Journal of Geometry and Physics 173 (2022) 104428

Contents lists available at ScienceDirect

Journal of Geometry and Physics

www.elsevier.com/locate/geomphys

Observer-invariant time derivatives on moving surfaces n

Check for
updates

Ingo Nitschke **, Axel Voigt #:>-¢

2 Institut fiir Wissenschaftliches Rechnen, Technische Universitt Dresden, 01062 Dresden, Germany
b Dresden Center for Computational Materials Science (DCMS), Technische Universitiit Dresden, 01062 Dresden, Germany
¢ Center for Systems Biology Dresden (CSBD), Pfotenhauerstr. 108, 01307 Dresden, Germany

ARTICLE INFO ABSTRACT
Article history: Observer-invariance is regarded as a minimum requirement for an appropriate definition
Received 2 July 2020 of time derivatives. We derive various time derivatives systematically from a spacetime

Received in revised form 24 November 2021
Accepted 25 November 2021
Available online 3 December 2021

setting, where observer-invariance is a special case of a covariance principle and covered by
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1. Introduction

Observer-invariant time derivatives are inevitable for dealing with general equations of motion in an unsteady material
domain. They comprise not only specific rates of change independently of their observation, but also transport mechanism
reflecting a certain inertia in the considered quantity induced by material motions. We are mainly interested in observer-
invariance w.r.t. a moving surface S, i.e. a 2-dimensional smooth orientable Riemannian manifold embedded in the Euclidean
space R3. Equations of motion on moving surfaces are of interest in various disciplines. Prominent examples are thin elastic
films with stress tensors as quantities of interest, see, e.g., [3,4]. Other examples are fluidic interfaces, with the tangential
fluid velocity and pressure/surface tension as unknowns [2,22,26,32], or surface polar and nematic liquid crystals, with tan-
gential director and Q-tensor fields as unknowns [17,18], which is e.g. used to model the cellular cortex or epithelia tissue
[5]. In addition there are problems with surface scalar quantities, such as concentrations, e.g. of surfactants, proteins or
lipids, see e.g. [7,13,29]. But also higher order surface tensor fields are found in applications, e.g. in graphics applications,
such as surface parameterization and remeshing, painterly rendering and pen-and-ink sketching, and texture synthesis [21].
With the exception of the last examples, which are not determined by physics, and the surface scalar quantities for which
transport is described by the Leibniz formula/transport theorem, see e.g. [6], the different underlying physics for surface

* Corresponding author.
E-mail address: ingo.nitschke@tu-dresden.de (1. Nitschke).

https://doi.org/10.1016/j.geomphys.2021.104428
0393-0440/© 2021 Elsevier B.V. All rights reserved.


https://doi.org/10.1016/j.geomphys.2021.104428
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/geomphys
http://crossmark.crossref.org/dialog/?doi=10.1016/j.geomphys.2021.104428&domain=pdf
mailto:ingo.nitschke@tu-dresden.de
https://doi.org/10.1016/j.geomphys.2021.104428

I. Nitschke and A. Voigt Journal of Geometry and Physics 173 (2022) 104428

vector- and tensor-fields in these examples imply different transport mechanisms and thus different time derivatives. The
goal of this paper is to systematically develop, analyze and compare observer-invariant time derivatives for the mentioned
examples and more general n-tensor fields on moving surfaces. We thereby regard observer-invariance as a minimum re-
quirement on the calculus.

There are plenty of principles and conceptualities concerning transformation properties for physical materials and/or
experimenting observers, e.g. (material) frame-independence, objectivity, form-invariance, Galilean-invariance, etc., with ter-
minology itself not being unambiguous in parts depending on restrictions, spacetime settings and even applying authors,
which leads to misunderstandings, confusion and lasting controversies, see [9] for an extensive and enlightening discussion
about this topic. We thus first need to clarify our understanding on observer-invariance. We think of an observer as an un-
bodied being capable of sensing the whole considered physical situation or experiment without any influencing of physical
states. Therefore, the physical space is independent of their observers, albeit the opposite does not have to be true. Thus,
we call a physical statement, e.g. an identity or numerical term, observer-invariant, if this statement is considered equal by
every two arbitrary admissible observer w.r.t. their communication.

The moving surface S is shaped by a continuum of moving material particles in R3. We assume that material particles
do not overlay each other and the motion of them is smooth in time and space. The material observer, short for all material
particles in motion, is sufficient to shape the moving surface, but it is not necessary. Therefore, the material observer is
one representative of an equivalence class of observer, which are sufficient for S. Hence the material observer occupies the
Lagrangian perspective, whereas for surfaces with stationary shape a stationary observer reveals the Eulerian perspective. We
generalize the latter example to general unsteady surfaces by the transversal observer, whereby observer particles are only
moving in normal direction w.r.t. to the surface, i.e. for a 2-dimensional inhabitant of S this might appear as an Eulerian
perspective. Unfortunately, the equivalence class of observers is not consistent w.r.t. differential calculus concerning time ¢,
e.g. the partial time derivative d; of a quantity differs between different observers of the same class, since every observer
has their own relative insight how things change in time. We call an operator observer-invariant if it is invariant within the
observer class depicturing a moving surface S.

The main issue to develop observer-invariant time derivatives is that the time t is not a coordinate of S, but rather
a parameter to describe time-dependencies w.r.t. an observer and the relation between time and space. Nevertheless,
considering an observer within a spacetime locally, s.t. time t is a genuine local coordinate of this spacetime, can be a game
changer if the spacetime is pseudo-Riemannian at least. In this situation observer-invariance is a special case of a covariance
principle w.r.t. the choice of spacetime coordinates. For tensorial quantities this is already covered by Ricci calculus. All of
these spacetime observer, originated from the observer class, form again a equivalence class of spacetime observer, which
are sufficient to shape a (2+1)-dimensional pseudo-Riemannian spacetime M. For instance in context of Einsteins general
theory of relativity, M would be a Lorentzian manifold. But this would go a bit over the top in many situations, where
motions are much slower than the speed of light and changes in gravity are negligible, as in all mentioned examples
above. We thus consider M embeddable in a (341)-dimensional Euclidean spacetime, i.e. M C R* is a spacetime surface
analogously to the definition of surfaces above. Hence time is a global measurement, i.e. every event, which is defined as a
point in spacetime, is equipped with exactly the same clock and all clocks stay instantaneously synchronized. As we will see
in section 3 M can be seen as a (2+1)-dimensional curvilinear version of a classical Newtonian spacetime, see [9,10,23].
One side effect considering the spacetime surface M instead of the moving surface S is that n-tensor fields have (3" —2")
more degrees of freedom. There is not a general approach to augment given surface tensor fields in T"S to spacetime tensor
fields in T" M. However, to establish a connection between both will be useful and is derived in section 4 by an orthogonal
decomposition of T" M

We call a tensor field instantaneous, if it is instantaneous observable at a fixed time t. For instance, the vector field
of directors of polar liquid crystals is instantaneous, also known as space-like vector field. Instantaneous spacetime tensor
fields are characterized numerically by vanishing contravariant coordinate functions, which are related to the time base
vector. Apparently a spacetime vector field describing the tangential fluid velocity cannot be instantaneous, since moving
particles have to traverse time and perhaps space, i.e. at fixed time t, where no information about past and future is
available, we cannot determine a velocity vector. A spacetime vector field is called transversal, also known as time-like,
if it is orthogonal to a instantaneous spacetime vector field, e.g. locally, the spacetime velocity direction of a transversal
or Eulerian observer particle is transversal. As a consequence, every spacetime vector field in TM has its unambiguous
instantaneous and transversal part. We show in section 3 that this is also generalizable to spacetime n-tensor fields.

One could note that developing observer-invariant operators on T" M is a trivial task, since observer-invariance is only
a special case of coordinates-invariance covered by Ricci-calculus on M. However, this is only of limited practical value for
solving the equations of motion in the above examples, as numerical approaches in T" M are uncommon. More common
are time-discrete identities on T"S. We thus need to bring the observer-invariant operators from T" M to T"S. In the case
of spacetime vector fields we can exploit the orthogonal decomposition above, where we associate the instantaneous part
with a tangent vector field in TS and the transversal part with a scalar field in T°S independent of each other. Afterwards
we rejoin both surface fields in the spacetime bundle STS :=TS x T0S = T M. Note that the properties “instantaneous” and
“transversal” are not depending on the choice of an observer. Therefore also this decomposition can be called observer-
invariant. Such a decomposition becomes much more complex in its combinatorics for general spacetime n-tensor fields in
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ST"'S = T" M, as will be outlined in section 4. However, with the isomorphism [-] : T" M — ST"S, to be defined in section 4,
an observer-invariant operator op on ST"S commutes the diagram

"M op "M

(observer-invariant)
[ 1 (1)
ST'S » ST"S

(observer-invariant)

for an convenient observer-invariant operator Op on T" M. This allows the systematic derivation of observer-invariant oper-
ators on ST"S, which are suitable for numerical purposes.

Time derivatives along a material motion are intrinsic transport mechanism. E.g. for a force free material rigid body
motion of S, a spacetime tensor field could be parallel transported or “frozen” along the motion in dependency of the
modeling aspects for the tensor field. The first one coincides with the directional covariant derivative V, : T"M — T'M,
where T, € TM is the (spacetime) material (velocity) direction and we call V4, as well as [-] o V¢, o [[-]]’1 :ST"S — ST"S the
material derivative. It is commonly used to model surface fluids on moving surfaces, see e.g. [17,22,31], and will be derived
in section 5. The second case coincides with Lie-derivatives L, and we call them convected derivatives for considerations
w.r.t. T"M as well as on ST"S. Since Lie-derivatives are not metric compatible, several varieties of convected derivatives
w. T.t. musical isomorphism b (flat) and # (sharp) known for lowering and rising tensor indices, arise. We develop all possible
convected derivatives w.r.t. this isomorphism and a special averaging, resulting in a Jaumann derivative, in section 6. These
derivatives are typically used in constitutive relations in continuum mechanics, see e.g. [14,19,27,30]. The consideration of
an arbitrary tensor rank n in section 4, section 5 and section 6 yields a very technical and combinatorial proceeding. We
encourage readers, who are more interested in better readable results for lower rank tensors, to skip these sections. In
section 7 we consider the special case of scalar fields, where all versions boil down to the well-known total, or substantial,
derivative. In section 8 and section 9, respectively, we summarize the results for vector and 2-tensor fields and give some
simple illustrating examples for different time derivatives for instantaneous vector and symmetric and trace-less 2-tensor
fields. We further provide a computational tool to explore more general instantaneous 2-tensor fields.

