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„…for the discovery of neutrino oscillations, 
which shows that neutrinos have mass“
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Outline

•Neutrino oscillations

• basic introduction

• present status of 3-flavour oscillations from global data

•Beyond oscillations

• absolute mass observables

• implications for the Standard Model of particle physics

• how to identify the mechanism behind neutrino mass?  
comments on lepton number and lepton flavour violation

• Summary
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Neutrino oscillations - basics
Neutrino oscillations

I Flavour neutrinos ‹– are superpositions of massive neutrinos ‹i :
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Neutrino oscillations - basicsNeutrino oscillations

Neutrino oscillations: 2-flavour limit
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2-flavour limit:
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Neutrino oscillations - basicsNeutrino oscillations

E�ective Schrödinger equation

Evolution of flavour state can be described by e�ective Schrödinger equ.:

i
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Global data on neutrino oscillations
Global data and 3-flavour oscillations

Global data on neutrino oscillations
from various neutrino sources and
vastly di�erent energy and distance scales:

sun reactors atmosphere accelerators

Homestake,SAGE,GALLEX KamLAND, CHOOZ SuperKamiokande K2K, MINOS, T2K
SuperK, SNO, Borexino

I global data fits nicely with the 3 neutrinos from the SM

I a few “anomalies” at 2-3 �: LSND, MiniBooNE, reactor anomaly,
no LMA MSW up-turn of solar neutrino spectrum

T. Schwetz (APP 2014) Neutrino physics II 27 / 1
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• 3 masses: Δm221 , Δm231, m0

•3 mixing angles θ12 θ13 θ23

•3 phases (1 Dirac, 2 Majorana)

!8

The 3-flavour paradigm
Global data and 3-flavour oscillations

3-flavour oscillation parameters
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T. Schwetz (APP 2014) Neutrino physics II 28 / 1
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•3 masses: Δm221 , Δm231, m0

•3 mixing angles θ12 θ13 θ23

•3 phases (1 Dirac, 2 Majorana)

neutrino
oscillations

The 3-flavour paradigm
Global data and 3-flavour oscillations
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•3 masses: Δm221 , Δm231, m0

•3 mixing angles θ12 θ13 θ23

•3 phases (1 Dirac, 2 Majorana)

neutrino
oscillations

The 3-flavour paradigm

•each parameter determined by  
several (classes of) experiments

• especially true for not-so-well determined parameters 
(θ23, MO, Dirac-phase)

• interplay of different data sets → global analyses
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•data available till Oct 2018  
(incl. Neutrino 2018 releases)

•updated results, full list of data, 𝝌2 tables  
http://www.nu-fit.org

I. Esteban, C. Gonzalez-Garcia, A. Hernandez, M. Maltoni, T. Schwetz, 
JHEP 19, [arXiv:1811.05487]

NuFit 4.0 (2018)

http://www.nu-fit.org/sites/default/files/v40.release-notes.pdf
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NuFit 4.0 (2018)

0.2 0.25 0.3 0.35 0.4

sin
2

θ
12

0

5

10

15

∆
χ

2

6.5 7 7.5 8 8.5

∆m
2

21
 [10

-5
 eV

2
]

0.4 0.45 0.5 0.55 0.6 0.65

sin
2

θ
23

0

5

10

15

∆
χ

2

-2.6 -2.5 -2.4

∆m
2

32
   [10

-3
 eV

2
]   ∆m

2

31

2.4 2.5 2.6

0.018 0.02 0.022 0.024 0.026

sin
2

θ
13

0

5

10

15

∆
χ

2

0 90 180 270 360

δ
CP

NO, IO (w/o SK-atm)
NO, IO (with SK-atm)

NuFIT 4.0 (2018)

0.2 0.25 0.3 0.35 0.4

sin
2

θ
12

0

5

10

15

∆
χ

2

6.5 7 7.5 8 8.5

∆m
2

21
 [10

-5
 eV

2
]

0.4 0.45 0.5 0.55 0.6 0.65

sin
2

θ
23

0

5

10

15

∆
χ

2

-2.6 -2.5 -2.4

∆m
2

32
   [10

-3
 eV

2
]   ∆m

2

31

2.4 2.5 2.6

0.018 0.02 0.022 0.024 0.026

sin
2

θ
13

0

5

10

15

∆
χ

2

0 90 180 270 360

δ
CP

NO, IO (w/o SK-atm)
NO, IO (with SK-atm)

NuFIT 4.0 (2018)

0.2 0.25 0.3 0.35 0.4

sin
2

θ
12

0

5

10

15

∆
χ

2

6.5 7 7.5 8 8.5

∆m
2

21
 [10

-5
 eV

2
]

0.4 0.45 0.5 0.55 0.6 0.65

sin
2

θ
23

0

5

10

15

∆
χ

2

-2.6 -2.5 -2.4

∆m
2

32
   [10

-3
 eV

2
]   ∆m

2

31

2.4 2.5 2.6

0.018 0.02 0.022 0.024 0.026

sin
2

θ
13

0

5

10

15

∆
χ

2

0 90 180 270 360

δ
CP

NO, IO (w/o SK-atm)
NO, IO (with SK-atm)

NuFIT 4.0 (2018)

0.2 0.25 0.3 0.35 0.4

sin
2

θ
12

0

5

10

15

∆
χ

2

6.5 7 7.5 8 8.5

∆m
2

21
 [10

-5
 eV

2
]

0.4 0.45 0.5 0.55 0.6 0.65

sin
2

θ
23

0

5

10

15

∆
χ

2

-2.6 -2.5 -2.4

∆m
2

32
   [10

-3
 eV

2
]   ∆m

2

31

2.4 2.5 2.6

0.018 0.02 0.022 0.024 0.026

sin
2

θ
13

0

5

10

15

∆
χ

2

0 90 180 270 360

δ
CP

NO, IO (w/o SK-atm)
NO, IO (with SK-atm)

NuFIT 4.0 (2018)



T. Schwetz @ TU Dresden, 18. 4. 2019!13

NuFit 4.0 (2018)
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well-determined parameters
relat. precision at 3σ:

Except for sin2 ✓23 and �CP the ��2 shapes are close to parabolic, indicating that

the �2 approximation for the distribution should hold to good accuracy. The Monte Carlo

studies performed in Refs. [11, 32] indicate that also for sin2 ✓23, �CP and the mass ordering

the �2 approximation gives a reasonable estimate of the corresponding confidence level.

Therefore, the ��2 values given below can be converted into an approximate number of

standard deviations by the
p
��2 rule.

Defining the 3� relative precision of the parameter by 2(xup � xlow)/(xup + xlow),

where xup (xlow) is the upper (lower) bound on a parameter x at the 3� level, we obtain

the following 3� relative precisions (marginalizing over ordering):

14% (✓12) , 8.9% (✓13) , 27 [24]% (✓23) ,

16% (�m2
21) , 7.8 [7.6]% (|�m2

3`|) , 100 [92]% (�CP) ,
(2.1)

where the numbers between brackets show the impact of including SK-atm in the precision

of that parameter determination. We notice that as ��2 shape for �CP is clearly not

gaussian this evaluation of its “precision” can only be taken as indicative.

Altogether the status of mass ordering discrimination, determination of sin2 ✓23, and

the leptonic CP phase �CP can be summarized as follows:

• The best fit is for the normal mass ordering. Inverted ordering is disfavoured with a

��2 = 4.7 (9.3) without (with) SKatm.

• We obtain preference for the second octant of ✓23, with the best fit point located

at sin2 ✓23 = 0.58. Values with sin2 ✓23  0.5 are disfavoured with ��2 = 4.4 (6.0)

without (with) SK-atm.

• The best fit for the complex phase is at �CP = 215�. Compared to previous results

(e.g., NuFIT 3.2 [12]), the allowed range is pushed towards the CP conserving value

of 180�, which now is only disfavoured with ��2 = 1.5 (1.8) without (with) SK-atm.

In table 1 we give the best fit values and confidence intervals for both mass order-

ings, relative to the local best fit points in each ordering. The global confidence intervals

(marginalizing also over the ordering) are identical to the ones for normal ordering, which

have also been used in eq. (2.1). The only exception to this statement is �m2
3` in the

analysis without SK-atm; in this case a disconnected interval would appear above 2� cor-

responding to negative values of �m2
3` (i.e., inverted ordering). Altogether we derive the

following 3� ranges on the magnitude of the elements of the leptonic mixing matrix:

|U |w/o SKatm
3� =

0

B@
0.797 ! 0.842 0.518 ! 0.585 0.143 ! 0.156

0.233 ! 0.495 0.448 ! 0.679 0.639 ! 0.783

0.287 ! 0.532 0.486 ! 0.706 0.604 ! 0.754

1

CA (2.2)

|U | wSKatm
3� =

0

B@
0.797 ! 0.842 0.518 ! 0.585 0.143 ! 0.156

0.235 ! 0.484 0.458 ! 0.671 0.647 ! 0.781

0.304 ! 0.531 0.497 ! 0.699 0.607 ! 0.747

1

CA

– 7 –
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3-flavour mixing

Neutrino oscillations Current status and implications

Neutrino masses and mixing
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The SM flavour puzzleNeutrino oscillations Current status and implications

The SM flavour puzzle
Lepton mixing:

◊12 ¥ 33¶

◊23 ¥ 45¶

◊13 ¥ 9¶

UPMNS = 1
Ô

3

Q

ca
O(1) O(1) ‘
O(1) O(1) O(1)
O(1) O(1) O(1)

R

db

Quark mixing:
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The dominant oscillation modes
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1-2 sector: θ12 and Δm221

Neutrino oscillations Current status and implications

Neutrino masses and mixing
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Matter effect
Neutrino oscillations

The matter e�ect

When neutrinos pass through matter the interactions with the particles in
the background induce an e�ective potential for the neutrinos

E�ective 4-point interaction Hamiltonian

H
‹–
int = GF

Ô
2

‹̄–“µ(1 ≠ “5)‹–

ÿ

f

f̄ “µ(g–,f
V

≠ g
–,f
A

“5)f
¸ ˚˙ ˝

J
µ
mat

coherent forward scattering amplitude leads to an “index of refraction”
L. Wolfenstein, Phys. Rev. D 17, 2369 (1978); ibid. D 20, 2634 (1979)

I electron neutrinos recieve extra potential
(only electrons in background medium, no µ and · leptons)

T. Schwetz (KIT) 12
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Matter effect
Neutrino oscillations

E�ective Schrödinger equation in matter

i
d

dt

A
ae
aµ
a·

B

= H

A
ae
aµ
a·

B

where

H = Udiag
A

0,
�m

2
21

2E‹
,
�m

2
31

2E‹

B

U
†

¸ ˚˙ ˝
vaccum

+ diag(
Ô

2GF Ne , 0, 0)
¸ ˚˙ ˝

matter

Ne(x): electron density along the neutrino path

for non-constant matter: H(t) æ time-dependent Schrödinger eq.
“MSW resonance” Mikheev, Smirnov, Sov. J. Nucl. Phys. 42, 913 (1985)

T. Schwetz (KIT) 13

Neutrino oscillations

E�ective Schrödinger equation in matter
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T. Schwetz (KIT) 13

effective Schrödinger eq. in matter:

with
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Neutrino oscillations “solar” sector

MSW conversion in the Sun

2002: SNO: CC to NC ratio
of solar neutrino flux

CC: ‹e + d æ p + p + e
≠

NC: ‹x + d æ p + n + ‹x

I evidence for ‹e æ ‹µ, ‹·

conversion
I MSW e�ect inside the sun

adiabatic conversion through
resonance

I fixes ordering of the 1-2 mass
states
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1-2 sector: θ12 and Δm221
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1-2 sector: θ12 and Δm221
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Solar parameters

• using reconstructed 
fluxes from Daya-Bay in 
KamLAND analysis

• tension between solar 
and KamLAND at ~2σ

• robust wrt to solar 
models (abundances)

• driven by spectrum 
upturn and day/night 
data from SK
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Figure 4. Left: Allowed parameter regions (at 1�, 90%, 2�, 99%, and 3� CL for 2 dof) from
the combined analysis of solar data for GS98 model (full regions with best fit marked by black
star) and AGSS09 model (dashed void contours with best fit marked by a white dot), and for the
analysis of KamLAND data (solid green contours with best fit marked by a green star) for fixed
sin2 ✓13 = 0.0224 (✓13 = 8.6). We also show as orange contours the results of a global analysis for
the GS98 model but without including the day-night information from SK. Right: ��2 dependence
on �m2

21 for the same four analyses after marginalizing over ✓12.

3.2 ✓23, �CP and mass ordering from LBL accelerator and MBL reactor exper-

iments

The determination of the atmospheric parameters ✓23 and �m2
3` is illustrated in fig. 5. We

observe significant synergy from combining the various experiments, since the combined

region is clearly smaller than any individual one. Moreover, the striking agreement of

LBL accelerator and MBL reactor data in the determination of �m2
3` within comparable

accuracy is a non-trivial cross check of the 3-flavour oscillation paradigm. Let us now

discuss in more detail how the indication of non-maximal mixing and preference for the

second octant for ✓23 emerges.

3.2.1 Disappearance results and non-maximal ✓23

We focus first on LBL disappearance data. The ⌫µ survival probability is given to good

accuracy by [42, 43]

Pµµ ⇡ 1� sin2 2✓µµ sin
2 �m2

µµL

4E⌫
, (3.2)

where L is the baseline, E⌫ is the neutrino energy, and

sin2 ✓µµ = cos2 ✓13 sin
2 ✓23 , (3.3)

�m2
µµ = sin2 ✓12�m2

31 + cos2 ✓12�m2
32 + cos �CP sin ✓13 sin 2✓12 tan ✓23�m2

21 . (3.4)
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i-3 sector: θi3 and Δm23i     (i=1,2)
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Figure 5. Determination of �m2
3` at 2� (2 dof), where ` = 1 for NO (upper panels) and ` = 2 for

IO (lower panels). The left panels show regions in the (✓23,�m2
3`) plane using both appearance and

disappearance data from MINOS (green), T2K (red), NO⌫A (brown), as well as IceCube/DeepCore
(orange), and SK-atm (from the table provided by the experiment, marron line) and the combination
of them (blue coloured region). In the left panels the constraint on ✓13 from the global fit (which
is dominated by the reactor data) is imposed as a Gaussian bias. The right panels show regions
in the (✓13,�m2

3`) plane using only Daya Bay (black), Reno (violet) and Double Chooz (magenta)
reactor data, and their combination (blue coloured region). In all panels �m2

21, sin
2 ✓12 are fixed

to the global best fit values. Contours are defined with respect to the global minimum of the two
orderings.

Hence the survival probability is symmetric with respect to the octant of ✓µµ, which implies

symmetry around s223 = 0.5/c213 ⇡ 0.51. This behaviour is visible in the left panels of fig. 6,

which show the results of LBL accelerator disappearance data from MINOS, T2K, NOvA,

separated into the neutrino and anti-neutrino data samples (for fixed value of ✓13 at the

best fit and NO). While most of the shown data samples prefer maximal mixing (especially

T2K and NOvA neutrino data), maximal mixing is disfavoured by MINOS neutrino data

(��2 ⇡ 2) and NOvA anti-neutrino data (��2 ⇡ 6). This behaviour can be traced back to

the number of events in the corresponding data samples observed at the dip of the survival

probability: for maximal mixing the survival probability is zero at the dip and no events

should be observed. Qualitatively similar behaviour are found for IO.
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Neutrino oscillations

Oscillation parameters at the “atmospheric scale”

T2K, 2015 ‹µ æ ‹µ

40

the observed �e survival probability as a function of effective
baseline Le� divided by the average antineutrino energy �E��.
Almost one full oscillation cycle was sampled, given the range
of L/E� values which were measured. The data from all
three experimental halls were consistent with the three-flavor
oscillation hypothesis.

 [km/MeV]〉νE〈 / effL
0 0.2 0.4 0.6 0.8

) eν 
→ eν

P(

0.9

0.95

1
EH1
EH2
EH3
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FIG. 40. Measured reactor �e spectral distortion, displayed as
the oscillation survival probability versus Le�/E� . The effective
propagation distance Le� was estimated for each hall based on
the distribution of reactors contributing to the signal (see Eq. 56).
The average true �e energy �E�� was determined for each bin in
the observed prompt positron spectrum based on the model of the
detector response. The �e survival probability was given by the
observed signal in each bin divided by the prediction assuming no
oscillation. The measurement sampled �e survival over almost one
full cycle, demonstrating distinct evidence in support of neutrino
flavor oscillation.

