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We develop a symmetry-adapted multipolar k - p theory close to the bulk I point for time-reversal-symmetric,

noncentrosymmetric Cs, crystals in the strong atomic spin-orbit-coupling (jj-coupling) limit. Using a j €
{1/2,3/2,5/2} multiplet basis appropriate for heavy-element p and d bands, we systematically construct all
symmetry-allowed spin-orbit-coupling terms up to fifth order in momentum and generalize the usual spin texture
to a total-angular-momentum texture. For j > 1/2, multipolar spin-orbit coupling qualitatively reshapes Fermi
surfaces and makes the topology of Bloch states band dependent. This leads to anisotropic high-j textures
that go beyond a single Rashba helix. We classify these textures by their total-angular-momentum vorticity
W, for every energy band and identify distinct |W,| = 1, 2,5 phases. We show that their crossovers generate
enhanced and nonmonotonic current-induced spin-polarization responses, namely, the Edelstein effect, upon
tuning the chemical potential. Our results provide a symmetry-based framework for analyzing and predicting
multipolar spin-orbit coupling, total-angular-momentum textures, and spintronic responses in heavy-element

materials without an inversion center.

DOL: 10.1103/2jIn-1ctf

I. INTRODUCTION

Spin-orbit coupling (SOC) in crystals without inversion
symmetry gives rise to spin-split bands and momentum-
dependent spin textures that underpin a broad range of phe-
nomena in contemporary condensed-matter physics [1-21].
This ranges from topological insulators and semimetals to
spintronic interfaces and unconventional superconductors
[2,9-16]. In such systems, the expectation value of the spin as
a function of crystal momentum defines a texture on the Fermi
surface that directly controls magnetoelectric responses [17],
spin torques [18,19], and the conversion between charge and
spin currents [20,21].

On surfaces and in bulk materials with Cs, symmetry, SOC
effects are particularly rich. Beyond the paradigmatic linear
Rashba model, higher-order terms in momentum generate
hexagonally warped Fermi surfaces and spin textures with
sizable out-of-plane components, as extensively discussed
for topological-insulator surfaces and Rashba alloys such as
Bi,Tes; and Bi/Ag(111) [22-25]. Recent work has shown that
these higher-harmonic SOC contributions and the associated
winding patterns of the spin texture are generic in systems
with strong SOC and broken inversion symmetry, appearing
in both surfaces and bulk crystals, including ferroelectric ox-
ides and van der Waals heterostructures with radial Rashba
fields [26-30]. This motivates a systematic treatment of SOC
beyond the Rashba form, especially in three-dimensional
materials, where the full point-group symmetry and the k,
dependence of the dispersion play an essential role.
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Most theoretical analyses of spin-orbit-coupled materials,
however, still build on single-band or effective spin-1/2 mod-
els. In this case, the orbital character is weak and the internal
(spin) degree of freedom is encoded in the spin texture (o) of
the Bloch bands [25,26,28,29,31-36]. This picture implicitly
treats the spin as an isolated two-level system and works well
as long as orbital degrees of freedom and higher total angular
momentum (TAM) components can be ignored. However, in
many materials involving heavy p-, d-, or f-electron elements
where SOC is strong, this assumption breaks down. Then, spin
is no longer a good quantum number. Nevertheless, the TAM
is typically a good quantum number in these materials.

Consequently, the low-energy bands can be associated with
their TAM j, which can be larger than 1/2, e.g., j =3/2 or
Jj =5/2[37-40].

While many nonmagnetic semiconductors are well de-
scribed by effective spin-1/2 bands, materials built from
lighter elements can also realize j = 3/2 low-energy mani-
folds. This occurs, for instance, near fourfold band degenera-
cies in cubic crystals, whereas higher-multiplicity crossings
are comparatively rare. Such higher-fold degeneracies can
nevertheless be enforced by symmetry in certain nonsymmor-
phic space groups [41].

In the spin-1/2 case, the Pauli matrices satisfy 5;‘2 =1
and the product of two different Pauli matrices is the third
one. In this case, the set of the identity matrix and the Pauli
matrices is closed under multiplication and prohibits building
nontrivial higher-multipolar operators. By contrast, in higher-
j manifolds, the angular momentum operators obey fl.z #1
and the products of angular momentum matrices are higher
multipoles. Therefore, the spin density matrix acquires a
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genuine multipolar structure containing quadrupolar, octupo-
lar, and higher-rank components [42-51].

For j > 1/2 electrons, the natural analog of the familiar
spin texture is the texture of the TAM, defined by the ex-
pectation value (J) in the Bloch eigenstates. It characterizes
how the average TAM vector (or, more generally, the cor-
responding set of multipoles) varies as a function of crystal
momentum. Clarifying the distinction between conventional
spin-1/2 textures (6) and TAM textures (J) is therefore cru-
cial for correctly capturing the momentum-space structure of
internal degrees of freedom.

In this work, we develop a general multipolar SOC
description in time-reversal-symmetric, noncentrosymmetric
C;, crystals, where we treat the TAM explicitly in the
multiplets j € {1/2,3/2,5/2}. Using point-group symmetry
together with time-reversal symmetry (the gray group Cs, +
T) and a double-group representation analysis, we system-
atically construct all SOC terms allowed near the I' point,
up to fifth order in momentum, by combining momentum
polynomials and TAM-tensor matrices that transform as the
trivial irreducible representation (irrep). This procedure yields
a modified Rashba channel that is present for all j, together
with genuinely high-rank multipolar SOC terms that exist
only for j > 1/2. The latter acts within and between different
J sectors and introduces m j-dependent energy shifts and mul-
tipolar analogs of Rashba coupling that cannot be captured by
effective spin-1/2 models.

We demonstrate that these multipolar SOC terms naturally
generate Fermi surfaces with nontrivial spin textures that go
far beyond a single helical Rashba pattern. In particular, the
interplay between linear, cubic, and quintic SOC invariants
gives rise to vorticity phase diagrams in which the TAM tex-
ture exhibits conventional single winding, as well as double
and fivefold windings around the I" point, depending on the
momentum and the relative strength of the SOC channels.

Furthermore, we show that the higher-rank multipolar cou-
plings can split heavy- and light-mass bands, induce strong
interband hybridization, and give rise to highly anisotropic
TAM textures with unconventional winding numbers (e.g.,
W € {2, 5}). In the corresponding TAM-vorticity phase dia-
gram, the heavy-mass bands dominated by |j, m;) states with
|m;| > 1/2 are markedly more anisotropic than the light-mass
|j, £1/2) bands. This enhanced anisotropy arises from the
emergence of multipolar SOC terms, which generate higher-
order k dependence of the effective spin-orbit field.

Moreover, within a semiclassical Boltzmann framework,
we then compute the Edelstein susceptibility for the multi-
band textures generated by our k-p model [52-55]. We
demonstrate that high-j multiplets and multipolar SOC lead
to a strongly enhanced and nonmonotonic charge-to-TAM
response as a function of chemical potential. This contrasts
with the smooth behavior of the conventional Rashba model.
In particular, we find plateaulike structures and moderate
changes in the Edelstein tensor whenever the Fermi level
crosses between different j multiplets.

Particularly appealing platforms in this context are non-
centrosymmetric compounds such as PtBi, and BiTel, both
realizing bulk C;, point-group symmetry [56—64]. The former
(latter) exhibits Weyl semimetal and unconventional super-
conductivity phases [64—69] (giant bulk Rashba-type SOC

[56]). For PtBi,, density-functional theory reveals strongly
spin-orbit-coupled p- and d-orbital-derived multiplets in the
vicinity of the Fermi energy, which are naturally organized
into j = 3/2 and j = 5/2 manifolds [62]. In BiTel, by con-
trast, the low-energy bands are dominated by Bi and Te/l p
states that form the canonical j = 1/2 and j = 3/2 multi-
plets of a giant Rashba semiconductor. Taken together, these
materials are candidates for realizing multipolar and complex
three-dimensional TAM textures.

Our analysis identifies the distinct roles of m;-dependent
energy shifts and multipolar Rashba terms in shaping the
Edelstein response and suggests that Cs, materials with strong
SOC, such as PtBi,, are promising platforms for engineering
large and tunable Edelstein effects, complementing existing
proposals based on interfaces, Weyl semimetals, and two-
dimensional materials [27,29,70-74].

The remainder of this paper is organized as follows. In
Sec. II, we develop the symmetry-constrained k - p Hamil-
tonian for time-reversal-symmetric, noncentrosymmetric Cs,
systems, working in the j € {1/2,3/2,5/2} basis. Symmetry
properties of our model are discussed in Sec. III. In addition,
in Sec. IV, we propose a comprehensive analysis of the spin-
split spectrum in the j > 1/2 basis. In Sec. V, we analyze
the resulting Fermi-surface TAM textures and vorticity phase
diagrams, highlighting the emergence of higher-winding TAM
textures and their manifestations in warped constant-energy
contours. In Sec. VI, we compute the Edelstein tensor within
a semiclassical Boltzmann approach and show how multipolar
SOC enhances and reshapes the current-induced TAM polar-
ization as the chemical potential is tuned. Finally, in Sec. VII,
we summarize our main results and discuss experimental im-
plications for related Cs, materials. The decomposition of j
into the appropriate irreps is given in Appendix A. Further de-
tails on the transformation of the high-j basis and momentum
under the point group are provided in Appendix B. The com-
plete SOC model is presented in Appendix C. A summary of
effective model Hamiltonians for j = 1/2 and j € {3/2,5/2}
are given in Appendix D. In Appendix E, we explain how one
can compute TAM texture from first-principles calculations.

II. MODEL HAMILTONIAN

We analytically derive a k - p model Hamiltonian to quan-
tify the strong SOC near the I" point in the three-dimensional
(3D) bulk Brillouin zone of a system with Cs, point-group
symmetry and time-reversal symmetry. The system features
three mirror planes {o,,, 0y,,0,,} intersecting at a three-
fold rotational axis {Cs;, C32Z}, forming a ditrigonal pyramidal
structure with Cs, point-group symmetry [75,76]. In the
strong atomic spin-orbit regime, we employ jj coupling,
where [ and s are entangled into j =/ + s and the / mani-
fold splits into j € {|I — 1/2|,] + 1/2}. We then project onto
the j = 3/2 (p-derived) and j = 5/2 (d-derived) subspaces
relevant near the Fermi level.

The Cs, crystal field reduces the j multiplets according to
j=5/2—->2I'y®&l's®dTlg and j=3/2 > T4y ® s P T,
where I's is the two-dimensional spinor irrep and I's, I'¢ are
one-dimensional complex-conjugate spinor irreps of the Cs,
double group [75,77,78] (see Appendix A). Even though each
irrep is one dimensional in I's @ I's, they pair into a Kramers
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FIG. 1. Bulk band dispersion for j = 3/2 electrons near the I"
point preserving time-reversal and Cs;, symmetry, shown for two
high-rank spin-orbit-coupling configurations from decomposition
(@) Aj+ ®A;+ and [(b)~(d)] A+ ® A+ + E_- ® E_. Model pa-
rameters are (a) (42, 02,1, @22)/Ep = (—1, 1, 1), (b) y1,1 = 0.3/EF,
(©) y12=0.6/EF, and (d) y;3 = 0.3/Er. Other parameters are
(ot1.1,212)/Er = (=2, —1) and Er = p,. The inset in (a) illustrates
the Brillouin zone with a ditrigonal pyramid in a hexagonal setting
[79].

doublet at the I" point as enforced by time-reversal symmetry.
These properties can be observed, for instance, for j = 3/2
electrons, in Fig. 1(a) where band splitting happens in I'-L(H )
directions.