2. Notation

In this section we only clarify the basics of notation used in this paper. Detailed definitions, if they are present, can be
found in corresponding sections. The basic framework of calculus is Ricci calculus, see e.g. [25]. Within index notations we
mainly use Latin indices to name tensor (proxy) components. To be more precise, capitals I, J, K, L indicate components
W.T.t. (24+1)-dimensional curved spacetime M and lower case letters i, j, k,I w.r.t. 2-dimensional curved spatial space S.
Components concerning associated Euclidean embedding spaces bear Latin indices A, B, C for RG¢+tD =R4 5 M and a, b, c
for R3 5 S. Note that capitals expand lower case letters by a temporal index t, e.g. either I equals ¢ or spatial index i.
The covariant derivative in the spacetime index notation is highlighted by a semicolon “;”, whereas a bar “|” is used w.r.t.
spatial space notation. Sometimes switching between index and index-free notation is of advantage. For this purpose we
make use of square brackets “[]” and braces “{}", e.g. [VR]”K =R, ¢ for VR e T2 M and {r”‘k} = Vr e TS, where
we established that the order of evaluation within braces has to be alphanumerically. Only indices of symmetric tensors
are allowed to lay on top of each other, e.g. rlj, since symmetry r'j = rj' does not affect ambiguities. For compacting the
notation of spacetime vector and 2-tensor fields, we employ a semi vector or matrix proxy notation, where temporal and
spatial (or blends of both) components are considered separately. This notation comprises square brackets and a frame
giving space for evaluation, e.g. RAE4 = [R!, {Ra}]TR4 = RYE; + R°E, in the Euclidean spacetime, where E, are the usual

Euclidean unit basis vectors for TR* with a = x, y, z. Similarly double strokes square brackets [l in semi proxy notations
separate transversal from instantaneous components. This applies exclusively for the spacetime STS and ST2S. Note that
the index “1” is omitted in naming the tangent bundle of vector fields contravariantly, e.g. TR* = T'IR*. The stroke “'” is
the syntactical transpose operator for column vector proxies to use them as row vector proxies. However, the upper index
T is the transpose operator, especially used for 2-tensor fields. This operator is generalized to T, for n-tensor fields w.r.t.
permutations o € Sy, e.g. [RT@]"J = [RT)J = RJ! for R € T>M or [rTo]1in = flo--low) for r € T'S. The inner product
is characterized by angle brackets and the underlying space, e.g. (-, ‘s : TS x TS — R, and norms are deduced from this.
The dot operator -; denotes the inner multiplication of an n-tensor field by a 2-tensor field w.r.t. [-th tensor dimension,
cf. Appendix B. We omit this dot operator for [ = 1. The widehat “~ " above an expression means to omit this term.
Occasionally, quantities like tensor fields wear an extra index referring to shuffles, which are a special kind of permutations,
see Appendix A, or “m” to clarify relation to the underlying material, e.g. material velocity V.

For a better reading flow, we summarize frequently used quantities and abbreviations in Table 1. Their definitions take
place in the course of this paper.
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Table 1
Some frequently used quantities.
X event, spacetime parameterization in M z point, spatial parameterization in S
neT,M spacetime metric tensor geT,S spatial metric tensor
y J’ K spacetime Christoffel symbols l"g.k spatial Christoffel symbols
Tm,TETM material, transversal direction Vi,V eTR3|g material, observer velocity
.= ﬁ frequently used factor veT’S normal velocity
NL1TS spatial normal field Vi, V, U=V, —VveTS tangential material, observer, relative velocity
HeT,S 2nd fundamental form (shape operator) by =Vv+ v €T S for observer[material] velocity, see Appendix C.1
Bim] + B[Tm] rate of observer[material] deformation Bim] = VVm) — VI €T,S for observer[material] velocity, see Appendix C.1
*p=—€ tensorial Hodge operator € ={,/detgegj} € T,S Levi-Civita tensor
\Y% covariant derivative acc. to context otvy =— < Vv, € > curl of tangential material velocity

3. Spacetime surface and tensor bundles

Let S; ¢ R3 be a surface at fixed time t € 7. We realize this surface by an arbitrary instantaneous parametrization
Z:=Z:(y', y?) with local coordinates [y', yz]jRZ patch-wisely in a common way, see e.g. [1]. Hence, the associated moving
surface is time-depending and defined by S = S(t) := S; with parametrization Z = Z(t, y!, y?) = Z;(y', y?). The spacetime
surface M C R* consists of a moving surface S and the time interval 77, s.t. a fixed time t € 7~ yields M|, = {t} x S;.
The related parametrization is X = X(t,y',y?) =1t, Z(t,y', y*)I},. The choice of parametrizations Z to generate M is
not unique, hence we call Z an observer parametrization. This is justified by the behavior, that for fixing local coordinates
y = [y1,y2]jR2 the curve Zy, = Z,(t) describes the path experienced by a single observer particle as time passed. The
observer velocity field V := 8;Z € TR3|s can be decomposed into tangential part v € TS and normal part v € T%S, s.t.
V =v + vN holds with time-depending normal field N_19;Z. Since for a fixed single event X € M the normal N|x does
not depend on the choice of an observer, the normal velocity v|x neither does. As part of this, we introduce the observer
independent transversal direction T =1, —v]/TM =11, vN]iR4 and scalar field £~ :=|7||> =1+ v2. By the availed isometric

embedding the spacetime metric tensor components 7);; = (3; X, 9; X}, and their inverses n'/ are

_[Ivig+e! vb} d _1_[ ¢ —¢v ] 5
"‘[ vooogly T Tl g vev @)

There are two symmetric endomorphism to emphasize, the orthogonal transversal projection B, € T}M and the orthogonal
instantaneous projection Pg € T}M given by

1 O 1 VN 0 O 0 0
= = and = = .
P [—v O]T%M C[UN u2N®N]T2R4lM Bs [v IdS]T}M [0 IdRa—N®N]TZR4M

Their image spaces are the transversal bundle B M := B (TM) < TM and the instantaneous bundle ZM:=P;(TM) < TM,
which decompose the tangential bundle TM = B M & R M into linear subbundles, orthogonally and independently w.r.t.
the choice of an observer. We recognize an orthogonal decomposition of the identity Idy = P, +FBs as well, since
(‘,]3,,‘135)T m =0, which allows us to measure transversal and instantaneous parts, separately. This means that the Rie-

mannian spacetime manifold (M, 5) is basically a curved classical Newtonian spacetime (M, &Bﬁ,mg), where &]3: =
¢~'dX' @ dX' and P§ = g9, X ® 9;X.

The orthogonal tangential bundle decomposition is extendable to T" M. For this purpose we introduce the orthogonal
shuffled projection B, € Tp M by means of

[, 1 o= [, ] [, ]l [l o [ag] e 3)

]U(l) ]a(a) ]J(O(+1) ]U(ot+n)

for all shuffles o € Sh],, see Appendix A. For n =0 we claim 93, = 1. Note that all 3, are pair-wise distinguishable. This
would not be true if we consider all permutations in S, D Shf, due to arising symmetries. Additionally, we obtain an or-
thogonal system featured (‘430, B )r m=0 for all o # 6. This leads to the orthogonal and observer-invariant decomposition

M= P M (4)

a=0geSh,

with shuffled bundle B M : =P, (T"M) < T"M.
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4. Spacetime tensor bundles at moving surface

In this section we develop the observer-invariant spacetime tensor bundle ST"S as 2"-ary Cartesian product of sur-
face tensor bundles T"S for miscellaneous m < n, which covered all information of T"M, i.e. the dimensionality reveals
dimg T"M|x = dimg ST"S|;,z = 3" at event X = [t, Z]/mxs € M, particularly to preserve the amount of degrees of free-
dom. We also present a corresponding isomorphism [-] : T"’M — ST"S.

The decomposition in eq. (4) provides the opportunity to treat the considerably simpler shuffled bundles. Let us consider
the commutative diagram

]?;—M [H]a Tn_aS Ro- [H]o Iy
v Sh? : , , 5
7 € a % [§ h I )
Bon—a M ¢ (Rs)

i.e. 1o = [Rs],; = (@5 o )(Rs). Since ¢ (Ry) is an instantaneous (n — cr)-tensor all time-like components are zero, i.e.
[¢o (Rs)]1 I« = 0 if there exists a k <n — « s.t. I; =t. Therefore, we define the o -independent isomorphism ¢ merely by
cutting off the zeros throughout all time-like components, i.e. [r(,]il"‘i”*“ = [qbg(R(,)]i“"i"*“ for ro = (¢ (Rs)). A tighter
examination of the shuffled bundle R M reveals that it is spanned by

o Te

E} iy = <<® r) ®HXQ @ a,-,,_ax> 6)
k=1

event-wisely for all iy,...,i,—¢. The a-fold outer product of the transversal direction 7 is redundant though. Singly, it

is able to retain nothing but scalar-valued information, which is absorbable by the remaining spatial basis tensor parts.
Therefore, we let ¢, test off all transversal parts of R, by Wr ={T, i.e.

Vo eShly, Ry €eBM: [¢pg(Ro)] o low =gy oqp [Ro]-In

al A~ I..In A I (@ wlo@ (7)
resp. VR, € Ry M: [qb;](Rg)] P _ ey, glo@ [Ro] @rhelom

Eventually, the isomorphism [], : B M < T"¢S:[-]." and its inverse are defined entirely.

Since the decomposition in eq. (4) is orthogonal, for R € T'M all parts Ry =B, (R) € B M are determined uniquely
and are orthogonal. Therefore all 2" images [R], can be unified and remain disjointed. We realize the emerging Cartesian
product with orthogonal basis vectors e’ formally, s.t.

(0,28 o8, ,2)e = [E]

n—a

[ esms. (8)
In this way e” and every linear combination for all o € Sh], could be depicted as a simple vector of length 2", with

components in T"~%S, in predefined order or as a hypermatrix of rank n with 2 entries in all n dimensions, see e.g.
section 8 or section 9. With |Sh, | = (}}) we summarize in conclusion that

=3 3 [B0le: TM— [[ s =sms,

=00 eSh}, a=0 9)
n n

=Y 3 1. ST'S — P P pM=T"M.
=00 eSh}, =00 eSh},

Note that a spacetime tensor field r=) 7 _, ZﬁShg roe’ € ST'S is observer-invariant in the sense that all surface tensor
components r, € T""S are. Their proxies rg "~ can depend on observer parametrization Z though.
5. Material derivative

In recognition of the general principle of covariance in M, we formulate the material derivative as covariant derivative
along the spacetime material direction T, € TM. This direction is given by =, =[1, u]; M With relative velocity u = vy, —
v € TS depending on the given tangential material velocity v, € TS and chosen tangential observer velocity v € TS, see
subsection 8.1 for greater details. The tensor-valued material derivative

D™: "M — T'M, R~ D"R = V,mR:{R“""”.t+u"R""'l".k} (10)
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thereby is well-defined. In virtue of eq. (1) the material derivative on the observer independent spacetime bundle at the
moving surface is

m=[]oD"o[] " ST'S > ST'S,  ri>d™r= D[] 7]

Taking eq. (5) into account, we constitute the commuting diagram

=, 0D™
[ Rna M [1s - (11)
\
g -
ST'S ™S

which defines the mappings D, D and d} sufficiently. As a consequence, this yields the desirable decomposition behaviors

n n i
YVReT'M: D"R=Y Y DFR=Y 3 [ﬁ?R]“"J E i

a=00 eSh}, a=0¢ eSh},
n
r=[R] eST'S: d"r=[D"R]=)_ Y (dFr)e”
=00 eShy,
The trivial situation n =0, where f € T"M and hence [f] = f, reveals the well-known material derivative

fi=d™f=D"f=8f+Vuf. (12)

We now consider the case n > 0. Before bringing d} in a convenient form to determine d™, we investigate two helpful
special cases: the transversal direction and instantaneous tensors.

