % 5 80(0) (Co—CoB() + Cat())5p(x).

To relate the parameters C; to those of other models
which assume constant mobility in Equation (7) on the
right-hand side (e.g., the PFC2-model[7]), the ideal solution
term in the energy is expanded around the mean density p.
We introduce a new variable (1, t) :=
(o(xr,t)—p)/p = (8p(x,t)—p)/p + p;/p, the dimensionless
density modulation, and truncate the expansions at fourth
order. For ¢ the property [¢(r,t)dr = 0 holds. The expan-
sions of f{p) in terms of ¢, neglectmg all linear terms
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because they vanish on differentiation, yield:

1

(o) ()= o t)(ﬁ—l) _ (linearterm)

L (o) fo) ~ Satr

0
1 4
—o(r,t

+ 50 t)

1
5 (a(e@)-f3(p)) ~

+ (linear terms).

t) - E ¢(r7 t)3
+ (linear terms)

(l' t) (CO ézA + 64A2)¢(r, t)

Mlbl

Thethird terminthe energy, AFex[0] = [8oV1 =: [fa(p)
containing the external potentials, can also be expressed in

terms of ¢ as (1/7)(fa(p(x))—fa(p)) = ¢(r,t)Vi(z,t). Finally
we can define the total free energy relative to the mean density by

summation of the energy parts: (1/p) (AF[p(z, t)|-AF[p]) =
(1/p)(Flp(r,t)|=F[p]) ~ Fa[p(x,1)] with:
PO [ Sotmtr—got) + o
- / P 3(x,t)(Co—Cah + C4A2)¢>(r, £)dr (8)
/kB V]_(I' t) dr
where M(¢) := p = (¢ + 1)p, and the notation F; comes

from the original name PFC1-model in ref!”! Now the
evolution equation with respect to ¢(r, t) can be written as:
_ S3F1[p(x, )]

. — . 1 P LA N

Be0(x, )7 - (0lr,Ou(e) = V- {y gy v T

— kT - {y—1M<¢)v<¢(r, - 200, + S o(x,1)°

+(ksT) "M (¢) Vi (x,1)—B(Co—CrAd(x, ) + CaA’@(1, 1)) }

(9

This evolution equation is an approximation of the
dynamic density functional evolution Equation (7)
obtained by expansion of the correlation function. It is
related to the classical PFC equation, extended by an
advection term and non-constant mobility, and was first
derived by Elder and Grant.[®]

To obtain this standard form we introduce anew variable

= (1-2¢)o and perform a re-parametrization to new
parameters rand g. The number of parameters is reduced by
setting the lattice constant to 1, ie, to fix the ratio
2|Cy| : G, <1 Stability considerations give the sign of the
last parameter, ie., sign(Cs) = —1. This leads to the
parameter relations:

R . (9 1 . 1 o 1.
Co:=0C=—=(1 Cri=——, Cgpg:=—=C
0 2(2 2( +7)>7 2 6’ 4 52

Inserting this into the energy (8) and neglecting linear
and constant terms we arrive at the proposed standard
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formulation that is the base for our simulations:

Fafo(r.t)] _ . [1 2
e = o, t)(r+ (1 +A))o(x,t)
ksT { 2¢ e 10)
+0( t)* + M(o(r,t))U(x, t) dr
with € = (489%)7", U(r,t) = (CkgT) Vi (r,t) which is the

transformed external potential and with M(o) :=p =
(1/2)(3—(¢/?))p. This functional is strongly related to
the Swift-Hohenberg functional® The evolution
equation of the simplified advected phase-field crystal
model (aPFC) reads:

bl ) + 9 ot Ou(e) = - {2 v LA

=: V- {M(0)V}
T = (r+ (1 +A)%)o(r,t) + o(r, t)> + M (0)U(x, t)
(11)

with the diffusion constant I': = kg TCy*

Computational Results

Numerics

The evolution Equation (6 and 11) are discretized using
finite elements in space and a semi-implicit time dis-
cretization. For the standard PFC part we follow the
approach described in ref.*°! and extend the scheme by a
transport term and an external potential. The advection—
diffusion equation is discretized using a backward Euler
scheme. We use the adaptive finite element toolbox
AMDIS!* to implement the equations.