To incorporate Kramers’s degeneracy into our model, we
include time-reversal symmetry 7' in the Cs, point group.
The resulting full group is given by Mj, = C3, + TCs,,
where M3, denotes the gray magnetic point group formed
by combining Cz, with time-reversal symmetry. In this case,
the character table doubles in terms of both the number
of group elements and the number of irreps [49]. Each
group element g € C3, acquires a time-reversed partner 7g €
T C3,. In the nonmagnetic C3, group, the irreps are given by
I' € {A1, Ay, E}. We employ an orthogonal corepresentation
scheme by separating time-reversal-even and -odd operators at
the group-theory level. In this case, the total number of irreps
is doubled in the magnetic group Ma,: I' € {I'"_, 'y}, where
'y € {A1.+,A2 4, E+} and the =+ sign indicates whether the
irrep is even or odd under time reversal.

We begin by obtaining the matrix representation of the
TAM vector J = (J,, f) L) obeying SU(2) algebra in four-
and six-dimensional representations for j = 3/2 and j = 5/2
bases, respectively. The multiband normal state model Hamil-
tonian takes the form H = ) &iﬁ (K)Yx, where ¥y with

. ~ T
Jj= % D Yk = (e32, €12, €172, C=3/2) (1

. ~ T
J=3: Y= (csp.c3p.cippcoipiczpicosp) . (2)

where cjnf’k (¢m; x) denotes the

(annihilation) operator labeled with the 3D momen-
tum Kk € (ky, ky, k;) and magnetic quantum number

fermionic creation

TABLE 1. Basis matrices and momentum-dependent
polynomials transforming according to Ms, gray magnetic
group symmetry. A;(k) is defined in Eq. (4) and B;(k) =
ml_,»ky(3kf—kf)—l—mz,ik‘,(Sk?—k\z,)kf. The basis polynomial for
doublet E, is (o;, @), where 0i = uy ik.k, + up (k> — k)z,) +
M3J(k§ — k)z)kzz + M4yi[(kf — k‘2)2 - 4k3k}2] + MS,ikxkga and w; =
—uy ikyk, 4 2up ikiky + 2us ikokyk? — dug (k2 — k2kyke — us kK,
where m,; and u,,; are material-dependent parameters controlling
the strength of spin-orbit energy. Leading orders of TAM (momenta)
in E; and A,_ are dipolar and quadrupolar (cubic and quadratic),
respectively. Check mark indicates that the SOC channel is present
beyond spin-1/2 degrees of freedom.

TAM tensor Polynomials j>1/2
A+ Jo Ai(k)
A PI@E=3[ABIDELE A v
Az [GIAE]] = )] k. (3kik — k) v
E, J;Z - jV2 oi(k) v
2144, @i(k) v
E, |—ijzJ 0i(k) v
[ —w;(K) v
E, [ ] 0i(k) v
[4,J3] — (k) v
Ai- 3[40 -5 k. v
Al [G[[A2]] = 7)J2] k. v
As_ . Bi(k)
As I =3[[4J7]] B;(k) v
As B Bi(k) v
E. Jy A(k)
g (k)
E [/.J2] Ai(k) v
[7.J2 ] (k) v
E_ ([ ]] Ai(k) v
S = JHEn (k) v

mje{—j,—j+1,...,j—1,j}. The three-dimensional
noncentrosymmetric bulk Hamiltonian A (k), formulated
in either the j =3/2 or the j =5/2 representation near
the I' point, is derived from group-theoretical analysis (see
Appendix B and Appendix C) as follows:

H(k) = H,(k) + Hsoc(k), 3)
with
Hi(k) = A (k) + A (k)J? )

where H,(—k) = H,(Kk) is even-parity including momentum-
dependent polynomials .A4;(k) and A;(k) representing the
kinetic term and the m;-dependent SOC energy shift, both
transforming according to the A; y ® A 4 direct product.
Note that in Eq. (4), we keep only the minimal time-reversal-
even Cs,-allowed kinetic invariants, J; and jzz, which capture
the leading band curvature and axial anisotropy near I'. The
remaining even terms, allowed by symmetry, are higher or-
der (in k and/or TAM rank). They are listed in Table I
One needs to combine the TAM tensor matrix with the
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relevant basis polynomial such that the resulting term trans-
forms according to the A; . irrep. These terms can be included
straightforwardly for material-specific modeling. In Eq. (4),
the polynomials are defined by

Ai(K) = i + i1 (k; + k) + iak?, (5)

where «;; and «;, specify the in-plane and out-of-plane
kinetic energy, respectively, and u; (u2) denotes the Fermi
energy (m;-dependent energy shift).

In the following, we illustrate our general analysis for the
nontrivial case of j = 3/2 electrons, where J are 4 x 4 matri-
ces. This choice allows us to still obtain analytical results. The
same symmetry-based construction applies to other j > 1/2
manifolds (including j = 5/2); only the algebraic complexity
of the explicit matrix expressions increases.

In Eq. (4), when A,(k) # 0, the fourfold degeneracy of
the j = 3/2 manifold in A, (k) splits into a pair of doubly
degenerate energy bands [see Fig. 1(a)] given by

Exm(k) = A (k) + 2 A5 (k), (©6)

Ev(k) = A (k) + A (K), )

where the labels “heavy” (HM) and “light” (LM) refer to the
band curvature (effective mass) near the I" point. For a dis-
persion E (Kk), the inverse effective-mass tensor is defined as
(m= ")y (T) = [(1/h*)2E (K)/dk,dk, ||k=r. Both branches
are quadratic and anisotropic, and (m~'),,/(T") is diagonal.
The curvature coefficients are

HM 9 HM 9
My =11+ 21, M7 =aip+ 7022, (8)

LM 1 LM 1
My =o11+ qo01, M7 =aip+ ;0. ©

Consequently, the effective masses are m = i?/2M’ and
mt = i) 2M?} with A € {HM,LM}. Thus, along a given direc-
tion the branch is “heavier” (“lighter”) if it has smaller (larger)
curvature magnitude, i.e., larger (smaller) |m1.z|. Note that
this mass-based labeling is distinct from the energetic order-
ing of the two branches: their energy separation is AE (k) =
2 A>(k), so the sign of A,(k) controls which branch lies
higher in energy at a given k.

In Eq. (3), Hsoc(k) denotes the odd-parity SOC term
present due to broken inversion symmetry, i.e., Hsoc(—k) =
—7—Alsoc(k), transforming according to the decomposition
A+ =E_® E_, given explicitly by

Hsoc(k) = Hyr (k) + Hus(k), (10)

where ?:lMR(k) denotes the SOC term constructed from rank-1
(dipolar) basis functions. We call it modified Rashba (MR). It
can written as

Amr(K) = Y1 (K)J, + A1 (k). (11)

Additionally, 7:lHS (k) denotes the contribution from higher-
rank multipolar basis functions, given by

Hns (k) = AL (K) + A (K), (12)
ARK) = TLE[L2] + A@[L2],  (13)

k) = 30300[[ (7 — 7)) L]] + As(OIAA LD (14)

where the symmetrization operator for triple and double prod-
ucts is defined by [[ABC]] = (1/6)(ABC + CAB + BCA +
CBA + ACB + BAC) and [AB| = (1/2)(AB + BA), respec-
tively. Both Y;(k) and A;(k), which appear in Egs. (11)—(14),
are odd functions of momentum. They can be written as poly-
nomials in k up to the fifth order as

Ai(K) =y ike + v (ki — k)%)kz + y3,ikek?
+ ya.i (k) — 10Kk + Skiky), (15)

Yi(k) = —yriky + v2.:(2ke ky ko) — v3.ikyk?
+ a0 (k) — 10k2k; + Skiky), (16)

where y;; defines the SOC linear in momentum and y»(3),;
and y4; are cubic and quintic in momentum, respectively.
Importantly, Hys(k) is exclusive for high TAM. This is be-
cause the squared angular momentum operators do not result
in the identity matrix, i.e., fi2 # 1, unlike for the j =1/2
electrons. Note that ﬂgs)(k) and g (K) are identical in the
Jj = 1/2 basis. They reduce to the conventional Rashba SOC
up to linear momenta #1/2(k) = k.8, — k&, and 2 (K)
vanishes.

The analog of the spin-texture vector in the j = 1/2 basis
is the total-angular-momentum texture vector,

T2 (k) = (o () ks (1)), (17)

where (ﬁ)nk = (u,1k|fi|u,,k) denotes the expectation value of
the ith component of the total-angular-momentum operator
in the Bloch eigenstate |u,x) of band n at momentum k.
If A,(k) # 0, we obtain a constant out-of-plane TAM tex-
ture, i.e., Jym(k) = (0, 0, £3/2) and Jym(k) = (0, 0, £1/2).
The net TAM texture is zero since the Ay ® Aj;. de-
composition is symmetric under time-reversal and parity
operations.

III. SYMMETRY PROPERTIES

The full Hamiltonian in Eq. (3) is invariant under the
time-reversal operation, THXK)T' = A(-k), where T =
exp(—infy)lC is the antiunitary time-reversal operator with /C
denoting complex conjugation. Additionally, A (k) transforms
according to the A, ; irrep of the M3, magnetic point group,
as implied by the covariant symmetry condition H(R™'k) =
gﬁ(k)gi where g € {E, 2Cs,, 30y, 27C3,,3T0,, T} repre-
sents the symmetry elements, including the identity operator
E, the threefold rotation around the z axis, Cs;, the mirror
reflections o, and their combinations with time-reversal sym-
metry 7. Here, R is a 3 x 3 orthogonal rotation matrix in
momentum space. Under threefold rotation and mirror reflec-
tion, TAM and momentum transform as follows:

-1 =3 0
2 2

Rk = ~/7§ 5 ook (18)
0 0 1
+1 0 0

o.')k=[0 -1 0 |k, (19)
0 0 +1
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V)
A N 2 2 a
Gl =5 = ol (20)
o 0 1
A -1 0 0\
mim' =0 +1 o0 | 2D
0 0 -1

where Cs, = exp(—2wif./3) and M, = exp(—infy) denotes
the matrix form in the j € {3/2,5/2} basis for threefold
rotation and mirror reflection operators, respectively. Under
time-reversal operation, both the TAM vector j and the mo-
mentum vector Kk reverse sign; i.e., j—> -Jand k- —k
The symmetry-allowed terms in the Hamiltonian H (k) are
summarized in Table I, where we list all allowed TAM and
momentum bases that transform properly under M3,. Note
that we adopt the conventions of Ref. [80], in which mirror
reflection symmetry implies k, — —k,. However, for the trig-
onal P31m space group, as in PtBi,, the mirror planes are
oriented differently so that the A,_ basis function is rotated
to kx(3ky2 — k?) [68].