We calculate the material derivative of transversal direction field T =[1, —v]/T m € BMCTM directly by eq. (10) using
Christoffel symbols, see Appendix C.4, substituting acceleration and handle velocity tangential gradient terms with the aid
of Appendix C.3 and Appendix C.1, i.e. the temporal and spatial part yield

D] =yt + (uk - vk) Ve —uviyh=cv ()» + Vyv — (b, Vhs) =¢vb
[Dmr] =—vi+yl+ (u - vk) i —uk <8kvi + )/,fjvj>
=a' +[Bu -] = (o + [Vavl + [Pz ] V) = —v (bl +c0vT) .
Therefore, it holds D™t = (ﬁfr) T +/]5§L‘t =¢vvt — [0, vbm]ﬁ.M. Together with eq. (11) the following lemma holds.

Lemma 1. The material derivative of the transversal direction e™ = [t] € STS in the spacetime vector bundle is

d™7 = (dfe%) e + (dger) eS=v (g‘\')er — bme3> e STS.

Similarly to above, we also calculate the material derivative of an instantaneous n-tensor field R € P M C T" M directly.
It is clear that parts of D™ R with more than one temporal dimension vanish, since the Christoffel symbols are only able to
catch one temporal index, where R'1-~/» would vanish at the same time, i.e. it holds D™R € Br M@ @?}:1 I?SZM at least.

For the non-vanishing single temporal afflicted and pure spatial parts we obtain

i1, dp_1tigy1..d t Kot \ piteip—1jigs1..i Jj pitedp—1 ipt1.dn
[DmR] B B nz(ytj+u yk'>R1 B—1J1p+1 ”=§\)me j

[DmR]ilmin = Rit-in 4 yk akRn ln_’“Z(yt] +uk Vel )Ri]---iﬁ—]ﬁﬁJrl---in
p=1

n i . . .s .
_ 3tRi1"'i” + [V,,R]il"'i” + Z [B-cvv® bm]'/’j Rit-ip—1Jipt1.in
p=1
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This means we can formulate the material derivation in terms of 5;}, ﬁ;@ and the associated orthogonal basis tensors in
eq. (6), namely

n

i i i ig i qii i n gt i Sk

D™R = 8tR11...ln +[VuR]I1...ln =+ § 8ﬁle1...lﬂ,]]lﬂ+1..Jn ES i +§U § b] B— 1]ﬂ+1 E B
B=1 B=1

zﬁ "

l1 ln

Since R is instantaneous, it holds [R]g; = R1-+In which leads to the following lemma.

Lemma 2. Assuming rsn € T'S, the material derivative of an instantaneous tensor field r = rgneS" € STUS in the spacetime bundle is
dmr_ dsnr +Z(dsnr)

where [d‘,;nr]i]...in _ a[rilI + [Vul'sn]“ dn ZB:;; i1..ig—1jig41...n
=1

and  [agr] " < vt

As we see from this, derivatives Dfo 8, have a trivial image except for 0 = 8" or 0 = Sﬁ, we thus ask about supports

of the occurring derivatives in the orthogonal decomposition D™=3"0_>% ZﬁShZ Z&eShg D5 o P, w.r.t. the image as
. . = . _ PN PRI

well as the domain. For this we assume R € T'M, Rz =*B; R and Rs = ¢5(R5), i.e. R(I}‘""" —tle ... -L"o(ot)Ra_ @n-iom

see eq. (7). Hence product rule leads to

[D?R&]h---[n _ [mr]lam ...[;BT]IU(a) [ms]la(am [ms]lamm (t]‘“’“) .ple@ [Dmﬁ&]](r(&ﬂ)mf&(n)

10(1) ]a(oz) ]a(aﬂ) ]o(a+n)
@ —
+Eé&<&+1>"']f"<”> Z [Dmr]féo% S LI L) ...ff&ui)) .
p=1

Since t is transversal and ’Iia instantaneous, all non-vanishing D R; require a shuffle & broadly similar to o, more
precisely, & has to be equal o, o? or og for all applicable 0 < 8 <n accordmg to. eq (Al) We work through these

cases hereafter. For 6 = o the projection of the first summand contains DS" D,Rg = DSn O(Rg and each of the remaining

summands expose D't = (DT 7)T. Applying ¢, yields

D, Ry =DgnuRs +a(Dy T)Ry € Bn-a M. (13)

For 6 = o# the entire rear sum vanishes, since one transversal projection encounters the instantaneous R,s € Rn—as1 M.
The material derivative in the front sum is projected w.r.t. shuffle

@B lo@+1)...om) =(cPa+g |ol@+1)...0/m),
which is SZ,’““ € Sh'}""“ effectively for ¢ s.t. (c#) g =0, counting from « + 1 though. Hence, ¢, archives
VB:1<B<u: 63‘12(,,3:6;‘;7&0,3 € Rn-a M. (14)

For 6 = 0 almost all summands are fading, since one single instantaneous projection faces 7. Only for =4 st (O'ﬁ)g =o0,
i.e. og(a + B) =0, the term

ey ... flo@ [Dm ]la(a+ﬁ) Rla<a+1) o @+p)--lom
survive, which results in
-~m -~m o~ TS'V'I*O[
Veilspsn-a:  DyR,=((057)®Rs) I eRnaM (15)

using ¢,. The representations of pure instantaneous identities eqs. (13), (14) and (15) are fully determmed in ST""*S by
Lemma 1 and Lemma 2. Using the narrow support, i.e. for all considered & cases above D R=); D R; is sufficient, the
isomorphism ¢ on Ru-« M yields
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o n-o
n—o n—o T n—o
dyr=dg .« (rJeS ) +a(dfet)ro + ) dg‘;,aﬂ (raﬂes +1) +Y (([dSe")®rg,) % eToS
p=1 p=1

for r = [R]] € ST"S and we can formulate the following theorem.

Theorem 3 (Material derivative). Assumingr= o _,> eshn F'oe? € ST'S, where ry € T"™S, the material derivative of r is
o

n
d"r=Y" )" (dyr)e” esST'S
a=00 eSh},
o . . l. .
- i.dg_1kig...in—o
+ vl Y raa
p=1

i1...10 i1...in—, i .dpd
[dglr]l]...ln—a :8tr(; n—a +[Vura]l1...ln,a +(X§U\)r; n

n—-o . ~ .
.ﬁ il~~~iﬂ—lkiﬁ+l~»~in—(x iﬂ i1.dgin—qa
+ E (B o —vbmr(,ﬁ ,
p=1

where d'r € T'"%S for o € Shy, and ¢ is given by (O’ﬁ)g = o implicitly.

For the remaining section we devote some investigations to instantaneous action of the material derivative. We restrict
the treatment to instantaneous n-tensor fields, i.e. d , is the object of interest. This restriction on domain and

image gives an intrinsic derivative, which generalizes the common total derivative D—Dt established in two-dimensional flat
space. Proceeding from spatial embedding space R? yields an Eulerian perspective on the moving surface S, hence the total
derivative of a surface scalar fields f € T°S gives

o s+ vgaS = hoas =dnf =], (16)
c.f. eq. (12). Therefore the total derivative in R3|s equals the material derivative f =9 f + Vuf on the moving surface.
Applying this insight to Euclidean components of an observer frame yields D—DtBiZ“ = 9;V? + uk9,9; Z%. Obviously, this cannot
result in a tangential vector field generally, hence the total derivative alone is not convenient for an intrinsic surface calculus.
Its tangential part is though. Taking up the reasoning, we introduce the tangential total derivative identified by the dot-
operator, i.e. § := (Tso D—Dt)q e TS for all g € T"S, where g : T"R3|s — TS is the orthogonal projection into the tangential
tensor bundle. With the tangential derivative given in Appendix C.1 w.r.t. to an observer frame it holds

|SpanTn3{eS"

—_ ) D . ) )
%Z = gllsy (Eaiz”> 920,z =gl (<a,-v, NZ)rgs) + u"Fku) 3;Z = (Bf,. + ukr;i) 3;Z. (17)
Performing the product rule for q = g'1-n ®%=1 diyZ € T"S results in

—n X —_
g=q""Q4,Z+q"" Y 5,29.. .00, \ZQ0,ZQ0,,ZQ...Q0,Z.
B=1 p=1

Using eq. (16) for the proxy function and eq. (17) for the frame, reveals

n .
[q]ﬁ.“l’n — atqil...in + [qu]l'l.‘.in + ZBlﬁjqiL..iﬁfl]'iﬂJrl»..in (]8)
p=1

Regarding Lemma 2 let us formulate the following proposition.

Proposition 4. For all q € TS with S embedded in R? and total derivative % :T"S — T"R3| s holds

o= () = o).

This means that the tangential total derivative equals the fully instantaneous part of the material derivative on in-
stantaneous tensor fields. This provides a simple way to implement the material derivative, see e.g. [22]. Moreover
if the surface stays Cartesian, i.e. flat, and the observer is transversal, i.e. Eulerian, then the proposition results in

q=dg (qe5"> = 93:q + Vv, q, which is the well-known material derivative in Cartesian spaces.

8
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6. Convected derivatives

In this section we consider convected derivatives, which are similar to the material derivative, but based on the Lie
derivatives L, in material spacetime direction 7, € TM instead of the covariant directional derivative Vg, .

Unlike the latter derivative, Lie derivatives are not metric compatible. With this in mind we introduce the shuffled flat
operator

by : T"M — (T&HM)”

R — Rb;, — [Rll-Jnl +1,,,1n}T& — [815(1) 815(60 Rl]...ln]

Jeqy " _]5(&)7715(&“)]5(&“) o MsmyJom

o

for shuffles ¢ € Shg, see Appendix A. This is an isomorphism and we denote its inverse by iz := bgl. Note that the reason
for using shuffles instead of permutations S, is to omit merely transposing indices, which would not have any effects on
upcoming convected derivatives below. The material derivative is invariant w.r.t. isomorphism bs, i.e. D™=V, =5 o

~ Ts ~ Ts
V., obs for all & € Shy. This feature can not arise from Lie derivatives Lz, : (T"‘n_& M) — (Tan_d M) . Therefor we
define, for distinguishing in dependency of ¢ € Shg, the shuffled convected derivatives as ¢ :=t5 o Ly, obsg =T"M—T'M.

bran -
Let R € T" M, invariances w.r.t. transpositions yield (L, R’#)Ts-1 = L. R Y ¢ T%,_;M and are given by [1, Ch. 5.3], i.e.

o
bygn 111+ la Ka plilg 16\ pltodp_1J1g41.In
[er R “] A Tmdk R Igi1odn — Z (8] Tm ) R Igsr..In
a+ A1
n
J Iy..lg
+ Z (815-[‘“) R Igq1-dp—1JIgs1..In "

B=a+1

One feature of Lie-derivatives is that we are able to substitute partial derivatives by covariant derivatives, since the added
Christoffel symbols are extinguishing each other. Therefore it holds

o n
L"R=D"R-) (Vin) s R+ D (Vi) 5 R (19)
B=1 B=a+1
Apart from the issue that every weighted sum Y &_o> s on @5 L9 : T"M — T"M could give a noteworthy derivative
as long as the weights ws; € R comply with Z?&:o Z&Eshg c:;, =1, we emphasize here only the Jaumann derivative |:=
%(l?n—Hl’") containing the (fully) upper convected derivative ' and (fully) lower convected derivative L.
Similar to the material derivative we use orthogonal components 1.7 := [y oLoo [17": ST"S — T"*S to determine
the shuffled convected derivatives 1 := [[] e Pso [[-]]’1 . ST'S — ST'S on spacetime n-tensor bundles, cf. eq. (1), i.e. for

all r € ST'S holds I’ r = ZZ:O ZoeShg (l(b;—’ r)e’. The first summand in eq. (19) yields the material derivative according to
Theorem 3 and the remaining sum is determined by the rule of shuffled sum in Lemma 8 in conjunction with representation
eq. (C.1) of the gradient of material direction. Adding this up results in