The confidence regions for �m2
ee versus sin2 2�13 are

shown in Figure 41. The confidence regions were obtained
using the change of the �2 value relative to that of the best
fit, ��2 = �2 � �2

min, as a function of sin2 2�13 and���m2
ee

��. All other model parameters were profiled during
the determination of the value of ��2. The confidence
regions are defined as ��2 less than 2.30 (68.27% C.L.), 6.18
(95.45% C.L.), and 11.83 (99.73% C.L.). The 1-D distribution
of ��2 are also provided for each individual parameter, where
the alternate parameter has been profiled. A table of ��2

values as a function of sin2 2�13 and
���m2

ee

�� is provided as
Supplemental Material [39].

The precision of this measurement of �13 was limited by
statistics, although systematic uncertainty from differences
of the �e efficiency between detectors and predicted reactor
flux also contributed significantly. For

���m2
ee

��, statistical
and systematic uncertainties were approximately equal in
size. The largest systematic uncertainty arose from potential
variation in the energy calibration of the far versus near
detectors, which was well characterized using multiple
redundant low-energy radioactive sources. Systematic
uncertainty from �e interactions in the IAV also contributed.

Figure 42 compares the estimate of sin2 2�13 with those
values obtained by other experiments, while Figure 43
provides a similar comparison for measurements of �m2

32.
The measurements relied on a variety of � observations:

• the disappearance of MeV-energy reactor �e’s over

FIG. 41. Confidence regions of sin2 2�13 and
���m2

ee

�� from a
combined analysis of the prompt positron spectra and rates. The
1�, 2�, and 3� 2-D confidence regions are estimated using ��2

values of 2.30 (red), 6.18 (green), and 11.83 (blue) relative to the
best fit. The upper panel provides the 1-D ��2 for sin2 2�13

obtained by profiling
���m2

ee

�� (blue line), and the dashed lines mark
the corresponding 1�, 2�, and 3� intervals. The right panel is the
same, but for

���m2
ee

��, with sin2 2�13 profiled. The point marks the
best estimates, and the error bars display their 1-D 1� confidence
intervals.

�km distances,

• the disappearance of �µ produced by particle ac-
celerators with mean energies of �600 MeV [67],
�3 GeV [68], and �2 GeV [69] which had propagated
distances of �295 km, �735 km, and �810 km
respectively,

• the appearance of �e in those same neutrino beams, and

• the disappearance of �µ produced by particle interac-
tions in the upper atmosphere [70, 71], with energies
>1 GeV and baselines up to the diameter of the Earth.

The consistency of the values of �m2
32 measured via these

various techniques firmly establishes the three-flavor model
of neutrino mass and mixing.

VI. SUMMARY

From Dec. 4, 2011 to Jul. 28, 2015, the Daya Bay
experiment measured the rate and energy spectrum of electron
antineutrinos emitted by the six 2.9 GWth reactors of the
Daya Bay and Ling Ao nuclear power facilities. Combining
217 days of data collected using six antineutrino detectors
with 1013 days of data using eight detectors, a total of
2.5 � 106 �e inverse beta decay interactions were observed.
The unprecedented statistics of this sample allowed the most
precise measurement of �e disappearance to date. A relative
comparison of the rates and positron energy spectra of the
detectors located far (�1500-1950 m) relative to those near

DayaBay, 2016 ‹̄e æ ‹̄e
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Entering the era of redundancy
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Figure 6. Determination of �m2
3� at 1� and 2� (2 dof), where � = 1 for NO (upper panels) and

� = 2 for IO (lower panels). The left panels show regions in the (�23, �m2
3�) plane using both

appearance and disappearance data from MINOS (green line), T2K (red lines), NO�A (light blue
lines), as well as IceCube DeepCore (orange lines) and the combination of them (colored regions).
In these panels the constraint on �13 from the global fit (which is dominated by the reactor data)
is imposed as a Gaussian bias. The right panels show regions in the (�13, �m2

3�) plane using only
Daya-Bay (black lines), reactor data without Daya-Bay (violet lines), and their combination (colored
regions). In all panels solar and KamLAND data are included to constrain �m2

21 and �12. Contours
are defined with respect to the global minimum of the two orderings.

currently followed by the LBL accelerator experiments: we marginalize with respect to �13,

taking into account the information from reactor data by adding a Gaussian penalty term

to the corresponding �2
LBL. This is not the same as making a combined analysis of LBL

and reactor data as we will quantify in Sec. 3.2.1.

Concerning �e disappearance data, the total rates observed in reactor experiments at

di�erent baselines can provide an independent determination of �m2
3� [50, 62]. On top of

this, the observation of the energy-dependent oscillation e�ect due to �13 now allows to

further strengthen such measurement. In the right panels of Fig. 6 we show therefore the

allowed regions in the (�13, �m2
3�) plane based on global data on �e disappearance. The

violet contours are obtained from all the medium-baselines reactor experiments with the

exception of Daya-Bay; these regions emerge from the baseline e�ect mentioned above plus

– 10 –

•consistent results in νe 
and νμ disappearance 
searches

•several consistent 
results in νμ 
disappearance
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νμ disappearance νe disappearance        

NuFit 3.0
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not-so-well determined parameters
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CP phase, θ23, mass ordering 
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The SM fermion mass puzzle
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CP phase, θ23, mass ordering 

!29

•CP conservation allowed at Δ𝝌2 = 1.8, bf at δ = 217°

•preference for second octant of θ23, bf at sin2θ23 = 0.58  
sin2θ23 < 0.5 disfavoured with Δ𝝌2 ≈ 4.4 (6.0) without (with) SK atm

•NO preferred over IO by Δ𝝌2 = 4.7 (9.3) without (with) SK atm
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θ23 from LBL disappearance results
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Figure 6. LBL accelerator ⌫µ disappearance data only, from MINOS, T2K, and NOvA, sepa-
rated into neutrino and anti-neutrino data. Left panels correspond to LBL accelerator data with
constraint on ✓13 from the global fit (which is dominated by the MBL reactor data) imposed as
a Gaussian bias. In the right panels LBL data are consistently combined with MBL reactor data
from Daya Bay, RENO, and Double Chooz. Upper panels show the ��2 as a function of sin2 ✓23,
lower panels show confidence regions at 2� (2 dof). All panels assume NO and �m2

21, sin
2 ✓12 are

fixed to the global best fit values. Qualitatively similar behaviour is found in IO.

In the lower-left panel of fig. 6 we observe in addition a correlation between sin2 ✓23
and �m2

31 for the data which prefer non-maximal mixing: larger values of �m2
31 imply

more deviation from maximal mixing. As visible in fig. 5, also MBL reactor data provide

an accurate determination of �m2
3`, which, however, pushes slightly to larger values than

LBL data. Because of the above mentioned correlation, this leads to an even stronger

preference for non-maximal mixing, once LBL data are consistently combined with reactor

data, as visible in the right panels of fig. 6: in combination with reactors, MINOS neutrino

and NOvA anti-neutrino data disfavour maximal mixing with ��2 ⇡ 7 and 9, respectively.
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2σ contours, normal ordering, prior on θ13 imposed
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Figure 4. Left: Allowed parameter regions (at 1�, 90%, 2�, 99%, and 3� CL for 2 dof) from
the combined analysis of solar data for GS98 model (full regions with best fit marked by black
star) and AGSS09 model (dashed void contours with best fit marked by a white dot), and for the
analysis of KamLAND data (solid green contours with best fit marked by a green star) for fixed
sin2 ✓13 = 0.0224 (✓13 = 8.6). We also show as orange contours the results of a global analysis for
the GS98 model but without including the day-night information from SK. Right: ��2 dependence
on �m2

21 for the same four analyses after marginalizing over ✓12.

3.2 ✓23, �CP and mass ordering from LBL accelerator and MBL reactor exper-

iments

The determination of the atmospheric parameters ✓23 and �m2
3` is illustrated in fig. 5. We

observe significant synergy from combining the various experiments, since the combined

region is clearly smaller than any individual one. Moreover, the striking agreement of

LBL accelerator and MBL reactor data in the determination of �m2
3` within comparable

accuracy is a non-trivial cross check of the 3-flavour oscillation paradigm. Let us now

discuss in more detail how the indication of non-maximal mixing and preference for the

second octant for ✓23 emerges.

3.2.1 Disappearance results and non-maximal ✓23

We focus first on LBL disappearance data. The ⌫µ survival probability is given to good

accuracy by [42, 43]

Pµµ ⇡ 1� sin2 2✓µµ sin
2 �m2

µµL

4E⌫
, (3.2)

where L is the baseline, E⌫ is the neutrino energy, and

sin2 ✓µµ = cos2 ✓13 sin
2 ✓23 , (3.3)

�m2
µµ = sin2 ✓12�m2

31 + cos2 ✓12�m2
32 + cos �CP sin ✓13 sin 2✓12 tan ✓23�m2

21 . (3.4)
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Figure 4. Left: Allowed parameter regions (at 1�, 90%, 2�, 99%, and 3� CL for 2 dof) from
the combined analysis of solar data for GS98 model (full regions with best fit marked by black
star) and AGSS09 model (dashed void contours with best fit marked by a white dot), and for the
analysis of KamLAND data (solid green contours with best fit marked by a green star) for fixed
sin2 ✓13 = 0.0224 (✓13 = 8.6). We also show as orange contours the results of a global analysis for
the GS98 model but without including the day-night information from SK. Right: ��2 dependence
on �m2

21 for the same four analyses after marginalizing over ✓12.

3.2 ✓23, �CP and mass ordering from LBL accelerator and MBL reactor exper-

iments

The determination of the atmospheric parameters ✓23 and �m2
3` is illustrated in fig. 5. We

observe significant synergy from combining the various experiments, since the combined

region is clearly smaller than any individual one. Moreover, the striking agreement of

LBL accelerator and MBL reactor data in the determination of �m2
3` within comparable

accuracy is a non-trivial cross check of the 3-flavour oscillation paradigm. Let us now

discuss in more detail how the indication of non-maximal mixing and preference for the

second octant for ✓23 emerges.

3.2.1 Disappearance results and non-maximal ✓23

We focus first on LBL disappearance data. The ⌫µ survival probability is given to good

accuracy by [42, 43]

Pµµ ⇡ 1� sin2 2✓µµ sin
2 �m2

µµL

4E⌫
, (3.2)

where L is the baseline, E⌫ is the neutrino energy, and

sin2 ✓µµ = cos2 ✓13 sin
2 ✓23 , (3.3)

�m2
µµ = sin2 ✓12�m2

31 + cos2 ✓12�m2
32 + cos �CP sin ✓13 sin 2✓12 tan ✓23�m2

21 . (3.4)
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Figure 4. Left: Allowed parameter regions (at 1�, 90%, 2�, 99%, and 3� CL for 2 dof) from
the combined analysis of solar data for GS98 model (full regions with best fit marked by black
star) and AGSS09 model (dashed void contours with best fit marked by a white dot), and for the
analysis of KamLAND data (solid green contours with best fit marked by a green star) for fixed
sin2 ✓13 = 0.0224 (✓13 = 8.6). We also show as orange contours the results of a global analysis for
the GS98 model but without including the day-night information from SK. Right: ��2 dependence
on �m2

21 for the same four analyses after marginalizing over ✓12.

3.2 ✓23, �CP and mass ordering from LBL accelerator and MBL reactor exper-

iments

The determination of the atmospheric parameters ✓23 and �m2
3` is illustrated in fig. 5. We

observe significant synergy from combining the various experiments, since the combined

region is clearly smaller than any individual one. Moreover, the striking agreement of

LBL accelerator and MBL reactor data in the determination of �m2
3` within comparable

accuracy is a non-trivial cross check of the 3-flavour oscillation paradigm. Let us now

discuss in more detail how the indication of non-maximal mixing and preference for the

second octant for ✓23 emerges.

3.2.1 Disappearance results and non-maximal ✓23

We focus first on LBL disappearance data. The ⌫µ survival probability is given to good

accuracy by [42, 43]

Pµµ ⇡ 1� sin2 2✓µµ sin
2 �m2

µµL

4E⌫
, (3.2)

where L is the baseline, E⌫ is the neutrino energy, and

sin2 ✓µµ = cos2 ✓13 sin
2 ✓23 , (3.3)

�m2
µµ = sin2 ✓12�m2

31 + cos2 ✓12�m2
32 + cos �CP sin ✓13 sin 2✓12 tan ✓23�m2

21 . (3.4)
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P R E D I C T I N G  T H E  F D  O B S E R VAT I O N
• Each quartile for the neutrino and antineutrino beams gets unfolded independently and the true Far/

Near ratio is used to obtain a FD prediction from ND data.  

• We estimate cosmic background rate from the timing sidebands of the NuMI beam triggers and 
cosmic trigger data. 

!21

• Observe 113 events in neutrino mode (expect 730 +38/-49(syst.) w/o oscillations),  
65 events in antineutrino mode (expect 266 +12/-14(syst.) w/o oscillations). 

see poster #75

M. Sanchez, Neutrino18
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LBL νμ→νe appearance data

3.2.2 Appearance results, second ✓23 octant and �CP

The preference for the second octant of ✓23 is driven by ⌫µ ! ⌫e appearance channel in

LBL experiments (available both for neutrinos and anti-neutrinos). Following Ref. [32],

the appearance probability can be approximated by

P⌫µ!⌫e ⇡ 4s213s
2
23(1 + 2oA)� C sin �CP(1 + oA) , (3.5)

P⌫̄µ!⌫̄e ⇡ 4s213s
2
23(1� 2oA) + C sin �CP(1� oA) . (3.6)

with

C ⌘ �m2
21L

4E⌫
sin 2✓12 sin 2✓13 sin 2✓23 , o ⌘ sgn(�m2

3`) , A ⌘
����
2E⌫V

�m2
3`

���� , (3.7)

where V is the e↵ective matter potential. In the above equations we have expanded

in the small parameters s13, �m2
21L/E⌫ , and A, and used that for T2K and NOvA

|�m2
3`|L/4E⌫ ⇡ ⇡/2.2 Using the respective mean neutrino energies we find A ⇡ 0.05

for T2K and an empirical value of A = 0.1 (for which this approximation works better) at

NOvA. Correspondingly the number of observed appearance events in T2K and NOvA is

approximately proportional to the oscillation probability:

N⌫e ⇡ N⌫
⇥
2s223(1 + 2oA)� C 0 sin �CP(1 + oA)

⇤
, (3.8)

N⌫̄e ⇡ N⌫̄
⇥
2s223(1� 2oA) + C 0 sin �CP(1� oA)

⇤
. (3.9)

Taking all the well-determined parameters ✓13, ✓12, �m2
21, |�m2

3`| at their global best fit

points, we obtain numerically C 0 ⇡ 0.28. The normalization constants N⌫,⌫̄ calculated

from our re-analysis of T2K and NOvA are given for the various appearance samples in

table 2. Those values can be compared with the background subtracted observed number

of events, which we also report in the table. Within this approximation, there are only

the two parameters s223 and sin �CP, plus the discrete parameter o = ±1 encoding the

mass ordering, to fit the appearance event numbers shown in table 2, with sin2 ✓23 being

constrained in addition from disappearance data. Note that C 0 depends only on sin 2✓23,
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T2K CCQE (⌫) T2K CC1⇡ (⌫) T2K CCQE (⌫̄) NOvA (⌫) NOvA (⌫̄)

N 40 3.8 11 34 11

Nobs 75 15 9 58 18

Nobs �Nbck 61.4 13.6 6.1 43.6 13.8

Table 2. Normalization coe�cients N⌫ and N⌫̄ for eqs. (3.8) and (3.9) for approximations used to
qualitatively describe the various appearance event samples used in our analysis for T2K and NOvA.
We also give the observed number of events, as well as the corresponding background subtracted
event numbers, as reported in Refs. [44, 45]

The last two items are more important for NOvA than for T2K, due to larger matter e↵ects

in NOvA because of the longer baseline.

In fig. 7, the determination of s223 from LBL data (including appearance) combined

with reactor data is shown. In the upper panels only ✓13 is constrained by reactor data,

whereas in the lower panels LBL and reactor data are combined consistently, including also

�m2
3` information. For the reasons explained above, lower panels show larger significance

of non-maximality, but now the symmetry between the octants is broken by appearance

data. Fig. 8 shows the ��2 dependence on �CP for various data samples.