IV. BAND BASIS REPRESENTATION

Without loss of generality, we represent Eq. (3) in the
eigenbasis of #,(k), where the magnetic quantum num-

ber m; serves as a proper band index, i.e., VW-A[l(k)V =
diag(Erg(k), Egg(Kk)). In this basis defined by
0 0 0 1
N 0O 1 0 O
V=11 0 0 of (22)
0O 0 1 O
the full SOC Hamiltonian takes the form
A K)=VAKWV
_ (A Ck)
[CK)I"  Hum(k)
= Hy(k) + Vorr(k), (23)
where the first term is block-diagonal I-Alo(k)A:
diag(Hpm(k), Hum(k)) with Hyy = Epm(K)6o, and Vg

is the off-diagonal coupling part denoting the SOC coupling
between light and heavy bands, namely, interband SOC.
These terms explicitly read

. Exm(k)  g(k)
Him(k) = 24
(k) ([g(k)]T ELM<k>>’ @4
. _ 0 C(k)
Vorr(k) = ([C“(k)]T 0 ) (25)
where the intraband SOC in the LM sector can be written as
gk) = ZF k) + 125 (k) (26)

with th (k) = T,(k) £iA,(k). The off-diagonal sector Cin
Eq. (25) is given by
C(k) ) @7

[F )]

F (k)

€= (—[C(kn*

where the interband SOC elements read

F(k) = “/; [ZI (k) + Zz; (k)}, (28)
Ck) = —‘/ng;(k). (29)
The spectrum of . (k) is analytically solvable as
E+(k) = iw, (30)
Ey+(k) = ﬂ:w, (31)

where D = /|g|? + 44, A = |C)? + | F|? denotes the full in-
terband SOC, and |A| = +/AA*. For brevity, the k dependence
is omitted henceforth. Importantly, the spectrum reduces to
the conventional spin splitting E; 4 (k) = £|g| for j =1/2
electrons while E; 4 (k) vanishes. This is because the inter-
band SOC is absent in a two-band model, i.e.,C = F = 0.

Generally, the analysis of the spectrum of Hsoc can
be summarized as follows. A pure modified Rashba term
Hmr emerges for C =0, F = (v/3/2)2Z;, and g = 2 so
that both intraband SOC (g) and interband SOC (F) are
present [see Fig. 1(b)]. The positive branches of the spectrum
are (1/2),/1g|*> + 3|2, 1> £ |gl, implying that the interband
SOC results in an additional monotonic splitting. The dou-
ble degeneracy along the I'-A path is protected by the
M3, space group since Y and A; are independent of k.
However, it can be split when an additional SOC chan-
nel like A;_ ® Aj _ is included in the SOC Hamiltonian.
Furthermore, a pure ’}:l](_,ls) emerges for C=0 and F =
(5«/5 /8)Z,, similarly to 7:[MR but with an effective larger
interband amplitude [see Fig. 1(c)]. Subsequently D increases
as Vgl> + (75/64)| Z; ? and both posmve branches shift
slightly upward relative to Hyr. A pure A Hs emerges for g =
F =0 and C = —(+/3/4)Z;, leaving only interband SOC.
Then, D = 2|C| and the spectrum collapses into a pair of dou-
bly degenerate levels at Ey + € {£|C|, =|C|} (no interband
spin splitting), as depicted in Fig. 1(d).

The spin splittings for the intraband (“intra”) and interband
(“inter”) branches are observable and given by

AEE

intra

=D+|gl, (32)

AEiyer = D. (33)

In the weak-hybridization regime A < |g| (compared to the
intraband SOC), D becomes

24 3

— — —5 +0@A"), (34)
gl lgl

giving rise to a weakly growing splitting with hybridization in
the energy bands

D~ |gl +

24 2A?

AES ., ~2lg "+H_W+ 0(A%), (35)
_ 2A 2A2
AE, .~ I + 0A). (36)
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FIG. 2. Magnitude of E_ ® E_ intraband and interband spin
splittings for j = 1/2 and j = 3/2 electrons near the bulk I" point,
evaluated along a ditrigonal-pyramidal path in the hexagonal Bril-
louin zone. Model parameters are fixed to y, ; = Y2, = V3.0 = Vai =
0.5Er. (a) Pure modified Rashba Hyr with i = 1, (b) pure 7:[,(_,15) with
i =2, (c) pure high-spin term #3) with i =3, and (d) full SOC
Z?:l H; with #1; denoting pure terms in panels (a)—(c).

However, in the strong-hybridization limit A >> |g|, we obtain
D ~ 2/A + |g|?/4v/A + O(|g|*). Then, the band splitting is
dominated by interband SOC; i.e., AEL  ~ 2J/A £gl.

The magnitude of the anisotropic spin splitting for the
j =1/2and j = 3/2 states close to the I" point is illustrated in
Fig. 2. The SOC Hamiltonian includes terms up to fifth order
in momentum. We plot the contributions from the modified
Rashba channel H g in Fig. 2(a), the high-rank SOC channels
Hgsz) in Figs. 2(b) and 2(c), and the full term ”HSOc is illus-
trated in Fig. 2(d). Notably, the splitting in the j = 3/2 bands
(AEmtm) exceeds that of the j = 1/2 states [compare the black
curves in Flgs 2(a) and 2(b)]. Although the splitting gener-
ated by HHS is purely of interband character [see Fig. 2(c)],
its magnitude is smaller than in Hwmr, and its higher-rank
counterpart ﬁgs) Importantly, along I'-M, the splitting from
7:lMR and 7:135) vanishes at a critical momentum k. and af-
terward rises sharply, due to the dominant fifth-order terms
[see Figs. 2(a) and 2(b)]. This can be verified analytically by
setting k, = k,/ V/3 and k. = 0; then the component of split-
ting becomes A oc —k,(4k? — 3)(4k? +3) and Y; o —A;.
Therefore, A; vanishes at k, = j:«/§/2. Thus, the splitting
vanishes at K. = (k,, ky) = («/5/2, 1/2). In addition, along
I'-A, splitting is forbidden by the M3, point group in the
E_ ® E_ decomposition. Note that in Fig. 2(a), the j = 1/2
splitting matches that of the j = 3/2 band E, 1 (k) because

= 3/4|g|* and D = 2|g|, yielding AE,, . =D — |g| = |gl.

Let us emphasize that interband SOC, beyond the famil-
iar intraband Rashba splitting, has been directly observed in
Bi-based surface alloys, where hybridization between Rashba-
split bands strongly reshapes the dispersion and spin-orbital
character of surface states [81,82]. It leaves clear finger-
prints in optical responses—for example, the suppression of
interband absorption in the persistent spin-helix regime of

Rashba-Dresselhaus systems. Therefore, it serves as a sen-
sitive probe of engineered SOC [83]. These observations
motivate effective models that explicitly include interband
SOC terms to faithfully capture spin-orbit-entangled bands in
low-dimensional electron systems [84].

V. WINDING OF THE TOTAL-ANGULAR-
MOMENTUM FIELD

A pure modified Rashba term g yields an in-plane
TAM texture whose winding number is determined by the
momentum-polynomial order. In this case, we find that the
TAM texture for a given j is independent of m; and, in fact,
identical for all multiplets considered, W; ,,, = W, where j €
{1/2,3/2,5/2} and m; € [—], ..., jl. Therefore the light
and heavy bands share the same TAM texture. Interestingly,
once the multipolar terms are included, this universality is
lost and the heavy and light bands acquire different wind-
ing numbers. This can be understood as a consequence of
the multipolar components associated with |m;| > 1/2, which
transform under a different symmetry than the dipolar Rashba
term and therefore reshape the texture. To show this, we first
discuss the TAM-vorticity phase diagram for the modified
Rashba term Hyg including momentum-dependent contribu-
tions up to fifth order. This serves as a reference against which
we compare the effects of the multipolar terms.

Importantly, in the Cs, point-group symmetry, the z axis is
fixed by symmetry as the unique principal C; rotation axis
of the crystal, with all mirror planes containing this axis.
Accordingly, the vorticity is defined as the winding of the
in-plane (i.e., perpendicular-to-z) TAM texture along closed
loops taken in planes normal to this symmetry axis. Any other
sample orientation is handled by a coordinate rotation aligning
z with the crystal’s C; axis. Moreover, C3, and T symmetries
constrain the out-of-plane TAM component to be momentum
independent and forbid symmetry-allowed terms of the form
k.J.. Therefore, the reciprocal-space skyrmion number is triv-
ial. In this case, a two-dimensional (2D) in-plane winding
number can be nontrivial where k; is treated as a constant.

A. Total-angular-momentum texture for modified Rashba term

We assume j = 3/2 and obtain the winding number of the
TAM field in reciprocal space. Hyr exhibits an in-plane TAM
texture (the out-of-plane TAM texture is vanishing) given by

) (k)

3,(k) = M) |, (G7)
VAP + 6P\

where n =m; € {£1/2,£3/2} is the band index and the
helicity of each band is determined by the sign of m;:
sgn(m;) = +1 (—1) corresponds to clockwise (anticlockwise)
winding. J,;;(—=K) = —J,,;(K) is odd in momentum because
both Y;(k) and A;(k) are odd and it fulfills the helical
property J_n,(K) = —J, (K). Awr implies that (g, F,C) =
(ZF, \/5/231’, 0). In this case, the dispersion in Egs. (30) and
(31) becomes E:tl/2 = U1 + (1/2)|Zl+| and Eig/z = U +
(3/2)|Z |, where |Z/f| = VAT 4+ Y2

The winding number of the in-plane TAM texture in band
n around a closed contour C in momentum space is defined as
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W, = (1/271)% dg, k., where @, k is the local TAM angle in
the (Jy, Jy) plane. Equivalently, one may introduce the com-
plex TAM field Z, = (fx),,k + i(JAy),,k, whose phase satisfies
@n k@) = arg(Z,(t, q)) so that the winding number can be

expressed in the general complex-analysis form

1 [ 42t q)
W, = — —d
@ th. EAT

2mi
=Y Ni@)—)_ Miq), (38)

where N;(q) and M;(q) denote, respectively, the multiplicities
of zeros and poles of Z,(t, q) enclosed by the contour. W, (q)
is proportional to the difference of the total number of zeros
N;(q) and poles M;(q) of Z,(¢, q) inside the unit circle. The
explicit form for the complex map can be written as

Z,(t,q) =1, q) +iA (1, q)
= (g1 + @2t + 43t 1y, 39)

where q = (q1, g2, q3) is a vector of material-dependent con-
stants defined by ¢1 = (y1,1 + v3,1kD kL], g2 = vk ke,

k2 + k)z,, and 1, = exp(—ig) de-
pends on polar angle with radius |¢| = 1. Equation (39)
has a simple pole at t, =0 and six zeros in the numera-
tors obtained from ¢q; + qzts + q3t£ = 0, where the solutions
are t, € {t;,t,} with #; (t;) denoting fourfold- (twofold-
Ydegenerate roots given by t; = J/f=(q)/2 (t, = (—=1)*/1),
where f1(q) = —g2/q3 + [(¢5 — 44193)'*/¢3]. Since only
one pole locates inside the unit circle, this results in
> iMi(q) = 1. In this case, the total number of zeros located
inside the loop |¢,| < 1 contribute in the winding number
given by

g3 = yai1lk. ], and |k, | =

Wa(@) =) Ni(q) -1, (40)

where the solutions of inequalities #;¢] < 1 and 55 < 1 de-
fine unique regions of W, (q).