Similar to the calculatlon of?! an external potential of
exponential form (ksT) Vi (r) = oy - exp(— M) is used,
where the parameters oy, o, and [ are chosen if’such a way
that the slope and interaction region depend on the colloid
and solvent-particle radius. This potential describes a soft
colloidal particle in the center of a domain. In our
simulations we have set:

In (m n(2)-In(ay) )
(01 -2)~In(e1) ~1/1
= = 7 :=D(—(In(2)-1
DR = D(-(n(2)-In(e)
for given «;: =10 and R, D the radius of the colloid and the
interaction radius. For simplicity we set the diffusion
constant in the evolution equation to I'=1.

Validation

To validate the approach we use a simple configuration
with one colloidal particle fixed in the center of a
rectangular domain. The flow field is given by

M \Ilw’ﬁ
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Figure 1. Polymer density around a colloidal particle. Left: Phase-field crystal simulation
with R = 0.6, c= 0.8 for the parameters r=—0.1, g = —0.3, right: advection—diffusion
simulation with R*=0.6, c=1.0 for parameter g = —0.3. Light colors indicate high
density whereas dark colors indicate low density. The colloid in the center is visualized
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is fixed at R/D=:R*=0.6, thus the
colloid is bigger than the polymer coils.
The size D represents the interaction
radius of the colloid, i.e., how close
polymer particles can approach the
obstacle boundary. The value can
be approximated by D=R+ a/2,
where a = 4/ v/3 is the mean distance
between polymer particles (constant for
our choice of parametrization of the
energy), and can be obtained from the
one-mode approximation.[”# Figures 2
and 3 show the density profile with non-

as a gray ball.

Equation (1). Figure 1 shows a solution of the advection—
diffusion and the advected PFC-equation for a fluid flowing
through the domain from left to right. The characteristic
first density wave can be seen in both simulations. The
studies of refs.**?! indicate more than one such wave in the
interacting case as can be seen in their Brownian dynamics
simulations and dDFT calculations. For this reason we
assume that in the interacting case the wave like structure
in front of the obstacle is more realistic than the single peak
observed in the simple diffusion case.

Proceeding from the qualitative comparison we now
follow!? and analyze the dependency of density on both the
radius of the colloid, and the velocity of the fluid, for the case
of interacting and non-interacting particles. We use the
same analytic Stokes flow (1) with a far-field velocity
depending on the reference value c¢* := ¢*Dp/r, that we
refer to as the Peclet number. First the radius of the obstacle

density g

z/D

for different Peclet numbers c¢* of the fluid, at fixed radius R* = 0.6

I Figure 2. Density-profile of solution with non-interacting particles
of the obstacle.
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M““\)iir’ﬁ

www.MaterialsViews.com

Macromol. Theory Simul. 2011, 20, 541-547
© 201 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

interacting and interacting particles,
respectively.

The other relation of density to radius is plotted in
Figures 4 and 5, again for non-interacting and interacting
particles. Now the Peclet number is fixed at ¢* = 12. For radii
bigger than the polymer coil radius, i.e., R* > 0.5, the density
shows an additional wave behind the obstacle, whereas for
smaller radii one cannot see such an effect.

Discussion

The difference between Figures 2 and 3 is the formation
behavior of the first wave depending on the Peclet number.
Where the non-interacting simulation shows a big increase
of the first maximum for higher values ¢, in the interacting
case this is far less pronounced.

density o

5| I 1 1 I I
-6 -4 -2 0 2 4 6
/D

different Peclet numbers ¢* of the fluid, at fixed radius R* = 0.6 of

I Figure 3. Density-profile of solution with interacting particles for
the obstacle.
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density o

S S
= bo

-0.6
-0.8 -
-1 1 ! 1

-4 -2 0 2 4
z/D

particles for different radii R* of the obstacle, at fixed Peclet

I Figure 4. Density-profile of solution with non-interacting
number c* := 12 of the fluid.

For the interacting case, the maximum increases slightly
with increased c*, and the change is negligible on further
increase of ¢*. Behind the colloid, ie., to the right of the
obstacle, the wave structure is also found. Because of the
compressibility of the polymer particles in the solvent,
the distance of the maxima in front of the colloid shrinks
slightly.

The comparison of Figures 4 and 5 goes in the same
direction. For higher velocities, i.e., lower values of R, the
first maximum rises much more in the case of non-

density o

s o
(=B
'
\l

'
=
0

-4 -2 0 2 4
z/D

different radii R* of the obstacle, at fixed Peclet number ¢* := 12

I Figure 5. Density-profile of solution with interacting particles for
of the fluid.
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interacting particles than in the case of interacting ones.
The interesting observation is the structure behind the
colloid. For radii R* less than 0.5, i.e., the colloidal radius is
less than the interaction radius of the polymers, the bow
wave does not show the oscillating structure, which can be
seen for larger radii. The wave is similar to the non-
interacting case.