Let us consider first the T2K samples. We see from table 2 that in both neutrino

samples (especially CC1⇡) the observed number of events after background subtraction is

large compared to N⌫ , while the anti-neutrino number is low. Hence, we need to maximize

the expression in eq. (3.8) and minimize eq. (3.9). Since neutrino data dominates over anti-

neutrinos, a slight preference for s223 > 0.5 appears (constrained by disappearance data),

while at the same time sin �CP ⇡ �1 serves to maximize (minimize) neutrino (anti-neutrino)

appearance, as visible in fig. 8.

For NOvA neutrino data, the coe�cient N⌫ in eq. (3.8) is also somewhat low compared

to the observed number of events minus background. For NO, the matter e↵ect enhances

neutrino events, and therefore, s223 (around maximal mixing favoured in disappearance)

and �CP can be adjusted, such that the event numbers can always be fitted, so ��2(�CP)

from NOvA neutrino data alone is < 1 for NO, cf. fig. 8. For IO, however, the matter e↵ect

suppresses neutrino events, and therefore, preference for the second octant and sin �CP ⇡
�1 appears to maximize the term in the square-bracket in eq. (3.8). For NOvA anti-

neutrino data, table 2 shows that the observed event number is of the order of N⌫̄ (only

slightly higher). Consequently we observe for NO only a very mild preference for sin �CP ⇡ 1

just to enhance slightly the rate of anti-neutrinos. For IO, the matter e↵ect enhances

anti-neutrinos, and therefore, choosing the combinations (first ✓23 octant/sin �CP ⇡ 1) or

(second ✓23 octant/sin �CP ⇡ �1) can fit the events, which leads to negligible ��2(�CP)

dependence for IO NOvA anti-neutrinos, cf. fig. 8. The combination of those e↵ects for

NO, leads to a disfavouring of sin �CP ⇡ �1 with ��2 ⇡ 3.5 from NOvA, somewhat

in contradiction of the T2K preferred region: with the non-maximality of ✓23 from anti-

neutrinos plus the matter enhancement for neutrinos, sin �CP ⇡ �1 would predict too many

neutrino events, and is therefore disfavoured.

The conclusion of those considerations lead to the preference of the second octant for

✓23 in the global analysis, as well as pushing the confidence interval for �CP towards 180�,
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LBL experiments (available both for neutrinos and anti-neutrinos). Following Ref. [32],

the appearance probability can be approximated by
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where V is the e↵ective matter potential. In the above equations we have expanded

in the small parameters s13, �m2
21L/E⌫ , and A, and used that for T2K and NOvA

|�m2
3`|L/4E⌫ ⇡ ⇡/2.2 Using the respective mean neutrino energies we find A ⇡ 0.05

for T2K and an empirical value of A = 0.1 (for which this approximation works better) at

NOvA. Correspondingly the number of observed appearance events in T2K and NOvA is

approximately proportional to the oscillation probability:

N⌫e ⇡ N⌫
⇥
2s223(1 + 2oA)� C 0 sin �CP(1 + oA)

⇤
, (3.8)

N⌫̄e ⇡ N⌫̄
⇥
2s223(1� 2oA) + C 0 sin �CP(1� oA)

⇤
. (3.9)

Taking all the well-determined parameters ✓13, ✓12, �m2
21, |�m2

3`| at their global best fit

points, we obtain numerically C 0 ⇡ 0.28. The normalization constants N⌫,⌫̄ calculated

from our re-analysis of T2K and NOvA are given for the various appearance samples in

table 2. Those values can be compared with the background subtracted observed number

of events, which we also report in the table. Within this approximation, there are only

the two parameters s223 and sin �CP, plus the discrete parameter o = ±1 encoding the

mass ordering, to fit the appearance event numbers shown in table 2, with sin2 ✓23 being

constrained in addition from disappearance data. Note that C 0 depends only on sin 2✓23,

which varies by less than 2% for 0.42 < s223 < 0.64, and can be taken as constant for our

purposes. The general trends from eqs. (3.8) and (3.9) are the following:

• Both neutrino and anti-neutrino events are enhanced by increasing s223.

• Values of sin �CP ' +1 (�1) suppress (increase) neutrino events, and have the oppo-

site e↵ect for anti-neutrino events.

• For NO (IO) neutrino events are enhanced (suppressed) due to the matter e↵ect,

whereas anti-neutrino events are suppressed (enhanced).

• For NO (IO) the matter e↵ect increases (decreases) the impact of �CP for neutrinos,

while the opposite happens for anti-neutrinos.

2Expanding in the matter potential parameter A is a very good approximation for T2K, but not so good

for NOvA. However, the qualitative behaviour is still captured by the above expressions also for NOvA,

which su�ces for our discussion here.

– 13 –

3.2.2 Appearance results, second ✓23 octant and �CP

The preference for the second octant of ✓23 is driven by ⌫µ ! ⌫e appearance channel in

LBL experiments (available both for neutrinos and anti-neutrinos). Following Ref. [32],

the appearance probability can be approximated by

P⌫µ!⌫e ⇡ 4s213s
2
23(1 + 2oA)� C sin �CP(1 + oA) , (3.5)

P⌫̄µ!⌫̄e ⇡ 4s213s
2
23(1� 2oA) + C sin �CP(1� oA) . (3.6)

with

C ⌘ �m2
21L

4E⌫
sin 2✓12 sin 2✓13 sin 2✓23 , o ⌘ sgn(�m2

3`) , A ⌘
����
2E⌫V

�m2
3`

���� , (3.7)

where V is the e↵ective matter potential. In the above equations we have expanded

in the small parameters s13, �m2
21L/E⌫ , and A, and used that for T2K and NOvA

|�m2
3`|L/4E⌫ ⇡ ⇡/2.2 Using the respective mean neutrino energies we find A ⇡ 0.05

for T2K and an empirical value of A = 0.1 (for which this approximation works better) at

NOvA. Correspondingly the number of observed appearance events in T2K and NOvA is

approximately proportional to the oscillation probability:

N⌫e ⇡ N⌫
⇥
2s223(1 + 2oA)� C 0 sin �CP(1 + oA)

⇤
, (3.8)

N⌫̄e ⇡ N⌫̄
⇥
2s223(1� 2oA) + C 0 sin �CP(1� oA)

⇤
. (3.9)

Taking all the well-determined parameters ✓13, ✓12, �m2
21, |�m2

3`| at their global best fit

points, we obtain numerically C 0 ⇡ 0.28. The normalization constants N⌫,⌫̄ calculated

from our re-analysis of T2K and NOvA are given for the various appearance samples in

table 2. Those values can be compared with the background subtracted observed number

of events, which we also report in the table. Within this approximation, there are only

the two parameters s223 and sin �CP, plus the discrete parameter o = ±1 encoding the

mass ordering, to fit the appearance event numbers shown in table 2, with sin2 ✓23 being

constrained in addition from disappearance data. Note that C 0 depends only on sin 2✓23,

which varies by less than 2% for 0.42 < s223 < 0.64, and can be taken as constant for our

purposes. The general trends from eqs. (3.8) and (3.9) are the following:

• Both neutrino and anti-neutrino events are enhanced by increasing s223.

• Values of sin �CP ' +1 (�1) suppress (increase) neutrino events, and have the oppo-

site e↵ect for anti-neutrino events.

• For NO (IO) neutrino events are enhanced (suppressed) due to the matter e↵ect,

whereas anti-neutrino events are suppressed (enhanced).

• For NO (IO) the matter e↵ect increases (decreases) the impact of �CP for neutrinos,

while the opposite happens for anti-neutrinos.

2Expanding in the matter potential parameter A is a very good approximation for T2K, but not so good

for NOvA. However, the qualitative behaviour is still captured by the above expressions also for NOvA,

which su�ces for our discussion here.

– 13 –

A ⌘
����
2EV

�m2
3`

���� ⇡
⇢

0.05 T2K

0.1 NOvA
<latexit sha1_base64="c2B50goIQPh4px4Tamkzmbpkc18="></latexit>

following Elevant, Schwetz, 15



T. Schwetz @ TU Dresden, 18. 4. 2019!32

θ23 octant

3.2.2 Appearance results, second ✓23 octant and �CP

The preference for the second octant of ✓23 is driven by ⌫µ ! ⌫e appearance channel in

LBL experiments (available both for neutrinos and anti-neutrinos). Following Ref. [32],

the appearance probability can be approximated by

P⌫µ!⌫e ⇡ 4s213s
2
23(1 + 2oA)� C sin �CP(1 + oA) , (3.5)

P⌫̄µ!⌫̄e ⇡ 4s213s
2
23(1� 2oA) + C sin �CP(1� oA) . (3.6)

with

C ⌘ �m2
21L

4E⌫
sin 2✓12 sin 2✓13 sin 2✓23 , o ⌘ sgn(�m2

3`) , A ⌘
����
2E⌫V

�m2
3`

���� , (3.7)

where V is the e↵ective matter potential. In the above equations we have expanded

in the small parameters s13, �m2
21L/E⌫ , and A, and used that for T2K and NOvA

|�m2
3`|L/4E⌫ ⇡ ⇡/2.2 Using the respective mean neutrino energies we find A ⇡ 0.05

for T2K and an empirical value of A = 0.1 (for which this approximation works better) at

NOvA. Correspondingly the number of observed appearance events in T2K and NOvA is

approximately proportional to the oscillation probability:

N⌫e ⇡ N⌫
⇥
2s223(1 + 2oA)� C 0 sin �CP(1 + oA)

⇤
, (3.8)

N⌫̄e ⇡ N⌫̄
⇥
2s223(1� 2oA) + C 0 sin �CP(1� oA)

⇤
. (3.9)

Taking all the well-determined parameters ✓13, ✓12, �m2
21, |�m2

3`| at their global best fit

points, we obtain numerically C 0 ⇡ 0.28. The normalization constants N⌫,⌫̄ calculated

from our re-analysis of T2K and NOvA are given for the various appearance samples in

table 2. Those values can be compared with the background subtracted observed number

of events, which we also report in the table. Within this approximation, there are only

the two parameters s223 and sin �CP, plus the discrete parameter o = ±1 encoding the

mass ordering, to fit the appearance event numbers shown in table 2, with sin2 ✓23 being

constrained in addition from disappearance data. Note that C 0 depends only on sin 2✓23,

which varies by less than 2% for 0.42 < s223 < 0.64, and can be taken as constant for our

purposes. The general trends from eqs. (3.8) and (3.9) are the following:

• Both neutrino and anti-neutrino events are enhanced by increasing s223.

• Values of sin �CP ' +1 (�1) suppress (increase) neutrino events, and have the oppo-

site e↵ect for anti-neutrino events.

• For NO (IO) neutrino events are enhanced (suppressed) due to the matter e↵ect,

whereas anti-neutrino events are suppressed (enhanced).

• For NO (IO) the matter e↵ect increases (decreases) the impact of �CP for neutrinos,

while the opposite happens for anti-neutrinos.

2Expanding in the matter potential parameter A is a very good approximation for T2K, but not so good

for NOvA. However, the qualitative behaviour is still captured by the above expressions also for NOvA,

which su�ces for our discussion here.

– 13 –

T2K CCQE (⌫) T2K CC1⇡ (⌫) T2K CCQE (⌫̄) NOvA (⌫) NOvA (⌫̄)

N 40 3.8 11 34 11

Nobs 75 15 9 58 18

Nobs �Nbck 61.4 13.6 6.1 43.6 13.8

Table 2. Normalization coe�cients N⌫ and N⌫̄ for eqs. (3.8) and (3.9) for approximations used to
qualitatively describe the various appearance event samples used in our analysis for T2K and NOvA.
We also give the observed number of events, as well as the corresponding background subtracted
event numbers, as reported in Refs. [44, 45]

The last two items are more important for NOvA than for T2K, due to larger matter e↵ects

in NOvA because of the longer baseline.

In fig. 7, the determination of s223 from LBL data (including appearance) combined

with reactor data is shown. In the upper panels only ✓13 is constrained by reactor data,

whereas in the lower panels LBL and reactor data are combined consistently, including also

�m2
3` information. For the reasons explained above, lower panels show larger significance

of non-maximality, but now the symmetry between the octants is broken by appearance

data. Fig. 8 shows the ��2 dependence on �CP for various data samples.

Let us consider first the T2K samples. We see from table 2 that in both neutrino

samples (especially CC1⇡) the observed number of events after background subtraction is

large compared to N⌫ , while the anti-neutrino number is low. Hence, we need to maximize

the expression in eq. (3.8) and minimize eq. (3.9). Since neutrino data dominates over anti-

neutrinos, a slight preference for s223 > 0.5 appears (constrained by disappearance data),

while at the same time sin �CP ⇡ �1 serves to maximize (minimize) neutrino (anti-neutrino)

appearance, as visible in fig. 8.

For NOvA neutrino data, the coe�cient N⌫ in eq. (3.8) is also somewhat low compared

to the observed number of events minus background. For NO, the matter e↵ect enhances

neutrino events, and therefore, s223 (around maximal mixing favoured in disappearance)

and �CP can be adjusted, such that the event numbers can always be fitted, so ��2(�CP)

from NOvA neutrino data alone is < 1 for NO, cf. fig. 8. For IO, however, the matter e↵ect

suppresses neutrino events, and therefore, preference for the second octant and sin �CP ⇡
�1 appears to maximize the term in the square-bracket in eq. (3.8). For NOvA anti-

neutrino data, table 2 shows that the observed event number is of the order of N⌫̄ (only

slightly higher). Consequently we observe for NO only a very mild preference for sin �CP ⇡ 1
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and �CP can be adjusted, such that the event numbers can always be fitted, so ��2(�CP)

from NOvA neutrino data alone is < 1 for NO, cf. fig. 8. For IO, however, the matter e↵ect

suppresses neutrino events, and therefore, preference for the second octant and sin �CP ⇡
�1 appears to maximize the term in the square-bracket in eq. (3.8). For NOvA anti-

neutrino data, table 2 shows that the observed event number is of the order of N⌫̄ (only

slightly higher). Consequently we observe for NO only a very mild preference for sin �CP ⇡ 1

just to enhance slightly the rate of anti-neutrinos. For IO, the matter e↵ect enhances

anti-neutrinos, and therefore, choosing the combinations (first ✓23 octant/sin �CP ⇡ 1) or

(second ✓23 octant/sin �CP ⇡ �1) can fit the events, which leads to negligible ��2(�CP)

dependence for IO NOvA anti-neutrinos, cf. fig. 8. The combination of those e↵ects for

NO, leads to a disfavouring of sin �CP ⇡ �1 with ��2 ⇡ 3.5 from NOvA, somewhat

in contradiction of the T2K preferred region: with the non-maximality of ✓23 from anti-

neutrinos plus the matter enhancement for neutrinos, sin �CP ⇡ �1 would predict too many

neutrino events, and is therefore disfavoured.

The conclusion of those considerations lead to the preference of the second octant for

✓23 in the global analysis, as well as pushing the confidence interval for �CP towards 180�,
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Figure 7. ✓23 determination from LBL, reactor and their combination. Left (right) panels are
for IO (NO). The upper panels show the 1-dim ��2 from LBL experiments after constraining
only ✓13 from reactor experiments. For each experiment ��2 is defined with respect to the global
minimum of the two orderings. The lower panels show the corresponding determination when the
full information of LBL accelerator and reactor experiments is used in the combination (including
the information on �m2

3` from reactors). In all panels �m2
21, sin

2 ✓12 are fixed to the global best
fit values.

which implies that CP conservation is allowed by the combined data with ��2 ⇡ 1.5.