The outcome is presented in the generic 3D phase diagram
in Fig. 3(a). A 2D slice of the phase diagram at g3 = 0.5 is
shown in Fig. 3(b). There are three distinct phases, where the
TAM texture exhibits the conventional Rashba vortex (green).
In this case, the TAM texture winds once around the origin, as
illustrated in its polar form in Fig. 3(c). The other regions cor-
respond to unconventional vortices, where the TAM texture
exhibits twofold and fivefold windings, marked in blue and
red in Figs. 3(d) and 3(e), respectively. The black surfaces
indicate the phase boundaries, obtained from the conditions
1ty =1 and 15 =1, where the zeros lie on the circumfer-
ence of the unit circle.

Importantly, in photoemission spectroscopy, the signature
of the fivefold winding can be detected as (i) the warping
of constant-energy contours near the Fermi energy and (ii)
nontrivial TAM winding around the I" point, either on a two-
dimensional surface or in the three-dimensional bulk [85,86].
In the latter case, larger constant-energy contours become
accessible when higher-energy photons are incident on the
sample or the chemical potential is changed.

In Fig. 4, we show constant-energy contours of the solu-
tions E_y»(k1) = E./p for E¢./puq € [—1, 1], for a mixture

1 2
1

w -1 2 5
(a) (b) 2
2
S| = 1
0
0
1 - 0 00
- q,

FIG. 3. Phase diagrams of total-angular-momentum vorticity as
function of (a) q = (¢1, ¢2, ¢3) and (b) q = (g1, g2, 0.5). Polar plots
of the j texture for (c) single winding, W = —1, atq = (1.5, 0, 0.5);
(d) twofold winding, W = 2, at q = (0.5, 1.5, 0.5); and (e) fivefold
winding, W =5, at q = (0.2,0.2, 0.5). The color bar indicates the
winding number. Black planes and lines in panels (a) and (b) denote
boundaries of regions with different winding number.

of SOC terms together with the corresponding TAM texture
in the I'-M-K plane denoted by momentum k; = (k;, &y, 0).
When a linear-quintic mixture of SOC is dominant, the dis-
persion takes the form

E,+ = u £nk|G(p), 41)

where G(¢) denotes the angle-dependent part of spin-split
dispersion given by

Gp) = \/v2, + v KL + 271 v KL cos(6p). (42)

It develops hexafoil energy contours for E, > +u; due to the
cos(6¢), shown in Fig. 4(a). Energy contours are distributed
as a central circular pocket surrounded by six lobes. These
contours evolve from an almost circular contour at £ ~ Ep
into a concave hexagon. This can be understood that in the
vicinity of the I' point (i.e., for |k | < 1), the linear SOC
term oc k; dominates over the quintic term o< |k |, yield-
ing nearly circular constant-energy contours. In this case, the
TAM texture exhibits a conventional helix [see green arrows
in Fig. 4(a)]. Note that the TAM texture of a pure linear y; ;
(cubic y3,1) SOC has a polar dependence while cubic y» ; and
quintic y4,; have an additional radial part, as listed in Table II.

At larger momenta (|k | 2 1), the fifth-order SOC be-
comes dominant and the contours evolve into a concave
hexagon. For E > E,, the central pocket disappears and the
six lobes merge into a simple hexagon signaling a highly
suppressed Rashba contribution. Interestingly, the TAM tex-
ture undergoes a nontrivial transition away from the I point
exhibiting a quintic vortex, as illustrated by red arrows in
Fig. 4(a). The region with a conventional TAM vortex, char-
acterized by W, (Jk_|) = —1, is separated from the quintic
vorticity phase, W, (Jk . |) = 5, by a phase-transition boundary,
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FIG. 4. Two-dimensional constant-energy contours with TAM
texture in j = 3/2 basis for light-mass band, i.e., |3/2, —1/2).
(a) Linear-quintic mixture E_ ® E_ with y,,/Er =0.3 and
va.1/Er = 1.5; (b) linear-cubic mixture A, ® A,_ + E_ @ E_ for
slice k, = 0.5 with y,/Er =1, my/Er = 1.5, and my/Er =
1.2; (c) linear-cubic mixture E_ ® E_ with y;,/Er = 0.3 and
v2.1/Er = 1.5; and (d) full term with y, ;/Er = my;/Er = 0.5 for
ve({l,2,3}, m,/Er =1, and k, = 1. The solid yellow circles de-
note the phase-transition boundaries where the winding changes. The
out-of-plane component of TAM texture is marked in dark and light
colors. The heavy-mass bands carry similar information. For other
helical energy branch W — —W. Other parameters are set to zero.

shown as a solid yellow line in Fig. 4(a), across which the
winding number undergoes a drastic jump.

The dependence of the winding number on the in-plane
momentum can be understood as follows. When a linear-
quintic SOC is favored, the zeros of the complex map Z,(t) =
0 are determined by Z,(¢) = y1.1 + ya.1|ky|*°. Thus, for
given parameter values y; ; and y4 1, the TAM vortex depends
on the magnitude of |k, |. Even if the fifth-order coefficient
is weak, its effect can be enhanced at |k, | > 1, resulting in
a hexafoil SOC with a quintic TAM vortex. We note that,

TABLE II. Winding of total-angular-momentum texture for pure
odd-parity spin-orbit-coupling terms £_ ® E_ up to fifth order of
momentum preserving time-reversal and C;, point-group symme-
tries. Coefficients are vy 3.4 = sgn(yi34),1) and v, = sgn(k,y» 1).

#0 k Ja(9) (Wl
Y11 Linear vie, 1
V2.1 Cubic v, sin(3p)e, + vycos(3p)e, 2
V1 Cubic Ve, 1
Va1 Quintic vy sin(6¢)e, + vicos(6¢)e, 5

for pure modified Rashba SOC, the winding number does not
depend on the in-plane momentum.

Up to the rank-1 (dipolar) correction, the SOC energy takes
the form

Hsoc(k) = Hur + Bi(k).J, 43)

where the second term arises from the A, — ® A, _ decompo-
sition, with B; (k) and J. providing the momentum and TAM
basis functions, respectively, each transforming according to
the A, _ irrep, and the momentum basis takes the form

Bi(K) = my, 1ky(3k; — k) + mo 1k, (3k; — k)2, (44)

where mj(2)1 is a material-dependent coefficient that sets the
strength of the axial Zeeman-type SOC term. Note that, after
projecting Eq. (43) onto the effective spin-1/2 sector, it re-
duces to the familiar hexagonal-warping SOC of the surface
states in the topological insulator Bi, Te; [22,85].

The leading order in A, ® A, _ decomposition gives rise
to an out-of-plane spin texture. Either with y; ;,m; # 0 or
Y1.1, ¥2.1 7 0 hexagonal and trigonal warping emerge [22,87],
as shown in Figs. 4(b) and Fig. 4(c), respectively. The former
(latter) SOC yields both in-plane and out-of-plane (a purely
in-plane) TAM texture. Importantly, the hexagonal warping
exhibits a conventional TAM vortex W, (k;) = —1 in the entire
Brillouin zone (2D surface or 3D bulk). However, in the limit
where SOC exhibits a trigonal warping effect, we observe
that the circular Rashba contours in the vicinity of the I'
point evolve into a rotated boomerang. This happens since the
angle-dependent spin-splitting dispersion in Eq. (41) takes a
cos(30) form given by

G@) = /v, + KLlk[y2 K LIk + 21,1721 cos(3p)].
(45)
The TAM texture winds twice (W, = 2) around the origin
when E > E, at |k| 2 k. [see Fig. 4(c)]. In general, when all
SOC terms contribute comparably, the constant-energy con-
tours evolve into a mixed trigonal-hexagonal form, as shown
in Fig. 4(d).

Note that for pure modified Rashba SOC contributions, the
constant-energy contours are circular because the dispersion
depends only on the radial magnitude of the TAM texture. Any
dependence on the polar angle ¢ appears only in the TAM-
texture field, not in the energy. However, the polar angle ¢
becomes important in the spectrum when SOC is mixed.

Importantly, the vorticity phase diagram depends on the
out-of-plane momentum k,. Consequently, the TAM-texture
vorticity can change dramatically as k, increases and states
probe deeper into the three-dimensional bulk. As an illus-
tration, Fig. 5 shows the bulk spectrum (constant-energy
contours at k, € {0, £0.5, £1}) for a given set of model
parameters together with the corresponding vorticity phase
diagram. Close to the I' point at k, = 0, the constant-energy
contours are hexagonal [see Fig. 5(a)]. In this case, the vortic-
ity phase diagram exhibits a conventional Rashba vortex with
W, = —1 at small in-plane momentum |k | (marked in green)
and an unconventional quintic vortex with W,, =5 at larger
|k |, marked in red. For larger |k,|, the system undergoes
a vorticity phase transition where the TAM field acquires a
double winding (W, = 2), highlighted in blue in Fig. 5(b).
As |k,| increases further, this W, = 2 region expands while
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FIG. 5. (a) Three-dimensional bulk spectrum with constant-
energy contours and (b) corresponding vorticity phase diagram. Both
panels are evaluated for the light-mass band with positive helic-
ity, i.e., |3/2, —1/2). Model parameters: (y1.1, ¥2.1, V3.1, Ya1)/Er =
(—=0.5,-1,0.4,0.2) and |k,|= (k?+k2)">. In panel (a), the
constant-energy contours are taken in the range E/Er € [—1, 1].
Heavy-mass bands |3/2, +3/2) carry similar information to the
light-mass bands |3/2, +1/2). Moreover, W — —W for opposite
helicity.

the conventional (W, = —1) regions shrink. Concurrently, the
constant-energy contours evolve from hexagonal—with a cen-
tral circular pocket—to a trigonal shape. By k, = %1, the
conventional Rashba-winding region has almost disappeared.

B. Total-angular-momentum texture
for multipolar spin-orbit coupling

When multipolar SOC terms are included in the full
Hamiltonian, they induce anisotropy in the heavy-mass band.
Consequently, the energy bands can acquire different TAM
vorticities. To show this, we assume that the SOC includes the
terms A}~ ® A;_ + E_ ® E_. In this case, the Hamiltonian
includes a higher-rank multipolar contribution given by

Hsoc(k) = T1(K), + A1 (k)J,
+ N[ | + A0/, 7 ]
+bik 3[[AJ2]] - ). (46)

where the first and second lines are the SOC contributions
from Hur(K) and ﬁgs)(k), respectively, and the third line
gives the A; _ ® A _ term with strength b;.

In this case, the TAM texture no longer obeys the
form given in Eq. (37) and becomes anisotropic. Conse-
quently, each energy band exhibits a different TAM texture.
In Fig. 6, we present the vorticity phase diagram for j €
{1/2, 3/2, 5/2} electrons, obtained from the winding of the
TAM texture vector J,(K) = ((Jy)nk, (fy),,k) where the aver-
ages are taken over the Bloch states of Eq. (46).

