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Time-convolutionless master equation for quantum dots: Perturbative expansion to arbitrary order
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The master equation describing the nonequilibrium dynamics of a quantum dot coupled to metallic leads is
considered. Employing a superoperator approach, we derive an exact time-convolutionless master equation for
the probabilities of dot states, i.e., a time-convolutionless Pauli master equation. The generator of this master
equation is derived order by order in the hybridization between dot and leads. Although the generator turns out to
be closely related to the T-matrix expressions for the transition rates, which are plagued by divergences, in the time-
convolutionless generator all divergences cancel order by order. The time-convolutionless and 7T-matrix master
equations are contrasted to the Nakajima-Zwanzig version. The absence of divergences in the Nakajima-Zwanzig
master equation due to the nonexistence of secular reducible contributions becomes rather transparent in our
approach, which explicitly projects out these contributions. We also show that the time-convolutionless generator
contains the generator of the Nakajima-Zwanzig master equation in the Markov approximation plus corrections,
which we make explicit. Furthermore, it is shown that the stationary solutions of the time-convolutionless and
the Nakajima-Zwanzig master equations are identical. However, this identity neither extends to perturbative
expansions truncated at finite order nor to dynamical solutions. We discuss the conditions under which the

Nakajima-Zwanzig-Markov master equation nevertheless yields good results.

DOLI: 10.1103/PhysRevB.83.115416

I. INTRODUCTION

Electronic transport through small quantum systems, such
as quantum dots or single molecules, has been intensively stud-
ied in recent years.'~ Apart from the envisioned applications,
such devices address fundamental questions of nonequilibrium
quantum statistics. Quantum dots coupled to electronic leads
under a bias voltage generically relax toward a stationary
state. Unless the number of relevant degrees of freedom of
the quantum dot is very small, the relaxational dynamics is
complex, including broadly distributed time scales and damped
oscillatory behavior. The stationary state that is eventually
approached typically depends on the physical parameters in a
complicated way and can, in particular, be very different from
the equilibrium state of the isolated dot.

The descriptions of transport through quantum dots or
molecules far from equilibrium have so far followed three
broad approaches. In the first, the focus is on an electron
tunneling through the device. Its dynamics is described by a
nonequilibrium Green’s function (NEGF). The current through
the dot can be expressed in terms of the local NEGF on
the dot, which contains self-energies due to the tunneling
or hybridization between dot and leads.* This hybridization,
which is described by a bilinear component Hyy, of the
Hamiltonian, can, in principle, be incorporated exactly. On the
other hand, interactions with other electrons, with vibrational
modes, or with local spins, which all are particularly important
for small dots or single molecules, require approximations.>~!>

The second approach revolves around the nonequilibrium
Keldysh generating function.'®!'” It is most naturally
expressed as a functional integral and, with suitable source
terms, contains the full information on the system. This
formulation is particularly suitable for numerical calculations.
When errors due to Trotter discretization and a cutoff time
for the memory kernel are properly controlled, the results are
numerically exact.

The third approach focuses on the dynamics of the small
system. An equation of motion for the reduced density operator
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in the Fock subspace of the small system is derived by
integrating out the lead degrees of freedom. The result is a
master equation (ME).>'3-26 If the small system is sufficiently
simple, the interactions within this system can be treated
exactly. However, integrating out the lead states naturally leads
to a perturbative series in the hybridization Hyyp.

Master equations can be either nonlocal or local in time.
A nonlocal ME, for example, of Nakajima-Zwanzig (NZ)
type,”-?® contains a memory kernel, which relates the rate of
change of the reduced density operator at a time ¢ to the reduced
density operator at all previous times ¢’ < . On the other hand,
a local [“time-convolutionless,” (TCL)] ME (Refs. 29-31)
expresses the rate of change of the reduced density operator at
time ¢ in terms of the reduced density operator at time ¢ only.

If one has a practical method for generating all terms in
the perturbation series for the transition rates or memory
kernel in orders of Hyyp, one can hope to resum the series
or at least a subseries. This idea has been very fruitful for
many-particle physics, from the Dyson equation to the theory
of the Kondo effect. For the nonlocal ME of NZ type, Schoeller,
Schon, and Konig have developed a real-time diagrammatic
scheme that generates all terms.'®2%25 For a large class
of systems, including a quite general coupling Hamiltonian
Hyyp, Schoeller® has presented a compact superoperator
formulation in Laplace space. This formulation is particularly
suitable for a nonequilibrium renormalization-group approach,
which, in principle, includes all orders in thb.25

Apart from the NZ ME, the T-matrix approach from time-
dependent perturbation theory has been used to calculate the
transition rates in the ME.?>32-37 It has the advantage of being
relatively straightforward but is known to produce divergences
beyond second order in Hyyy,, the nature of which has recently
been clarified.?»?%3 The superoperator derivation of the
T-matrix ME will make their origin transparent.

The TCL ME has the obvious advantage of being an exact
ME describing the full dynamics that is nevertheless local in
time. However, so far a method for generating all terms in the
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perturbation series for the TCL ME has been lacking, which
has limited its usefulness.

The main purpose of this paper is to derive an iterative
scheme for constructing all orders in the perturbative ex-
pansion of the generator of the TCL ME. The results are
valid for the exact ME describing the full dynamics. Only
at the end will we discuss the implications for the stationary
state. Furthermore, a surprising connection between the TCL
generator and the T-matrix transition rates is uncovered. This
connection introduces the divergences of the T-matrix rates
into the expansion terms of the TCL generator. We will show
that these divergences cancel order by order. In this paper, we
concentrate on master equations for the diagonal components
of the reduced density matrix, i.e., for the probabilities. We
will call these the Pauli master equations or rate equations.

In the remainder of this paper, the theoretical development
is presented in Sec. II. After a brief review of the super-
operator formalism and the TCL ME, we derive the Pauli
version thereof, i.e., the TCL rate equations. Then, we derive
the T-matrix formula for the transition rates within the
same formalism and exhibit the relation between the rates
derived within the two approaches. After that, we organize
the perturbative expansion of the rates derived within both
approaches in a way that makes all divergent terms explicit,
and then show that all the divergences cancel in the TCL rates.
Finally, additional insight is gained by a discussion of the
Nakajima-Zwanzig ME and of the stationary state. The results
are summarized in Sec. III, where we also draw a number of
conclusions. Several proofs are relegated to appendices.

II. THEORY

A. Superoperators and the TCL master equation

Since we will make extensive use of the superoperator
formalism, we briefly review the superoperator derivation of
the TCL ME.?*?*313 To make contact with the T-matrix
approach and to allow for the analysis of divergences, we
consider a time-dependent hybridization between dot and
leads. The Hamiltonian reads as

H(t) = Ho + Hpnyp €™, (1

where 7 is small and positive. Hy = Hyot + Hieaqs describes
the decoupled dot and leads. For convenience, we assume that
the eigenstates |m) of Hy, are nondegenerate.*® As usual, the
leads are represented by noninteracting Fermi seas.

The density operator p of the full system satisfies the von
Neumann equation

p=—i[H(@),p]l = —iL(t) p, (@)

where we have defined the Liouvillian £. The resulting unitary
time evolution of p can be expressed as

p(t) =T exp (—i / dt’ E(ﬂ)) (o), 3)

where T is the time-ordering directive.
Projection superoperators P and Q are defined by

Pp(t) = [trleads p(l‘)] ® pl%ads (4)
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and Q := 1 — P. Here, p_,4, describes the leads in generally
separate equilibrium—each lead is in equilibrium at its own
chemical potential and possibly temperature. We write L(t) =
Lo + Liype™ with obvious definitions and note the identities??

PLy = LyP, (®)]
Pﬁhyb'P =0. (6)

We assume that the system was in a product state at time
to with the leads in equilibrium, i.e., Qp(t)) = 0. Dropping
this assumption would lead to additional terms describing the
propagation of Qp(fy) from time 7 to 7. Since we are interested
in the case fy — —o00, we do not expect the initial state to be
relevant. We then obtain

t
Pp(t)y=P T._exp (— i /dt’ [Lo + Luys e”’/]>73,0(t0). @)
)
The time-ordered exponential is expanded as
00 t 1 ty—1
Ppt) =P (i) f dt / dty - - / dt,
=0 fo fo fo
% e*iﬁo (I*TI)Lhybemle*iﬁO (1 *lz)ﬁhybemz .
X Liyne™ e 0GP (7). ®)

Equations (7) and (8) simply represent the time evolution of
the density operator, projected with P at time 7.