3.2.3 Preference for normal ordering

An important result of the present global fit is the growing significance of the preference

for the normal mass ordering. This indication emerges by a subtle interplay of various

subsets of the global data. Sensitivity to the mass ordering is provided by the matter

e↵ect [38, 39, 46] in oscillations with �m2
3`, observable in LBL accelerator and atmospheric

neutrino experiments, as well as the comparison oscillations in the ⌫e and ⌫µ disappearance

channels [43, 47, 48].
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3.2.2 Appearance results, second ✓23 octant and �CP

The preference for the second octant of ✓23 is driven by ⌫µ ! ⌫e appearance channel in

LBL experiments (available both for neutrinos and anti-neutrinos). Following Ref. [32],

the appearance probability can be approximated by

P⌫µ!⌫e ⇡ 4s213s
2
23(1 + 2oA)� C sin �CP(1 + oA) , (3.5)

P⌫̄µ!⌫̄e ⇡ 4s213s
2
23(1� 2oA) + C sin �CP(1� oA) . (3.6)

with

C ⌘ �m2
21L

4E⌫
sin 2✓12 sin 2✓13 sin 2✓23 , o ⌘ sgn(�m2

3`) , A ⌘
����
2E⌫V

�m2
3`

���� , (3.7)

where V is the e↵ective matter potential. In the above equations we have expanded

in the small parameters s13, �m2
21L/E⌫ , and A, and used that for T2K and NOvA

|�m2
3`|L/4E⌫ ⇡ ⇡/2.2 Using the respective mean neutrino energies we find A ⇡ 0.05

for T2K and an empirical value of A = 0.1 (for which this approximation works better) at

NOvA. Correspondingly the number of observed appearance events in T2K and NOvA is

approximately proportional to the oscillation probability:

N⌫e ⇡ N⌫
⇥
2s223(1 + 2oA)� C 0 sin �CP(1 + oA)

⇤
, (3.8)

N⌫̄e ⇡ N⌫̄
⇥
2s223(1� 2oA) + C 0 sin �CP(1� oA)

⇤
. (3.9)

Taking all the well-determined parameters ✓13, ✓12, �m2
21, |�m2

3`| at their global best fit

points, we obtain numerically C 0 ⇡ 0.28. The normalization constants N⌫,⌫̄ calculated

from our re-analysis of T2K and NOvA are given for the various appearance samples in

table 2. Those values can be compared with the background subtracted observed number

of events, which we also report in the table. Within this approximation, there are only

the two parameters s223 and sin �CP, plus the discrete parameter o = ±1 encoding the

mass ordering, to fit the appearance event numbers shown in table 2, with sin2 ✓23 being

constrained in addition from disappearance data. Note that C 0 depends only on sin 2✓23,

which varies by less than 2% for 0.42 < s223 < 0.64, and can be taken as constant for our

purposes. The general trends from eqs. (3.8) and (3.9) are the following:

• Both neutrino and anti-neutrino events are enhanced by increasing s223.

• Values of sin �CP ' +1 (�1) suppress (increase) neutrino events, and have the oppo-

site e↵ect for anti-neutrino events.

• For NO (IO) neutrino events are enhanced (suppressed) due to the matter e↵ect,

whereas anti-neutrino events are suppressed (enhanced).

• For NO (IO) the matter e↵ect increases (decreases) the impact of �CP for neutrinos,

while the opposite happens for anti-neutrinos.

2Expanding in the matter potential parameter A is a very good approximation for T2K, but not so good

for NOvA. However, the qualitative behaviour is still captured by the above expressions also for NOvA,

which su�ces for our discussion here.
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T2K CCQE (⌫) T2K CC1⇡ (⌫) T2K CCQE (⌫̄) NOvA (⌫) NOvA (⌫̄)

N 40 3.8 11 34 11

Nobs 75 15 9 58 18

Nobs �Nbck 61.4 13.6 6.1 43.6 13.8

Table 2. Normalization coe�cients N⌫ and N⌫̄ for eqs. (3.8) and (3.9) for approximations used to
qualitatively describe the various appearance event samples used in our analysis for T2K and NOvA.
We also give the observed number of events, as well as the corresponding background subtracted
event numbers, as reported in Refs. [44, 45]

The last two items are more important for NOvA than for T2K, due to larger matter e↵ects

in NOvA because of the longer baseline.

In fig. 7, the determination of s223 from LBL data (including appearance) combined

with reactor data is shown. In the upper panels only ✓13 is constrained by reactor data,

whereas in the lower panels LBL and reactor data are combined consistently, including also

�m2
3` information. For the reasons explained above, lower panels show larger significance

of non-maximality, but now the symmetry between the octants is broken by appearance

data. Fig. 8 shows the ��2 dependence on �CP for various data samples.

Let us consider first the T2K samples. We see from table 2 that in both neutrino

samples (especially CC1⇡) the observed number of events after background subtraction is

large compared to N⌫ , while the anti-neutrino number is low. Hence, we need to maximize

the expression in eq. (3.8) and minimize eq. (3.9). Since neutrino data dominates over anti-

neutrinos, a slight preference for s223 > 0.5 appears (constrained by disappearance data),

while at the same time sin �CP ⇡ �1 serves to maximize (minimize) neutrino (anti-neutrino)

appearance, as visible in fig. 8.

For NOvA neutrino data, the coe�cient N⌫ in eq. (3.8) is also somewhat low compared

to the observed number of events minus background. For NO, the matter e↵ect enhances

neutrino events, and therefore, s223 (around maximal mixing favoured in disappearance)

and �CP can be adjusted, such that the event numbers can always be fitted, so ��2(�CP)

from NOvA neutrino data alone is < 1 for NO, cf. fig. 8. For IO, however, the matter e↵ect

suppresses neutrino events, and therefore, preference for the second octant and sin �CP ⇡
�1 appears to maximize the term in the square-bracket in eq. (3.8). For NOvA anti-

neutrino data, table 2 shows that the observed event number is of the order of N⌫̄ (only

slightly higher). Consequently we observe for NO only a very mild preference for sin �CP ⇡ 1

just to enhance slightly the rate of anti-neutrinos. For IO, the matter e↵ect enhances

anti-neutrinos, and therefore, choosing the combinations (first ✓23 octant/sin �CP ⇡ 1) or

(second ✓23 octant/sin �CP ⇡ �1) can fit the events, which leads to negligible ��2(�CP)

dependence for IO NOvA anti-neutrinos, cf. fig. 8. The combination of those e↵ects for

NO, leads to a disfavouring of sin �CP ⇡ �1 with ��2 ⇡ 3.5 from NOvA, somewhat

in contradiction of the T2K preferred region: with the non-maximality of ✓23 from anti-

neutrinos plus the matter enhancement for neutrinos, sin �CP ⇡ �1 would predict too many

neutrino events, and is therefore disfavoured.

The conclusion of those considerations lead to the preference of the second octant for

✓23 in the global analysis, as well as pushing the confidence interval for �CP towards 180�,
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Figure 8. �CP determination from LBL, reactor and their combination. Left (right) panels are
for IO (NO). The upper panels show the 1-dim ��2 from LBL experiments after constraining
only ✓13 from reactor experiments. For each experiment ��2 is defined with respect to the global
minimum of the two orderings. The lower panels show the corresponding determination when the
full information of LBL accelerator and reactor experiments on both mixing angles and �m2

3` is
used in the combination. In all panels �m2

21, sin
2 ✓12 are fixed to the global best fit values.

Let us first discuss the indication coming from LBL accelerator experiments. We find

that T2K + the ✓13 constraint from reactors disfavours IO by ��2 ⇡ 4, see upper panels

of figs. 7, 8 and 9. This can be understood from the numbers in table 2 and eqs. (3.8)

and (3.9), where the matter e↵ect for NO helps to increase (decrease) events for neutrinos

(anti-neutrinos). NOvA data + the ✓13 constraint also disfavours IO by about 2 units in

�2, driven by neutrino data, while anti-neutrinos are insensitive to the ordering, cf. fig. 8.

Interestingly, by combining T2K, NOvA, and MINOS, decreases the ��2 of IO to about

2. An explanation for this e↵ect is the slight tension between NOvA and T2K in the

determination of �CP for NO visible in fig. 8. This leads to a worse fit of NO compared to

IO, where both experiments prefer the same region for �CP.
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The preference for the second octant of ✓23 is driven by ⌫µ ! ⌫e appearance channel in

LBL experiments (available both for neutrinos and anti-neutrinos). Following Ref. [32],

the appearance probability can be approximated by
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3`|L/4E⌫ ⇡ ⇡/2.2 Using the respective mean neutrino energies we find A ⇡ 0.05

for T2K and an empirical value of A = 0.1 (for which this approximation works better) at
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points, we obtain numerically C 0 ⇡ 0.28. The normalization constants N⌫,⌫̄ calculated

from our re-analysis of T2K and NOvA are given for the various appearance samples in

table 2. Those values can be compared with the background subtracted observed number

of events, which we also report in the table. Within this approximation, there are only

the two parameters s223 and sin �CP, plus the discrete parameter o = ±1 encoding the

mass ordering, to fit the appearance event numbers shown in table 2, with sin2 ✓23 being

constrained in addition from disappearance data. Note that C 0 depends only on sin 2✓23,

which varies by less than 2% for 0.42 < s223 < 0.64, and can be taken as constant for our
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• Values of sin �CP ' +1 (�1) suppress (increase) neutrino events, and have the oppo-

site e↵ect for anti-neutrino events.
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while the opposite happens for anti-neutrinos.
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21L/E⌫ , and A, and used that for T2K and NOvA

|�m2
3`|L/4E⌫ ⇡ ⇡/2.2 Using the respective mean neutrino energies we find A ⇡ 0.05

for T2K and an empirical value of A = 0.1 (for which this approximation works better) at

NOvA. Correspondingly the number of observed appearance events in T2K and NOvA is

approximately proportional to the oscillation probability:

N⌫e ⇡ N⌫
⇥
2s223(1 + 2oA)� C 0 sin �CP(1 + oA)

⇤
, (3.8)

N⌫̄e ⇡ N⌫̄
⇥
2s223(1� 2oA) + C 0 sin �CP(1� oA)

⇤
. (3.9)

Taking all the well-determined parameters ✓13, ✓12, �m2
21, |�m2

3`| at their global best fit

points, we obtain numerically C 0 ⇡ 0.28. The normalization constants N⌫,⌫̄ calculated

from our re-analysis of T2K and NOvA are given for the various appearance samples in

table 2. Those values can be compared with the background subtracted observed number

of events, which we also report in the table. Within this approximation, there are only

the two parameters s223 and sin �CP, plus the discrete parameter o = ±1 encoding the

mass ordering, to fit the appearance event numbers shown in table 2, with sin2 ✓23 being

constrained in addition from disappearance data. Note that C 0 depends only on sin 2✓23,

which varies by less than 2% for 0.42 < s223 < 0.64, and can be taken as constant for our

purposes. The general trends from eqs. (3.8) and (3.9) are the following:

• Both neutrino and anti-neutrino events are enhanced by increasing s223.

• Values of sin �CP ' +1 (�1) suppress (increase) neutrino events, and have the oppo-

site e↵ect for anti-neutrino events.

• For NO (IO) neutrino events are enhanced (suppressed) due to the matter e↵ect,

whereas anti-neutrino events are suppressed (enhanced).

• For NO (IO) the matter e↵ect increases (decreases) the impact of �CP for neutrinos,

while the opposite happens for anti-neutrinos.

2Expanding in the matter potential parameter A is a very good approximation for T2K, but not so good

for NOvA. However, the qualitative behaviour is still captured by the above expressions also for NOvA,

which su�ces for our discussion here.
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CP phase

Normal Ordering (best fit) Inverted Ordering (��2 = 4.7)

bfp ±1� 3� range bfp ±1� 3� range

sin2 ✓12 0.310+0.013
�0.012 0.275 ! 0.350 0.310+0.013

�0.012 0.275 ! 0.350

✓12/
� 33.82+0.78

�0.76 31.61 ! 36.27 33.82+0.78
�0.76 31.61 ! 36.27

sin2 ✓23 0.580+0.017
�0.021 0.418 ! 0.627 0.584+0.016

�0.020 0.423 ! 0.629

✓23/
� 49.6+1.0

�1.2 40.3 ! 52.4 49.8+1.0
�1.1 40.6 ! 52.5

sin2 ✓13 0.02241+0.00065
�0.00065 0.02045 ! 0.02439 0.02264+0.00066

�0.00066 0.02068 ! 0.02463
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tm ✓13/

� 8.61+0.13
�0.13 8.22 ! 8.99 8.65+0.13

�0.13 8.27 ! 9.03

�CP/
� 215+40

�29 125 ! 392 284+27
�29 196 ! 360

�m2
21

10�5 eV2 7.39+0.21
�0.20 6.79 ! 8.01 7.39+0.21

�0.20 6.79 ! 8.01

�m2
3`

10�3 eV2 +2.525+0.033
�0.032 +2.427 ! +2.625 �2.512+0.034

�0.032 �2.611 ! �2.412
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�0.018 0.433 ! 0.623
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�1.0 41.2 ! 52.1
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�m2
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10�3 eV2 +2.525+0.033
�0.031 +2.431 ! +2.622 �2.512+0.034

�0.031 �2.606 ! �2.413

Table 1. Three-flavour oscillation parameters from our fit to global data. The numbers in the 1st
(2nd) column are obtained assuming NO (IO), i.e., relative to the respective local minimum. Note
that �m2

3` ⌘ �m2
31 > 0 for NO and �m2

3` ⌘ �m2
32 < 0 for IO. The results shown in the upper

(lower) table are without (with) adding the tabulated SK-atm ��2.
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(2nd) column are obtained assuming NO (IO), i.e., relative to the respective local minimum. Note
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31 > 0 for NO and �m2
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32 < 0 for IO. The results shown in the upper
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Leptonic CP violation

Neutrino oscillations Current status and implications

CP violation
Leptonic CP violation will manifest itself in a di�erence of the vacuum
oscillation probabilities for neutrinos and anti-neutrinos
Cabibbo, 1977; Bilenky, Hosek, Petcov, 1980, Barger, Whisnant, Phillips, 1980

P‹–æ‹— ≠ P‹̄–æ‹̄— Ã J , J = |Im(U–1U
ú
–2U

ú
—1U—2)|

J : leptonic analogue to Jarlskog-invariant Jarlskog, 1985

standard parameterization: J = s12c12s23c23s13c
2
13 sin ” © J

max sin ”

present data NuFit 2.0: J
max = 0.0329 ± 0.0009 (1‡)

compare with Jarlskog invariant in the quark sector:

JCKM = (3.06+0.21
≠0.20) ◊ 10≠5

I CPV for leptons might be a factor 1000 larger than for quarks
I OBS: for quarks we know J , for leptons only J

max (do not know ”!)
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Figure 3. Dependence of the global ��2 function on the Jarlskog invariant. The red (blue) curves
are for NO (IO). Solid (dashed) curves are without (with) adding the tabulated SK-atm ��2.

Note that there are strong correlations between the elements due to the unitary constraint,

see Ref. [33] for details on how we derive the ranges.

The present status of leptonic CP violation is illustrated in figs. 2 and 3. In particular

fig. 2 contains two projections of the confidence regions with �CP on the vertical axis in

which we observe the non-trivial correlations between �CP and sin2 ✓23. In the left panel

of fig. 3 we show the dependence of ��2 of the global analysis on the Jarlskog invariant

which gives a convention-independent measure of CP violation [34], defined by:

JCP ⌘ Im
⇥
U↵iU

⇤
↵jU

⇤
�iU�j

⇤

⌘ Jmax
CP sin �CP = cos ✓12 sin ✓12 cos ✓23 sin ✓23 cos

2 ✓13 sin ✓13 sin �CP (2.3)

where in the second line we have used the parametrization in Eq. (1.2). Factoring out

sin �CP, the determination of the mixing angles implies a maximal possible value of the

Jarlskog invariant:

Jmax
CP = 0.0333± 0.0006 (±0.0019) (2.4)

at 1� (3�) for both orderings. The preference of the present data for non-zero �CP implies a

best fit value Jbest
CP = �0.019, which is favored over CP conservation with ��2 = 1.5 (1.8)

without (with) SK-atm. These numbers can be compared with the size of the Jarlskog

invariant in the quark sector, Jquarks
CP = (3.18± 0.15)⇥ 10�5 [35].

3 Synergies and tensions

3.1 Status of comparison of results of solar experiments versus KamLAND

The analyses of the solar experiments and of KamLAND give the dominant contribution to

the determination of �m2
21 and ✓12. We show in fig. 4 the present determination of these
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12. CKM quark-mixing matrix 15
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Figure 12.2: Constraints on the ρ̄, η̄ plane. The shaded areas have 95% CL.

unitarity). The fit must also use theory predictions for hadronic matrix elements, which
sometimes have significant uncertainties. There are several approaches to combining
the experimental data. CKMfitter [6,109] and Ref. [124] (which develops [125,126]
further) use frequentist statistics, while UTfit [110,127] uses a Bayesian approach. These
approaches provide similar results.