For j = 1/2 electrons, we consider the lowest band, while
for j =3/2 and j = 5/2 electrons we consider the two and
three lowest bands, respectively. The other helical branches
have the opposite sign of winding and are not shown. When
SOC is purely in a modified Rashba form [ignoring the second

1 2 4 5 7
[V e ———

1

20 1 20 I
Ik, | [k, |

1
k.|

FIG. 6. Total-angular-momentum-vorticity phase diagram for
multipolar spin-orbit coupling A;_ ® A;_ +E_ ® E_ in the (a)
j=1/2,[(b), (¢)] j =3/2, and [(d)—(f)] j = 5/2 basis, shown for
one, two, and three lowest-energy bands, respectively. Remaining
bands exhibit identical texture with opposite winding sign. Color
bar indicates winding number of J,(k) = (AT (fy),,k), where
n € {1,2,3} is the band index. Model parameters for multipolar
terms are (1.2, V2.2, V3.2, Va2)/Er = (1/2,1/2,1/2,1/2) and b, =
0.2 Er. Model parameters for the modified Rashba term is the same
as those in Fig. 5.

and third lines in Eq. (46)], the TAM phase diagram is iden-
tical for all j degrees of freedom [see Fig. 5(b)]. Therefore,
light-mass electrons with |m;| = 1/2 and heavy-mass elec-
trons with |m;| = 3/2, 5/2 are indistinguishable.

However, the multipolar energy corrections given by the
second and third lines in Eq. (46) induce anisotropic TAM
textures in both the light- and heavy-mass bands. This is
evident by comparing the vorticity phase diagrams for the
lowest bands of j = 1/2, j = 3/2,and j = 5/2 electrons (see
Fig. 6). For j = 1/2 electrons, the quintic vorticity region,
marked in red, occupies a large portion of the phase diagram,
whereas the twofold-winding region is confined to a small
area in the vicinity of the bulk I' point [see Fig. 6(a)]. In
addition, the linear Rashba regime (marked in green) emerges
with increasing k,, where the TAM texture exhibits a helical
form.

Interestingly, in the j =3/2 counterpart shown in
Fig. 6(b), the regions of twofold winding are enhanced and
become larger (marked in blue) in band 1. These regions
disappear for band 2, shown in Fig. 6(c).

Band 1 for j = 5/2 electrons exhibits linear-quintic SOC
[see Fig. 6(d)]. The corresponding phase diagram is almost
similar to band 2 of j = 3/2 electrons. Interestingly, the
anisotropy becomes more pronounced in the second- and
third-lowest bands of j =5/2 electrons. Band 2 evolves
into a linear-cubic-quintic admixture. It has the largest area
for twofold winding in the phase diagram [see Fig. 6(e)].
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Importantly, the third-lowest energy band, depicted in
Fig. 6(f), exhibits exotic phases where the winding number
becomes |W3(j =5/ 2)| € {4,7}. In this case, the effective SOC
energy depends on momenta up to the seventh order.

VI. CURRENT-INDUCED SPIN POLARIZATION

A key manifestation of inversion-symmetry breaking is the
Edelstein effect [52], i.e., the generation of a nonequilibrium
spin (or more generally TAM) polarization by a dc charge cur-
rent and, conversely, of a charge current by a spin imbalance
[55,72]. The Edelstein effect is sensitive to both the under-
lying texture and the detailed Fermi-surface geometry. It has
been explored in Weyl semimetals [70], noncentrosymmetric
antiferromagnets [71], superconducting interfaces [88], and
two-dimensional materials and Dirac systems [§9-91]. In sys-
tems where the low-energy states belong to high-j multiplets,
it is thus essential to describe Edelstein physics in terms of (J)
rather than (6) and to relate the magnitude and anisotropy of
the response directly to the structure and winding of the TAM
texture on the Fermi surface. In this case, we obtain in the
following a counterpart of the Edelstein formalism in TAM
representation akin to the spin-1/2 basis [52,54,73].

Considering an electric field along the x axis, ie., E =
(E., 0), it induces a positive spin accumulation perpendicular
to the field direction, specifically along the y axis. A linear re-
sponse to the field, under the Boltzmann approximation, leads
to a net finite TAM average (J) with j € {1/2,3/2,5/2},
given by (Jo(/ )) =y 5 X;%)Eﬁ where Xé{; denotes the 3 x 2
Edelstein susceptibility tensor for angular momentum j, o €
{x,y, 2z}, and B € {x,y}. Here, the components of the tensor
are given by [54,70,73,92]

2j+1

; d’k
Xap =€t ) / ﬁfﬁ“)(kuvf)(ku%,kﬂ (47)
n=1

where k| = (k,, ky, 0) is the in-plane momentum, and the
function .#, x, = —0dfy/dE denotes the thermal broadening
kernel of the linear response, kg is the Boltzmann constant,
T is temperature, and e and t denote carrier charge and
momentum relaxation time, respectively. The TAM texture
component is J®(k,) = (n,ky|Jy|n, k1), and vP(k,) =
(n, k. |0H/ 0kg|n, k) denotes the group velocity for the nth
energy band with the eigenbasis |n, kK ).

Up to linear order in the momentum-dependent SOC and
for an isotropic Fermi surface, the components of the Edel-
stein tensor satisfy )., = —xyx and X = xyy = 0. The van-
ishing of the diagonal components follows from the angular
integration in polar coordinates, ), o< fozn sin@ cos 8 df = 0.
At zero temperature, the Edelstein susceptibility X;{S) /et is
determined solely by the Fermi contours (FCs), since % =
8(E, — u.) where u. = Er. Consequently, one can write [54]

K fo =Y § dsrc k0w, G9)
w JrC,

where ¢y = er/(27)%, 3 = v$’/|v,| is the y component of

the unit velocity vector, taking values f),(,y ) e [—1,1], v, =
(W™, v) is the 2D group-velocity vector, and dsgc, is the

arclength element along the nth Fermi contour. For a circular

a =52 m E b :
(a) s : (b) :
Jj=12m | i

4 ; i
- |
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FIG. 7. Edelstein effect for total angular momenta
j€{1/2,3/2,5/2} in a noncentrosymmetric spin-orbit-coupled
model Hamiltonian in Eq. (3) that preserves time-reversal and
Cs, point-group symmetry. Perpendicular total-angular-momentum
expectation value (/') induced by an external electric field
E = (1, 0) for (a) a pure modified Rashba SOC (7, ) = (—1,0)
and (b) an admixture of both SOC terms with (7, ) = (—1, —0.3),
where 7, = y,;/Er. Model parameters for even-parity sector ’}-7,,
are (@, &, flo, &, &) = (1,0,0,1,0), where & =a,/Er
and & = oy ;/Ep. Other parameters are Jy = Nomax(|(J!/2)]),
xo = Nomax(|(x{}/?)|) where Ny =et/(2m)?, and Ep = ;. In
the numerics, we replace the Dirac § function with a Gaussian
function §(E, x, — ic) = (I/Qm) exp[—(E,x, — 1e)? /%] with
broadening factor Q ~ 7.4 x 1073,

Fermi surface, we have dsgc, = |ki|d0. Thus, the Edelstein
susceptibility measures the net TAM polarization along the
y direction carried by states at the Fermi level. The corre-
sponding imbalance of TAM-polarized carriers can couple to
the electric field and is transported along the group-velocity
direction [70,88].

In Fig. 7, we show the dependence of TAM accumulation in
the y direction on the chemical potential for different angular
momenta j € {1/2,3/2,5/2}. Notably, the Edelstein effect
is enhanced and exhibits a broader plateau when the TAM
degrees of freedom are enlarged and the states are mostly
occupied, as seen by comparing the blue and black lines in
Fig. 7.

There is no Edelstein effect for j = 1/2 states in the en-
ergy window u./Er € [0,0.7] [see red line in Fig. 7(a)].
In this regime, the Fermi level lies below the onset of the
Rashba-split bands so that no Fermi contour contributes to
the response. As the chemical potential increases, the electric
field modifies the occupation of states near the Fermi level
and a TAM accumulation forms along the y direction. For
we/Er 2 0.7, only the lower branch E_ i, which is partially
occupied, intersects the Fermi level and contributes to x />

In this case, the two Fermi momenta (which we denote by |k;jf |
for the inner and outer radii) originate from a single energy
band whose minimum occurs at finite |k, |, i.e., a sombrero-
shaped dispersion. Consequently, x{}/* depends strongly on
the chemical potential and grows with w. until the upper
branch E i, also becomes occupied.

Once both helical branches are present at the Fermi level,
the difference between the spin-split Fermi radii becomes
independent of ., and the Edelstein response saturates at a
plateau. This is because the Rashba spin splitting is isotropic
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in momentum space [93]. This can be analytically deduced
from the spin-1/2 model Hamiltonian that includes both the
kinetic and Rashba SOC, i.e.,

Hy = A + 1.1y — kyJo), (49)

where A; = pu; + Cl1,1|k¢|2 and J; — & are the Pauli matri-
ces. The spectrum for Hy is E,x, = A + ny1,1|k.|, where
kil =+ kf + k% and n = =£. The relevant group velocity vec-
tor is v, = (v, v9) and v = 2ay 1k; + ny;1ki/|ky| with
i € {x, y}. In addition, the TAM texture vector for Hy becomes
J+ = £(1/Ik. [)(—ky, k,), which is perpendicular to the mo-
mentum direction, i.e., J+ - k; = 0. The Fermi contours are
circular [k |? = k2 + k2 with radius

1

k= (= + (DT (e = pn), (50)
1,1

where [ € {1, 2} denotes two root solutions per given band.
Considering polar coordinates and after some algebra, we
obtain the Edelstein susceptibility

X)E)l,/z)/n = — Znsgn(Zal,likH + ny1,1)|k;§|, (51)

where it results in

_ Vi1
Koy feom = [kp | = [ki | = —==, (52)
1,1

where x{|/? is independent of . for p. > w1 [see the red
plateau in Fig. 7(a)]. At y;,; = 0, the response is vanishing,
x{I/? =0, because |ky | = [k} |.

“Importantly, in j > 1/2 systems this saturation is no longer
perfectly flat: x§§) continues to vary smoothly with the chem-
ical potential, as seen from the black and blue lines in
Fig. 7(a). This is because higher TAM introduces additional
mj-dependent subbands and increases the number of Fermi
contours, leading to a more complex evolution of the Fermi
surface as i is tuned.

Importantly, when the multipolar SOC terms are included
in the Hamiltonian, the Edelstein effect can be further en-
hanced for the j = 3/2 and j = 5/2 electrons [see Fig. 7(b)].
To see this, consider the multipolar SOC Hamiltonian

H = Ho+ AJ; +yia (kB2 = b [L2]). (53)

where the second term represents m;-dependent energy shifts,
and the third term is the multipolar Rashba effect for j €
{3/2,5/2}. This modification changes the density of states
near the Fermi level. Additionally, the number of Fermi con-
tours can increase to four (six) through energy shifts .AZJNZZ,
resulting in larger values, i.c., (J}(,Sm) > (Jy(3/2)) > (Jy(l/z)). In
the limit y; » = 0, the enhancement of the Edelstein effect
originates from the energy shifts for electrons with different
m;, induced by the multipolar term ff

Note that the Edelstein effect is absent in 7:[%, since
the SOC contribution from the multipolar doublet generator
(1/2[[(} = THL0, (14, 111) is purely of interband char-
acter, with a vanishing in-plane TAM texture. Although this
doublet exhibits an out-of-plane TAM texture, an in-plane
electric field E, cannot generate an Edelstein response in the z
direction because of the mirror symmetry in the xz plane. The

linear response must be invariant under this mirror reflection

so that (JZ’(j )) = (Jz(j )), while the axial nature of TAM implies
19y = — (7). These two conditions are only compatible if
Xox = 0.