The TCL ME is derived by splitting the von Neumann
equation (2) into two parts:

dPp()/dt = —iPLYPp(t) — iPLHLp@),  (9)
dQp(t)/dt = —iQL(OPp(t) —iQLH)Qp(1).  (10)

The second equation is solved by

Qp(t) = T_exp ( — iQ/ dﬂﬁ(ﬂ)) Qp(ty) — i/ dt'T_

X exp <—iQ/ dt”ﬁ(t”)) QL(YPp(t), (11

where the first term vanishes under our assumption of
Qp(ty) = 0. The main idea of the TCL 21ppr0ach29’30 is to
express p(t") by propagating the full density operator backward
in time:

o) =T, exp (i / dt” E(t”)) (1), (12)

where 7_, is the anti-time-ordering directive. Insertion into
Eq. (11) gives

Qp(t) = —i/ dt'T_ exp (—iQ/ dt”ﬁ(r”)) QL({P

x T, exp (i / dt”ﬁ(t”)) [Po(t) + Qp(H)]. (13)

Solving for Qp(t) yields

Qp(t) = [1 — X(t,10)] ' 2(t,10) Pp(t) (14)
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with

t t
(1) = —i/ dt'T_ exp <—iQ/ dt”ﬁ(t”))
Iy t

x QLA YPT., exp (i / dt”E(t”)). (15)

Inserting Qp(¢) into Eq. (9) results in an equation of motion
for Pp alone,

dPp(t)/dt = —iPL@)[1 — Z(t,10)]" Pp(r).  (16)

This is the TCL ME for the case Qp(#) = 0. Using Eq. (5)
and noting that ¥(z,fy) contains a projection Q to the left, we
can rewrite this more specifically as

dPp(t)/dt
= —iPLoPp(t) — iPLigpe™ [1 — Z(t,10)] Ppt) (17)

with

X(t,t)

t t
= —iQ / dar'T. exp(—i / dt"[Lo + Qﬁhybem”g]>
i) t

t
X Lugpe™ PT_, exp (i / dt"[Lo + .chybe"”’]>. (18)
.

The first term in Eq. (17) describes the unperturbed time
evolution, while the second stems from the hybridization.

B. The TCL Pauli master equation

We here derive an exact TCL ME for the diagonal
components of the reduced density operator. Since we are
assuming nondegenerate dot states, this is equivalent to an
equation for the secular part of the reduced density operator.?
A ME for the diagonal components of the density operator,
albeit nonlocal in time, has been derived by Zwanzig?® and
rediscovered, in the context of transport, by Leijnse and
Wegewijs.”*

We introduce new projection operators by

Ppt) = [Z |m><m|trleadsp<t)|m>(m|] ® Piaagss (19)

m

where the |m) are the unperturbed dot eigenstates, and Q=
1 — P. P evidently projects the density operator onto a product
form with diagonal reduced density operator.”® We will call
Pp the diagonally projected density operator. It is easy to
show that

PLy= LyP =0, (20)

which goes beyond Eq. (5) for P. Since Hyy, changes the
electron number in the leads by £1, we have

P LigpP = 0. (1)

We now assume that the system was in a product state at time £,
with the leads in generally separate equilibrium and diagonal
reduced density operator Qp(ty) = O.
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Repeating the derivation in Sec. Il A with the new projec-
tions P, O, we obtain

dPp(t)/dt = —iPLype™ [1 — Z(t,10)] 7 Pp(t) (22)
with

$(t,1)

t t
= —id / dt'T._ exp (—i / dt"[Lo + QLpype™ Q])
fo t

t
X Ehybeflf”ﬁT_) exXp (l / dl‘”[[/o + ,Chybe”t”]>. (23)
1Y

Due to Eq. (20), the unperturbed time evolution has dropped
out of Eq. (22). We can now write

dPp(t)/dt = S(t,t0) Pp(t) (24)

with the generator
S(t,t0) = —iPLyype™ [1 — E(t,10)] ' P. (25)

Equation (24) is an exact ME for the diagonally projected
density operator under the condition Qp(fy) = 0. Itis evidently
local in time. Since it only involves the diagonal components,
we call it the TCL Pauli ME. A Pauli ME in the reduced Fock
space of the dot is, of course, obtained by taking the trace over
the lead degrees of freedom:

dpaor/dt = ieadsS(t,10) Paor(t) @ Plrags =* SaotPaor(t).  (26)

The reduced generator Sior written in the dot eigenbasis is the
transition-rate matrix. Ensembles of such matrices are studied
in Ref. 41 within random matrix theory.

We have now eliminated the off-diagonal components
of the reduced density matrix pq, from the equations of
motion, similar in spirit to Zwanzig’s work?® and also to
Refs. 24 and 26. We are therefore able to determine the
dynamics of the probabilities of dot states exclusively from
the knowledge of these probabilities at a given time. This does
not mean that we assume the off-diagonal components to be
small, which is not generally true.

The knowledge of the probabilities is sufficient for the
calculations of dot observables that commute with the dot
Hamiltonian Hye. To see this, we denote the operator for such
an observable by A in the Fock space of the dot. Then, the
operator in the Fock space of the whole system is A ® 1jeqds
in an obvious notation. The average of the observable is

(A)(t) = Trp(t)A ® 1lealds = ot /Odot(t) A
=D ppor®) Aum, @7

writing matrix elements of dot states |m), |n) as p,‘}&‘ =

(m| pgot|n), etc. If A commutes with the dot Hamiltonian, we
can choose A to be diagonal in the dot eigenbasis {|m)} so that

(A)D) =D SN 0) Ay = TEPo() A (28)

Thus, the knowledge of Pp(1) is sufficient to calculate the
average. Examples are the charge on the dot, the vibrational
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energy of a molecule, or the component of its spin parallel
to an applied magnetic field, assuming vanishing transverse
anisotropy. On the other hand, the current does not com-
mute with Hy, and thus does depend on the off-diagonal
components.*? However, it is possible to reconstruct the full
density operator from P p(1),

o(t) =Ppt) + Op(t) = [1 — E(t,t0)] " Pp(t)  (29)

[compare Eq. (14)].

C. Superoperator derivation of the T-matrix formula

In the following, the T-matrix formula for the transition
rates is rederived within the superoperator formalism to allow
a direct comparison with the exact TCL ME. Moreover, we
show that this derivation relies on a single straightforward, but
generally unjustified, approximation.

To start with, note that the exponential time dependence
of the perturbation in Eq. (1) is exactly the case considered
by Bruus and Flensberg?? in their derivation of the T-matrix
formula. The analog of Egs. (7) and (8) for diagonal projection
reads as

to

X t t fo_i
=P Z(_i)v / dh / dty--- f dtuljhybe""
v=0 fo fo fo

x e o) py e L ne™ P (), (30)

t
75,0(1‘) = 75T<_ exp (—i / dl‘/[ﬁo + [/hyb e"l,]>75p(t0)

where we have used Eq. (20). This is the time evolution of the
full density operator under the condition o) p(ty) = 0, projected
with P at time .

Taking the time derivative of Eq. (30), we obtain

dPp(t)/dt = R(t,10) Pp(to) (€29}
|

R(t,t0)e = —iP

n=0
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B - 0 t I3
Rit.to) : = —iPLaype™ Y (—i)* f dn / dty - - -
w=0 fo fo

Tu=1 ) .
X / dtﬂe—lﬂo (l—fl)ﬁhybeml e—lﬂo (th—12)
4]

X Lhygbe"™ - - Loygpe™ P, (32)

where the new summation index is w=v —1 and the
integration variables are now counted by p. The terms in this
series are of order 1 + 1 in Lyyp. In the limit £ — —o0, it is
straightforward to evaluate the time integrals at nonzero 7,

R(t,—00) = —i Z """ PLyy [—Lo 4+ (v — Din]™" Ly

v=l1

x[—Lo+ (v —2)in]™" Layp -+ -
X Lhyb (—Lo +in) ™" LagyP. (33)

The terms are of order v in Lpyp. Due to the trace over
lead states coming from the leftmost P and the equilibrium
lead density operator pgads contained in the rightmost P, this
expression contains equilibrium averages of products of lead

electron creation operators alka and annihilation operators
aqxs- To obtain a nonzero contribution, these operators must
be paired. Since the hybridization Hamiltonian Hyyy, is linear
in these operators, only terms of even order v contribute to
R(t,—00).