. n—-o . . ig e~ 1 ~
B R o L el R @ eo) @t psa
1 .
[B—i—BT]If —i-uk“‘3 , otherwise

p=1
g ki L n—a L~
11...01g—1Klg...1n— N cadn— 1 11...18...15—,
+; Z ([Sﬁvm]k r;ﬁ g—1Klg...In—o +2UUT2 In a) _ Z [Qﬁvm] B ralﬂ BeIn—a i
p=1 p=1
(6o )(B)>a (67 loo)(a+p)<&

(20)

since B — By, = —Vu and B + B; =8B+ BT + (V)T is valid. We generalize the already predefined derivative £tv, in
Appendix C.5 by shuffled instantaneous convected derivatives £° := iz o (3¢ + Ly) obg : T"S — T"S for all € Shg, where (0; +
Ly): (Tdn7&S)T& — (T&H%S)T& and 9; operates on the proxy functions in (wa&S)T&. This derivative is e.g. defined as Lie
derivative on (possible time-dependent) tensor fields w.r.t. time-dependent relative velocity u in [12, Ch. 1.6]. Investigating

the first line in the right-hand side of eq. (20) reveals that all terms containing u are composing (Lur?{’)ﬁff for 6 =6\
a) € Shg"’, cf. Appendix A. Moreover, the partial time derivative and terms of twice the observer frame deformation,

,,,,,

i.e. 3:gij = Bij + Biji, see [2], are sum up to (5 [rﬁ’;’] )ué, where [rf,"] means mixed co- and contravariant proxy functions

matching the space (TdniélS)Tﬁ. Finally, we can formulate the following theorem, which determine 1’0 =[] o Lo o [.] .

9
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Theorem 5 (Convected derivatives). Assumingr =1t _q> estp, Toe? € ST'S, wherer, € T'™S, the shuffled convected derivative
of rw.r.t. & € Sh}, is

Ur—z Z ( )e e ST'S,

=00 eSh],
. . o
_ 7it-dn—a . i1oin—a i1...ig_1kig...in— o 01.in—
[l?;’r] B e 2 BT I ([s:ﬁvm]kr;ﬂ toklgina oy il ")
p=1
(6 Yoo )(B)>a
n—o

Y [l
p=1

(&’100)(_a+ﬂ)§61

[,Snvm]i = 8‘/111 + [Vuvm - VVm u]i ’

n—o n—-o

irg =015 + Vuro — Y (VW) pTo + Y (VI 474 =5 — ZBm BTo + Z Bl pro,
g(ﬂl) “ﬂs(;) 8(/5) “6(13)
ety o n-o
9Ty = {8[ [r?] ] = [atri,l""”*“] + Z (3+BT) BT,
P
—&(B)

EPB):=(6""o0o)a+p)<a)=(5""(B) <d&),where5 =6 \0|j1...a) € Sh}

.....

and ¢ is given by (oﬁ)g = o implicitly. Especially, the upper convected derivative 1" and lower convected derivative 1”" yield

L o - A

n 11...10— _ 11...1n—, X . . )

I:l(nj r:| n—a — I:,Qﬁ” arO’:I n—a _ Z [snvm]lﬁ r;f;..lﬁ...ln,a '
B=1

o

n il-uin—a n—o . il---in —o i Kig..i
[1E,r] :[Sb rg+2a§vvr0] ¢ [E V] Z 1. Ay -tkigdnoo

i1..in—q
o n—o
0 i1..in—q -
I:Llﬁ ra] = atrlrlmlnia + | Vurs — Z (Vu) pTo
p=1
n—o i1, dn—a
- Z Bm ‘B ro' ’
p=1
i1.in—qa
o e i el N v
I:»Q ro] =gl gy [rol; g, t | Valo +Z(Vu) ‘BTo
p=1
i1...in—q

= rU+Z'Bm BTo ’

where 1, € T'"%S is the tangential total derivative (18) of ro € T"~*S. The Jaumann derivative j= [-] o Jo [[-]}’1 is given by jr =
a0 Loesy UsT) € €ST"S and

L 1 n n qit.in—a
orp-ine = 2 [Er+15r ]
ioina

n—-o
. . rotv 1 dg_qkig...i
=|fy +alViry — zm E *4T o £vm E L
p=1 p=1

10



I. Nitschke and A. Voigt Journal of Geometry and Physics 173 (2022) 104428

n-o . . ~ .
1 8 ig i1..ig..in—a
5 (L vm]" 15, ,
p=1
with curl rot vy = — (Vv €25 € T9S, Hodge dual xple = —€-gT5 € T""*S w.r.t. B-th dimension and Levi-Civita tensor

€ € T2S, covariantly determined by €;j = y/det ge;j and Levi-Civita symbols &;;.
7. Scalar fields

As already mentioned above, all introduced time derivatives w.r.t. material motions yield the same for scalar fields
f eSS, i.e.

d"f=1f=f=Sf=0f+Vaf =0 f + Luf €SI°S, (21)

where u = v, — v € TS is the relative, vy, € TS the tangential material and v € TS the tangential observer velocity. Note
that we leave the shuffled flat operator by =Id as well as the basis e’ =1 w.r.t. empty shuffle (|) € Sh$ blank. De facto
up to small syntactical consideration, the spaces STS, T°M and T°S are the same.

8. Vector fields

Spacetime vector fields are closely related to so called 4-vectors w.r.t. our chosen embedding spacetime. We consider
the spacetime vector field R = R'9;X = R'9;X + R'9;X = [R', {R’}]/TM € TM, with observer direction 9;X = [1, V]?R‘1 and
spatial basis direction 9; X = [0, Bil]gw. Thus Euclidean basis vectors E; (temporal) and E, (spatial) with a =x, y, z yield R
as the Euclidean 4-vector R = R'E; 4+ RYE, = [R!, {R%)]ga € TR*|y(, with Rl = R and R® = (R’ + R'v!)3;Z% + RTVNC, Since
the embedding frame is stationary, we see an observer dependence as long as R! are considered as degree of freedoms even
though we do not considering any dynamics at this point. A different situation is appearing by using spacetime vector fields
r=[R] =rse’ +rye’ =: [ry,rs] €STS, i.e. R and r are describing the same spacetime vector field isomorphically by
R =10, rs];,, +rr T with transversal direction T =[1, UN]£R4 =[1,-v];,, € TM. Hence r; = Rt € TOS is valid as expected
for a global time assumption. For the instantaneous part holds rs = {R'} + R'v € TS and therefore the associated 4-vector
uncovers R! =r, temporally and R? = rfsaiZ“ +rzvN? spatially. Considering the material derivative VR, upper convected
derivative Ln,m R =V, R — VT, lower convected derivative Lzm R =V;, R+ RV, and Jaumann derivative %(Lurm R+
Lt’,m R) with material direction 7, =[1, Vm]iR‘1 =1, u]/TM € TM, Theorem 3 and Theorem 5 are sufficient to bring these
derivatives to STS as stipulated in eq. (1) for n =1.

Conclusion 6. For spacetime vector fields r = [ry, rs]’ € STS the material d™, Jaumann j, upper convected I* and lower convected
derivative I’: STS — STS are

d™r = |r’+§vwf+§v(bm’r3>ﬂ9ﬂ jr= ’;r-i-CV\')rr—i-%(Sﬁvm,rS)TS
Fs—vrebm ' Jrs — = vy '
lnr — fT lbr _ ’;'[ + 2§Uf)rr + C <£ﬁvm, r3>1.S
Lrg—re Llvn ||’ Srg

with scalar time derivatives i (resp. V) in T0S, see eq. (21), and instantaneous material is, Jaumann Jrs, upper convected £frg
(resp. £v, ) and lower convected derivative £°r g given by

rot vy,

L i i ~ . . 1
[l = derls + [Vurs + Brs]', ars=fs— 5 (srs) =fs = 5 (Vom — (V) ) rs,

[2:"3]1 = s + [Vurs — Vegt]' = [is — Bursl', [&rs], =0 [rs]; + [Vurs +TsVul]; = [f‘s + B;"s]i

(22)

in TS, where by, = Vv + IV, By = Vi — VII, B=Vv — vl and [xrg]' = —eikrf‘s.

Note that eq. (22) implements a set of time derivatives TS — TS sufficiently for many situations in continuum mechan-
ics, where instantaneous vector fields are part of the degrees of freedom, i.e. the considered vector-valued quantities exhibit
rz =0.

11
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8.1. Material velocity and acceleration

The material velocity Vy, =: vy + VN € TR3|g of the surface can be obtained from a time-depending parametrization Z,
of the moving surface by V., := 9;Z,, similarly to section 3. This special choice of the observer parametrization suffices the
Lagrangian perspective of the material, though. The associated spacetime 4-vector is the (future-pointing) material direction

Tm =1, Vm]/T]RﬂM = 9;Xm, where we define Xy, :=[t, Zm]iRét. Hence, w.r.t. an arbitrary observer frame we obtain with
c(1+v?%) =1, that
Tm=|: 77%]<va3]2>11§4 ] _ §<1+(Vm,V)TR3|S—(V,Vm)Ts> 2[1]
{”lj(Tm’alzXR‘l} ™ vm—i-(((v,vm)w—(1+(Vm,V>TR3|S)>v LEEYY

where u := v, — v =V, — V is the relative velocity. Splitting 7, = [0, vm]’TM + 7 € TM into its instantaneous and transver-
sal part yields the observer independent representation [Tn] = vmeS + e = [[1, vy]' € STS. The material acceleration can
be obtained by the total derivative of the material velocity component-wise in TR3|s, i.e. Al = D—Dtv,g = [& Vm]a, where
A =: @y + AN € TR3|s with material tangential acceleration ay, € TS and material normal acceleration i, € T0S. For this

purpose we need the total derivative of the normal field N € TR?|s. With eq. (16) we have [ 2 N]" := D N® = ;N +u*9,N°.
Since [N|lyr3), =1 it holds D—D[N € TS. The product rule yields
D k
EN’ 0iZ , =—{(N, 8iV>T]R3|5 + u* (N, aiZ)T]R3|5 =— (31‘\) +[H(v+ u)],-) =—[Vv+Ilvy,],=—[bn]; .
TR3|s

With the event-wise orthogonal projection g : TR3|g — TS and the instantaneous derivative v, € TS we obtain according
to Proposition 4

D D D . i
ay, =78 (D_tvm) =73 <—vm> +v—N=v, —vb, = {atvin} +VyViu +Vy, , v—vQ2Hlvy + V),

D D D .
)\m:<—VmgN> :—U—<Vm,_vm> :\)—|—(Vm,bm>—r828[U+Vu+va+II(Vm,Vm)v
Dt TR3‘S Dt D TR3‘3

which reveals the same result as [35], most comparable in the representation of the last column. The derivative D—Dt'rm of the
material direction does not lay tangential to the spacetime surface M. Thus we now only evaluate the spacetime tangential

part of D—Dt‘tm =0, A“‘],T]R“\M by means of orthogonal projection 3, :TR*|p( — TM. That is