VII. CONCLUSION

In this work, we develop a theoretical framework to
quantify spin-orbit coupling in p and d electrons of heavy ele-
ments. We focus on Bloch states constrained by time-reversal
and Cs, point-group symmetry, as realized, for example, in
PtBi, and BiTel [56-58,60]. Within this setting, the total
angular momentum is conserved and the bands decompose
into well-defined j multiplets such as j = 3/2 and j = 5/2.
Our multipolar SOC framework is particularly relevant when
a conventional Rashba description cannot fully capture the
observed band splittings, as realized in BiTel [61].

We show that in strongly spin-orbit-coupled systems the
TAM vector forms a texture in reciprocal space, as an analog
of the conventional spin-1/2 texture. When multipolar cor-
rections dominate the dipolar SOC energy, the TAM texture
becomes anisotropic per energy bands. In particular, the TAM
texture of heavy-mass electrons differs from that of light-mass
electrons, in contrast to the dipolar Rashba model. They ex-
hibit different varieties of winding at small and large momenta
in the vicinity of the 3D I' point. In addition, we quantify the
substantial enhancement of spin-orbit splitting for electrons
with j > 1/2. We further demonstrate that these multipolar
energy corrections can enhance spintronic responses, such as
current-induced polarization.

It is worth mentioning that resolving TAM multiplets ex-
perimentally is challenging. X-ray magnetic circular dichro-
ism is a powerful probe of SOC in j-shell electrons,
providing information on spin and orbital moments through
polarization-dependent absorption [94,95]. Resonant inelastic
X-ray scattering at appropriate absorption edges is comple-
mentary, giving bulk-sensitive access to intramultiplet and
spin-orbit excitations characteristic of j manifolds in cor-
related 4d/5d or 4f/5f systems [96,97]. We additionally
propose the development of j-resolved scanning probes with
quadrupolar or more general multipolar magnetic configu-
rations, for example, based on d-wave altermagnets [98],
tunable ferromagnetic alloys [99], or multipolar complex
oxides [100]. In addition, the orbital component of (J) in
j > 1/2 electrons is dominant, highlighting an intrinsically
orbital-driven character of the TAM response and supporting
orbitronic applications [101-107].
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TABLE III. Double-group character table of the point group Cs,
for treating half-integer quantum numbers at high-symmetry points
I'A,H, and K.

TABLE V. Character table of M3, gray magnetic point group.
irreps are labeled by their behavior under time-reversal symmetry,
with the last column indicating whether each representation is even
or odd under the action of 7.

E E 20, 2C;, 30, 36,
E 20, 30, 2TCs, 3To, T

I 1 1 1 1 1 1
r, 1 1 1 1 —1 -1 A, +1 +1 +1 +1 +1 +1
s 2 2 —1 1 0 Asy +1 +1 -1 +1 -1 +1
r, 2 -2 1 ~1 0 0 E,. +2 —1 0 —1 0 +2
Ts 1 -1 -1 1 i —i A +1 +1 +1 -1 -1 -1
s 1 —1 —1 1 —i i A +1 +1 -1 -1 +1 -1
E. +2 -1 0 +1 0 -2

technically feasible and/or the cost of preparing, depositing,
and hosting the data would be prohibitive within the terms of
this research project. The data are available from the authors
upon reasonable request.

APPENDIX A: DECOMPOSITION OF j INTO C;3,
IRREDUCIBLE REPRESENTATIONS

We assume that SOC is strong compared to the kinetic
energy. In this case, the TAM is conserved with values J €
[II = S], |I + S|]. The splitting of an energy level, labeled with
integer J, is the same as for /. However, half-integer J is not
and it should be treated using a double-group representation.
In this case, the double-group character table for the C3, point
group is given in Table III. The number of irreps in this
table is twice that of the ordinary (single) character table.
This doubling arises because a fermionic state does not return
to itself under a & — 6 + 2m rotation; instead, it requires a
6 — 6 + 4 rotation to remain invariant. In this context, the
spin characters under a 2 rotation transform as

X' (Rps22) = (=D X’ (Ry), (A1)
where Ry € {E, 2Cs,, 30,} and

in ((J + 1/2)6
X' (Ry) = M (A2)
sin(6/2)
To determine how the representation D,; decomposes into
the irreps I';, we use the decomposition formula D; =

21'6:1 a;I";, where the coefficients are given by

1
ai = =D N, Dj(Ry)Ti(Ry), (A3)

with Ng, denoting the number of occurrences of the symme-
try operation Ry and & = 12 being the order of the double
group. The double-group character table for half-integer states
D;(Ry) is given in Table IV. After plugging the results of

TABLE IV. Double-group character table for half-integer total
angular momentum J € {1/2,3/2,5/2}.

E E_ 2C3Z 2631 SO'U 35',,
Dy 2 -2 -1 0 0
Ds)s 4 —4 - 1 0 0
Ds,, 6 -6 0 0 0

Tables IIT and IV into Eq. (A3), we obtain the decomposition
of quantum states under strong SOC

Dy — Ty, (A4)
D3 — Iy +T's + T, (A5)
Ds;y — 2I'4 +I's + Te, (A6)

where the D, states remain doubly degenerate, labeled with
I'4 in the presence of a crystal field, while D3, and Ds),
states split into one (two) doubly degenerate representations
and two one-dimensional states corresponding to complex
conjugate irreps ['s and I'¢. These two irreps form a reducible
2D representation as I'3;, = I's @ I's. Note that D3/ (Ds)2)
is a four-dimensional (six-dimensional) representation of the
full rotational group comprising four (six) magnetic sublevels
labeled by m; € {£1/2, £3/2} (m; € {£1/2, £3/2, £5/2}).
Importantly, the dimensions of I's and I'¢ are restricted to 1
because of the dimensionality Z?zl li2 = h, where [; is the
dimension of irreps given in the second column of Table III.
Consequently, we have 12 + 12 422 + 22 4+ (2 + (2 = 12, re-
sulting in /2 + I2 = 2, where Is = [ = 1 is the only possible
solution.

APPENDIX B: POINT-GROUP AND TIME-REVERSAL
CONSTRAINTS IN THE j > 1/2 BASIS

In this appendix, we present a detailed construction of the
k - p model that preserves both the C;, point-group symmetry
and time-reversal symmetry 7. Using group-theoretical meth-
ods, we identify all momentum-dependent basis polynomials
and TAM-tensor matrices that transform under the gray mag-
netic point group Ms, = Cs, + T'Cs,. The relevant character
table is given in Table V. The characters of magnetic irreps
that are odd under time reversal are obtained by flipping the
sign of the characters of the corresponding time-reversal-even
representations. By taking direct products of these momenta
and TAM representations, we obtain the multipolar SOC
terms near the I point of the three-dimensional bulk Brillouin
zone.We focus on TAM values j € {3/2, 5/2}. This choice is
motivated by the strong interaction between the electron spin
and the d-orbital degrees of freedom. Our goal is to construct
the analog of the Pauli spin vector ina j > 1/2 basis, i.e.,

~

J=U. 0,0, (B1)
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with [J;, fj] = ie,-jkfk. The eigenstates | j, m;) satisfy

Flj,m;) = mjlj, mj) (B2)
so that JAZ is diagonal in this basis,
J. = Ldiag(5,3,1, -1, -3, -5). (B3)

To obtain the x and y components of the vector operator J, we
introduce the ladder operators

Jy =J +idy, (B4)
which act on the basis states as
Jeljymp) =jG+ 1D —mjm; £ 1)|j,m; £1), (B5)

where [J;, J+] = +J+. Using Eq. (B5), we obtain the matrix
form for Jy,), for instance, in the j = 5/2 basis, as given by

0o %5 0 0o 0 0
L0 V2 0 0 0
R 0 v2 0o 2 0 0
J= V2 . Z . (B6)
0 0 3 0 V2 o0
o 0 0 V2 0 ¥
o 0 0 0 ¥ o0
0o B0 0 0
W50 W20 0o 0
R 0 —iv2 0 ¥ 0 0
J, = . , . (B7)
0 o F 0 W2 0
0 0 0 -iv2 0 B
0 o 0o =5 0

To analyze the symmetry operations of the magnetic point
group Ms,, we express its elements as matrices in the j >
1/2 basis. The nonmagnetic subgroup Cs, consists of

g€ {E, Cx.,Ci. 00, 00,, 00} (B3)

where E is the identity operation and Cs, (C3ZZ) denotes a
threefold rotation around the z axis by an angle 0 = 27 /3
(47 /3). The matrix representation of Cj; is given by

by 0 0 0 0 0
0 -1 0 0 0 0
" 0 0 v 0 0 0
— 2wil; /3 __
Ce=e =lo o 0o v o of B9
0 0 0 0 -1 0
00 0 0 0 v

where v = ¢/3, In Eq. (B8), the mirror reflection o, is im-
plemented in the TAM basis as a m-rotation about the y axis,
ie.,

S OO
—_

6y = e mh = (B10)

|l coococo
_
oc—~ocococo
co !

o
coo—oo
cocol o
coococo—

This implies that, under the o,, operation, the wave vector and
the TAM vector transform differently:

. {k - (+kxv _kv’ +kz)
Oy, : ’

j - (_jX7 j\)” _‘fZ)‘ (Bll)

The other two mirror operators, 6,, and 6,,, can be obtained
by rotating 6,, around the z axis by an angle of 0 = 27 /3 and
0 = 4m /3, respectively, given by

o 0 0 0 0
e A A A 0 0 0 wv* 0 0
Oy, = C3ZGU1 [CSZ,]-{ = 0 0 -/ 0 0 oy
—V* 0 0 0 0 0
(B12)
. PO A2 1t Ak
Ov; = C3zgvl [C322] = Oy ®B13)

where v’ = ¢%7/3, To proceed further, it is important to under-
stand how the TAM vector J and the wave vector k transform
under the magnetic point group Ms,. In general, both vectors
transform according to the symmetry operations of M3, such
that

3 P (B14)

Rk~ K. (B15)
The transformation properties of J’ and k” under all symmetry
operations are summarized in Table VI.