We will now show that the central approximation of the
T-matrix approach consists of taking R(f,fy) to be the

generator of a Pauli ME that is local in time,

dPp(t)/dt ~ R(t,t0) Pp(t). (34)

To that end, we show that this ME indeed leads to the usual
T-matrix formula.??

Expressing the Liouvillians in Eq. (32) in terms of the
corresponding Hamiltonians, we obtain

&) t 31 Tu—1 . .
Ty fo Iy

% [thbenf2 o [thbe'?lu e~ Ho (tu—to) ﬁ.eiﬁo (fu—fo)] .. ,]eiﬁo (ll—fz)] el (l—fl)] } (35)

We now consider unequal initial and final eigenstates, |i) and | f), respectively, of Hy. Pure initial and final states are described
by the density operators |i)(i| and |f)(f], respectively. Expanding the nested commutators, except for the outermost one, we
obtain, for the matrix element of R(¢,7y) between these pure states,

Lpi == (fHR@ )N ) = =i (] Y (=)

=0

t 1 tu—1 t 1 ),
/dn/ dtz---/ dtﬂfdt{/ dtg---/ dt,
to to to fo 0 fo

t  —iHy(t—t t —iHy () —t- t t, —iHo (t,—t0) 1\ /31 i Ho (t —1 t)
X{thben e o (@ 1)thbenle o (1 Z)thb€n2~-~thben’€ o (1, °)|l)(l|e o (t,, o)thbefl,,,,

X Hyype™2e! ™0 (172 Hy e ™0 (=10} ).

It is helpful to rewrite this expression as a derivative

d
=

o0 t I3l tu—1 X R .
<f| E (_l‘)ﬂ / dt / dey - / dtuezHoll thbemlele‘lo (l]*l‘z)thbemz . thb€77t”€71HOt” li)
u=0 lo fo fo

(36)

2
37
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Next, the initial time 7, is sent to —oo at finite n. With 7y =¢ —#; and 7, = 1,1 — t,, for 4 > 1, we obtain
d ) o 00 00 0 ] ) ) )
Ff[ = E (f| elHOt Z(—i)”' / d‘[l / d‘[z cee / d‘l,'lue_lHOr] thbe—lHorthybe—tHof3 e e‘_lHOf“ thb
0 0 0
n=1

s H=TI =0 ==t gilpt—pT—(=Dn =gl |

2

2
1 1

_d
T dt

o0
1
(fl et — Huyp -
/; Ei—E;+ipun " E —Hy+i(u— 1

Hyp -+ ————— H, N 38
hyb E — Hotin hyb |1) (38)

We have used that the © = 0 term vanishes for | f) # |i). The fractions are to be understood as inverse ordinary operators. The

time derivative can now be evaluated:

(1 + ) erre

1

T = : —(i|Hpypy —————— ... H, : H,
! ,;;(Ei—Ef—zun>(Ei—Ef-+zvn>(' E—Ho—in TR H— ey
1
X H, Hyyp -+ — H, ). 39
(f1 b e T i = Dn Y B~ Ho i hyb |2) (39

We notice that the limit 7 — 0" can be taken in the factors
(E; — Hy £ ikn)~" independently from the first factor under
the sum. In the former, n > 0 indicates in which complex
half-plane the poles are located. In the latter, the limit  — 0%
leads to a § function implementing energy conservation,

oo 0 1 n—1
Ff,‘ = ZZQJL’ 8(El — Ef)<l|<thbm)

n=1 v=1 1 -

X Huyo | £){f] thb(mthb) li).

(40)

Since Hyyp, changes the electron number in the leads by +1,
I"4; can only be nonzero if 1 and v are both even or both odd.
Defining the T-matrix as

00 1 u—1
T := ; thb<m thb> , (41)

we obtain the well-known result>

Ty =2m8(E; — Ep)|(fIT]i)|* (42)

Note that we have obtained this result explicitly for the
exponential time dependence of the hybridization. It was
not necessary to consider a different time dependence at
intermediate steps, as in Ref. 22.

We now use a product basis of unperturbed eigenstates |m),
[n) of the dot and |i)), |f)) of the leads. Summing over all
initial lead states |7)) and final lead states | f)), we obtain the
T-matrix expression for the transition rate from dot state |n) to
dot state |m) # |n):

Rn—)mzzn Z ‘/Vt|«f|(m|T|n)|l»|28(En + € — Em - 6f)-
if
(43)

Here, E,, (¢;) are eigenenergies of dot (lead) states and W;
is the equilibrium probability to find the leads in state |i)).

The sums over lead states are understood as integrals if their
spectrum is continuous.

We have shown that the T-matrix formula (43) for the
transition rates is what one gets if one takes the exact time
evolution of the density operator, projects onto diagonal
density operators of product form with the leads in equilibrium,
and then by hand replaces the projected density operator at
the initial time Pp(fy) by the projected density operator at
the present time Pp(¢). This confirms the statement made in
Ref. 23 that the T-matrix approach to transport misinterprets
the transition rates between dot states |n) at time fy — —o0
and |m) at time ¢ as transition rates between |n) and |m) both
at time 7.

D. Relation between TCL Pauli and 7-matrix generators

We derive two simple relations between the generators S
and R. The defining equations (24) and (31) read as

dPp()/dt = S(t,1) Pp(1),
dPp(t)/dt = R(t,10) Pp(to).
The first equation is solved by
~ t] ~ ~
Pp(t) = T—exp </ dr' S(t’,to)) Pp(),  (44)
5]

where #; > t,. Choosing t; = t and t, = 1, and taking the time
derivative we obtain

fo

%75,0(0 = S(t,19) T exp ( f dr’S(t’,zo)>75p(zo). (45)

Comparison with Eq. (31) yields the identity

RAt,t0) = S(t,t0) T exp ( / dr’ S(r’,to)). (46)

fo
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Conversely, to represent S in terms of R, we integrate Eq. (31)
from time 7 to ¢:

Pp(t) = Polio) + / dt’ R 10) Polto).

4]

(47)

Comparison with Eq. (44) yields

t t
T exp< / dt’S’(t’,to)> =1+ / dt' R(t' ,tp).  (48)

to fo

Inserting this equation into Eq. (46), we finally obtain

/ —1
S(t,10) = R(¢,10) [1+ / dﬂfz(ﬂ,m)} ) (49)

This remarkable expression allows us to obtain the generator
of the TCL Pauli ME from the T-matrix generator, in
principle. This result is potentially useful since we have an
explicit expression for the transition rates in the T-matrix
approach in terms of ordinary operators. It will also allow
us to derive the perturbative expansion of S(t,fy) in the
following.

The derivation also goes through for the full nondiagonal
ME. The corresponding expressions can be obtained by
removing the tilde from all symbols. The result is equivalent
to an identity found by Buzek.*?

E. Perturbative expansion in the hybridization

In this section, we derive expansions of the TCL Pauli and
T-matrix generators in powers of Hyyp, or Lyyp. In the following,
we send fy) — —oo and suppress the arguments (¢#,—00). The
expansion of the T-matrix generator is obtained from Eq. (33),
ie, R =Y, R with

R = —ie* P Lyyp[—Lo + 2u — Din] ™ Loy
x [—Lo+Q2u — 2)in]™ Ly - -
x Ligb(—Lo +in) " Loy P.

We have used that all odd orders vanish.
The TCL generator is obtained from R using Eq. (49). The
time integral is easily performed,

-1

_ 00 _ o] _ o] 7@(2“)

SEZSQWZZRW) [1+ ) } . (5D
u=1 u=1 u=1 sl

(50)

Expanding the inverse and comparing the two sides order by
order, we obtain

pol RCum)

Sew Z(_l)q Z RCO T,

2
q=0 Hot ittty =H Han

where the second sum is over ¢ + 1 positive integers p; adding
up to ;. We note in passing that Eq. (52) can also be obtained
from the expansion of the TCL generator in terms of ordered
cumulants, following van Kampen.*** The first few terms
read explicitly as

S — p@
RO

5(4) — 7?’/(4) _ 7?/(2)
2n

(53)

(54)
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P (2 D (4 D (2 D (2
SO — RO _ @ ﬂ _pO ﬂ L RO E E
2n 4n 2n 2n
(55)

The first equation shows that, in the sequential-tunneling
approximation, the TCL and T-matrix expressions for the
transition rates agree.”