D N (Am, Virgs | + 19 (Am, 8iZ)gs CVAm 0
Faloe ™) = | [t (A, v (A, 9;Z T lam—¢vimv ], L@ Mt
n" (Am, >TR3IS+77 ( m, 0j >T]R3|3 T m mTITm mATM

Therefore the spacetime tangential material acceleration direction yields d™ [t ] = [[‘.BM(D—Dt 'L'm)]] € STS, since by Conclusion 6
it holds

d™ 7] = |[§V(l;+ib:l;vhs)ﬂ _ H;Z:‘mﬂ _

It comes as no surprise that I*[z,] = 0 € STS, since the material direction is frozen within its own flow. For the sake of
completeness it is

2;’V1.1+§<lnvm7 Vm>TS _ ¢ <||Vm”%R3S —Bn (Vm,Vm)) cSTS.
PV

P [tm] =2j[Tn] =
Vi + BV

8.2. Force-free transport of instantaneous vector fields on a stretching spheroid

In this section we consider instantaneous vector fields [0,7]" € STS on a stretching spheroid S = {[x,y,z] € R? |
X* 4+ y2 + (%5)? =1} for t > 0, see Fig. 1 (top), and investigate the evolution of r € TS within an instantaneous force-free

transport equation w.r.t. time derivatives listed in Conclusion 6, i.e. d%[0,r] = #=0, js[0,r] =3r=0, 15[0,r] = £*r=0
or IZHO, r]' = £°r = 0. Due to the observer-invariance we are free to choose arbitrary observer parametrizations which are

12
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-2 . ) 3
B material velocity M upper—convected B material, Jaumann B lower—convected

time
0.0 0.2 0.4 0.6 0.8 1.0
v
0T
- 3 angle to
2 & latitudes
S latitude
Sa . o
o 3|
o - P =
5 x o T 2
6 A :
T
—= 5
2T 10

5 latitude

Fig. 1. (top) Evolution of the spheroid S at times t =0, 0.2, 0.4, 0.6, 0.8, 1, its rotational invariant velocity field V,, and vector fields r force-free transported

W.I.t. upper-convected, material, Jaumann and lower-convected derivative. The Jaumann and material transported vector fields are equal. The motion of S

yields a constant growing semi-axes w.r.t. Euclidean z-direction. The initial condition is ro = %[—1, ﬁ]} Shizy W-I.E Lagrangian observer Parametriza-
T -

tion Z . (bottom) Corresponding angle ¢?(r) to the latitudes and norm |r| on the lower hemisphere, where ¢2(rg) = % and |[ro|l =1 holds. Single

latitudes used in the top image are emphasized here.

sufficient for the stretching spheroid. A simple option is to use a Lagrangian observer realized by a single patch parametriza-
tion

sinyl cos y2,
Zn(t,yl y2) = sinyl sinyZ | eR3,
(1+t)cosyl

where y}n € [0, r] is the latitude and yfn € [0, 2mr) the longitude coordinate.

Regarding these coordinates we introduce the tangent angle fields ¢! : TS — T°S, s.t. for r € TS holds (—1)i@||r||T3 X
cos¢i(r) =r;, i.e. point-wisely ¢'(r) is the angle of r to the longitudes and ¢2(r) to the latitudes in the tangent planes,
see Fig. 1 (bottom right). We observe that the tangential part of the material velocity V., = cos y‘lnEng is the potential field
Vi = —%Vsin2 y).. This tangential vector field is curl-free and hence the considered material and Jaumann transport
equations are equal. According to our choice of a Lagrangian observer the relative velocity u vanishes and the material and

Jaumann derivative read [f]' = [Jr]' = &' + [Bw]';8ir" and the upper-convected derivative [£°r] = dr' contravariantly
02 1
component-wise, where [B,]';, = % is the only non-vanishing component of By, € T, S. The lower-convected
m
derivatives can be written as [Ebr]i = 01 W.T.t. covariant components. With initial condition r|;—g = r¢ € TS|;—¢ the solu-

tions are

1

.
Fr=3r=0 = rl=glrd = 0 , r’=r2, (23)
J1+t@+psin? y},
Er=0 = r]:ré, rzzr(%,
rl
£r=0 = rl=gl'rl = 0 rt=rZ.

1+tQ+0)sin®yl’

Note that only the material and Jaumann transported vector field preserve the length and the angles on the stretching
spheroid S, i.e. ||r|| = |[rollt=o0 and ¢'(r) = ¢'|=o(rp) is valid, see Fig. 1 for an example.

13
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1.0
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0.0 2
-05 3
-1.0

M material velocity Bl upper—, lower—convected, Jaumann B material
0.0 0.2 0.4 0.6 0.8 1.0

time

angle to

latitudes
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longnjde

time 1.6 18 . Zr: 3

Fig. 2. (top) Rotating sphere S at times t =0,0.2,0.4,0.6,0.8, 1, its rotational invariant velocity field V,, and vector fields r force-free transported w.r.t.
upper-convected, lower-convected, Jaumann and material derivative. The upper-convected, lower-convected and Jaumann transported vector fields are
equal. The perspective rotates consistently with the rotation of the sphere, s.t. the observed material points stay in front. The initial condition is ro =
%[—1, ﬁ]’T Slizg W-IE Lagrangian observer Parametrization Z,. (bottom) Corresponding cosine of angle ¢2(r) to the latitudes on one hemisphere,

where ¢2(ro) = % holds. Single latitudes used in the top image are emphasized here. Especially blue lines represent 30 degree geographical latitude,
where the material transported vector field needs two fully rotations of the sphere for one fully rotation in the tangent plane. (For interpretation of the
colors in the figure(s), the reader is referred to the web version of this article.)

8.3. Force-free transport of instantaneous vector fields on a rotating sphere

In this section we consider instantaneous vector fields [0, 7] € STS on a sphere S={[x, y,z]' e R3 | x> + y?> + 22 =1},
which is rotating constantly, see Fig. 2 (top), and investigate the evolution of r € TS within an instantaneous force-free
transport equation similar to the example of the stretching spheroid above. We realize a Lagrangian observer for t > 0 by
the single patch parametrization

sinyl cos(y2, +27t)
Zu(t,yl, y2) = | sinyl sin(y?, +2mt) | eR3,
cosyl

where y}n € [0, ] is the latitude and y,zn € [0, 2) the longitude coordinate, i.e. the orbital period is 1 unit of time.

This is a rigid body motion, where the rate of deformation 9;g;; vanishes, i.e. the tensor field 8y, = —mt%e =
—27T coS y}.ne is antisymmetric and hence both convected and the Jaumann transport equations are equal. The solution
of £8r=2r=3r=0 for r=TS and r|imo =g € TS|;=g is I = rf) w.T.t. the considered Lagrangian observer frame. The
solution for the material transport equation [#]' = ;' — 27 cos y}ne‘j ri=0is

. . ; cos (2mrtcos yl ) rd +sin (2wt cos yl, ) sin(yl)r3
r=cos (27t cos yy,) ro — sin (27t cos yy, ) (xrg) = __sin(2mtcosyly)

01 + cos (27t cos i, ) g
Vh

TS
i.e. the vector field circulates in the tangential plane, clockwisely at the upper and counterclockwisely at the lower hemi-
sphere. This is the solution of a field of Foucault pendula, see [20], where r represent the swing direction with a consistently
chosen orientation. Note that all four transport equations preserve the length of the initial solution. For the convected so-
lutions this is a consequence of the rigid body motion. The material transported solution does not preserve the angel to
latitudes or longitudes, contrary to the other three solutions, see Fig. 2. Nevertheless, the material transported vector field
experiences less directional changes w.r.t. the embedding space.

We would like to use the opportunity to demonstrate observer-invariance of time derivatives at this simple example of
a vector field on a rotating sphere. Let us occupy an Eulerian perspective instead of the Lagrangian above. For this purpose
an obvious choice of a transversal observer parameterization is

siny! cos y?

Z.(t.yl yH =2yl y}) = | sinylsiny? | €R?,
cosy!
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i.e. the observer is stationary and hence it holds V=v =0, v=0 and u = v, =2md,Z,. All convected derivatives are
equal. However, we have to solve the system of PDEs

0=[r] = [£r] = [3r] = ar' + 27 (11 + cos ylelr¥)

instead of uncoupled ODEs for the material observer above. The vector field rc = réal-Z . with components ré(t, vl y%) =
rg(yl, y% — 2mt) solves these equations. Let us carry out a coordinate transformation into material coordinates at arbi-
trary shared points, s.t. Z.(y!, y2) = Zn(t, y},, y2) holds. Since & Z.(y!, y?) = & Zn(t, v}, y2%) and Z. (¥}, y2 +27t) =
Z(t,yl,, y%) is valid, the solution vector field becomes rc = 7.9;Zy, with components 7i(t, yL, y2) = ri(t, yL., ¥4 +
2mt) = ré(y}n, yfn), which is the already known solution above. Therefore, ¢ solve these force-free transport equation for a
material as well as a transversal observer and it does not make a difference whether we occupy a Lagrangian or an Eulerian
perspective, the outcome is equal. The same is true for the transport equation w.r.t. material derivative. With the transversal
observer these equations result in PDEs 0 = [#]' = a1 + 27tri|2 with solution r = cos (27t cos y!) rc — sin (27wt cos y1) (xrc),
which is the same solution as for the material observer w.r.t. coordinates transformation.

8.4. Force-free transport of instantaneous vector fields on a helically stretching spheroid

We consider a spheroid S as in subsection 8.2, but with a helical stretch, s.t. every material particle carries out a uniform
helical motion and corresponding single patch Lagrangian observer parametrization

sinyl cos(y2, +27t)
Zu(t,yl, y2) = | sinyl sin(y?, +2mt) | eR3, (24)
(1+t)cosyl

where yln € [0, ] is the latitude and yﬁl € [0,2m) the longitude coordinate, see Fig. 3. Basically, this is an orthogonal
superposition of the motions in subsection 8.2 and subsection 8.3. Since the rotational part is a rigid body motion, the
instantaneous force-free transported vector field r € TS is equal to the solutions on a pure stretching spheroid, as in sub-
section 8.2 w.r.t. convected time derivatives including the Jaumann derivative. The behavior of the material transported
vector field is not equally easy to obtain. The transport equation reads

, 1+t)sin?yl 27 cos ] oo
Ot a+o .yzm 1 it - Y €.r’=0, rle—o =10 € TS|i=0. (25)
14+tQ2+t)sin® yL \/1+t(2+t)sin2y}n
1
Our ansatz is a tangential clockwise circulation of the Jaumann solution 1y := [—To | ré]/TS (23), i.e.
1+t @2+t sin? yL,
I = cos (2nfy1n (t)) 1 — sin <2nfy}n (t)) . fy 0)=0. (26)

Applying eq. (26) on eq. (25) gives an ODE for fyln' It reads together with its solution

cosyl

\/1 +t24t)sin® yl

(1 +t)siny}n+\/l +tQ2+1t)sin?yL,

)= , t)=cotyl 1 27
fp @© fyr, () =cotyyIn T4 sinyl (27)

We observe that the time depending behavior of fy}n is qualitatively the inverse hyperbolic sine almost everywhere instead
of a linear function as in subsection 8.3. For instance, at 30 degree geographical latitude, i.e. y}n = % + %, the time for

% sinh(?a +1n(2 + +/3)) — 1, instead of t, = « on the pure rotating sphere.