Importantly, Jy and J. transform according to the irreps
A+ and A, _, respectively, while (J;,fy) form a doublet
transforming under the E_ irrep. The subscript of the irreps,
namely, E_ (E,), denotes the character of the time-reversal
operator, which can be odd (even). In addition, the momen-
tum components (k,, k,) transform as the E_ irrep and k;
transforms according to the A; _ irrep. These transforma-
tion properties provide a key starting point for constructing
higher-order momentum-dependent polynomial terms that are
compatible with the symmetry of the magnetic group Msj,.
The resulting polynomials, up to fifth order, are obtained by
applying direct products of irreps. For instance, a second-
order polynomial that transforms according to the E irrep can
be constructed by taking the direct product of two basis func-
tions transforming as E_. This relation is expressed as £ =
E_ ® E_, for which the relevant characters are listed in Ta-
ble VII,where the first row lists the symmetry elements of the
M3, group, while the second and third rows show the charac-
ter values for the irrep E_, and its direct product E_ ® E_. We
infer that this direct product is a reducible representation, as
its dimensionality exceeds that of a typical two-dimensional
irrep. Specifically, the character of the identity element E in
Table VII is four, indicating a four-dimensional representa-
tion. Therefore, this reducible representation decomposes into
a direct sum of irreps as

E.QE — A ®A,DE,. (B16)

This decomposition is confirmed by summing the characters
of the corresponding irreps, as listed in Table VIII. In accor-
dance, the reducible representation £, = E_ ® E_ contains
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TABLE VI. Wave vector k = (k;, k,, k.) and total-angular-momentum vector J = (J,, f)., J.) under M3, magnetic point-group symmetry.

k J
E k, k k. J J .
G %lkx - ?ky ?kx - %k,v k; %1 AX + % Av %ﬁ Ax - % A‘ j
C32z _TIkx + ?k.v _Tﬁkx - %k.v ke _71 i — ? Ay ? f — % A) Ji
Oy, kx _ky kz _jv j) _ A:
ot S Fh+ 3k k =, -4, -
= 5 Fh+ b k bk £, L1-40, i
TC}z %kx + ?kx %kv - ?kr _kz % ’:\' - ? tv é ’:\' + % Ay _jz
V3 V3 1 17 4 V37 =3f 4,17 i
TC32z %kx - Tky Tkx + Eky —k; 2t S Lt —J;
To, —k, ky —k, J —J, J
ra, b - L, S & S04, Fh+1 i
ro, ot Lh- 4 -k - 44, i+, 2
T —k _ky _kz _jr _jv _fz
four momentum-dependent components, expressed as basis behavior (see Table XI). This is given by
(kes ky) ® (ky, ky) = (k7. k2 kiky, Kyky). (B17) k>

o . Alm = Ax- 1] 5 2 3 ) (€D
Note that only certain linear combinations of these compo- ki — 3kxky - [[‘Ix - 3Jny]]»
nents transform according to the E irrep. In particular, the e bk A
pair (k2 — kyz, k.ky) transforms as the E, irrep, while the E, > E, : (kikz, kyke) — (UX‘]ZAJZ J rJyNjZJ) (C2)

. . : 2_ 12 77

scalar k)% + ky2 transforms according to A; ;. However, it is not (kx - ky’ kxk.v) - (‘]x - ‘]y > ”nyJ)-
possible to form a second-order polynomial from these terms ) .
that transforms as A, .. Therefore, the A, representation ~ Lhe multipolar SOC model Hamiltonian is given by
does not appear at second order in momentum. ©3)

APPENDIX C: MULTTPOLAR SPIN-ORBIT-COUPLING
CONSTRUCTION IN M3, SYMMETRY

To construct the 3D bulk model Hamiltonian, we first use
the direct products of irreps transforming according to the
(A1.4), as listed in Table IX. We then combine the momentum-
dependent polynomials listed in Table X with the appropriate
TAM tensor matrices listed in Table XI so that the resulting
terms transform according to the (A; ) irrep. Since the SOC
Hamiltonian must be Hermitian, the Hermiticity is ensured by
applying proper symmetrization procedures. After a straight-
forward but lengthy algebraic process, the resulting TAM
tensor matrices are summarized in Table XI.

The relevant TAM basis functions are obtained by substi-
tuting momentum components with TAM operators, i.e., k; —
Jifori e {x, y, z}. To guarantee Hermitian structure, one must
symmetrize products of these operators appropriately. For
example, both k; and the third-order polynomial k] — 3k.k;
transform as the A; _ irrep, as indicated in Table X. Inter-
estingly, the corresponding TAM tensor matrices transform
as A, _ representations, which contrasts with the momentum

TABLE VII. Character of E_ ® E_ product.

E Cs, o TE TCs, To,
E. -1 0 ) 1 0
E_QE_ 4 1 0 4 1 0

Hy =) yH®&),
k

where Vi is a 6 x 1 (4 x 1) spinor defined in the j = 5/2
(3/2) TAM basis given by

Vi = (Ck.5/25 Ck.3/25 Ch.1/25 Cho—1/25 Ck—3/25 Ck—52)" 5 (C4)

Vi = (i 3/25 C.1/25 C—172, Ck,—3/2)" (C5)
where c;m/ (ck,m;) denotes the fermionic creation (annihi-
lation) operator associated with momentum k and magnetic
quantum number m; € [—j, j]. The Hamiltonian Hk) is a
Hermitian matrix-valued function and any term appearing in
it must result from a combination of momentum-dependent
polynomials and TAM basis matrices that transform according
to the trivial irrep A 4, satisfied by

SH(R'K)E" — +H (K), (C6)

TABLE VIII. Character for direct sum of irreps from decompo-
sition £, ® E .

E G, oo, TE TGy, To,
A 1 1 1 1 1 1
As s 1 1 -1 1 1 -1
E, 2 -1 0 2 -1 0
A, ®A, ®E, 4 1 0 4 1 0

165137-14



MULTIPOLAR SPIN-ORBIT COUPLING IN ...

PHYSICAL REVIEW B 113, 165137 (2026)

TABLE IX. Direct product of irreducible representations in M3,
gray magnetic group. Subscript follows product rules 1 ® 2 = 2,
1I1=1,2®2=1, @+ =+,and — ® + = —. A, , is shown
in bold, indicating symmetry-allowed SOC terms from the corre-

TABLE XI. Total-angular-momentum tensor matrices for j >
1/2 electrons transforming according to the M3, point group. Cross
indicates that the corresponding irreducible representation does not
have any tensor basis matrices.

sponding direct product. We have defined Q_ =A, - ®A,_ D E_
and Q. =4 PA L BE,. Ayt Jo jzz [[[fxs - 3]:]}2]]]”
Ay Ay E. A A E X X J!
Ae A Ay B AL A B M x x (342 = 711
Ay Ay A By A AL B g y (ff;/;) (r (2 - 7))
E, E, E, Q. E_ E_ o il Ty N !
Ar- Al- Az E_ A1+ Ay E, x (”‘JAJ) (“ ; J)
Ay Ay A E_ Ar Ay E. AMM . ks
E_ E_ E_ 0 E. E, Q. Ar- X [34,.72 = J}1] [[[34.2 = 1)
Az~ 2 [/ = 37.77]] [/ = 37.7]] zJ
where R™! is the 3 x 3 orthogonal rotation matrix in mo- X VA J3

mentum space and g denotes the matrix form for symmetry
elements of M3j,,.
Using Table IX, the multipolar SOC energy takes the form

AK) =A?, @A), +AY, @A, +EIQE]

+AT_®A]_+AY_®A]_+E"QE!, (CT)

where Aj (i) denotes the symmetry-allowed momentum-
dependent polynomial (TAM tensor matrix) transforming
according to the A; ; irrep, with the superscripts m and j
labeling momentum and TAM contributions, respectively. The
first line in H(K) is even under parity exchange while the
second line is odd in momentum. These terms break inversion
symmetry. After performing the necessary symmetry analysis

and algebraic construction, we arrive at the explicit form of

TABLE X. Momentum-dependent polynomials transforming ac-
cording to M3, magnetic point group. The order of each polynomial
corresponds to the order of the associated spherical harmonics. A
cross (x) indicates that no polynomial basis exists for the given
irreducible representation.

Ay 1 K2 Kt ke (K — 3k,k2)

Ay x x k. (3k,K2 — K2)
K-k [k =k k2
( Kok, ) Kok k2
ik, e
x (kykz) (ky@)
2 — 2P — 42K
x X Kok K2 — k2]
K = 3k, 13 (6 — 3kK2), kS
3kyk? — k)s, (3kyk§ — k;)kz

([kf - kf,]kz) (k7 — ki
kckyk ke k2
kk? ek
x kK2 ok

E. X

k) — 1037 + Sk
X X ) T

Skik, — 102K + k3

(k2 — K2k, — 42Kk
X X ke ke[ — 2]

|
—~
<SS
S—
e
—
.
="
K
=]
S
= —
-
o
v

<[(J} - Jf)JﬁJ)
[TJedy 12 )

(72 o
x (2] [

the even-parity SOC energy in the j > 1/2 basis, given by
4

Al =) P A AL, (C8)
i=1
A, @A), = kGkk; —kD[[37F = S]], (©9)
] 4
E'®E{ =Y N;-(E([E ], +E,[E,]).  (Cl0)

i=1

Also, we have defined odd-parity terms in the normal state
parts, which are given by

2
AT QA=) "Ti-A_[A_l,

(C11)
i=1
) 5
A7 @A} =) Ri-A, [A ], (C12)
i=1
E"®E! = ZG L +ELEL]).  (C13)

Note that the full multipolar SOC Hamiltonian is a summation
of odd- and even-parity terms. The TAM basis elements that
are even under time-reversal symmetry are given by

A= U 2 BTIE-302). 1

B = (2= P LLLIG2 = PELTLE]. @19

B, = QLA ~[AE1 2[R ~[LE ). €16
while the odd bases take the form

Ai- = ([[34J2 = Z11 13402 = 112 ). @1

o= (0 [0

PIVELE),

(C18)

sJz

SRR [ - 30
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B = (B RN, [B22 ], [TRA T2, [2]),

. . A VAN
E = (Jx, ELA 1721, —L;J, [J,Jjj), (C20)

(C19)

2 ’

where J; = J? — fy?. Note that the coefficients of the basis
matrices in Eq. (C20) are obtained to let Eq. (C7) trans-
form according to the A;; irrep. In addition, the relevant
momentum-dependent polynomials are also compactly writ-
ten in multielement vectors defined by

A, = (LK 4k, k2 Kk Kk (k] = 3kks)), (C21)
E, = (k.. K\, Kik2, [K} — 4K3 ], kik7), (C22)
E| = (—kk., 2K, 2Kok2, —4K K>, —kyk2),  (C23)

where K; = k7 — kZ and K, = k.ky, and the odd-parity form
factors become

A = (ko k) = 3keky, kK2 (K] — 3kek3), kD), (C24)
A, = (kK — k7). ky(3k; — ky)K2), (C25)
E_ = (k. Kike, kekZ, (k) — 10KK; + Skiky),
(K} — 4K3 )k, Kik2 koK), (C26)
E = (—ky. 2K3, —kykZ, (k) — 10k2k; + Skiky).
— 4K K3, 2K3kZ, —kyk?), (C27)

where K3 = k.kyk,. Note that the coefficients of momentum
basis in E/, are imposed by A;; constraint. Moreover, in
Egs. (C8)—(C27), we have defined a multielement vector of
arbitrary coefficients to control the strength of momentum-
dependent polynomials in Eqgs. (C21)-(C27) as

Pi = (Pl(i)’ Pz(i)v P3(i)’ Pf)’ PS(i))’ (C28)
N; = (n\, 0", 0, n{’, nl), (C29)
Ti — (Tl(i)v Tz(i)’ T3(i)7 T4(i), TS(i))’ (C30)

J

N 1 0
Hi—ip(k) = (i + mlky|* 4 nok?) (O 1)

( (m1 + mok2)Im(k3 )

i(viky 4+ yak2k, + yaki k2 + yakd)

where the off-diagonal terms correspond to spin-orbit-
coupling contributions ranging from first to fifth order, with
the first-order term representing the conventional Rashba
SOC, while the diagonal terms describe hexagonal warping.
Here and throughout, we use the shorthand notation ki =
ky £ iky.