The problem in exploiting the expansion (52) is that the
R diverge for n — 07 for all 2;2 > 4. This is in addition to
the explicit divergences due to negative powers of n in Eq. (52).
We would much prefer a representation of S?*) in terms of
expressions that remain finite. To obtain one, we first simplify
the notation by setting ¢ = 0 since, in the limit n — 0T, the
value of ¢ does not matter. We then define

R = —i P Loy [—Lo + 2 — Din] ™ Loy
x [=Lo+ 2u —2)in]™" Luys -+ Lngp

X [=Lo+ Qu' + Dinl™ Luy P, (56)

where 1 > 1'. Note the identity R0 = R,

Divergences of the type of negative powers of n arise
whenever Ly in the inverse superoperators (—Loy + ikn)~!
can be replaced by zero. These divergences are singled out
by inserting 1 = P + O between each pair of Lhyb. We note
that, under the assumption of nondegenerate dot states, the
projection P projects out the secular reducible contributions.>®
These are thus removed by Q. Since the lead-electron creation
and annihilation operators must be paired between any two
P, all expressions with an odd number of Ly, superoperators
between two P projections vanish. Thus, at the odd-numbered
positions between the Ly, Q =1 — P does not do anything
and Q is redundant. This also means that divergences can
not arise from the inverse superoperators at odd-numbered
positions. We therefore only insert 1 = P + O at the even-
numbered positions

REW = —iP Lugp[—Lo + 2p — Din] ™ Loyn(P + Q)
X [—Lo+ Qu —2)in] ™ Lugs -+ (P + O)
X Lhygb(—Lo + in) ™" Ly P- (57)
We denote the regular parts of R?*2%) by

R = —iP Logy[—Lo + 2t — Din] ™ Ly O
X [—Lo+ Q2 —2)in]™" Liyy -+ O Lugp
X [=Lo + Qu' + V)in] ™" Ly P, (58)

where a projection Q is inserted at every even-numbered po-
sition between the Lpy,. We also define 7@%‘ )= 7?,%“ 0 The
finiteness of 7@%’* 210 for n — 07 is shown in a more general
context in Appendix C. Note that 7@%’; 2072 _ RCw2u-2)

and, in particular, RZ) = R®, since there is no position to

115416-6



TIME-CONVOLUTIONLESS MASTER EQUATION FOR ...

insert Q. This reproduces the well-known observation that
the second-order rates in the T-matrix formalism do not show
divergences.

From Eq. (57) we now obtain, using Eq. (20),

5 (2,0) D (4,0)
7@(2;1) R(Zu 0) + R(ZM 2) _reg + R(Zu 4) _reg
Teg 2'7 reg 477
Ly RED RED s
D(2u,4) _Tee reg . D (2w,2n—2)
+ Rreg 477 277 + + Rreg
2u—2,2, 2u—4,211—6 P2,
Rig Ry 0 R g
2u —2)n (2u -4 2n

Since we have inserted P 4+ Q in u — 1 positions, there are
24~ terms in this sum. In particular, we find

R =R (60)
(2,0)
R® =REY + REY Re” 61)
reg 277 ’
3(2,0) (4,0)
'fz(ﬁ) R(6 0) + R(G 2) [treg + 7’%(6 4) Rre}:
reg 27,] reg 477
4,2) (2,0)
R(6 ,4) Rfeg Rreg (62)
reg 477 2]7 .

As an intermediate result, we have thus written the 7-matrix
generator R order by order in terms of expressions that remain
finite for n — O and explicit negative powers of 7. Since each
insertion of P generates a factor of 1/7, the most strongly
diverging term in R* scales as 1/n*~!.

Inserting Eq. (59) into Eq. (52), we obtain S?* in terms
of 7?%:*2"') with 0 < v/ < v < p for all u. The leading terms
read as

SP =R, (63)
. R2.0) . R2.0
8(4) R(4 0) + R(4 2) " reg R(Z,O) reg i 64
reg reg 277 reg 277 ( )
2,0 4,0 54,2
S© — R(G 0) + R6.2) Eeg : + R4 ﬁeg ) + 5(6,4) ﬁ'eg )
reg 2 reg 4 n Teg 47]
3(2,0) (2,0 (2,0 (2 0)
R suo R pan R R
27] reg 2 n Teg 277 277
5 (4,0) 4,2) 73(2,0)
_ RO e 32.0) Rreg Rreg
reg 4 reg 4 )
n n n
R(Z 0) R(Z 0)
+REY ;f 2’;’ : (65)

In this expansion of the exact TCL Pauli generator, all singular
contributions in the limit 7 — 0 have been made explicit. The
maximum power is 1/~

To conclude this section, we illustrate the results by
considering the terms of fourth order. The corresponding term
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in the T-matrix generator reads as

RW = —i PLuyy (—Lo + 3in) ™" Lngn(—Lo + 2in)~"
X Lnyb (—Lo +in) " LagyP. (66)

Let R™ act upon some density operator p. Then, Liyp (—Lo +
in)™! Ehybﬁp contains contributions for which the second
(from the right) superoperator Ly, undoes the changes in-
troduced by the first Lpnyp,. Hence, Lhyy (—Lo + in)! L:hybﬁp
is an operator with nonvanishing diagonal components in the
product basis of unperturbed eigenstates. But, for diagonal
components |j)(j|, we have Ly|j){(j| =0 so that Ly in
the next superoperator to the left, (—Ly + 2i r/)’l, can be
replaced by zero. We thus obtain a singular contribution
proportional to 1/2in. More formally, we single out the
divergent contributions by introducing 1 = Q + P:

R® = —i PLigy (—Lo + 3im) ™ Lgy (—Lo + 2in) "' OLnyp

x (—Ly + i?’))71 ﬁ}wt,']5 —1i 75£hyb (Lo + 31'77)71
—i - -

xﬁhyb—mhyb(—.co +in) " Loy P

= RE) + R&‘Ii. (67)

The divergent part R is identical to R(4 2 R(Z 9 /2n, accord-
ing to the definition (58).

The fourth-order term S of the TCL generator contains a
correction term beyond R™ [cf. Eq. (54)], namely,

RO R
R

7@(2) = _R® _T¢
277 reg 27’
. —i
= +i Pﬁhyb (—Ly + in)_l Ehyb E
x P Ly (—Lo +in)~" LayyP. (68)

This looks very similar to the divergent part 725;3 The
differences are the opposite sign and a different prefactor of
in in the leftmost inverse superoperator. If this factor were the
same, the correction term would exactly cancel the divergent
part. As it is, the correction term does remove the divergence
for n — O™ but leaves a nonzero difference behind:

52) )
_— = l"P[,hyb (=L + in)il(_ﬁ() + 31‘77)71

X Ly P Ligy (—Lo + in) " LugpP-
(69)

We will show that this difference indeed remains finite.

F. Cancelation of divergences

Our next goal is to show that the divergences described by
negative powers of 1 all cancel in the limit  — 0. Itis useful
to resum the terms in Eq. (52), i.e.,

0 @)
Ao R
2pan
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Inserting Eq. (59), we obtain

PHYSICAL REVIEW B 83, 115416 (2011)

o0 5201211 75 (2u2,2u5) 5 Q21p,20;,=0)
5 1= (200,20)) Rreg Rreg Rreg
5= (— 1y R0 , (1)
X_;) , Z , 2uim - 2pan 2upn
P=Y o, g 15 [y s 25 g s eees [
where n’ + 1 is the number of i} being zero. The second sumis over p + 1 pairs (i, ut}),i = 0,1,...,p,withp; = 1,2, ..., ui =
0,1,..., and p; > w;, satisfying either p1; = ;41 or u; = 0 for any two consecutive pairs. The last 1 = ), must equal zero.

In Eq. (71), p represents the explicit order in 1/n. However, the superoperators 7~2reg

@21 also depend on 7. To find the limit

n — 0T, we thus have to expand them up to the order n”. Their Taylor series in n reads as

o0

e
R == )

Mop—1,M2p—2 Moy 41 =0

(—l n)mzu—l+m2,;—2+...+m2;u+1(ZM _ l)mZ/L—l (ZM _ 2)m2,1—2 .. (ZM/ + 1)m2“/+]

X (MM, ..o o]0, (72)
where we have defined the notation
R T S lim P Logo[—=Lo + 2 = Dinl™ =" Luyy Ql=Lo + 2u = 2)in] ™"
X Lhyb -+ Loyp[—Lo + @/ + Din] ™' "4 Ly, P (73)

with O inserted at all even-numbered positions. In particular,
Eq. (72) implies that

lim RZW = —i[0,0,...,01@*0, (74)

n—0+ €

It is shown in Appendix C that the limit n — 07 in Eq. (73)
converges for all my,_1,ma,_2,...,myy41 = 0. Moreover,

S=Y (=iy" > =D"
p=0

JR0s Ky 15 I s 25 Jhy e

X g + 1) oy, — 1Mt mo 215 - -

10,29 = 15210, 2110 1

we show in Appendix B that the superoperator defined in
Eq. (73) does not depend on the values of the prefactors of in,
as long as they are all positive. Thus, it does not depend on
u and pu' except in so far as 2u — 2’ — 1 is the number of
its arguments m, . We therefore drop the superscript 2u,2u”)
from now on.