The constraints implied by the unitarity of the three generation CKM matrix
significantly reduce the allowed range of some of the CKM elements. The fit for the
Wolfenstein parameters defined in Eq. (12.4) gives

λ = 0.22453 ± 0.00044 , A = 0.836 ± 0.015 ,

ρ̄ = 0.122+0.018
−0.017 , η̄ = 0.355+0.012

−0.011 . (12.26)

These values are obtained using the method of Refs. [6,109]. Using the prescription
of Refs. [110,127] gives λ = 0.22465 ± 0.00039, A = 0.832 ± 0.009, ρ̄ = 0.139 ± 0.016,
η̄ = 0.346 ± 0.010 [128]. The fit results for the magnitudes of all nine CKM elements are

VCKM =

⎛

⎝
0.97446 ± 0.00010 0.22452± 0.00044 0.00365 ± 0.00012
0.22438 ± 0.00044 0.97359+0.00010

−0.00011 0.04214 ± 0.00076

0.00896+0.00024
−0.00023 0.04133± 0.00074 0.999105 ± 0.000032

⎞

⎠ , (12.27)

June 5, 2018 19:49
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Leptonic CP violation

Neutrino oscillations Current status and implications

CP violation
Leptonic CP violation will manifest itself in a di�erence of the vacuum
oscillation probabilities for neutrinos and anti-neutrinos
Cabibbo, 1977; Bilenky, Hosek, Petcov, 1980, Barger, Whisnant, Phillips, 1980

P‹–æ‹— ≠ P‹̄–æ‹̄— Ã J , J = |Im(U–1U
ú
–2U

ú
—1U—2)|

J : leptonic analogue to Jarlskog-invariant Jarlskog, 1985

standard parameterization: J = s12c12s23c23s13c
2
13 sin ” © J

max sin ”

present data NuFit 2.0: J
max = 0.0329 ± 0.0009 (1‡)

compare with Jarlskog invariant in the quark sector:

JCKM = (3.06+0.21
≠0.20) ◊ 10≠5

I CPV for leptons might be a factor 1000 larger than for quarks
I OBS: for quarks we know J , for leptons only J

max (do not know ”!)
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Figure 3. Dependence of the global ��2 function on the Jarlskog invariant. The red (blue) curves
are for NO (IO). Solid (dashed) curves are without (with) adding the tabulated SK-atm ��2.

Note that there are strong correlations between the elements due to the unitary constraint,

see Ref. [33] for details on how we derive the ranges.

The present status of leptonic CP violation is illustrated in figs. 2 and 3. In particular

fig. 2 contains two projections of the confidence regions with �CP on the vertical axis in
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sin �CP, the determination of the mixing angles implies a maximal possible value of the

Jarlskog invariant:

Jmax
CP = 0.0333± 0.0006 (±0.0019) (2.4)

at 1� (3�) for both orderings. The preference of the present data for non-zero �CP implies a

best fit value Jbest
CP = �0.019, which is favored over CP conservation with ��2 = 1.5 (1.8)

without (with) SK-atm. These numbers can be compared with the size of the Jarlskog

invariant in the quark sector, Jquarks
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3 Synergies and tensions

3.1 Status of comparison of results of solar experiments versus KamLAND
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the determination of �m2
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Note that there are strong correlations between the elements due to the unitary constraint,

see Ref. [33] for details on how we derive the ranges.

The present status of leptonic CP violation is illustrated in figs. 2 and 3. In particular

fig. 2 contains two projections of the confidence regions with �CP on the vertical axis in

which we observe the non-trivial correlations between �CP and sin2 ✓23. In the left panel

of fig. 3 we show the dependence of ��2 of the global analysis on the Jarlskog invariant

which gives a convention-independent measure of CP violation [34], defined by:
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⌘ Jmax
CP sin �CP = cos ✓12 sin ✓12 cos ✓23 sin ✓23 cos

2 ✓13 sin ✓13 sin �CP (2.3)

where in the second line we have used the parametrization in Eq. (1.2). Factoring out

sin �CP, the determination of the mixing angles implies a maximal possible value of the

Jarlskog invariant:

Jmax
CP = 0.0333± 0.0006 (±0.0019) (2.4)

at 1� (3�) for both orderings. The preference of the present data for non-zero �CP implies a

best fit value Jbest
CP = �0.019, which is favored over CP conservation with ��2 = 1.5 (1.8)

without (with) SK-atm. These numbers can be compared with the size of the Jarlskog

invariant in the quark sector, Jquarks
CP = (3.18± 0.15)⇥ 10�5 [35].

3 Synergies and tensions

3.1 Status of comparison of results of solar experiments versus KamLAND

The analyses of the solar experiments and of KamLAND give the dominant contribution to

the determination of �m2
21 and ✓12. We show in fig. 4 the present determination of these
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3.2.2 Appearance results, second ✓23 octant and �CP

The preference for the second octant of ✓23 is driven by ⌫µ ! ⌫e appearance channel in

LBL experiments (available both for neutrinos and anti-neutrinos). Following Ref. [32],

the appearance probability can be approximated by

P⌫µ!⌫e ⇡ 4s213s
2
23(1 + 2oA)� C sin �CP(1 + oA) , (3.5)

P⌫̄µ!⌫̄e ⇡ 4s213s
2
23(1� 2oA) + C sin �CP(1� oA) . (3.6)

with

C ⌘ �m2
21L

4E⌫
sin 2✓12 sin 2✓13 sin 2✓23 , o ⌘ sgn(�m2

3`) , A ⌘
����
2E⌫V

�m2
3`

���� , (3.7)

where V is the e↵ective matter potential. In the above equations we have expanded

in the small parameters s13, �m2
21L/E⌫ , and A, and used that for T2K and NOvA

|�m2
3`|L/4E⌫ ⇡ ⇡/2.2 Using the respective mean neutrino energies we find A ⇡ 0.05

for T2K and an empirical value of A = 0.1 (for which this approximation works better) at

NOvA. Correspondingly the number of observed appearance events in T2K and NOvA is

approximately proportional to the oscillation probability:

N⌫e ⇡ N⌫
⇥
2s223(1 + 2oA)� C 0 sin �CP(1 + oA)

⇤
, (3.8)

N⌫̄e ⇡ N⌫̄
⇥
2s223(1� 2oA) + C 0 sin �CP(1� oA)

⇤
. (3.9)

Taking all the well-determined parameters ✓13, ✓12, �m2
21, |�m2

3`| at their global best fit

points, we obtain numerically C 0 ⇡ 0.28. The normalization constants N⌫,⌫̄ calculated

from our re-analysis of T2K and NOvA are given for the various appearance samples in

table 2. Those values can be compared with the background subtracted observed number

of events, which we also report in the table. Within this approximation, there are only

the two parameters s223 and sin �CP, plus the discrete parameter o = ±1 encoding the

mass ordering, to fit the appearance event numbers shown in table 2, with sin2 ✓23 being

constrained in addition from disappearance data. Note that C 0 depends only on sin 2✓23,

which varies by less than 2% for 0.42 < s223 < 0.64, and can be taken as constant for our

purposes. The general trends from eqs. (3.8) and (3.9) are the following:

• Both neutrino and anti-neutrino events are enhanced by increasing s223.

• Values of sin �CP ' +1 (�1) suppress (increase) neutrino events, and have the oppo-

site e↵ect for anti-neutrino events.

• For NO (IO) neutrino events are enhanced (suppressed) due to the matter e↵ect,

whereas anti-neutrino events are suppressed (enhanced).

• For NO (IO) the matter e↵ect increases (decreases) the impact of �CP for neutrinos,

while the opposite happens for anti-neutrinos.

2Expanding in the matter potential parameter A is a very good approximation for T2K, but not so good

for NOvA. However, the qualitative behaviour is still captured by the above expressions also for NOvA,

which su�ces for our discussion here.
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T2K CCQE (⌫) T2K CC1⇡ (⌫) T2K CCQE (⌫̄) NOvA (⌫) NOvA (⌫̄)

N 40 3.8 11 34 11

Nobs 75 15 9 58 18

Nobs �Nbck 61.4 13.6 6.1 43.6 13.8

Table 2. Normalization coe�cients N⌫ and N⌫̄ for eqs. (3.8) and (3.9) for approximations used to
qualitatively describe the various appearance event samples used in our analysis for T2K and NOvA.
We also give the observed number of events, as well as the corresponding background subtracted
event numbers, as reported in Refs. [44, 45]

The last two items are more important for NOvA than for T2K, due to larger matter e↵ects

in NOvA because of the longer baseline.

In fig. 7, the determination of s223 from LBL data (including appearance) combined

with reactor data is shown. In the upper panels only ✓13 is constrained by reactor data,

whereas in the lower panels LBL and reactor data are combined consistently, including also

�m2
3` information. For the reasons explained above, lower panels show larger significance

of non-maximality, but now the symmetry between the octants is broken by appearance

data. Fig. 8 shows the ��2 dependence on �CP for various data samples.

Let us consider first the T2K samples. We see from table 2 that in both neutrino

samples (especially CC1⇡) the observed number of events after background subtraction is

large compared to N⌫ , while the anti-neutrino number is low. Hence, we need to maximize

the expression in eq. (3.8) and minimize eq. (3.9). Since neutrino data dominates over anti-

neutrinos, a slight preference for s223 > 0.5 appears (constrained by disappearance data),

while at the same time sin �CP ⇡ �1 serves to maximize (minimize) neutrino (anti-neutrino)

appearance, as visible in fig. 8.

For NOvA neutrino data, the coe�cient N⌫ in eq. (3.8) is also somewhat low compared

to the observed number of events minus background. For NO, the matter e↵ect enhances

neutrino events, and therefore, s223 (around maximal mixing favoured in disappearance)

and �CP can be adjusted, such that the event numbers can always be fitted, so ��2(�CP)

from NOvA neutrino data alone is < 1 for NO, cf. fig. 8. For IO, however, the matter e↵ect

suppresses neutrino events, and therefore, preference for the second octant and sin �CP ⇡
�1 appears to maximize the term in the square-bracket in eq. (3.8). For NOvA anti-

neutrino data, table 2 shows that the observed event number is of the order of N⌫̄ (only

slightly higher). Consequently we observe for NO only a very mild preference for sin �CP ⇡ 1

just to enhance slightly the rate of anti-neutrinos. For IO, the matter e↵ect enhances

anti-neutrinos, and therefore, choosing the combinations (first ✓23 octant/sin �CP ⇡ 1) or

(second ✓23 octant/sin �CP ⇡ �1) can fit the events, which leads to negligible ��2(�CP)

dependence for IO NOvA anti-neutrinos, cf. fig. 8. The combination of those e↵ects for

NO, leads to a disfavouring of sin �CP ⇡ �1 with ��2 ⇡ 3.5 from NOvA, somewhat

in contradiction of the T2K preferred region: with the non-maximality of ✓23 from anti-

neutrinos plus the matter enhancement for neutrinos, sin �CP ⇡ �1 would predict too many

neutrino events, and is therefore disfavoured.

The conclusion of those considerations lead to the preference of the second octant for

✓23 in the global analysis, as well as pushing the confidence interval for �CP towards 180�,
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the appearance probability can be approximated by
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P⌫̄µ!⌫̄e ⇡ 4s213s
2
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with

C ⌘ �m2
21L

4E⌫
sin 2✓12 sin 2✓13 sin 2✓23 , o ⌘ sgn(�m2

3`) , A ⌘
����
2E⌫V

�m2
3`

���� , (3.7)

where V is the e↵ective matter potential. In the above equations we have expanded

in the small parameters s13, �m2
21L/E⌫ , and A, and used that for T2K and NOvA

|�m2
3`|L/4E⌫ ⇡ ⇡/2.2 Using the respective mean neutrino energies we find A ⇡ 0.05

for T2K and an empirical value of A = 0.1 (for which this approximation works better) at

NOvA. Correspondingly the number of observed appearance events in T2K and NOvA is

approximately proportional to the oscillation probability:

N⌫e ⇡ N⌫
⇥
2s223(1 + 2oA)� C 0 sin �CP(1 + oA)

⇤
, (3.8)

N⌫̄e ⇡ N⌫̄
⇥
2s223(1� 2oA) + C 0 sin �CP(1� oA)

⇤
. (3.9)

Taking all the well-determined parameters ✓13, ✓12, �m2
21, |�m2

3`| at their global best fit

points, we obtain numerically C 0 ⇡ 0.28. The normalization constants N⌫,⌫̄ calculated

from our re-analysis of T2K and NOvA are given for the various appearance samples in

table 2. Those values can be compared with the background subtracted observed number

of events, which we also report in the table. Within this approximation, there are only

the two parameters s223 and sin �CP, plus the discrete parameter o = ±1 encoding the

mass ordering, to fit the appearance event numbers shown in table 2, with sin2 ✓23 being

constrained in addition from disappearance data. Note that C 0 depends only on sin 2✓23,

which varies by less than 2% for 0.42 < s223 < 0.64, and can be taken as constant for our

purposes. The general trends from eqs. (3.8) and (3.9) are the following:

• Both neutrino and anti-neutrino events are enhanced by increasing s223.

• Values of sin �CP ' +1 (�1) suppress (increase) neutrino events, and have the oppo-

site e↵ect for anti-neutrino events.

• For NO (IO) neutrino events are enhanced (suppressed) due to the matter e↵ect,

whereas anti-neutrino events are suppressed (enhanced).

• For NO (IO) the matter e↵ect increases (decreases) the impact of �CP for neutrinos,

while the opposite happens for anti-neutrinos.

2Expanding in the matter potential parameter A is a very good approximation for T2K, but not so good

for NOvA. However, the qualitative behaviour is still captured by the above expressions also for NOvA,

which su�ces for our discussion here.
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Figure 8. �CP determination from LBL, reactor and their combination. Left (right) panels are
for IO (NO). The upper panels show the 1-dim ��2 from LBL experiments after constraining
only ✓13 from reactor experiments. For each experiment ��2 is defined with respect to the global
minimum of the two orderings. The lower panels show the corresponding determination when the
full information of LBL accelerator and reactor experiments on both mixing angles and �m2

3` is
used in the combination. In all panels �m2

21, sin
2 ✓12 are fixed to the global best fit values.

Let us first discuss the indication coming from LBL accelerator experiments. We find

that T2K + the ✓13 constraint from reactors disfavours IO by ��2 ⇡ 4, see upper panels

of figs. 7, 8 and 9. This can be understood from the numbers in table 2 and eqs. (3.8)

and (3.9), where the matter e↵ect for NO helps to increase (decrease) events for neutrinos

(anti-neutrinos). NOvA data + the ✓13 constraint also disfavours IO by about 2 units in

�2, driven by neutrino data, while anti-neutrinos are insensitive to the ordering, cf. fig. 8.

Interestingly, by combining T2K, NOvA, and MINOS, decreases the ��2 of IO to about

2. An explanation for this e↵ect is the slight tension between NOvA and T2K in the

determination of �CP for NO visible in fig. 8. This leads to a worse fit of NO compared to

IO, where both experiments prefer the same region for �CP.
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Figure 9. �m2
3` determination from LBL, reactor and their combination. Left (right) panels

are for IO (NO). The upper panels show the 1-dim ��2 from LBL experiments after constraining
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An interesting additional e↵ect sensitive to the mass ordering has been pointed out in
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Figure 4. Left: Allowed parameter regions (at 1�, 90%, 2�, 99%, and 3� CL for 2 dof) from
the combined analysis of solar data for GS98 model (full regions with best fit marked by black
star) and AGSS09 model (dashed void contours with best fit marked by a white dot), and for the
analysis of KamLAND data (solid green contours with best fit marked by a green star) for fixed
sin2 ✓13 = 0.0224 (✓13 = 8.6). We also show as orange contours the results of a global analysis for
the GS98 model but without including the day-night information from SK. Right: ��2 dependence
on �m2

21 for the same four analyses after marginalizing over ✓12.

3.2 ✓23, �CP and mass ordering from LBL accelerator and MBL reactor exper-

iments

The determination of the atmospheric parameters ✓23 and �m2
3` is illustrated in fig. 5. We

observe significant synergy from combining the various experiments, since the combined

region is clearly smaller than any individual one. Moreover, the striking agreement of

LBL accelerator and MBL reactor data in the determination of �m2
3` within comparable

accuracy is a non-trivial cross check of the 3-flavour oscillation paradigm. Let us now

discuss in more detail how the indication of non-maximal mixing and preference for the

second octant for ✓23 emerges.