However, similarly to the former example the material transported vector field minimizes the directional change w.r.t. the
embedding space. See Fig. 3 for an example.

the ath tangential half-circulation, is ty =

9. 2-tensor fields

The reasoning for spacetime 2-tensor fields is similar to those for vector fields in section 8. We merely summarize the
conversions between the spacetime 2-tensor spaces ST2S, T2M and T2RR*| ,, that is

r [[ ]] |:|:rS‘[ rSS:|:| |:|:{th + Rttvl} {Rl] + R]tvl + thV] + Rttvlv]} eST“S
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Fig. 3. (top) Helically stretching spheroid S at times t = 0,0.2,0.4,0.6,0.8,1 and vector fields r force-free transported w.r.t. upper-convected, lower-
convected, Jaumann and material derivative. The perspective rotates consistently with the rotation of the sphere, s.t. the observed material points stay in
front. The initial condition is ro = % [—1, m]fl. Sl W-IL Lagrangian observer Parametrization Z . (bottom left) Corresponding cosine of angle ¢2(r)
to the latitudes only for the material transported vector field on lower hemisphere for 0 <t < 10, where ¢2(rg) = % holds. The other three solutions are
corresponding to the stretching spheroid in Fig. 1. Single latitudes used in the top image are emphasized here. Especially blue lines represent 30 degree
geographical latitude and we mark the times to =0 at the beginning, t; ~ 1.53 of tangential half- and t, ~ 5.08 of full-circulation. (bottom right) Opposite
views of lower hemisphere at times to, t1, tz, the trajectory of one material particle (dark blue) at 30 degree geographical latitude (light blue) for top <t <t;
and the evolution of the material and Jaumann transported vector there. At times t5, of tangential full-circulations both vectors are equal, whereas at times
tag+1 of tangential half-circulations they have different signs for o« € N.

R=[r] '= R {RY) =| T Fes —TzzV
{th} {RU} M TSy — TV TSS— ISt QV—VRIs+TzVQV M

_ . Rtt ) ‘ Rt]8]Z+R"V
~LRYGZ 4RV RUGZ®Z+RGZOV+HRIVR®HZ+RIVRV |pps

_ Tzt rzs+vreeN
rst +reeN rss+vrs; @ N+ VN ®rrs+vire:N®N T2R4|

with surface tensor fields ry; € TS, r;s,rs; € TS and rgs € T2S. The considered time derivatives are the material
derivative VR, upper-upper convected derivative Ln,?“ R=Vy,R—(Vty)R - R(Vtw)T, lower-lower convected derivative
.Cb,bm R=V. R+ (VTw)TR + R(VTy), upper-lower convected derivative Ln,':n R=V; R— (Vtu)R+ R(V1y), lower-upper
convected derivative L';?“ R=Vi R+ (VTw)"R— R(VTy)T and Jaumann derivative %(Ln,fn R +L';E“ R) in T2 M. The associ-
ated derivatives in ST2S are determined by Theorem 3 and Theorem 5.

Tt TS
rsr I'ss

upper-lower convected 1*” and lower-upper convected derivative I’* : ST2S — ST2S are

Conclusion 7. For spacetime tensor fields r = [[
lbb,

]] € ST2S the material d™, Jaumann j, upper-upper convected 1%, lower-lower

convected
Ay — |[f” +20V0rrr + LV (b, Tsp + Teshzg Frs+ {V0res +EVriohy — vr”bmﬂ
Fsg +{Virsy +vrssbm — vrpebn Fss — Vrsy @by —vby ®@71:s '

frr +20v0rpe + %(Sﬁﬁvm, rst +rtS>T23 Jres +ovires + %rgssﬁvm - HT’ sﬁvm
Jrsr +Evirse + %rSS v — TTTT vy Jrss — %rS‘r ® vy — %Sﬁvm RTzs
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1y = [ Fre £rps —rep Sy H
| L1y —Ter L9V rss —rse @ L vy — SPv @ res|
[Py — -ftr +4¢virer +¢ <2ﬁ"ma rse + rrS)TZS Lres+20vires + CT§S vy ’
Lrse +20Virsy +(rss v £7rss
oy — Frr +20V0ree +¢ <’2nvms rTS)TZS Lres
| £°r sz +2000rsr + (Psg L Vi — 170 SV £9Tss — SV @1y
Py — [frz + 20virer +¢ <2n"ms rS‘r)]-ZS Lres +20vires + Ugs LV =1 Lvy
SbrS'r Sbl:IrSS —rse ® vy

with scalar time derivatives, see eq. (21), instantaneous vector time derivatives listed in Conclusion 6 and instantaneous material
Fss, Jaumann Jrss, upper-upper convected £¥rsg, lower-lower convected £°rgs, upper-lower convected £°rss and lower-upper
convected derivative £rsg

- y ij
[Fss]! =ardg+ [Vurss + Brss + rSSBT] ,

rot v,

. . 1
Jrss =rss — (k1Tss + *2Tss) =rss — 2 (VVm — (VVm)T> (rss + l‘ng —(trrss) Ids> .

. 1 ij T i
LFrss]” = ords + [Vurss —(Vu)rss —rss(Vu) ] = [Tss — Burss — rSSBm] ,

[L‘“"rss]ij =0 [rsslij + [VurSS + (V) rgs+rss (Vu)]ij = [i‘ss +Blrss+ rSSBm]ij ,
]lj =0 [rss]'; + [Vurss — (VU) Tss +Tss (V)] j = [fss — BuFss + FssBml
i j T ]/ . T T/
7 =0 [rssl + [Vurss +(Vu)' rss —rss (Vu) ]i = [Tss +Bnrss — TSSBm]

! i

in T2S, where by, = Vv + H vy, By = Vv — VIl B=Vv — v, [x11s5]V = —e"krgjs and [*,rss]’ = —ejkrg‘s.

The instantaneous time derivatives (28) give an observer-independent instantaneous rate for rsg € TS w.r.t. instan-
00
0 rss

T2S/T, the space of symmetric tangential 2-tensors fields, then Jrss € Sym*S is the Jaumann rate, £¥rgs € Sym*S the
Oldroyd rate and £”rsg € Sym2S the Cotter-Rivlin rate, see e.g. [28].

taneous 2-tensor fields r = H ]] If we consider rgg as e.g. Cauchy (instantaneous) stress tensor, i.e. rsg € Sym2S :=

9.1. Force-free transport of instantaneous Q-tensor fields on a helically stretching spheroid

We consider the same moving spheroid as in subsection 8.4 with Lagrangian observer parametrization as in eq. (24).
However, instead of instantaneous vector fields we are interested in transport of so-called instantaneous Q-tensors QS C T2S.
They are trace-free and symmetric 2-tensors on the surface, i.e. QS := {q € SymS | trq = 0}. Besides its importance in
applications, such as liquid crystals, Q-tensor fields are also comparable to vector fields TS. Both consider in a pointwise
sense two-dimensional vector spaces, though they are not isomorphic. Observing the surjection p : TS — QS with p(r) =
ﬁ(r Qr — @Ids), we deduce that q = p(r) holds if r is the eigenvector to eigenvalue |r| of q and hence p(—r) =
p(r) is valid. Therefore if vector fields in TS are representing polar vector fields with tangential 27 -periodicity, then we
would call Q-tensor fields a representation of apolar vector fields with tangential 7 -periodicity. Based on this semantic
interconnection we are able to investigate consistencies between force-free transport of Q-tensor fields and vector fields in
subsection 8.4. Unfortunately, all kernels of convected instantaneous time derivatives £%, £ £% and £"* are not laying in
QS only. Considering the initial solution gy € QS|;=o, the first two only guarantee symmetric solutions and the last two
trace-free solutions. For instance, the solution of £*q =0 has to fulfill %trq =0 in order that q € QS is valid. Hence by
metric compatibility, this condition reads

d
0= i trq=trq=tr (S q+ Bmq+ qu> <Bm + 8B, q>T23 , (29)

which can only been implemented generally if the rate of deformation tensor is a multiple of the identity Ids, e.g. for an
uniformly expanding surface. However, for the considered spheroid in Lagrangian coordinates, we deduce from eq. (29) the
condition 0 =q'! = [q,]'! and ([ro]1)2 = ([r0]2)2 sin? yl if qo = pli=o(ro), see e.g. Fig. 4.

For £°°q =0 we get the same condition. Similarly to the trace, anti-symmetry is a scalar valued measurement on sur-
face 2-tensors and can be defined by (-, €125 = troxq :T2S — R. Since the instantaneous material time derivative is also
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Fig. 4. Helically stretching spheroid S at times t =0, 0.2, 0.4, 0.6, 0.8, 1 and tensor fields q force-free transported w.r. t. different derivatives. The perspective
rotates consistently with the rotatlon of the sphere, s.t. the observed material points stay in front The initial condition is the Q- tensor field gg = pli=0(r0)
with eigenvector ro = % [-1, Smy, Irgp,_, W-T-t. Lagrangian observer Parametrization Zy, i.e. g'=q*=0and q)* =¢3' = Smy . Tensors are depicted
as rectangular tensor glyphs, where the diagonals are along the eigenvectors and scaled by absolute value of corresponding e1genvalues. As a consequence
Q-tensors appear as squares. Since the special choice of initial condition, the transported tensor fields w.r.t. £ and £ fulfill condition (29) and hence
stay Q-tensor fields metastably, cf. [16], beside as it is for the Jaumann and material transported Q-tensor fields generally. The angles between eigenvectors
and the latitudes corresponding to the considered vector fields in former examples, see Fig. 1 (Jr =0 for Jq=0, £%q =0, £"q=0; £'r =0 for £¥q=0;
£'r =0 for £°%q = 0) and Fig. 3 (i = 0 for ¢ = 0). Though the eigenvalues w.r.t. the four convected derivatives are incompatible with ||| for corresponding
transported vector fields.

compatible with the Levi-Civita tensor, i.e. € =0, we obtain the condition 0 = %(q, €)r2g = (q, €25 to ensure a symmet-
ric solution for transport equations and symmetric initial tensor fields. The solutions of the upper-upper and lower-lower
convected transport equations operate this obviously. However, this is not true for £%°q =0 generally, since

d
0= — (@ hzs = (. €has = (€0 + Bund — qBum. €og = (418 + 42807} | =2 (TasBun. 51 Bs . (30)

where 7gs : T2S — QS is the uniquely defined orthogonal Q-tensor projection. Note that we used in the last identity that
%1 0% = —Idg and (%1 os)(-) = tr(-) Ids —(-)T holds. Especially at the considered moving spheroid we deduce from eq. (30)
that 0=gq', = [go]', and 0 = [ro]'[ro]? respectively, if qlc—o = qo = p(r0) € QSlt=o and ro € TS|i—o. For £%q =0 we get the
same condition. Eventually, by lack of generality, these four convected derivatives are not recommended to apply untreated
in a theory using apolar vector fields on a moving surface. For ¢ = 0 the conditions in egs. (29) and (30) are fulfilled
obviously. For the Jaumann transport Jq = 0, we have to show that 0 = (x1q + %24, Ids)25 and 0 = (x1q + %24, € ;25 holds,
ultimately if rot vy, is not vanishing everywhere at all times. But this is generally true, since x1q + *q € QS is valid for all
q € T2S, and Idg, as well as €, lays orthogonal to QS in T2S. Moreover, the solution of both apolar transport equations is
consistent to their polar counterpart, i.e.