Insertion of Eq. (72) into Eq. (71) leads to an expansion of
the TCL generator S,

00 WY
—i)En
> gty
AAAAA Mp2pp—1seesMp,1=0 Husfa - 2ip
oMo pg1] My 1y om0 (75)

where ¥, := mgy,—1 + -+ +mp 1 is the sum of all m; ,. The two indices of m; , enumerate the factors of 7@%"2“’) in Eq. (71)

and the inverse superoperators in [m,_1,m2,—2, . .

.,Mmyr41], respectively.

Terms containing positive powers %, — p > 0 of 5 vanish in the limit » — 0T and can thus be disregarded. On the other
hand, to obtain a finite limit, the prefactors in all terms involving negative powers X,, — p < 0 must cancel. The cancellations

can only involve terms with the same superoperator factor [12¢ 2,1, - -

oo up+1l e mp2p, -1, - smp ] These terms have

the same values of p, of the orders 2n; = 2u; — 2u;, and of all m; ,.We thus write

o o o
5 . 1 N\ .
S= Z(_Z)[)+ Z Z (_l) f(nO’nla""np’mo,z;l.g—19""mp,l)
p=0 nonp,...,np=1 mn,g,LU,],...,mo_z%Jrl ..... Mp oy =15y mp1=0
Zn—
X[mo2ug—15 - - Moy +1] -+ M p 2, —15 - mp 1 In=" " (76)
with the prefactors
f(no,ny, ... M ps MO 2p0—15 - - - ,mp.l)
(=" m _ / M0 2 +1 m .
= Z T (2uo — DMt Qup 4 1O Quy, — D)t (77)
.= 21 2p2 -+ 21
T05 s 415 1) 5 142 Iy oo L p
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where the sum in Eq. (77) is now constrained by 2u; —
2u; = 2n; being given. With this constraint, the only free-
dom left in the sum is the choice of which u are
zero; recall that the nonzero . equal p;4i. The numbers
05 Mg 15 V)5 2, (5, « - . i can be reconstructed from the
orders ng,ni,na, ... ,n, and the indices i of the u; that equal
zero. Defining the set

PHYSICAL REVIEW B 83, 115416 (2011)

we have p € Z and n’ = |Z| — 1, where |Z] is the cardinality
of Z. Defining the “nonmember function”

niZ = {(1)

we have nf=0and n' = P- >
w; —n; in Eq. (77), we obtain

ifieZ,

ifigz, (79)

n#. Replacing u! by

Z = {ilu; = O} (78)
|
1
175 (-7
fno.ny, ..o.npsmooue—t, .- >mp 1) = (=1 Z _—(2M0 — 1)1 Qg — 2)"0%02 . .
gl ml =0 21200 - 210
X 2uo — 2no + l)lno.zuo—zmﬂ - (Z,up _ l)m,,.zw,l(zlup _ Z)mMMWz T .

where w; = n; +w/nip + wfnlnign + - and w, = ny,
and products are understood to equal unity if they do not
contain any factors. For convenience, we define

M; :=mio 1 +miz, 2+

Note that &,, = Y 7_ M;.

The evaluation of Eq. (80), which is presented in
Appendix C, is rather lengthy but has a remarkably simple
result: For all £,, < p,

f(l’l(),l’l] y e
if and only if

+ M2 —2n;+1- (81)

mp1) =1 (82)

Mp Mo 2p5—15 - - -

Sw—p=Mo+M +--+M,—p=0  (83)

and there does not exist any integer i < p such that

Mo+ M+ -+ M; —i=0. (84)

Otherwise, f = 0. Recall that f is not of interest if X,, > p.
Furthermore, we also show in Appendix C that the condition
for nonzero f can only be satisfied if mpo,,—1 ==
mp1 = =0.

Inserting these results into Eq. (76), taking the limit n —
07", and renumbering the m; ,, we obtain

o0 e’}
lim S = —i 1P
i S= Yy Y
p=0 no.n1 . p=1
x 2
mo1,... mo(z,,o,| ..... mP*‘v"""m[J*|.2n,,,1—l
X O(My— 1)OMy+ M; —2)---

XOMo+Mi+---+ My —p)

x [mo.1, .. smoame—11. .. IMp—11, .. .Mp_120, 1]

X [0, . ,0], (85)
where the sum over the m; , is constrained by mg +--- +
Mp_12m, -1 =P and we have defined

o) 0 for n <O, 86)
n) =
1 for n>0.

Note that the factor ®(My+ M, + ---
redundant.

The p = 0 contribution in Eq. (85) does not contain any
sums over m;, since X,, = p = 0. There just remains a
sum over ng, the order in Hyyp, i.€., the p = 0 contribution
reads —i [0] — i [0,0,0] — . According to Eq. (74), this

equals lim, o+ Z# 72%5 ). Thus, in the expansion in Hpyp,

+Mp—l _P)

the expansion term S?* of the TCL generator contains the
properly regularized T-matrix term 7%5&;‘ ) plus corrections.
Furthermore, all these corrections contain [0, ...,0], i.e., an
expansion term of ﬁ’,reg, as the rightmost superoperator factor.

Suppressing the limit directive from now on, we find that
iSin Eq. (85) is the sum of all terms that can be constructed
according to the following rules:

(1) Each term is a product of p+1=1,2,...
erators of the form [m; 1, ...

superop-
smj,anfl] with .] = 01 By 25

nj=1,2,...,andmj,U=0,1,... .

(ii) Defining M;:=m;, +---mjau;—1, only terms
with - Mo+ M;+---+M;>j for al j<p are
allowed.

(iii) Only terms with Mo+ M| +---+ M, = p are al-
lowed.

(iv) Each term obtains a factor (—1)7.
We draw a number of conclusions: If an allowed term
contains a factor [m; i, ...,mj,z,Lj_]], then any term with
this factor replaced by [m/j’l, ce.,m ] with m/qu 4+t

+ mj 2,1 is also allowed. If we denote

/
j,2n;.71
! e . DR
m/,Zn’jfl =mj1+
the sum of all such terms by

[MI=>" >

[my, ... ,mo 1], (87)
n=1 mi+--~+moy_1=M
we obtain
[o.¢] o
iS= Z (=P Z
p=0 Moy=1
o0 ) p—Moy—My—-—M,_»

M =max(0,2—My) M=max(0,3—My—M;) M,_1=max(0,p—Mo—--—M,_»)

X [[Moll [[Mi]1] - - [[M 111 [[O]]. (88)
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The last sum is understood to equal zero if the upper limit is
smaller than the lower one. In order to obtain an expansion
of i§ in powers of Hyyp, we note that [my, ... ,my,_1] is of
order ny”b with 2n > 2. Thus [[M]] contains contributions
of second and higher orders. To obtain the expansion term
iS@M of order 2, we thus only have to consider terms with
p+ 1 < p factors [[M;]] in Eq. (88). The first few terms
read as

32 = oy, (89)
3@ = —i10,0,01 4 [17[0], (90)

8§©=-i10,0,0,0,0]+i [0,0,1][0] + i [0,1,0][0]
+i[1,0,0][0] + i [11{0,0,0] — [1][1][0] — i [2][O][O].
91

Higher-order terms are easily generated using computer
algebra. They become increasingly lengthy; S® contains 30
terms and SU? already has 143. Simplification is possible by
realizing that some of the terms in S®* contain factors of
S with i’ < p, as we show now.