Moreover, the effective Hamiltonian admits a much richer
operator structure for higher total angular momentum. In a

R; = (R, RY), (C31)

6= (6. 6,60 6.6 G060 (3

Importantly, the above coefficients can be derived through
matching the k - p model to the results of density functional
theory.

APPENDIX D: EXPLICIT FORM OF EFFECTIVE
HAMILTONIANS

In this part, we summarize the effective model Hamiltoni-
ansin j € {1/2,3/2,5/2} bases. In the j = 1/2 basis, the full
Hamiltonian includes four TAM basis matrices that yield

Hi—12(kK) = Coxo + Coxy + Cyxdy + Coxcle, (D1)
where the momentum-dependent polynomials are
Cox = no + ni(kj + k) + mok?, (D2)
Cix =—n ky + VZkakykz - V3kykz2

+ ya(k) — 10k7K; + 5kk). (D3)

Cy,k = +y1kx + VZ(k)% - kyz)kz + y’%kxkzz
+ ya(k) — 1063k} + 5kiky). (D4)

_ 2 _ 13 2 _ 13);2
Cx = m1(3kykx — ky) + mz((Skykx - ky)kz). (D5)

Here nj denotes the Fermi energy, n; (1) is the strength of
the in-plane (out-of-plane) kinetic term, Cy(,)k encodes the
components of Rashba SOC up to fifth-order momenta, where
¥1,2.,3,4 control the strength of each term, and C, i denotes the
SOC contribution with out-of-plane spin texture components.
In the j = 1/2 basis, the TAM matrices become

. 1/0 1 A 10 —i A I/f1 0
Jx—z(l 0)’ JY_E(i 0)’ ’z—§<o _1>-
(D6)

In this basis, the explicit matrix form of the Hamiltonian is
given by

—i(yik— + k2 k; + ysk_k2 + mki)) ©7

—(my + mak?)Im(k3)

(

(2j + 1)-dimensional Hilbert space, the number of linearly
independent Hermitian matrices is (2 + 1)%. Hence, there
are 16 independent operator channels for j = 3/2 and 36 for
Jj = 5/2. Accordingly, we expand the Hamiltonian as

Hk) = Ao + -A2,kfzz
+ Avdy + Yixdy
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+ Aoa [ B+ an[ ]

)+ 5[~ )]
+ Biwl: + 0k 3[[AJ7]] - 7})
+ By + B (7 = 3[[A2]))
ok [GILART - B2+

+ Asx[Jd,

(D8)
where

Bix = my iky(3k; — k) + mo,iky (3K, — k2)kZ, (DY)
and A; x, Ak, and Y;x are defined in Egs. (5), (15), and (16),
respectively. All remaining symmetry-allowed contributions
are obtained systematically by combining momentum-basis
polynomials with TAM tensor operators such that the resulting
terms transform according to the A; ; irrep.

To obtain the explicit form of the Hamiltonian in the
J = 3/2 basis, we substitute the following TAM matrices into

Eq. (D8):

0o £ 0 0
P (D10)
lo 10 Zf
0 0 £ 0
0 —i¥ 0 0
20 i 0
n=|" . (D11
0 i 0 —i
0o 0 ¥ o0
J. = ~diag(3, 1, -1, =3). (D12)

Then, expanding Eq. (D8) in powers of momenta yields

1 0 0 O
X 0O 1 0 O
H(k) = (,ul +ap ko ? +0‘l,2k3) 0 0 1 O
0O 0 0 1

% 0O 0 O

o 1 0 o0

+ (p2 + @21 [kL® 4 a2 0k7) 0 8 190

4
0 0 0 3
+ YA e

v=1

where () and p; are the zero-order coefficients corresponding
to the chemical potential and the energy shift induced by even-
parity SOC, respectively, «;,; and «;, describe the in-plane
and out-of-plane kinetic-energy contributions, while o, | and
oz, denote their TAM-dependent counterparts arising from
the even-parity SOC term, and ﬁézovc_])(k) represents the odd-
parity SOC Hamiltonian of order 2v — 1. The first-order SOC

terms are given by

Hioc (k)
0 —iYk 0 0
Lk, 0 —ik_ 0
=Y
ik 0 —idk
0 i, 0
0o —i%Bk. 0 0
N 2Bk, 0 —ilk 0
Y12 1 543
0 lzk+ 0 —lTk_
0 0 25k, 0
0 0 —iky O
V3 0 0 0 ks
+ =3
4 ik 0 0 0
0 —ike 0 0
0 0 0 -3ik
0 0 0 0
+al o 0 0 o | (D14)
3ik, 0 0 0

where the first term corresponds to the conventional Rashba
SOC, while the remaining channels arise from nontrivial spin-
tensor matrices in the j = 3/2 basis. In addition, the third-
order SOC terms are given by

aisd
SOC(k)
0 - 0 0
ik 2k 0 —ik? 0
0 ik2 0 -k
0 0 ik 0
0 —iYk 0
R ik, 0 —ik_ 0
oo iky 0 —ifk
0 %k, 0
3
0 —i22k2 0 0
:54/3 i
+ 2.2k, e 0 e f}
s i :54/3
0 0 i2BK2 0
0 —i¥k_ 0 0
e 2Bk, 0 — ik 0
o Tk 0 —i%Bk
0 2Bk, 0
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0 0 —ik> 0
V3 0 0 0 ik
+ —nsk]| ., .
4 ik2 0 0 0
0 —ik2 0 0
0 0 —iky O
3 0 0 0 ik
+ £7/3 3k? e
4 ikl 0 0 0
0 —ik. 0 0
20 0 0
o L o0 o
2 ky(3k% — Kk
+ mi 1 0 0 _% 0 )( X y)
0o 0o o0 3
0 0 0
0o L 0 0
8 2 2
+my 0 0 _% 0 ky(?akx — ky)
o o o 2
0 0 0 1
0 0 00
+3my 3 0 0 0 0 ky(3k2 — k). (D15)
1 0 0 0
Finally, the fifth-order terms are given by
Hgoe (K)
0 LK 0 0
LK 0 —ikS 0
= Y41
ik 0 —ifK
0 0 i35 0
0 —i%3k3 0 0
N i25%3 0 —ik 0
Va2 i 53
0 0 %51 0
0 0 —ik> 0
N V3 0 0 0 ik’
27w 0 0 o0
0 -k 0 0
3
2 (1) 0 0
o L o0 o
+my, 2 ky(3k; — k7)k2
0o 0 -1 (3) ¥/
o0 o 3
Z0 0 0
0o L 0 0
+ma 8 ky(3k2 — k2)k2
0 0 —f 0 /T
o 0o o %

+3my3 ky(3k; — k). (D16)

- o o O
(= NeNoNo)
(NN N
S oo~

The material-dependent coefficients in Eq. (D13) can be de-
termined by fitting the model to density functional theory
simulations of the band structure. Note that, similarly to the
J = 3/2 basis, the expansion in Eq. (D13) can also be carried
out in the j = 5/2 basis. In this case, one has to use the
corresponding 6 x 6 matrices given in Eqgs. (B3), (B6), and
(B7).

APPENDIX E: FIRST-PRINCIPLES CALCULATIONS

In this section, we briefly explain how to obtain the
TAM texture from first-principles calculations. In practice,
the Bloch spinors |u,x) can be obtained from a noncollinear
SOC calculation in vasp [108,109]. For the noncollinear SOC
case, the three components of the projected spin magnetiza-
tion (Pauli-matrix expectation values) directly yield the usual
Jj = 1/2 spin texture [110]. To obtain TAM textures in a target
Jj manifold (e.g., j = 3/2 for p orbital), one should reconstruct
the local spinor coefficients in the orbital-spin product basis
wg,'j = (i, Im; ® my|u,i), and rotate to the local |jm;) basis
using Clebsch-Gordan coefficients (CGCs). Finally, we can
evaluate the projected expectation value J.

The numerical simulation results in discrete k points,
energy bands, and how many ions are taken into account.
The Wannier basis includes orbital and spin-1/2 degrees
of freedom. Thus, we need to obtain the projection of
the Wannier basis onto the TAM basis. The TAM oper-
ator is J =L +8, and for any normalized state D =
(| L) ttni) + (tic|S|uni), where |u) is the Bloch spinor
wave function. A j > 1/2 manifold requires a projected TAM
texture (§)) = (k| P; J P; 1) /(ttuk | Pjlun). The compo-
nent of conventional spin-1/2 texture can be obtained by
(Sihk = (1/2) 355/ (6)o0 (U |Plufy), where |ugy) is the
weight for spinor components with spin degree of freedom
o € {1, !}, 6; is the ith Pauli matrix where i € {x, y, z}, and
P denotes the local or orbital projector. For a heavy-element
p or d manifold, the expansion of the Bloch spinor in a local-
ized basis takes the form |lm; ® o) = |Im;) ® |o) in density
functional theory (DFT). In this case, the periodic part of the
Bloch state is

k) =Y cimellmy @ smy), (E1)

m,o

where C;Z’ = (Im; ® smg|uk) denotes the local orbital-spin
weight for the projected Bloch state. The projection of
the spin-1/2 texture vector can be obtained by summa-
tion of its projection onto the real-space basis as (S)x =
(h/2) Zi(unk|15i6f3,-|u,,k), where P is the matrix of projection
onto the ith site.

Analogously, the TAM texture vector can be obtained like-
wise. For a p orbital (I = 1) with strong SOC, the relevant
high-j manifold is the quartet j = 3/2 TAM. In this case, the
relevant TAM texture is the average value of i= (J;, fy, fz)
projected to the j =3/2 subspace at site i as defined by
(j)ij,,k. This projection is 13,-j = ij lijm;)(ijm;|, where 13ij
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is Hermitian P =P, ; and fulfills Pj = P This projector
keeps only the j degrees of freedom on the 51te index i. Under
this projection the normalized Bloch state takes the form
W”k) (131']'/ (1‘3,-1),11‘1 )|uux), where the site-resolved TAM

texture becomes

1
(ﬁij>nk

By = (| B P |t (E2)

In the DFT or Wannier basis the local j state can be ob-
tained through the expansion |ijm;) =), ™ Nitm @

Imymy
mg), where C/l:l;n (Imymg| jm;) is the CGC and |ilm; ®
mg) is the Wannier state labeled with site i, orbital [ (my
quantum number), and spin m; € {1, |} degrees of freedom.

Under this linear expansion, the local j-space projector is

equivalent to

- Z & |im) (im'|, (E3)
where m = (m;,m,) and |im) = |ilm; @ my), C:Zr’n =
G’ (C,/)* is the product of CGCs, and € =3, C,..

In this case, the site-resolved average of the TAM becomes

_ Z Z Q:mz Qt’m lm| ) tm4 (Jlot )mom; ’ (E4)

m1m2 ms3my

nk __

where N is the normalization factor, w}X = (im|u,x), and the

matrix element for the TAM matrices 1s

(Jmt )mm’ - (Llot )m,m’ 8msm + 8m,ml’ (Siot )msm.’v s (ES)

where (O;q )y With O € {L, s} denotes the matrix element of
local orbital and spin.
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