Vr|i—o =10 € TSlt=0, qlt=0 =qg = Plt=0(T0) €QSlt=0: q=0<+=0and Jq=0< Jr=0 (31)

with solutions r € TS and q = p(r) € QS. The reverse directions can easily be seen by calculating p(r) or Jp(r), respectively,
since all summands are containing  or Jr, respectively. For the forward direction, we use the identities qr = ||r|r and

q(xr) = —||r||(xr). This yields ||r|i = qf — %r or ||[r||Jr=qJr— %r, respectively. By testing these equations with

the orthogonal system {r, xr} we obtain that ¥ =0 or Jr = 0, respectively. As a consequence in the present example of
moving spheroid, there is an one-to-one correspondence w.r.t. the results of subsection 8.4 up to sign, see e.g. Fig. 3 in
connection with Fig. 4.

We still give a full summary of the tensor-valued results on the spheroid. For initial condition

. 2 221 1 2
21 [rol')” — (Iro1?)” sin® y 2[ro] [rol
Qo Sin . 0 0 0 0
¢1|r=0=[ 0sIN" Y Fo } €QSli=0 with o= (irol’) ~ ( , 2)1 =, o= ——
Bo =00 J25,_, [roll sin® y L, Iroll
where rg € TS|;—o, and the component g ———————— of the inverse metric tensor, we conclude that
1+t(2+t)sm ym
-2 01
qu -0 = q= |:C(0 simn” Yo, IBO :| e SymZS‘
ﬁO —0p 28
1142 0201 11
£bbq:0 = q:|:(g )Of?sm Ym & ’30i| eSymZS.
g Bo -0 g
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M1l cin2 41
£Pq=0 = g=|% %50 m ﬂo] e TES,
g .30 —Qp S
Folly, 21 11
£%g=0 = q= & QoS Yy & ’30:| eTFS,
L Po —0o |pg
(11, cin2 41 11
3q=0 N g=|% aoflln Ym V& o cQs.
| V& ho —00 |
::q]v
qG=0 = q=92qQ" QS

QL= cos(27rfy1n) Ids +sin(2nfy}n)e €S0S,

where the time depending function fyln is given in eq. (27), TES := {q € T2S | trq = 0} is the space of trace-free tensor

fields and SOS := {q € TS | qq" =1ds and detq =1} is the space of tangential rotation tensor fields. An example of these
solutions can be seen in Fig. 4.

10. Discussion

We developed various time derivatives for n-tensor fields on a moving surface. Fundamentally, they are based on the
assumption of a curved classical Newtonian spacetime providing arbitrary observers. Using a (2+1)-dimensional Ricci cal-
culus, the time derivatives are observer-invariant by construction. We translated these descriptions of time derivatives into
a 2-dimensional instantaneous calculus without loss of information, s.t. we are able to use common time-depending sur-
face calculus independently of the choice of an observer. This brings us in a comfortable situation to develop time-discrete
schemes, which can be handled with established numerical tools. Note that identifying the observer velocity as mesh velocity
W.T.t. an instantaneous discretization, we inevitably end up in an Arbitrary Lagrangian-Eulerian (ALE) method on surfaces, see
e.g. [8,24,31] for finite element discretizations of some applications on fluid and biological interfaces. Moreover Proposi-
tion 4 gives us the opportunity for an embedded R3 Euclidean calculus to express time derivatives and to discretize them,
see [17,22].

We want to point out that though we calculate the spacetime observer metric tensor § = 3(g, v, v) (2) from time-
depending surface quantities, also the inverse is true, i.e. equivalently, if we have a given spacetime observer metric we
can calculate g, v? and v from it as well. This makes v? an intrinsic scalar quantity from the perspective of spacetime,
where the square reflects the invariance of the orientation of the normals, which are extrinsic. More surprisingly, the tensor
quantity vil;; = %(viu + vjji — d¢gij) is also an intrinsic quantity, i.e. it does not depend on a spacetime embedding. Hence
an inhabitant of a moving surface is able to sense the shape of its world up to scalar scaling as long as v2 = 0. Note that,
throughout the spacetime calculus, the shape-operator has always the prefactor of normal velocity. In conclusion, though we
use quantities known for their extrinsic origin in spatial differential geometry, the presented spacetime calculus is entirely
intrinsic.

In section 8 the focus was on vector fields. We calculated the material time derivative applying on the material direction,
as an example of a non-instantaneous vector field, and referred this to the tangential and normal material acceleration,
which can be used as inertia term in observer-invariant Navier-Stokes equations on free surfaces concerning the change of
kinetic energy, see [35]. We discussed the transport of instantaneous vector fields, e.g. polar fields, on moving spheroids in
absence of any forces. The results are fairly intuitive and give anticipations of the choice of time derivatives in a modeling
process for instantaneous vector quantities. If we reduce the problem formulation to a mechanical system and assume
that pointwisely every vector quantity can be seen as an arrow on a frictionless bearing located at the foot, then we can
advocate to use the material derivative as long as the arrows belong to a mass, i.e. there exists a kind of inertia along
the arrow, s.t. directional changes tend to be minimized. In contrast, if the “arrow quantity” does not correlate with a
mass, e.g. possible statistical directional quantities, then the Jaumann derivative is recommended. The upper convected
derivative could be useful for vector field quantities, which are adjacent to the material or describing the material itself,
s.t. the vector field tends to be “frozen” in the material flow and hence obeys every material motion including stretching
and compression in absence of any opposite forces. Basically, the lower convected derivative yields a similar behavior,
but for covector fields, e.g. if the considered quantity is used for linear mappings (TS — R) = (TS)* =T, S pointwisely.
Another decision guidance is the algebraic closeness of the inverse derivative concerning the solution of a PDE containing an
observer-invariant time derivative w.r.t. subspaces of vector fields. For instance, the kernels of upper and lower convected
derivatives on directional fields, which are normalized vector fields, obviously do not lay in the space of directional fields
generally. Therefore convected derivatives should not be used untreated in this situation. Similar conclusions arise for 2-
tensor fields, which we approached in section 9. Here we investigated Q-tensor fields as a linear subbundle in general and
on a moving spheroid. This restriction also exposed a violation of algebraic closeness w.r.t. to the kernel of convected time
derivatives and hence should only used carefully. Also here applies that the choice of time-derivative depends on specific
modeling aspects. Q-tensor fields are chosen because they allow a direct comparison with vector fields discussed above. Here
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we anticipate a similar behavior of polar (common vector fields) and apolar (Q-tensor fields) vector fields, which is only
be fulfilled by the material and Jaumann time derivative. The situation is much more complex for general instantaneous 2-
tensor fields, where we can also guarantee that the eigensystem and transport equation commute for material and Jaumann
derivative only, i.e. for q € T2S, qryq = Aot € TS and @ = 1,2 holds § =0, or Jq = 0, respectively, if i, =0 and ¥, =0,
or Jrq = 0, respectively. However, w.r.t. convected derivatives, the solutions of instantaneous force-free transport equation
cannot be predicted by the tensor field eigensystem so easily. For this purpose we provide an application in [16], where
the reader can experiment with and is encouraged to test several initial conditions and eigensystem behaviors on a helical
stretching spheroid. The initial setting is the one in Fig. 4. The reader need the free Wolfram CFD Player [34], version 12.0.0
is recommended.

For establishing force-free transport equations on instantaneous tensors fields we only exerted the pure instantaneous
part of the spacetime equation. We did that for practical reasons mainly, since the restriction of the solution to instantaneous
tensor field would overdetermine the system generally, i.e. there are more equations than degrees of freedom. Maybe we
can interpret the additional equations as kind of pseudo-forces depending of the instantaneous quantity of interest and
given by restriction. For instance, on vector fields r € TS yields i =0 < d™[0,r] = [[;v (bm,rhs,o]]/ € STS for equal
initial solutions, where (by,r)rs = ViV + H(Vin, 1) = (Vi Vi, Nhrr3|g could be read as a mechanism forcing the spacetime

vector field to be maintained instantaneous. Note that only the pure upper-convected derivative 1 yields vanishing non-
instantaneous components on instantaneous tensor fields. Beside velocity vector fields, we discussed only instantaneous
tensor fields in the example sections, thought we think that also less restrictive spacetime tensor fields could be applicable,
e.g. Newtonian spacetime surface equivalents of the four-momentum or electromagnetic field tensor.

We developed the convected time derivatives by the incompatibility of musical isomorphisms b and # for the spacetime
Lie-derivative. There is at least another set of incompatible isomorphisms, which are compatible for the material deriva-
tive though. These are the Hodge isomorphisms, a generalization of the well-known Hodge isomorphism on differential
forms, see [1, Ch. 6], i.e. antisymmetric tensor fields in alternative terms. For instance, the Hodge isomorphism @& : T2M —

ASymj , M on spacetime 2-tensor fields, where ASym3 , M= {R € T° M| R"X = —RJIK} holds, yields [® Q '/¥ = —e ik
and [® 'R]"/ = —Le, RXLJ with spacetime Levi-Civita tensor field € € T>M. Hence 1°:= [[@4 RE H*])H : ST2S —

ST2S gives the Truesdell derivative on moving surfaces with 1°q = 1%q + (div vy, — vtr Il 4+ £ vi)g.

The general proceeding in this paper is not restricted to embedding a 3-dimensional Riemannian spacetime manifold
into a 4-dimensional Euclidean space. It could also be worthwhile to embed a m-dimensional pseudo-Riemannian spacetime
manifold into a M-dimensional pseudo-Riemannian manifold with M > m, e.g. the vacuum solution of Einsteins equation,
a 4-dimensional Lorentzian manifold, embedded into canonical space, a 5-dimensional pseudo-Riemannian manifold with
vanishing Ricci curvature and the index of the metric tensor is 1+ 1 depending on the cosmological constant, see e.g. [33].
Thought we are faced with possible new issues, which need attention, e.g. dealing with singularities, higher dimensional
co-normal space, i.e. v is no longer a scalar field, no absolute time, i.e. observer-invariant instantaneous spaces cannot be
considered as Newtonian slices in spacetime.
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Appendix A. Shuffles

Shuffles turn out to be a valuable tool for clear distinctions between transversal and instantaneous properties. Shuffles
are permutations in S, defined by

Shl :={o eSplo(1)<...<o(@)ando(x+1) <...0()}
for all 0 <« <n, see [1, Ch. 6.1]. Syntactically, we write either

o=(c()...o@) |o(@+1)...00)

transversal instantaneous
or o=A"o(1))...A"(c(n with word Al=71...T S...8
(0 (1)) o (o) o
a-times (n—o)-times

In the first notation, the front entries concern transversal parts and the rear entries instantaneous parts, whereas T stands
for a transversal part and S for an instantaneous part in the latter notation. For ¢ € Shg we write 0 = (35|124) =S8StSt
for instance. We describe the one pure instantaneous shuffle as 8" := (| 1 ... n) € Sh{. The identity shuffle Id}, := (1...¢ |
o +1...n) is justified by 1d}, = o0~ 1 oo formally, despite the fact that the permutation o ~! is not a shuffle for all shuffles
o € Shy, generally. Combinatorial reasoning gives that there exists |Shy, | = (}) shuffles for fixed «. This yields the total
amount of Zg:o | Sh], | = 2". We can derive a shuffle from another by converting the Bth instantaneous part into transversal

part for & > 0 and vice versa for « < n, namely
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of = (G(l)...a/(E...a(a)|a(a—i—])...a(a—i-g’—l)o(ﬁ)a(a—i—g’)...o(n))

- (A1)
op 1= (a(1)...o(g— Do+ po()...o@) | oc@+1)...0(@ +ﬂ)...o(n))

for o € Shy, i.e. ofe Sh},_;, 0p € 5ha+1 (o )g =0 and (cr,g)g o, respectlvely, since the partial shift results in o (o +
d)=0(B) and 0p(g) =0 (o + B), respectively. The example above results in 02=(3|1245)=8S8TSS, 0, =(235|14) =
SttST and (62)4 = (02)! = 0. Note that the associated Hasse diagram to present all 2" shuffles based on one of the
two relations above yields a n-dimensional hypercube graph, similarly to power sets ordered by inclusion. Occasionally, we
filter the transversal components of ¢ € Sh], within another shuffle & Shg and renumber the remaining elements with
{1,...,n — «} by maintaining the order, i.e. & :=6 \ 0l{1,.a} € Shg’“. For instance, if 6 = (25| 134) then our leading

.....

example above yields 6 =6 \ {35} =(2|13) € Sh3, where the remaining 4 is renamed to 3. As a consequence it holds

[1<B<n—a|@E'oo)a+p <al={1<f<n—al|c7 "B <a}.