Equation (88) is equivalent to the surprising identity

i§=7) M= (92)
M=0

The usefulness of this equation rests on the observation that
[[M]] is of at least second order in Hpyp,. Therefore, we can
express S? by lower-order terms S, ' < . Together
with the starting value S® = —i [0] = 7%;3;, we obtain a
recursive scheme for determining S,

To prove that Eq. (92) has the solution given in Eq. (88),
we iterate Eq. (92):

d t
o Pp(t) = —iLoPp(t) — PLigpe™ / dt'T_ exp

Io

Expansion in powers of Ly, yields

PHYSICAL REVIEW B 83, 115416 (2011)

i =101+ Y_ [[Mol](—i &)™

My=1

=[011— > > Mol [[M]](—i &M+~

Mo=1 M;=0

= [[0]1 - (11101 + > > D [[Moll

M[):l M, :max(O,ZfMg) M2=0

x [[M 1] [[M,]] (—iS)MotMitMa=2

2
= [[O1] — (111 [[01] + Z ([Mo]][[2 — Mo]] [[O1] F ... .

Mo=1

93)

It is clear how this continues. The terms no longer containing
S are the ones satisfying the conditions in the multiple sum in
Eq. (88). Thus, Eq. (88) is a solution of Eq. (92). To show that
it is the only solution, i.e., that Eq. (88) implies Eq. (92), we
note that the iteration shows that any solution &’ of Eq. (92)
agrees with Eq. (88) order by order in the number p + 1 of su-
peroperator factors. Thus, we find S’ = S to any order p + 1.

G. Relation to the Nakajima-Zwanzig master equation

The Nakajima-Zwanzig ME (Refs. 27 and 28) and
equivalent formulations are commonly used in the field of
transport through nanostructures. The real-time diagrammatic
technique'®-?° and the suitably generalized Wangsness-Bloch-
Redfield theory*—7 are such equivalent formulations.?*** We
again only consider the initial condition Qp(#)) = 0. The
derivation starts in the same way as the one of the TCL ME,
leading to Eq. (11). Inserting this equation into Eq. (9) and
using the identities (5) and (6), we obtain the NZ ME (Ref. 39)

t
[—i / dt” (Lo + Qﬁhybe"’”)} QLwype™ Pp(t'). (94)
p

d S t 4 T ty X .
Z P,O(l‘) = —iﬁop,()(l) — Pﬁhybe”’ Z(—i)v / dt / dty--- f dt, / dlu+1 e_lLO (t_tl)Qﬁhybem] e_’ﬁ" (ti—n)
v=0 fo fo fo fo

x Qﬁhybe"” ... Qﬁhybe'?fue*iﬁo (trtwl)QEhybentmfpp(tv_H)_ (95)

As above, the projections Q at odd-numbered positions are redundant, while at even-numbered positions they remove divergent

reducible contributions.23-26-38

The derivation goes through if we replace P and Q by P and O, respectively. We end up with a Nakajima-Zwanzig-Pauli ME

for the diagonally projected density operator,

d
dt

fo

t t
75,0(1‘) = —75£hyb€m / dt’ T exp [ —1 / dl//(ﬁ() + Q‘Chybemw):| Q"ﬁhybem/'ﬁp(l/). 96)
v
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The bare time evolution has dropped out because of Eq. (20). It
is this ME that is expanded up to fourth order in Refs. 24 and 26.
The projections Q now remove only the diagonal reducible
contributions, but not all of them. They thus implement the
regularization discussed by Koller et al?® As in Ref. 26,
the regularization is automatically included. Our result shows
that it can be formulated compactly using suitable projection
operators P and Q. It has been noted in Ref. 38 and shown
explicitly in Ref. 26 that the Turek-Matveev scheme®**? differs
from this built-in regularization already at fourth order.

If one is only interested in the stationary solution of the
ME, Pp(t’) on the right-hand side of Eq. (96) can be taken to
be time independent. It is then possible to evaluate the time
integrals explicitly. The resulting equation for the stationary
state reads as 0 = G 75/) with the generator, for fp — —oo,

Q = ig(z‘” = _iﬁﬁhybie2wﬂ

n=I1 n=I1
x [=Lo+ 2u — Din] ™" Lap Q[—Lo + 2u — 2)in] ™!
X Lhy - -+ QLnyb (—Lo +in) ™" Lagy P. (Ch)

The redundant projections Q at odd-numbered positions have
been omitted. Since this is an exact result for the stationary
state, it should agree with what the exact TCL ME predicts.
We will return to this point shortly.

If one is interested in the dynamics, one can still obtain a
local ME from the NZ approach. This requires the Markov
approximation, which is based on the assumption that the
memory kernel in Eq. (96) decays rapidly in time. This
assumption is often justified since relaxation in the leads
is rapid but also follows directly from the condition of a
nearly closed conduction channel I/V « e?/h.>* With the
Markov approximation, Pp(z’) is replaced by Pp(z). Taking
tp — —o0, one obtains the approximate ‘“Nakajima-Zwanzig-
Markov-Pauli” ME

dPp(t)/dt = G Pp(t) (98)

with the generator G defined in Eq. (97).

Comparison of Egs. (97) and (58) shows that the expansion
terms are identical to the properly regularized expansion terms
of the T-matrix generator (we suppress the limit n — 0%),

G(ZM) — 7@%};) . (99)

Hence, the Nakajima-Zwanzig-Markov-Pauli ME is identical,
order by order in Hyyp, to the ME with rates obtained from
the T-matrix approach and regularized by dropping secular
reducible contributions. Up to fourth order, this has been shown
by Koller et al.?®

We can now gain additional insight into the failure®
of the Turek-Matveev regularization scheme.*® The proper
regularization of the T-matrix expressions can be understood
as omitting all terms in Eq. (59) except for the first one
or, in other words, as omitting all terms containing explicit
negative powers of n. The Turek-Matveev scheme, applied
to the calculation of the fourth-order rates,* corresponds to
expanding the rates into powers of 1 and omitting the diverging
part proportional to 1/5 and then letting n go to zero. The
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obvious generalization to all orders is to omit all negative
powers of n. The two regularization procedures thus look quite
similar. They are not identical, though, since the superoperators
72%5 2 appearing in the proper expansion (59) contain

positive powers of 7. The positive powers from Rie "

together with the explicit negative powers lead to terms of
order 1n°, which are retained by the Turek-Matveev scheme
but are absent in the proper regularization. We reiterate that
both the Nakajima-Zwanzig-Markov-Pauli ME and the TCL
Pauli ME are automatically regularized—for the TCL case,
this is one of our central results. The discussion of the proper
regularization scheme is only relevant if one wants to construct
the NZ transition rates from the 7T-matrix expressions.

The exact TCL ME is not equivalent to the approximate
Nakajima-Zwanzig-Markov-Pauli ME: As noted in the dis-
cussion of Eq. (85), the p =0 term in this expansion is
» M 7?%‘; ), which we have now identified as the Nakajima-

Zwanzig-Markov-Pauli generator G. Using Eqs. (74) and (87),
we can also write this generator as

G=> RE =—i[l0]]. (100)
"

The expansion (88) of the TCL generator S contains G as the
first term, but it is followed by an infinite series of additional
terms.

H. The stationary state

Global conservation of probability implies that a stationary
solution of any well-formed Pauli ME exists. Equation (24)
then shows that the TCL generator S must have a right
eigenoperator pgq to the eigenvalue zero. Due to the P pro-
jections in S, this right eigenoperator must be of the form

stat

Pstat = Pyor @ pl(z:ads’ (101)

where p' is diagonal.

Applying Eq. (92) to pgt, only the M = 0 term in the sum
survives and we obtain 0 = [[0]] psa, Which together with
Eq. (100) implies

G psar = 0. (102)

The reverse is also true: If G pl,, = [[0]] pl, = O, then
Eq. (88) shows that Sp/,, = 0.

Thus, pg i an exact stationary state if and only if pgy is @
right eigenoperator of G to the eigenvalue zero. The exact
stationary state can thus be obtained from the regularized
T matrix or Nakajima-Zwanzig-Markov-Pauli generator G
alone, in principle. The formal origin of this result is that
all corrections to G in S contain G as the rightmost factor [cf.
Eq. (88)].

There are two caveats, though: (i) The result does not apply
to approximations obtained by truncating the perturbative
expansion in Hyyyp. It does work trivially at second order since
G? = S@_ But, already at fourth order, the TCL Pauli ME for
the stationary state reads as

—i ([0] +[0,0,0] — [1][0D) pstar = O, (103)
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whereas the Nakajima-Zwanzig-Markov-Pauli ME is

—i ([0] 4 [0,0,0]) pgar = O,

which is not equivalent. (ii) The result does not carry over to
time-dependent solutions. Indeed, if p is any eigenoperator of
S to the eigenvalue A, Eq. (92) gives

(104)

ivp =) (i)™ [[M]]p. (105)

M=0

For X 5 0, this does not imply anything for the eigenoperators
of G = —i [[0]]. Conversely, knowing an eigenoperator of G to
anonzero eigenvalue does not help in finding an eigenoperator
of the TCL generator. For the dynamics, the regularized
T matrix or Nakajima-Zwanzig-Markov-Pauli generator G is
not sufficient.