3.2.1 Disappearance results and non-maximal ✓23

We focus first on LBL disappearance data. The ⌫µ survival probability is given to good

accuracy by [42, 43]

Pµµ ⇡ 1� sin2 2✓µµ sin
2 �m2

µµL

4E⌫
, (3.2)

where L is the baseline, E⌫ is the neutrino energy, and

sin2 ✓µµ = cos2 ✓13 sin
2 ✓23 , (3.3)

�m2
µµ = sin2 ✓12�m2

31 + cos2 ✓12�m2
32 + cos �CP sin ✓13 sin 2✓12 tan ✓23�m2

21 . (3.4)

– 10 –

Nunokawa, Parke, 
Zukanovich, 05, 06

νe and νμ disappearance depend on slightly different effective mass-squared differences
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Figure 8. �CP determination from LBL, reactor and their combination. Left (right) panels are
for IO (NO). The upper panels show the 1-dim ��2 from LBL experiments after constraining
only ✓13 from reactor experiments. For each experiment ��2 is defined with respect to the global
minimum of the two orderings. The lower panels show the corresponding determination when the
full information of LBL accelerator and reactor experiments on both mixing angles and �m2

3` is
used in the combination. In all panels �m2

21, sin
2 ✓12 are fixed to the global best fit values.

Let us first discuss the indication coming from LBL accelerator experiments. We find

that T2K + the ✓13 constraint from reactors disfavours IO by ��2 ⇡ 4, see upper panels

of figs. 7, 8 and 9. This can be understood from the numbers in table 2 and eqs. (3.8)

and (3.9), where the matter e↵ect for NO helps to increase (decrease) events for neutrinos

(anti-neutrinos). NOvA data + the ✓13 constraint also disfavours IO by about 2 units in

�2, driven by neutrino data, while anti-neutrinos are insensitive to the ordering, cf. fig. 8.

Interestingly, by combining T2K, NOvA, and MINOS, decreases the ��2 of IO to about

2. An explanation for this e↵ect is the slight tension between NOvA and T2K in the

determination of �CP for NO visible in fig. 8. This leads to a worse fit of NO compared to

IO, where both experiments prefer the same region for �CP.

– 16 –

adding reactors: Δ𝝌2(IO) ≈ 4

no reactor data, but
θ13 prior added

T2K: Δ𝝌2(IO) ≈ 4

adding NOvA: Δ𝝌2(IO) ≈ 2
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Figure 6: ∆χ2 as a function of∆m2
31 with the wrong sign for PINGU, Daya Bay II, and the combination.

For PINGU we assume 1 year of data with σE = 2 GeV and σθν =
√

1GeV/Eν , statistical errors only,

and we minimize with respect to δ but keep all other oscillation parameters fixed. For Daya Bay II we take

an exposure of 1000 kt GW yr and assume an energy resolution of σE = 3.5%
√

1MeV/E. The dashed

curves corresponds to 5 years of neutrino data at 0.77 MW from T2K (not included in the “combined”

curve). We take the true values |∆m2
31| = 2.4 × 10−3 eV2, sin2 2θ13 = 0.092, sin2 θ23 = 0.5, δ = 0,

∆m2
21 = 7.59 · 10−5 eV2. For the left (right) panel the true mass ordering is normal (inverted).

4 Combination of PINGU and Daya Bay II

We now move to the main point of this work, the combination of data from a high-statistics

atmospheric and a medium-baseline reactor experiment. For our combined analysis of
PINGU and Daya Bay II, we need to consider the full three flavor framework in order

to properly assess the combined sensitivity. This is due to the fact that the effect we
are exploiting is mainly based on the impact of ∆m2

21 on the best fit of ∆m2
31 for the

wrong ordering. It is therefore necessary to take three flavour oscillations into account

without approximation in order to obtain reliable results. For computational reasons we
neglect the impact of systematic uncertainties in PINGU, however we will comment on

their impact later in this section.
The basic mechanism is illustrated in Fig. 6. We show the power of combining PINGU

and Daya Bay II results by plotting the individual ∆χ2 as well as their sum as a function of
the wrong sign ∆m2

31. With the parameters chosen for this plot neither of the experiments
would have a sensitivity to the neutrino mass ordering of more than two sigma. However,

the |∆m2
31| best fit values would differ significantly. This implies that the overall best

fit occurs at a value of |∆m2
31| which is not advantageous for either of the experiments

and therefore the sensitivity increases significantly, as can be seen from the red curve, to
between four and five sigma.

14

Blennow, Schwetz, 1306.3988

joint IceCube & JUNO paper 
is in preparation
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1710.09126

5

(a)P (⌫µ ! ⌫µ) (b)P (⌫µ ! ⌫e)

(c)P (⌫̄µ ! ⌫̄µ) (d)P (⌫̄µ ! ⌫̄e)

FIG. 2. Oscillation probabilities for neutrinos (upper panels) and antineutrinos (lower panels) as a function of energy and
zenith angle assuming a normal mass hierarchy. Matter e↵ects in the Earth produce the distortions in the neutrino figures
between two and ten GeV, which are not present in the antineutrino figures. Distortions in the ⌫µ survival probability and
enhancements in the ⌫e appearance probability occur primarily in angular regions corresponding to neutrino propagation across
both the outer core and mantle regions (cosine zenith < �0.9) and propagation through the mantle and crust (�0.9 < cosine
zenith < �0.45 ). For an inverted hierarchy the matter e↵ects appear in the antineutrino figures instead. Here the oscillation
parameters are taken to be �m

2
32 = 2.5⇥ 10�3eV2, sin2

✓23 = 0.5, sin2
✓13 = 0.0219, and �CP = 0.

III. THE SUPER-KAMIOKANDE DETECTOR

Super-Kamiokande is a cylindrical 50-kiloton water
Cherenkov detector, located inside the Kamioka mine in
Gifu, Japan. An inner detector (ID) volume is viewed
by more than 11,000 inward-facing 20-inch photomulti-

plier tubes (PMTs) and contains a 32-kiloton target vol-
ume. The outer detector, which is defined by the two
meter-thick cylindrical shell surrounding the ID, is lined
with reflective Tyvek to increase light collection to 1,885
outward-facing eight-inch PMTs mounted on the shell’s
inner surface. Since the start of operations in 1996,
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FIG. 14. Constraints on neutrino oscillation parameters from the Super-K atmospheric neutrino data fit assuming sin2
✓13 =

0.0219 ± 0.0012 . Orange lines denote the inverted hierarchy result, which has been o↵set from the normal hierarchy result,
shown in cyan, by the di↵erence in their minimum �

2 values.
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FIG. 15. Constraints on neutrino oscillation contours at the
90% C.L. from analyses assuming the normal mass hierarchy.
The Super-K contour (cyan) is taken from the analysis with
sin2

✓13 assumed to be 0.0219 ± 0.0012. Contours from the
T2K (violet) [8], NOvA (dashed green) [7], MINOS+ (dashed
blue) [36], and IceCube (red) [39] experiments are also shown.

Results and Discussion

Constraints on the atmospheric neutrino mixing pa-
rameters and �CP in the ✓13-constrained fit without the
T2K samples are shown in Figure 14. As in the uncon-
strained fit the data prefer the normal hierarchy over the
inverted hierarchy with ��2

⌘ �2
NH,min

� �2
IH,min

=
�4.33. While the best fit value of |�m2

32| has shifted
slightly, it is within errors of the unconstrained fit and in
good agreement with other measurements (c.f. Fig. 15).
Similarly, the preference for the second octant of ✓23 re-
mains unchanged and no significant change is seen in the
width of the parameter’s allowed region at 1�. The best
fit value of �CP is 4.18 for both hierarchies, with a tighter
constraint on other values relative to the unconstrained

fit. Parameter values and their 1� errors are summarized
in Table V.

In the second fit the addition of the T2K samples is ex-
pected to improve the constraint on the atmospheric mix-
ing parameters due to T2K’s more precise measurements.
The left two panels of Fig. 16 show one-dimensional con-
straints on these parameters and two-dimensional con-
tours appear in Fig. 17. In the latter dotted lines denote
the allowed region from the ✓13-constrained fit to the at-
mospheric neutrino data only and dashed lines show the
allowed regions from the T2K model fit by itself. The
combination of the two data sets, depicted as the solid
line, shows that the fit to these parameters is dominated
by the T2K model, with little improvement seen in the
contour when fit together with atmospheric neutrinos.

With less freedom to adjust the atmospheric mixing
parameters, the combination of atmospheric neutrinos
with the T2K model is expected to improve the mass
hierarchy sensitivity on average (see Fig. 13). By it-
self, the T2K model favors the normal hierarchy by
��2 = �0.85 [27]. Though T2K has little mass hier-
archy sensitivity on average, ��2 = �0.4 at the Super-K
best fit point, this result is driven by an excess of observed
events in its appearance sample. When atmospheric neu-
trinos are combined with T2K, the hierarchy preference
strengthens to ��2 = �5.27, with the majority of the ex-
pected sensitivity coming from the atmospheric samples
appearing in Fig. 10.

Similar preferences in both samples for �CP near 3⇡/2
result in a stronger constraint on this parameter when
analyzed together. The right panel of Fig. 16 shows the
constraint for both hierarchy assumptions, with the o↵set
in the two lines corresponding to the ��2 between the
two. Naturally, this preference is consistent with an in-
creased ⌫e (as opposed to ⌫̄e) rate in T2K relative to the
expectation from the measured value of ✓13. Though the
constraint from the normal hierarchy fit disfavors the re-
gion around ⇡/2, the contour includes the CP-conserving

θ13 constrained

•prefers 2nd θ23 octant and π < δ < 2π
•𝝌2(IO) - 𝝌2(NO) = 4.3
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•analysis not reproducable outside SK

•add 𝝌2 table to global fit („black box“)
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FIG. 11. Constraints on the matter e↵ect parameter ↵

from the Super-K atmospheric neutrino data fit assuming
sin2

✓13 = 0.0219± 0.0012 . Orange lines denote the inverted
hierarchy result, which has been o↵set from the normal hierar-
chy result, shown in blue, by the di↵erence in their minimum
�
2 values. Vacuum corresponds to ↵ = 0, while the standard

matter profile used in the rest of the analyses presented here
corresponds to ↵ = 1.

aspects of the experiments are shared. Notably the de-
tector simulation as well as the neutrino interaction gen-
erator, NEUT [33], and the event reconstruction tools
at Super-K are common between the two. From the
standpoint of Super-K then, only the neutrino source and
associated systematics di↵er between the beam and at-
mospheric neutrino measurements. For this reason it is
possible to create a reliable simulation of the T2K experi-
ment using software and methods specific to atmospheric
neutrino measurements, provided only information about
the beam flux and systematic errors. Accordingly, in ad-
dition to the 19⇥4 data samples presented in Section III,
simulated T2K ⌫e appearance and ⌫µ disappearance sam-
ples are introduced into the atmospheric analysis in or-
der to directly incorporate T2K’s measurements. Monte
Carlo corresponding to these samples is constructed from
reweighted atmospheric neutrino MC and data are taken
from the literature. This scheme allows various oscilla-
tion hypotheses to be tested against the published T2K
data and in conjunction with the Super-K data. Pro-
vided the model samples reproduce T2K’s results when
fit without the atmospheric neutrino data, the results of
a combined analysis can be taken as reliable.

Neutrino MC samples at Super-K are generated ac-

Super-Kamiokande I-IV, 1710.09126
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standpoint of Super-K then, only the neutrino source and
associated systematics di↵er between the beam and at-
mospheric neutrino measurements. For this reason it is
possible to create a reliable simulation of the T2K experi-
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neutrino measurements, provided only information about
the beam flux and systematic errors. Accordingly, in ad-
dition to the 19⇥4 data samples presented in Section III,
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der to directly incorporate T2K’s measurements. Monte
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Super-Kamiokande I-IV, 1710.09126
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Normal Ordering (best fit) Inverted Ordering (��2 = 4.7)
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adding SuperK I-IV atm
𝝌2 table to the global fit → 
inverted ordering becomes 
disfavoured at 3σ

(contribution of IceCube to 
MO still very small)
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Fig. 24 Constraints on neutrino oscillation parameters from SK-IV atmospheric neutrino

data using the expanded FV and assuming sin2✓13 = 0.0210± 0.0011. The solid blue and

dashed orange lines denote the normal and inverted hierarchy fit results, respectively. The

latter has been o↵set from the former by the di↵erence in their minimum �
2 values.

Fig. 25 Constraints on the atmospheric mixing parameters using SK-IV atmospheric

neutrino and the expanded FV. The solid blue (dashed orange) line shows 90% C.L. for

the normal (inverted) hierarchy. The star denotes the best-fit value, which is at the same

point for normal and inverted hierarchy, as shown in Table 11. In each contour sin2✓13 is

constrained to be 0.0210± 0.0011. The contours have both been drawn relative to the global

best-fit.

hypotheses are shown as the orange and cyan shaded histograms in Figure 26, respectively.

The CLOs value is found to be just 0.098 and accordingly, the data show no strong preference

for the octant.

Similarly the parameter for the mass hierarchy is defined as

CLHs =
p0(IH)

1� p0(NH)
, (13)

where p0(IH) and p0(NH) are p-values for obtaining a di↵erence in the �2 of the best-fit mass

hierarchies more extreme than that of the data assuming a true IH and NH, respectively.

Figure 27 shows the distribution for the mass hierarchy determination. Due to the large

uncertainty on ✓23, MC ensembles have been generated with di↵erent assumed values ✓23

34

!44

Mass ordering - atmospheric neutrinos
Atmospheric Neutrino Oscillation Analysis With Improved Event 
Reconstruction in Super-Kamiokande IV, 1901.03230 

θ13 constrained

•𝝌2(IO) - 𝝌2(NO) = 2.45 (compared to 4.3 from SK I-IV 2017)

•effective exposure 254 kt yr only 23% smaller (32% larger fiducial volume)  
(compared to 328 kt yr of SK I-IV 2017)
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Beyond oscillations — absolute neutrino mass
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Absolute neutrino mass observables
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Absolute neutrino mass observables
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1 Introduction

Current data on neutrino oscillations show a degeneracy between two possible orderings of

the neutrino mass states, the normal ordering (NO) and inverted ordering (IO). Breaking

this degeneracy is one of the main goals of upcoming oscillation experiments, e.g., [1–5],

see [6] for an overview. On the other hand, also cosmological observations potentially may

contribute to this question. Cosmological structure formation is sensitive mostly to the sum

of the neutrino masses, ⌃. There are subtle e↵ects sensitive to the details of the neutrino

mass spectrum beyond the sum, see e.g., [7–10]. With realistic observations in the foreseeable

future those e↵ects will be very hard to detect [10]. Focusing on the sum of masses, we can

use that oscillation data determine the mass-squared di↵erences and we have:

⌃ ⌘
3X

i=1

mi =

(
m0 +

p
�m2

21 +m2
0 +

p
�m2

31 +m2
0 (NO)

m0 +
p

|�m2
32|+m2

0 +
p
|�m2

32|��m2
21 +m2

0 (IO)
, (1.1)

where m0 denotes the lightest neutrino mass, where by convention m0 ⌘ m1 (m3) for NO

(IO). The mass-squared di↵erences�m2
ij
⌘ m2

i
�m2

j
are determined to [11] (1� uncertainties):

�m2
21 = 7.49+0.19

�0.17 ⇥ 10�5 eV2 ,
�m2

31 = 2.484+0.045
�0.048 ⇥ 10�3 eV2 (NO)

�m2
32 = �2.467+0.041

�0.042 ⇥ 10�3 eV2 (IO)
. (1.2)

For a zero lightest neutrino mass (m0 = 0), the predictions for the sum are (1� uncer-

tainties)

⌃ =

(
58.5± 0.48meV (NO)

98.6± 0.85meV (IO)
(m0 = 0) . (1.3)

Hence, if cosmological observations provide a determination of ⌃ significantly below 0.098 eV,

the inverted mass ordering would be disfavoured.

Recent data from Planck CMB data combined with baryonic acoustic oscillations (BAO)

and other observations lead to the bound ⌃ < 0.23 eV at 95% CL (PlanckTT + lowP +

lensing + BAO + JLA + H0), see [12] for details. Depending on the used data and variations

in the analysis, di↵erent authors obtain upper bounds from current data approaching the

“critical” value of 0.1 eV [13–17]. These results suggest that IO starts to get under pressure

from cosmology.