These are all instantaneous indices w.r.t. o, whose permuted elements are transversal in &. Especially for the example
above, this set becomes {2}.

Once introduced we like to use the shuffles also for the shuffled flat operator b, established in section 6. Thus for
o € Sh}, the « front elements indicate indices which stay up and the n — « rear elements advertise indices used for
lowering. Related to above we deploy the word A, :=4...fib...b for syntactical assignment, but for the operator directly,
i.e. bo = AL (0(1))... AL (0 (n)). Hence the leading example in this section becomes b(35;124) = bbfibf. Analogously to above
we define b := bin to purpose lowering all indices and #" := bigr in addition.

Appendix B. Linear mapping w.r. t. single dimensions of spacetime tensor fields

We consider in this section linear maps Q - : T" M — T" M, which afflicts only the [-th dimension of spacetime n-tensors
R € T M. Such an vector space endomorphism is fully determined by a 2-tensor field Q € T2M and the rule of calculation

[Q - R]1+In = Q”K Rft-l-iKia-In We use the orthogonal decompositions R =Y %_, Ysesnt Rs for R =P, Re M
and Q = Qg5+ T® Q5+ (Qs; +QrrT)®T, as well as their pendants r = [R] € ST"S and q = [Q ] € ST2S, with proxy
tensors s = [R5]; € %S and q; = [Qs]s € T2-4S for all appropriated &. Additionally, we write Rs = ¢3R5 € Po-a M
and Q5 =¢53 Qs € l?szfa M, cf. (5). We observe that the image of Q - R; has a very narrow image compared to T" M and

the half of summands vanish according to the I-th dimension of R; is either transversal or instantaneous.
The transversal case, where B R5 =0 holds, yields

/\
[QRs]"" = (Q 2P Quetlow) glaor o glog o glow Rz ion

with a positive 3 <& s.t. | =& (8). Hence Q ;R is only in PsMOBMC T"M and thus we have to consider two cases
of & which give non-vanishing [Q - Rz], € T"*S for a fixed o € Sh),. This is on the one hand & = o, which results in
[Q Rg]]a =iz ri-"= for =, i.e. =0 (B). And on the other hand & = oy with ¢ = f, i.e. it holds [Q1Rs],
%qurrgﬂ Teina ang (0p) =0 for l=04(g) =0 (a + p).

The instantaneous case, where B, -1 R = 0 holds, yields

~ Iz o5 ~ A5 I
(@+p) I - & 1= 15 @+1)- & (@+p-1)
SR — [ ] v T 6@+h) [ ] ey ... ¢tla@ R
[Q R5] Qss T Qs « G

Kiz @4p1)-Tom

with a positive 8 <n—@& s.t. | =& (& + ). Hence Q - R is only in B M@®R_M C T"M and thus we have to consider two
i

cases of 6 which give non-vanishing [Q - Rs], € T""®S for a fixed o € Shf,. Once again one case is & = o, which gives

[QRs], = [qSS]Iﬁk rlg1 Aptkiptnoo e B =48, ie =0+ B). The other non-trivial case is & =&# with ¢ =B, i.e.

[Q 1R, s], = [q'tS]kr” dg-1kig...in—o (O'ﬂ)g =o and I=cP(a+¢) =0 (p).
Adding up these two times two cases yields [Q 4 R] =Y &_, > sesy, [Q 1 R], €7 with

[qu]k 11 dg_1kig...in— a+q”r11 dn—a if3g<a: =0 (B),

ki n n— .
[qss]” ra e “+§q'§, e e <n g I= o (e + p).

[QR], = (B.1)

In section 6 we consider the sum Zf‘zl Qs R~— Z?:&H QT -5 R for a given shuffle 6 € Shg. Obviously, all =1,...,n
fulfill the conditions in (B.1), hence it is also suitable to sum over 8 instead I. By linearity of [-] and validity of [[QT]] =
q55e55 + q5.e™ + .55 + g7, €™ € ST2S we justify the following lemma.
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Lemma 8.For 6 € Shl, Q € PM, R € "M, q = [Q] = qss€55 + ;56" + q5;€57 + qr,€7" € ST2S and r = [R] =
Ya=o deshg roe’ € ST'S holds

ZQ 5 R— Z Q’ 5n R :ZZ ZQ ‘51 R— Z Q’ s R|| €

[=a+1 a=0¢esShy, [ I= I=a+1 P
n
=: Z Z sqse’ e ST'S
=00 €Shy,
where s; € T"%S and

R~ iteig_tkig.in—o [+ ]| GTT i1 in o ifG loo)(B) <@,
_Z<{ }[qifg‘f]]/ Ulﬁ o {_}%r(} ) { otherwise,

B=1

n—o i - ~ ~
[ass]” | iripikipirine [+ 1 i i1dpoina if6 loo)a+p) <a,
2. ({ _ N —[7Yyst }rU/‘ otherwise.

B
et [gssly S
Appendix C. Spacetime and surface quantities
C.1. Tangential derivative of velocity

In this section we investigate the tangential derivative Vian, see e.g. [11], of a velocity field W € TR3|s and associate
it with frequently used surface quantities b, by, € TS and B, B, € T2S throughout this paper for either W =V or W =
V. The tangential derivative ViaqnW = (s - Vrs3ls)W = (VrsW)|s - ts € TR3|s is defined w.r.t. tangential projection
g :=Ildr3ls —N®N: TR3|s — TS, i.e. ms|ts = Ids. This means that Vi;n W is only right-tangential. The left-tangential
and -normal part can be calculated with aid of thin film coordinates in a vicinity of S, see [15,17], directly by evaluating
(ajw, 3fZ)rR3\S for the tangential part and (9;W, N)3 for the normal part or coordinate-free with only applying the

product rule. Ultimately, for W = w 4+ vN and w € TS, all calculations lead to
VianW =Vw —vII + N® (Vv 4+ lIw)

B+NQRb ifW=V (observer velocity)
Bn+N®b,, ifW=V, (material velocity)

Hence, it holds 8B;; = (BjV, 8fZ)rR3|S =vjj — viljj and b; = (9;V, N)rr3jg = Vi + IIijvf w.r.t. observer velocity. The same
applies w.r.t. material velocity.

C.2. Rate of surface metric tensor

Actually, the rate of metric tensor d;g;; is twice the rate of observer deformation tensor, see e.g. [2]. A given embedding
of S under observer parametrization Z and Appendix C.1 leads to

3gij = (%iV.9;Z)gs  +(4iZ,8;V)gs . = Bji + By
From this it follows for the inverse metric tensor gif = gi¥gilg); that
o8’ = 208" + g8 gy = —g™g"orgu = — (8" + 87) .
C.3. Acceleration

The observer acceleration is A :=a + AN := 0;V with tangential observer acceleration a € TS and scalar-valued normal
observer acceleration » € T°S w.r.t. observer parametrization Z. By means of Appendix C.1, Appendix C.2 and orthogonality
o¢NLN, we calculate

a; = (A, 8 Zrgs|g = 0vi — VK (0 Z, 8V o — v (N 8V pgs|g = Vi — [z;Tv + Vb]i
al = 3v' 4 [Bv — vb]'
A= (A, Nygs g =V (0Z. N)gs s + dv =8v + (b, Vs .

We notice that the normal acceleration is observer dependent in contrast to the normal velocity.
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CA4. Spacetime Christoffel symbols

Usually, Christoffel symbols are calculated by partial derivatives of the metric tensor 7. For a given parametrization X
of the spacetime manifold M it is easier to develop the Christoffel symbols of first kind by y; ;x = (318 i X, BKX)R4 though.
Using Appendix C.1 and Appendix C.3 leads to

Yijk = (0;0;Z, 3kZ)rR3|S = Tijk Yije = (0i9;Z, V>I‘]R3|S = TV + vl
Yitk = (0iV, 0 Z)hrgr3 |3 = Bii Yiee = (0iV, Virgs|g = Bivk + vb;
Vitk = (A, O Z)rgs|, = Ak Yiee = (A, Virr3| g = (@, Virs + AV

up to symmetry in the two first indices. Rising rear indices, i.e. yf] = ntKyUK =V — v"y”k) and y,’j = any”K =
g"‘y”k — v'y”t, accomplish the Christoffel symbols of second kind

Vi;' = ¢l yiljg = F?j - yigvk
Vts' =cvbj=¢v[Vv + HV]j yt’; = Bkj _ Vttjvk =[Vv— VII]kj _ VtS'Vk

Yi=Cvi=2¢v (E)tv + (b, v}r3> v =d" — vk = vk + [Bv — vb]k — pivk
up to symmetry in the lower indices.

C.5. Gradient of material direction

In this section, we determine the gradient Vt,;, € TllM of the material direction 7, = [1, u] € TM and its orthogonal

/
TIM
spacetime representation [Vty,] € ST2S, where u = v, — v is the relative velocity. The calculations of the components
[VTu] K= 3k1',£1 + y,é ]t,,]1 are straightforward using the Christoffel symbols in Appendix C.4 and lead to

[VTul) =V bl . [VTul} =[8m — vV @ by
[V‘tm]tt =V (f) + (b, V)rs) , [V‘tm]it = atv‘;n + [Lﬁvm +BmV—vby, — v (1') + (b, V)TS> v]' ,

where we used that b+ llu =by,, B+ Vu =8By, v+ (b, vi)rs =V + (bn, Vi1s, BVm — Vb= Lf,vm + BV — vb, and
L’,:,vm = VuVm — Vy u. Rising the right-hand index gives

o o 0 0 5 .
Vrm_[o Bm]T2M+C[Sﬁvm_‘)bm]TlM@T—i_{T@[me]TlM—'_; rrer

with [£ﬁvm]i = Btvin + [Lf,vm]i. Ultimately, we deduce from this that
[VTa] = BumeSS + £ (v — vbw)eST + rvbye™ + c2vie’™ . (c1)
Appendix D. Supplementary material
Supplementary material related to this article can be found online at https://doi.org/10.1016/j.geomphys.2021.104428.
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