III. SUMMARY AND CONCLUSIONS

The dynamics of a quantum dot coupled to electronic
leads can be described in the master-equation formalism. To
use this formalism beyond the regime of weak hybridization
between dot and leads, further insight into the structure
of higher-order terms is required. With this motivation,
we have derived Pauli master equations (rate equations)
for the probabilites of dot states, to all orders in the
hybridization, and both in time-convolutionless and time-
nonlocal (Nakajima-Zwanzig) form. Our approach uses a
projection superoperator 7 onto product states with diagonal
reduced density matrix. To fourth order, the reduction to the
probabilities has been implemented in Refs. 24 and 26 by
explicitly eliminating the off-diagonal components from a
Nakajima-Zwanzig-type ME. Our approach leads to more
compact superoperator expressions and is easily generalized to
all orders.

Furthermore, we have presented a superoperator derivation
of the T-matrix expression for the Pauli ME and showed that
it fails to take into account the propagation of the density
operator from the present time ¢ back to an initial time #,.
This answers the question posed in Ref. 23 as to whether
it is possible to derive the Pauli master equation within the
T-matrix formalism instead of using it ad hoc to calculate the
transition rates. The superoperator formalism has allowed us
to establish relationships between the TCL Pauli generator S,
the NZ generator in the Markov approximation (exact
for the stationary state), C;, and the T-matrix generator R.
The off-diagonal components of these generators are the
transition rates in the respective pictures. Relations between
the expansion terms of order 2u, S@®, G and R®W,
respectively, have been given. In particular, the expansion
terms S®* of the TCL Pauli generator are the sum of the
corresponding terms G?* order by order, plus corrections,
which come from propagating the density operator backward
in time in Eq. (12). Only at the second (lowest) order are the
expressions identical. We have shown that both the Nakajima-
Zwanzig-Markov-Pauli and the TCL Pauli generators converge
in the limit n — O, order by order. Here, 7 is the rate with
which the hybridization is switched on. In the NZ case, the
absence of divergences readily emerges from the superop-
erator expressions, in which the secular reducible terms are
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explicitly projected out, whereas for the TCL Pauli generator
it relies on a sweeping cancellation of negative powers
of n.

It is crucial for the derivation that the averages of lead
operators satisfy Wick’s theorem, i.e., that they can be
decomposed into averages of pairs. Aside from reservoirs
consisting of free fermions as considered here, an analogous
derivation should be possible for free bosons.

As is well known, the T-matrix rates diverge for n — 0F.
Specifically, the term R* diverges as 1/7*~!. The divergence
noted for the fourth-order term by Averin*’ thus becomes
even stronger at higher orders. We have shown that the
Nakajima-Zwanzig-Markov-Pauli rates G®* are identical,
order by order, to the T-matrix rates with proper regularization.
This might lead to an advantage in practical calculations, as the
T-matrix method formulated using ordinary operators instead
of superoperators is expected to be easier to implement. This
regularization differs from the one proposed by Turek and
Matveey.?6-3848

As a consistency check, we have shown that the stationary
state obtained from the Nakajima-Zwanzig-Markov-Pauli ME
is the exact one, i.e., it is identical to the stationary solution
of the TCL ME. It is quite interesting how this result comes
about: S can be written as G plus corrections that all have S as
the rightmost factor again [cf. Egs. (92) and (100)]. The result
does not carry over to expansions truncated at finite order or
to time-dependent solutions, though.

Another relation between the expansion terms, Eq. (88),
is also important: all correction terms in S® beyond G
have factors G?*) of lower order u < w at their right end.
Consider the case that all G®*) for u' < . are suppressed
but G is not. Then, all corrections in S?*<) beyond
the Nakajima-Zwanzig-Markov-Pauli term G@*) are also
small. For example, in the Coulomb-blockade regime, G
is suppressed, but G® is not. Then, the corrections to the
co-tunneling rates are small in the Coulomb-blockade regime
since they involve sequential-tunneling rates. On the other
hand, deep in the sequential-tunneling regime, all fourth-order
terms are small compared to the sequential-tunneling rates if
hybridization is weak. However, close to a threshold where
some G@*) crosses over from small to large, for example,
at the Coulomb-blockade threshold, the corrections can be
comparable to the NZ rates.

Of course, outside of the perturbative regime, there is no a
priori reason for any term to be small. It is in this intermediate
coupling regime®® that we expect the TCL Pauli ME to all
orders to show its power. Since the TCL ME describes the
dynamics exactly, not just the stationary state, and is local in
time, it is promising for resummation schemes addressing for
example the dynamical nonequilibrium Kondo effect.
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APPENDIX A: PROOF OF THE CONVERGENCE OF
CERTAIN SUPEROPERATORS FOR 5 — 0%

We want to show that the limit for n — 0% in
Eq. (73) exists and is finite for all non-negative integers
Mop—1,Mau—2, ... M1, Where p > u’ > 0. It is useful to
prove a more general statement: For u = 1,2, ..., the limit
for n — 07 of the superoperator

P Liyy (—Lo + cap—1in) ™ 7" Loy, O
X (=L + Cap—nin) ™ T Loy oo

X Lhyb (—Lo + c1in) ™™™ Ly, P, (A1)

where Q is inserted at all even-numbered positions, exists and
is finite for all non-negative integers my,_1,m2, 2, ... ,m and
all positive real numbers ¢y, —1,¢2,—2, - .. ,¢1. By a finite limit
of a superoperator, we mean a finite limit of all its matrix
elements.’!

By inserting the completeness relation

o= li)il e /)il = (il elj} i)l
ij

ij

(A2)

in suitable places, the matrix elements of Eq. (Al) can be
expressed in terms of matrix elements of Ly, Lpyp, and Q
alone. The matrix elements of £ are

Trli) (1 Lo lk) (I = 8x8it (Ex — Ep). (A3)

Here, E; and E; are eigenenergies of Hp, including dot and
lead contributions. The former are discrete and, by assumption,
nondegenerate, whereas the latter have a continuous spectrum.
The proposition could fail if a zero matrix element of Ly
occurred in Eq. (Al).

At this point, it is useful to go over to a single-particle
description of the leads. As noted in Sec. I C, the projections
P in Eq. (A1) introduce equilibrium averages, trje,gs - - - plgads,
over lead-electron creation and annihilation operators. These
averages are nonzero only if all lead operators are paired. In
the expression (A1), which is of order 24 in Lyyp, there are
such pairs.

2u—1

PHYSICAL REVIEW B 83, 115416 (2011)

Consider a certain inverse superoperator (—Lgy+
c,in)~'=" in Eq. (A1). Some of the paired lead operators may
straddle its position, which is numbered by v. For two paired
lead operators that are both to the right of this position, the
superoperator (—Ly + ¢,in)~'~" acts on an operator that is
diagonal in the single-electron state associated with the paired
operators. Its energy thus does not appear in the difference
Ey — E; in Eq. (A3). Consequently, only lead-operator pairs
that straddle the position v contribute to the energy difference.
Let us denote the number of such pairs by ¢, > 0. Then,
the difference E; — E; has the form E, — E,, + Zf;l A€,

where E,, E, now denote the energies of the dot many-
particle eigenstates |n) and |n’), respectively, and the Ae,,
p = 1,2, ..., are lead single-electron energies. There are p
such energies, which are independently integrated over from
—o00 to oco. The ordering of the two Ly, insertions where
the corresponding lead electron is created and annihilated
determines whether this energy enters with a plus or minus
sign in the energy differences coming from the £, sandwiched
between these two L. The single-particle energy enters with
the same sign in all these factors. It is thus possible to absorb
all minus signs into the definitions of Ae,.

The integrand in the integrals over A€y, ..
the general form

., A€, assumes

F(Aey, ..., A€,)

21 3 . 1+m,’
1_[1):1 (E”v - E”;; + i=1 Ael’vi + C"ln)

(A4)

where the function F contains the remaining dependence
on the single-electron energies due to Fermi functions and
possibly energy-dependent densities of states and tunneling
amplitudes. F is assumed to be a real analytic and bounded
function of its arguments. Note that, for perfect crystals, this
does not hold due to the appearance of van Hove singularities
in the density of states. Any disorder will remove these,
though.