Coupling with Navier-Stokes Equation

For more complex configurations of colloidal particles, an
analytic result for the flow field can no longer be used. We
therefore extend the model and couple the evolution
Equation (6 and 11) with a Navier—Stokes equation:

du+ (u-V)u=-Vp+nAu

( V).u — p (12)
with p the scaled pressure variable and n the kinematic
viscosity of the fluid. The problem has to be solved in a
domain excluding the colloidal particles. The colloids as
macroscopic objects in the flow field have an interaction
radius with the fluid approximately equal to R. For fixed
colloids the boundary conditions at the colloidal interface
are set to u=0. Moving colloids, i.e., moving domain
boundaries, need special caution in numerical calculations.
We follow the diffuse domain approach in ref.**! and
describe only the geometry implicitly using a phase-field
function ¢,, which indicates the fluid domain by value 1
and the colloidal particles by value 0. Moving colloids can
simply be described by shifting the phase-field. A function
for the phase-field for one colloid with radius R in the
center of a domain can be expressed by a tanh formulation:

¢-(x) = %(1—tanh(3/€(R—IIXII)))

where ¢ defines the width of the diffuse interface and
(R—||x||) acts as a signed distance function that defines the
boundary as its zero level set and can be replaced by each
distance function with negative sign inside the domain.
For a set of colloidal particles with position coordinates r;
the phase-field can easily be adopted by replacing (R—||x||)
by a distance function d(x):

d(x) := max{R—jx—x|}
The diffuse domain Navier—Stokes equations read:
_ . VP g
O(g-ty) + o u- Vi = . Vp—V - (¢ V)~ (1-¢.) (4—7))

j=1,...,d V-(p.u)=Veg, -g inQ
(13)

subject to initial and boundary conditions. Thereby gis an
additional scaling factor for the penalty term incorporat-
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Figure 6. Five colloidal particles as macroscopic obstacles in polymer solution. Left:
Streamlines of fluid-particles flowing around the obstacles, red indicates high velocity,
blue low velocity. Right: Density profile of particles flowing around the colloids, light

colors indicate high densities, dark colors low densities.

ing the Dirichlet boundary condition u = g|cs6iq boundary-
The approach has already been used and verified for flow
problems in ref.** and can also be used for situations in
which moving colloidal particles are considered. Figure 6
shows an example configuration with five fixed obstacles
in a channel with parabolic inflow profile. Analytic results
for the flow field could not be found and a numerical
approach for the calculation was necessary. The figure
illustrates the value of the coupling.

Conclusion

We have proposed a local approximation to the dDFT
formulation in ref.”” The formulation provides an efficient
way to treat interacting Brownian particles in a flowing
solvent. Neglecting the hydrodynamic interactions
between the solute particles and between the solute and
colloid particles allows for an efficient coupling, in which
only the time derivative in the PFC model is replaced by the
total (material) time derivative. The obtained equation thus
provides an advected PFC model, which then is coupled
to a Navier—Stokes equation in a domain excluding the
spherical obstacles.

A quantitative comparison with the full adDFT simula-
tions in refs.>) was not possible. Qualitatively the aPFC
simulations show wave structures similar to the results of
the authors above, but significantly more pronounced.

The influence of the both Peclet number of the fluid, and
radius of the colloidal particle was investigated, and
comparison was made between the PFC and diffusion—
advection models, for interacting and non-interacting
polymer particles in the solvent.

The aPFC model requires much less computational effort
than full adDFT simulations, due to the locality of the
approach. Furthermore, coupling to the Navier—Stokes
equations can be done easily. This is encouraging for
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extension of the approach to include
colloid—colloid interactions in more com-
E plex configurations. The calculation of
depletion forces between two colloids

that are close to each other, so that

polymer particles do not fit between

them, is appealing and easily realizable

-0.9 with the aPFC approach. Hydrodynamic
interactions between the polymer parti-
cles is often neglected but could possibly
alsobeincludedinthemodel, considering
that a weak coupling of aPFC and Navier—
Stokes is done already. We are presently
working on the inclusion of such inter-

0.23394

actions.

We have demonstrated that the advected PFC model is a
suitable and computationally efficient method for the
study of the qualitative behavior of a multicomponent
system of polymer and colloidal particles, which influence
each other by direct or hydrodynamic interactions, in a
solvent.
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