In this note we want to point out that such a claim should be based on a proper statistical

analysis. The question to be answered is, whether the hypothesis of IO can be rejected with

some confidence against NO. For a related discussion in the context of oscillation experiments

see for instance ref. [6] formulated in terms of frequentist hypothesis testing, or ref. [18] using

Bayesian reasoning. Indeed, just from the numbers in eq. (1.3) one sees that it is not enough

that the upper bound on ⌃ is below 0.098 eV, but instead cosmology needs to determine

⌃ with an accuracy better than about 0.02 eV in order to exclude a value of 0.098 eV

against 0.059 eV at 2�. Note that this would imply a & 3� detection of a non-zero value

2
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Figure 1: Posterior likelihood function from current data (Planck+BAO+H0). The left panel shows the

posterior likelihood function for ⌃, where we indicate the predicted values for NO and IO in the case of

m0 = 0; the width of the lines corresponds to ±2� uncertainty due to current oscillation data. The gray

shaded region indicates the one-sided upper bound on ⌃ at 95% CL (flat prior in ⌃). The right panel shows

the posterior likelihood as a function of m0 for NO and IO with appropriate relative normalization. The

dashed, dot-dashed, solid curves correspond to the approximation that 1, 2, 3 massive neutrinos contribute

to ⌃ (see text for details).

none of these scenarios actually corresponds to the realistic cases of NO or IO with mass-

squared di↵erences constrained by oscillations. However, the spread in the results will be

indicative for our assumption that cosmology is sensitive only to ⌃. Indeed we confirm that

within the numerical accuracy all three models lead to an upper bound of 0.14 eV (95% CL).

The posterior likelihood function is shown in fig. 1. The left panel shows the likelihood

as a function of ⌃, and we indicate the predicted values for ⌃ for NO and IO assuming

m0 = 0, as well as the 95% CL upper bound on ⌃, assuming a flat prior in ⌃ � 0. Note

that the region of largest likelihood, for ⌃ < 59 meV, is actually unphysical, since such small

values for the sum of the neutrino masses are inconsistent with neutrino oscillation data.

Hence, this region will be cut away once the sum is expressed using eq. (1.1) and imposing

the physical requirement of m0 � 0.

In order to apply eq. (2.2) to calculate the probability of IO vs NO we translate the

likelihood into a posterior likelihood as a function of m0 by using eq. (1.1).2 The resulting

likelihoods are shown in the right panel of fig. 1. The posterior odds for NO versus IO are

given by the ratio of the integrals over those two curves weighted by the prior probabilities

for the orderings. Assuming equal prior probabilities for NO and IO, eq. (2.2) leads to a

probability for IO of pI = 0.35, which corresponds to posterior odds for NO versus IO of

about 1.9:1. Clearly, using even quite restrictive assumptions about the cosmological model

2
We neglect the uncertainty induced by the uncertainty on the mass-squared di↵erences from oscillation

data. For an accuracy on ⌃ larger than 0.01 eV this is an excellent approximation, see also sec. 4.
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Hannestad, Schwetz, 1606.04691

Excluding inverted ordering with cosmology?
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1 Introduction

Current data on neutrino oscillations show a degeneracy between two possible orderings of

the neutrino mass states, the normal ordering (NO) and inverted ordering (IO). Breaking

this degeneracy is one of the main goals of upcoming oscillation experiments, e.g., [1–5],

see [6] for an overview. On the other hand, also cosmological observations potentially may

contribute to this question. Cosmological structure formation is sensitive mostly to the sum

of the neutrino masses, ⌃. There are subtle e↵ects sensitive to the details of the neutrino

mass spectrum beyond the sum, see e.g., [7–10]. With realistic observations in the foreseeable

future those e↵ects will be very hard to detect [10]. Focusing on the sum of masses, we can

use that oscillation data determine the mass-squared di↵erences and we have:

⌃ ⌘
3X

i=1

mi =

(
m0 +

p
�m2

21 +m2
0 +

p
�m2

31 +m2
0 (NO)

m0 +
p

|�m2
32|+m2

0 +
p
|�m2

32|��m2
21 +m2

0 (IO)
, (1.1)

where m0 denotes the lightest neutrino mass, where by convention m0 ⌘ m1 (m3) for NO

(IO). The mass-squared di↵erences�m2
ij
⌘ m2

i
�m2

j
are determined to [11] (1� uncertainties):

�m2
21 = 7.49+0.19

�0.17 ⇥ 10�5 eV2 ,
�m2

31 = 2.484+0.045
�0.048 ⇥ 10�3 eV2 (NO)

�m2
32 = �2.467+0.041

�0.042 ⇥ 10�3 eV2 (IO)
. (1.2)

For a zero lightest neutrino mass (m0 = 0), the predictions for the sum are (1� uncer-

tainties)

⌃ =

(
58.5± 0.48meV (NO)

98.6± 0.85meV (IO)
(m0 = 0) . (1.3)

Hence, if cosmological observations provide a determination of ⌃ significantly below 0.098 eV,

the inverted mass ordering would be disfavoured.

Recent data from Planck CMB data combined with baryonic acoustic oscillations (BAO)

and other observations lead to the bound ⌃ < 0.23 eV at 95% CL (PlanckTT + lowP +

lensing + BAO + JLA + H0), see [12] for details. Depending on the used data and variations

in the analysis, di↵erent authors obtain upper bounds from current data approaching the

“critical” value of 0.1 eV [13–17]. These results suggest that IO starts to get under pressure

from cosmology.

In this note we want to point out that such a claim should be based on a proper statistical

analysis. The question to be answered is, whether the hypothesis of IO can be rejected with

some confidence against NO. For a related discussion in the context of oscillation experiments

see for instance ref. [6] formulated in terms of frequentist hypothesis testing, or ref. [18] using

Bayesian reasoning. Indeed, just from the numbers in eq. (1.3) one sees that it is not enough

that the upper bound on ⌃ is below 0.098 eV, but instead cosmology needs to determine

⌃ with an accuracy better than about 0.02 eV in order to exclude a value of 0.098 eV

against 0.059 eV at 2�. Note that this would imply a & 3� detection of a non-zero value
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Figure 1: Posterior likelihood function from current data (Planck+BAO+H0). The left panel shows the

posterior likelihood function for ⌃, where we indicate the predicted values for NO and IO in the case of

m0 = 0; the width of the lines corresponds to ±2� uncertainty due to current oscillation data. The gray

shaded region indicates the one-sided upper bound on ⌃ at 95% CL (flat prior in ⌃). The right panel shows

the posterior likelihood as a function of m0 for NO and IO with appropriate relative normalization. The

dashed, dot-dashed, solid curves correspond to the approximation that 1, 2, 3 massive neutrinos contribute

to ⌃ (see text for details).

none of these scenarios actually corresponds to the realistic cases of NO or IO with mass-

squared di↵erences constrained by oscillations. However, the spread in the results will be

indicative for our assumption that cosmology is sensitive only to ⌃. Indeed we confirm that

within the numerical accuracy all three models lead to an upper bound of 0.14 eV (95% CL).

The posterior likelihood function is shown in fig. 1. The left panel shows the likelihood

as a function of ⌃, and we indicate the predicted values for ⌃ for NO and IO assuming

m0 = 0, as well as the 95% CL upper bound on ⌃, assuming a flat prior in ⌃ � 0. Note

that the region of largest likelihood, for ⌃ < 59 meV, is actually unphysical, since such small

values for the sum of the neutrino masses are inconsistent with neutrino oscillation data.

Hence, this region will be cut away once the sum is expressed using eq. (1.1) and imposing

the physical requirement of m0 � 0.

In order to apply eq. (2.2) to calculate the probability of IO vs NO we translate the

likelihood into a posterior likelihood as a function of m0 by using eq. (1.1).2 The resulting

likelihoods are shown in the right panel of fig. 1. The posterior odds for NO versus IO are

given by the ratio of the integrals over those two curves weighted by the prior probabilities

for the orderings. Assuming equal prior probabilities for NO and IO, eq. (2.2) leads to a

probability for IO of pI = 0.35, which corresponds to posterior odds for NO versus IO of

about 1.9:1. Clearly, using even quite restrictive assumptions about the cosmological model

2
We neglect the uncertainty induced by the uncertainty on the mass-squared di↵erences from oscillation

data. For an accuracy on ⌃ larger than 0.01 eV this is an excellent approximation, see also sec. 4.
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Excluding inverted ordering with cosmology?

„Strong evidence“ for NO claimed in Simpson et al. 1703.03425
→ be aware of Bayesian priors [TS et al. 1703.04585] 

http://de.arxiv.org/abs/1703.03425
http://de.arxiv.org/abs/1703.04585
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Figure 2: Posterior likelihood function from simulated future data (EUCLID+Planck CMB). The left

panel shows the posterior likelihood function for ⌃ for a fiducial model with one massive neutrino with

m⌫ = 0.06 eV and two massless neutrinos. We indicate the predicted values for NO and IO in the case of

m0 = 0; the width of the lines corresponds to ±2� uncertainty due to current oscillation data. The gray

shaded region indicates the one-sided upper bound on ⌃ at 95% CL (flat prior in ⌃). The right panel shows

the posterior likelihood as a function of m0 for NO and IO with appropriate relative normalization.

as above we transform the likelihood now into a likelihood for m0 assuming either NO or IO,

see right panel. We ignore the small e↵ects of the di↵erent orderings of the neutrino masses

and use the same likelihood to describe both normal and inverted orderings. As mentioned

above this should be an excellent approximation for the used data set. The relative posterior

likelihood for NO and IO is given by the ratio of the areas under the two curves. Assuming

equal prior probabilities for NO and IO we obtain a probability for IO according to eq. (2.2)

of 8%, which corresponds to posterior odds of NO versus IO of approximately 12:1.

4 Sensitivity estimates with a Gaussian toy likelihood

From fig. 2 one can see that the likelihood function as a function of ⌃ is close to Gaussian.

This is certainly true for the simulated EUCLID data, but holds approximately also for

present data. To estimate the required accuracy needed on ⌃ to exclude IO we assume

therefore that the likelihood function from cosmology can be approximated by

L(⌃obs|m0, O) =
1p
2⇡�

exp


�(⌃obs � ⌃(m0, O))2

2�2

�
(4.1)

where ⌃(m0, O) is given in eq. (1.1), and �2 = �2
osc + �2

obs, with �osc(m0, O) being the error

on ⌃ induced by the uncertainty on the mass-squared di↵erences according to eq. (1.2), and

�obs is the accuracy on ⌃ assumed for the cosmological data. From eq. (1.3) we see that

�osc is below 1 meV for both orderings and m0 = 0. For non-zero m0, �osc is even smaller.

Hence, for �obs & 0.01 eV, the uncertainty on ⌃ from oscillation data is negligible.
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•need accuracy better than 
0.02 eV to exclude 0.1 eV 
against 0.06 eV at 2σ

• this would imply a 3σ 
evidence for non-zero 
neutrino mass  
(for Sum = 0.06 eV)

simulated future data: 
2 yrs of EUCLID data, available ~2023-24

Excluding inverted ordering with cosmology?
Hannestad, Schwetz, 1606.04691

1 Introduction

Current data on neutrino oscillations show a degeneracy between two possible orderings of

the neutrino mass states, the normal ordering (NO) and inverted ordering (IO). Breaking

this degeneracy is one of the main goals of upcoming oscillation experiments, e.g., [1–5],

see [6] for an overview. On the other hand, also cosmological observations potentially may

contribute to this question. Cosmological structure formation is sensitive mostly to the sum

of the neutrino masses, ⌃. There are subtle e↵ects sensitive to the details of the neutrino

mass spectrum beyond the sum, see e.g., [7–10]. With realistic observations in the foreseeable

future those e↵ects will be very hard to detect [10]. Focusing on the sum of masses, we can

use that oscillation data determine the mass-squared di↵erences and we have:
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0 +
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0 +
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0 (IO)
, (1.1)

where m0 denotes the lightest neutrino mass, where by convention m0 ⌘ m1 (m3) for NO

(IO). The mass-squared di↵erences�m2
ij
⌘ m2

i
�m2

j
are determined to [11] (1� uncertainties):

�m2
21 = 7.49+0.19

�0.17 ⇥ 10�5 eV2 ,
�m2

31 = 2.484+0.045
�0.048 ⇥ 10�3 eV2 (NO)

�m2
32 = �2.467+0.041

�0.042 ⇥ 10�3 eV2 (IO)
. (1.2)

For a zero lightest neutrino mass (m0 = 0), the predictions for the sum are (1� uncer-

tainties)

⌃ =

(
58.5± 0.48meV (NO)

98.6± 0.85meV (IO)
(m0 = 0) . (1.3)

Hence, if cosmological observations provide a determination of ⌃ significantly below 0.098 eV,

the inverted mass ordering would be disfavoured.

Recent data from Planck CMB data combined with baryonic acoustic oscillations (BAO)

and other observations lead to the bound ⌃ < 0.23 eV at 95% CL (PlanckTT + lowP +

lensing + BAO + JLA + H0), see [12] for details. Depending on the used data and variations

in the analysis, di↵erent authors obtain upper bounds from current data approaching the

“critical” value of 0.1 eV [13–17]. These results suggest that IO starts to get under pressure

from cosmology.

In this note we want to point out that such a claim should be based on a proper statistical

analysis. The question to be answered is, whether the hypothesis of IO can be rejected with

some confidence against NO. For a related discussion in the context of oscillation experiments

see for instance ref. [6] formulated in terms of frequentist hypothesis testing, or ref. [18] using

Bayesian reasoning. Indeed, just from the numbers in eq. (1.3) one sees that it is not enough

that the upper bound on ⌃ is below 0.098 eV, but instead cosmology needs to determine

⌃ with an accuracy better than about 0.02 eV in order to exclude a value of 0.098 eV

against 0.059 eV at 2�. Note that this would imply a & 3� detection of a non-zero value

2

minimal values:
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How to give mass to neutrinos?
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Masses in the Standard Model
How to give mass to neutrinos

Masses in the Standard Model

I The Standard Model has only one dimension full parameter:
the vacuum expectation value of the Higgs:

hHi ⇡ 174 GeV

I All masses in the Standard Model are set by this single scale:

mi = yi hHi

top quark: yt ⇡ 1
electron: ye ⇡ 10�6

T. Schwetz 29
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Neutrino masses in the Standard Model
• fermion mass terms require left- and right-handed fields

• right-handed neutrinos are complete singlets under the SM 
gauge group → not part of the original formulation of the SM

➡  no Dirac mass term for neutrinos! 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Neutrino masses in the Standard Model
• fermion mass terms require left- and right-handed fields

• right-handed neutrinos are complete singlets under the SM 
gauge group → not part of the original formulation of the SM

➡  no Dirac mass term for neutrinos! 

• for electrically neutral fermions a mass term can be built only 
from left-handed fields (Majorana mass term)

• cannot assign conserved quantum number →  
Lepton number would be violated

•BUT: in the SM Lepton number is an accidental symmetry → 
cannot break L at renormalizable level

➡  no Majorana mass term for neutrinos!
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Neutrino mass requires physics beyond the SM

•which type of new physics?

• at which energy scale?
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The Weinberg operatorThe Standard Model and neutrino mass How to give mass to neutrinos?

The Weinberg operator
Assume there is new physics at a high scale �. It will manifest itself by
non-renormalizable operators suppressed by powers of �.

Weinberg 1979: there is only one dim-5 operator consistent with the
gauge symmetry of the SM, and this operator will lead to a Majorana
mass term for neutrinos after EWSB:

Y
2 L

T
H̃

ú
H̃

†
L

� ≠æ m‹ ≥ Y
2 ÈHÍ

2

�

at dim-5 lepton number can be broken
(L æ e

i–
L forbidden by above operator)
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The Standard Model and neutrino mass How to give mass to neutrinos?

The Weinberg operator
Assume there is new physics at a high scale �. It will manifest itself by
non-renormalizable operators suppressed by powers of �.

Weinberg 1979: there is only one dim-5 operator consistent with the
gauge symmetry of the SM, and this operator will lead to a Majorana
mass term for neutrinos after EWSB:

Y
2 L

T
H̃

ú
H̃

†
L

� ≠æ m‹ ≥ Y
2 ÈHÍ

2

�

Seesaw:

neutrinos are light because of the
presence of the large energy scale
� ∫ ÈHÍ
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Seesaw: neutrinos are light because of the 
presence of the large energy scale Λ
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The Weinberg operator
The Standard Model and neutrino mass How to give mass to neutrinos?

The Weinberg operator

Y
2 L

T
H̃

ú
H̃

†
L

�

<  >    <  >    

?
What is the new physics responsible for neutrino mass?

many realisations (too many?) are known:
I right-handed neutrinos
I extended Higgs sector
I realisations due to quantum e�ects (loop-induced neutrino mass)
I ...

T. Schwetz (KIT) 38
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What is the energy scale responsible for neutrino mass?
The Standard Model and neutrino mass How to give mass to neutrinos?

What is the energy scale responsible for neutrino mass?

m‹ ≥ Y
2 ÈHÍ2

� small neutrino mass by making � large or Y small or both

I High scale seesaw: Y ≥ 1 (top Yukawa) æ � ≥ 1014 GeV
I "natural" explanation of small neutrino masses
I � close to GUT scale æ SO(10) models
I Leptogenesis
I very hard to test experimentally

I Low scale seesaw: Y ≥ 10≠6 (electron Yukawa) æ � ≥ 1 TeV
I link neutrino mass generation to TeV scale physics
I potentially testable at colliders
I observable signatures in searches for LFV

µ æ e“, · æ µ“, µ æ eee, ...
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What is the energy scale responsible for neutrino mass?
The Standard Model and neutrino mass How to give mass to neutrinos?

What is the energy scale responsible for neutrino mass?
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Testing the Majorana nature
The Standard Model and neutrino mass How to give mass to neutrinos?

Testing the Majorana nature

Weinberg operator breaks lepton number (L æ e
i–

L forbidden)

Y
2 L

T
H̃

ú
H̃

†
L

�

æ predicts Majorana neutrinos!

Neutrinoless double-beta decay: (A, Z ) æ (A, Z + 2) + 2e
≠

I observation of this process would prove that lepton number is violated

I in a “natural theory” neutrinos will get a Majorana mass term
Schechter, Valle, 1982; Takasugi, 1984

I lot’s of experimental activity
GERDA, Majorana, EXO, XMASS, KamLAND-Zen, CUORE, NEMO, SNO+, ...
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What if lepton number is conserved?

➡  neutrinos have to be Dirac particles  
    (like all other fermions of the SM)
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What if lepton number is conserved?

➡  neutrinos have to be Dirac particles  
    (like all other fermions of the SM)

The Standard Model and neutrino mass How to give mass to neutrinos?

What if lepton number is conserved?

∆ neutrinos have to be Dirac particles (like any other fermion in the SM)

I need to add right-handed neutrinos N

I need tiny Yukawa couplings y‹ . 10≠11

(compare: top quark: yt ≥ 1, electron: ye ≥ 10≠6)

I Majorana mass term for N is allowed by gauge symmetry
there is “no reason” why lepton number is conserved
there is no longer an accidental symmetry of the theory
æ impose “by hand”

I mMaj = 0 is “technically natural” (stable under quantum corrections)

T. Schwetz (KIT) 42
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How to identify the neutrino mass mechanism? 

•theory provides little guidance towards the physics beyond 
the SM responsible for neutrino mass

•hope of additional signatures:

• lepton number violation  
neutrinoless double-beta decay / at LHC

•search for „unexpected“ neutrino properties 
(exotic interactions, sterile neutrinos, non-unitarity, 
neutrino decay,…)

• lepton flavour violation in charged leptons
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Charged lepton flavour violation
How to give mass to neutrinos

Lepton flavour violation

I Neutrino oscillations imply violation of lepton flavour, e.g.: ⌫µ ! ⌫e

I Can we see also LFV in charged leptons?

µ± ! e
±�

⌧± ! µ±�
µ+
! e

+
e
+

e
�

µ� + N ! e
� + N

T. Schwetz 46

rich experimental programme with
sensitivities in the 10-13 to 10-18 range!
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Can we see LFV in charged leptons?
How to give mass to neutrinos

Can we see also LFV in charged leptons?

Yes, BUT: µ± ! e
±� in the SM + ⌫ mass:

This is consistent with the Standard Model,
in which LFV processes involving charged
leptons are suppressed by the tiny neutrino
masses

e.g. µ ! e " :

Using known oscillations parameters (U = PMNS lepton mixing matrix) and  
|Ue3| < 0.2, this gives                                       : inaccessible to experiment!

This makes LFV a unique probe of new physics: the observation of e.g.         
µ ! e " would be an unambiguous signal of new physics (no SM background)

! very different from the hadronic sector

Conversely, the present upper bounds on LFV processes already put strong 
constraints on new physics (same as hadronic sector)

BR (µ! e�) =
3↵

32⇡

�����
X

i

U⇤
µiUei

m2
⌫i

M2
W

�����

2

BR (µ! e�) . 10�54

Br(µ! e�) =
3↵

32⇡

�����
X

i

U
⇤
µiUei

m
2
⌫i

m2
W

�����

2

. 10�54

I unobservably small (present limits: ⇠ 10�13)
I observation of µ! e� implies new physics beyond neutrino mass
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Charged lepton flavour violation

•sensitive to new physics at 1-1000 TeV  
(TeV-scale SUSY,  TeV-scale neutrino mass models,…)

•cLFV does not (directly) probe Majorana mass  
LFV is lepton number conserving;  LNV: dim-5, LFV: dim-6  
 
 

•cLFV probes new physics which may or may not be related to 
neutrino mass → extremely viable information! 

How to give mass to neutrinos

µ! e� and new physics

generically one expects

Br(µ! e�) ⇠ 10�10
✓

TeV
⇤

◆4 ✓
✓eµ

10�2

◆2

we are sensitive to new physics in the range 1 to 1000 TeV

Examples:
I TeV scale SUSY
I TeV scale neutrino masses (triplet, Zee-Babu,...)

T. Schwetz 48

generically:

LLFV =
1

⇤2
LFV1

(µe)(ee) +
1

⇤2
LFV2

(µe)(qq) + ...
<latexit sha1_base64="jqZ9/3dOpzigHz3Hc22fy8SmA4M="></latexit>

ΛLFV
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Summary

•3-flavour oscillation paradigm well 
established

• first hints on open issues emerging 
(θ23, mass ordering, CPV) → 
main goal of upcoming oscillation 
programme (JUNO, IceCube-g2, 
ORCA, T2HK, DUNE)

•entering the era of precision / 
over-constraining the neutrino 
sector / search for unexpected 
neutrino properties 
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•neutrino mass requires physics 
beyond the SM

• identifying the mechanism 
responsible for neutrino mass is 
challenging

•urgent need of complementary 
information:
• lepton number violation 

(neutrinoless double-beta decay)

•  charged lepton flavour viol.
•  leptonic signals at LHC
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Summary

•3-flavour oscillation paradigm well 
established

• first hints on open issues emerging 
(θ23, mass ordering, CPV) → 
main goal of upcoming oscillation 
programme (JUNO, IceCube-g2, 
ORCA, T2HK, DUNE)

•entering the era of precision / 
over-constraining the neutrino 
sector / search for unexpected 
neutrino properties 

•neutrino mass requires physics 
beyond the SM

• identifying the mechanism 
responsible for neutrino mass is 
challenging

•urgent need of complementary 
information:
• lepton number violation 

(neutrinoless double-beta decay)

•  charged lepton flavour viol.
•  leptonic signals at LHC

Thank you for your attention!



T. Schwetz @ TU Dresden, 18. 4. 2019!65

supplementary slides
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NuFit 4.0 (2018)
Normal Ordering (best fit) Inverted Ordering (��2 = 4.7)

bfp ±1� 3� range bfp ±1� 3� range

sin2 ✓12 0.310+0.013
�0.012 0.275 ! 0.350 0.310+0.013

�0.012 0.275 ! 0.350

✓12/
� 33.82+0.78

�0.76 31.61 ! 36.27 33.82+0.78
�0.76 31.61 ! 36.27

sin2 ✓23 0.580+0.017
�0.021 0.418 ! 0.627 0.584+0.016

�0.020 0.423 ! 0.629

✓23/
� 49.6+1.0

�1.2 40.3 ! 52.4 49.8+1.0
�1.1 40.6 ! 52.5

sin2 ✓13 0.02241+0.00065
�0.00065 0.02045 ! 0.02439 0.02264+0.00066

�0.00066 0.02068 ! 0.02463

w
it
h
ou

t
S
K
-a
tm ✓13/

� 8.61+0.13
�0.13 8.22 ! 8.99 8.65+0.13

�0.13 8.27 ! 9.03

�CP/
� 215+40

�29 125 ! 392 284+27
�29 196 ! 360

�m2
21

10�5 eV2 7.39+0.21
�0.20 6.79 ! 8.01 7.39+0.21

�0.20 6.79 ! 8.01

�m2
3`

10�3 eV2 +2.525+0.033
�0.032 +2.427 ! +2.625 �2.512+0.034

�0.032 �2.611 ! �2.412

Normal Ordering (best fit) Inverted Ordering (��2 = 9.3)

bfp ±1� 3� range bfp ±1� 3� range

sin2 ✓12 0.310+0.013
�0.012 0.275 ! 0.350 0.310+0.013

�0.012 0.275 ! 0.350

✓12/
� 33.82+0.78

�0.76 31.61 ! 36.27 33.82+0.78
�0.75 31.62 ! 36.27

sin2 ✓23 0.582+0.015
�0.019 0.428 ! 0.624 0.582+0.015

�0.018 0.433 ! 0.623

✓23/
� 49.7+0.9

�1.1 40.9 ! 52.2 49.7+0.9
�1.0 41.2 ! 52.1

w
it
h
S
K
-a
tm

sin2 ✓13 0.02240+0.00065
�0.00066 0.02044 ! 0.02437 0.02263+0.00065

�0.00066 0.02067 ! 0.02461

✓13/
� 8.61+0.12

�0.13 8.22 ! 8.98 8.65+0.12
�0.13 8.27 ! 9.03

�CP/
� 217+40

�28 135 ! 366 280+25
�28 196 ! 351

�m2
21

10�5 eV2 7.39+0.21
�0.20 6.79 ! 8.01 7.39+0.21

�0.20 6.79 ! 8.01

�m2
3`

10�3 eV2 +2.525+0.033
�0.031 +2.431 ! +2.622 �2.512+0.034

�0.031 �2.606 ! �2.413

Table 1. Three-flavour oscillation parameters from our fit to global data. The numbers in the 1st
(2nd) column are obtained assuming NO (IO), i.e., relative to the respective local minimum. Note
that �m2

3` ⌘ �m2
31 > 0 for NO and �m2

3` ⌘ �m2
32 < 0 for IO. The results shown in the upper

(lower) table are without (with) adding the tabulated SK-atm ��2.

– 4 –
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• strong dependence on true ordering and δCP

• 3σ possible for the most favourable combinations

MO sensitivity of existing experiments
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Signal events 
(±9% systematic uncertainty): 

Background by component  
(±10% systematic uncertainty):

•Extrapolate each 
component in bins of 
energy and CVN output. 

•Expected event counts 
depend on oscillation 
parameters. 

http://www-nova.fnal.gov/plots_and_figures/plots_and_figures.html
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Fig. 21 Ratio of upward- (cos✓ < �0.4) to downward-going (cos✓ > 0.4) events as a func-

tion of energy for the mass hierarchy-sensitive analysis samples. energy. The error bars are

statistical. For the single-ring samples the energy is taken to be the visible energy assuming

the observed event was an electron. The energy estimator for multi-ring samples is the total

observed energy summed over each reconstructed ring after adjusting for each ring’s PID.

The orange line shows the best-fit result assuming the inverted hierarchy hypothesis and the

cyan that from the normal hierarchy hypothesis.
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Fig. 22 Expected sensitivity to the normal mass hierarchy (left) and inverted hierarchy

(right) as a function of the true value of sin2 ✓23. Here sin2 ✓13 = 0.0210± 0.0011 and the

assumed livetime is 3118.5 days. Grey and blue bands show the sensitivity of the analysis

with event samples reconstructed with fiTQun in the conventional FV and expanded FV,

respectively. Orange lines denote the sensitivity when events are reconstructed using the

APFit algorithm with the conventional FV. The width of the bands corresponds to the

uncertainty from �CP .
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Mass ordering - atmospheric neutrinos
Atmospheric Neutrino Oscillation Analysis With Improved Event 
Reconstruction in Super-Kamiokande IV, 1901.03230 

θ13 constrained — expected sensitivity

NO IO
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Excluding inverted ordering with cosmology?

Figure 3. Graphical visualisation of the Bayesian factors comparing normal and inverted ordering.
The horizontal lines indicate the values at which there is a change in the statistical significance of
the evidence, according to the Jeffreys’ scale (see table 1). Black (red) points indicate a logarithmic
(linear) prior. The prior ranges are those reported in table 3 if not otherwise stated.

The bottom panels of figure 5, which are restricted to Model B, tell us that the addition
of 0⌫�� or cosmological data introduce a difference in the Bayesian evidences between linear
and logarithmic priors. These data indeed weakly-to-moderately prefer logarithmic priors,
because in this latter case the fraction of volume corresponding to small masses, preferred by
the data, is larger than in the linear case.

5 Conclusions

Plenty of work has been recently devoted in the literature to infer the neutrino mass ordering
using a number of present observations [6, 16, 25–32], but a complete and self-consistent
Bayesian analysis was still missing. Such an analysis is necessary in order to avoid strong
claims in favour of normal mass ordering, based exclusively on the choice of models and priors.
We have presented here the results obtained from the computationally expensive Bayesian
evidence calculations, using current neutrino oscillation data, 0⌫�� decay searches and Cosmic
Microwave Background cosmological observations. In order to explicitly show the crucial role
played by both the prior and the model choice, we analyse two possible parametrizations: (a)
Model A, in which the scan is performed over the individual neutrino masses (m1, m2, m3),
and (b) Model B, which is focused on the (mlightest, �m2

21
, �m2

31
) parameter space. For both

parametrizations we study linear and logarithmic priors on the physical mass parameters,
while we always use a linear prior for the squared mass differences.

– 14 –

evidence in favour of NO

Model A Model B
Parameter Prior Range Parameter Prior Range

m1/eV
linear 0 – 1

mlightest/eV linear 0 – 1
log 10�5 – 1 log 10�5 – 1

m2/eV
linear 0 – 1

�m2
21

/eV2 linear 5⇥ 10�5 – 10�4

log 10�5 – 1

m3/eV
linear 0 – 1 |�m2

31
|/eV2 linear 1.5⇥ 10�3 – 3.5⇥ 10�3

log 10�5 – 1

Table 3. Parametrizations of the neutrino masses and priors adopted in the analysis.

where ↵k (k = 1, . . . , 3) are the Majorana phases, which play no role in neutrino oscillations
but are a basic ingredient in 0⌫�� processes.5 One of the phases can always be rotated away,
therefore we are left with two Majorana phases, which we choose to be ↵2 and ↵3. As done in
previous related works [17, 26], we apply flat priors in the range [0, 2⇡] for these two Majorana
phases, whose values are totally unknown, as also reported in table 2.

The latest parameters we need to account for are related to the description of neutrino
masses. Here we distinguish two possible approaches, that we label as Model A and Model
B. For the former one, Model A, we perform the scan over the individual neutrino masses
(i.e. m1, m2 and m3), following the approach of Refs. [26, 30]. The latter one, Model B,
focuses on the (mlightest, �m2

21
, �m2

31
) parameter space [32]. For both parametrizations we

study linear and logarithmic priors on the physical mass parameters, in order to take into
account that the true absolute mass scale is unknown, while we always use a linear prior for
the squared mass differences. The complete list of priors is reported in table 3. Additionally,
we will explore how variations in the prior ranges affect the final results. The comparison of
the Bayesian evidences obtained with different priors and parametrizations will allow us to
avoid results which are biased by subjective arbitrary choices on the models.

As we shall show in the following sections, given the current available data, the Bayesian
evidence is firmly preferring Model B over Model A, as it is closer to the physical, measurable
quantities. The situation is very similar to the one that we need to face when exploring the
mixing angles: it is more efficient to scan the parameter space using the sin2 ✓ij quantities
than using the mixing angles ✓ij themselves. While very futuristic galaxy and 21cm surveys
might be able to disentangle the individual values of the neutrino masses [44], present cos-
mological measurements are only sensitive to the total neutrino mass and the information on
the three masses can be extracted only using the input from neutrino oscillation experiments.
Since in Model A the parameter space is described using the three masses mi, it is less effi-
ciently explored than the parameter space of Model B, which includes the two squared mass
differences.

3 Experimental data

3.1 Neutrino oscillation data

Our combined analysis is based on the global fit of neutrino oscillation parameters performed
in Ref. [6]. For our Bayesian calculations, we adopt the �2

osc as a function of the mixing
5
In the normal ordering case, some combinations of the Majorana phases could lead to an accidental

cancellation of m�� .
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