We rewrite the expression (A4) by introducing two sets of
auxiliary variables x, and A,,

5(xv - Z;;Ll Afpw)

F(Aeq, ..., A€ dxy---dxyy,_
( 1 ;l.)/ 1 2pu—1 E (Env — En(, +x, +Cvi77)l+m"

2pn—1 . &y
di dAyy— exp |id, (x, — ) ;L Aep,
=F(AG],...,AGM)/CZ)Q---deM_] —] 2p1 | | p[ ( Z_l ; pl)] (AS)
2 2r 5 (B, = Eyy +x0 Fopiptm

The integrand as a function of x, has a pole of order 1 4+ m, in the negative half-plane. Furthermore, it vanishes rapidly
for x, - +ioco (x, - —ioo) if A, > 0 (A, < 0). The only possible exception is the case of m, =0 and A, = 0, which
we exclude now and treat separately later. Hence, we can close the integration contour in the upper (lower) half-plane and
obtain

/dxu exp [id (x, = 202, Ae,)]

(En. — Ew + 50 +oim) ™ | =2 Gh)™ exp[—in(Ey, — By + Y50, Aey, +cyin)] for 4,

m,!

{O for A,
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Note that, for m, > 1, the case A, = 0, which is included in both lines, is consistent. On the other hand, for m, = 0 this case
was excluded. We find that Eq. (A6) shows a step discontinuity at A, = O for m,, = 0. The result after performing the integral
over A, does not depend on the value at a single point, though. The expression in Egs. (A4) and (A5) now becomes

0
F(AE[,...,AEM)/ d)»]
—00

ml! —00

1+m1)\m1 Cciniy

_F(Ael,.. Aéu)f d)nl
I’I’l1!

—i 1+m2)1.*1)\112n/i‘:1] ecz,rlﬂ)»z,rl

X exp [—ikzu_l(Enz,H - E”/Zu—l)] exp |: —1i Z (}Lv/7 4.

mzlL,]!

—i1+'"‘)\.ml 0 _lH—sz I)me ]l 2;4 1 I

myy— 1

exp [—ih1 (En, — En)]- /

i=1
0
d)\2;1—1
—00
I

+ A1) Aep} , (A7)

p=1

where v,/ (v;;) is the first (last) position for which the single-electron energy A€, appears in the energy denominators in Eq. (A4).

Integrating Eq. (A7) over all A€, we obtain

0 —i 1+1111)Li]111 eC1Mh . 0 —jHmye )\;":%‘_*1‘ eC2n-11MA2—1
dh\ —8M exp[—z)»l (E,,l — En')]-'- d)h2/4—1
my! ! m !
—o0 1- —o0 2p—1-

X exp [_i)NZ/J.fl(E"z,L—l

with the Fourier transform

Flki, ... gy L= /dAel e b -/dAeH e iKuien

x F(Aey, ..., A€y). (A9)

If there are no lead-operator pairs straddling the position v,
i.e., ¢, = 0, the variable X, does not occur in Fin Eq. (A8).
The integral over A, can then be evaluated and is propor-
tional to [c,n — i(E,, — Eu)]™ I=my Tf, in addition, E,, — En
vanishes, we obtain a dlvergence for n — 0. But, by our
assumption of nondegenerate dot states, E,, = E,, implies
|ny) = |n/). Thus, for this contribution, the dot density matrix
is diagonal at position v. Because of ¢, = 0, we can then insert
a projection P without changing the result. But there is already
a projection O at this (even-numbered) position and we obtain
PO = 0. The divergent term is thus removed. On the other
hand, for E,, # E, there is no divergence.

It remains to consider the case of at least one lead-operator
pair straddling position v. Then, A, does occur in F. We
now consider the properties of the functions F and F. The
behavior of F at large |Ae€,| should not affect the transport
and we can therefore assume that F vanishes sufficiently
rapidly and sufficiently smoothly for Ae, — £oo. We thus
assume that all derivatives 0" F/E)Ae;ﬁ, n=0,1,2,..., vanish
for A€, — £00 and that all these derivatives are absolutely
integrable in A€, over the real axis. These assumptions require
the previously discussed analyticity property. Under these
conditions, we have lim,(p_&Oo KZF =0foralln =0,1,2, ...
and all p =1, ...,u. Thus, the Fourier transform F falls off
faster than any power for «, — d-oo for all p.

It follows that £ falls off faster than any power for A, —
—oo. Thus, the integral over A, in Eq. (A8) converges for
any m,, E,, — E,,and n > 0. It thus converges pointwise for
n — 07. The convergence is also uniform since the integrand

~ B )i+

+ Ats ek o A) (A8)

in Eq. (A8) is bounded in absolute value by the integrand in
the expression

0 m 0 Map—1
A e
dr — ... d)»z,,,_l
—00 m1! —00 m2M71!

XF (A - Ao by o

and this integral converges.

In summary, all terms generated by taking the relevant
matrix elements of Eq. (A1) and introducing the completeness
relation (A2) remain finite for n — 0. Since the number of
these terms is finite, the whole quantity remains finite. The
convergence is uniform.

+ )Lv;r)’ (A10)

APPENDIX B: PROOF OF THE IDENTITY
OF CERTAIN SUPEROPERATORS

To prove the cancellation of divergences in
Sec. IIF, we also need to show that the superoperators
[I’)’lg,,',l,mZM,Q, NN (%) +1](2“"2”’,) defined in Eq. (73) do
not depend on the values of the prefactors of in, as long as
these are all positive. Therefore, we now prove the following
statement: In the limit n — O, the superoperator in Eq. (A1)
is independent of c¢3,_1,¢2,—2,...,c; for all non-negative
integers my,_1,M2,—2, ...,m and all positive real numbers
Copu—1,C2p—25 -+ - ,C1+

As shown in Appendix C, this limit is finite. The derivative
of (A1) with respect to ¢, is

717}’}’[2#,1

—i(1+m,)nP Ly (—Lo + cap—1in)
XLy Q-+ (Lo +c—vin) ™ - L P (B1)

The derivative and the limit n — 0% commute because (i)
the expression (Al) is differentiable with respect to ¢, for
all n > 0, (ii) it converges pointwise for n — 0 as shown in
Appendix C, and (iii) its derivative with respect to ¢, converges
uniformly for  — O (this is shown by a trivial modification
of the proof in Appendix C noting that the factor n is bounded
by unity for 0 < n < 1).
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In Eq. (B1), the part P - - - P has a finite limit for n — 07,
as shown in Appendix C. Including the extra factor of n, the
limit vanishes. Consequently, the expression (A1) is a constant
function of Cop—1,C2p—25 + + + 5C1+

APPENDIX C: EVALUATION OF PREFACTORS IN THE
SUPEROPERATOR EXPANSION

In this appendix, we evaluate the functions f defined in
Eq. (80), which appear as prefactors in the expansion of the
TCL generator in powers of n. We first consider the case
p = 0, which is more easily done for the original expression
in Eq. (77). This expression does not contain any sum since
n, = ny is fixed, n” equals zero because of u/p = py =0, and
we obtain

f(nosmo2ng—15 -+ M0,1)

= (2o — 1)"00712ng — 2)™02 ... 101 (C1)

Since we are only interested in the case X,, = My < p =0,
the only possibility is My = 0 and, thus, mg, = 0 for all v,
giving f(no;0,...,0) = 1.

For p > 1, we evaluate Eq. (80) by iteration. We first
perform the sum over mf. The term under the sum is
a polynomial in 2710Z w1 of order My. The zero-order
term in this polynomial vanishes when the sum is per-
formed due to the factor (—1)”OZ . In particular, for My =
0, this is the only term and the whole expression van-
ishes, f(no,ny,...,np;0, .,mp 1) = 0. For
My > 1, in all remaining terms of orders 1, ..., My in 27T()Z/L1,
only the 7 =1 contribution survives. We thus obtain a
polynomial of order My in 2u; with the zero-order term
missing. It is thus possible to cancel a factor of 2p¢; with the
same factor in the denominator. What remains is a polynomial
in 2u; of order My — 1 > 0.

Now we combine this polynomial with the factors (2 —
Dyt (Quy — 2)™M2m=2 o 2y — 2n 4 1)M2m-m in
Eq. (80). These represent a polynomial in 24 of order M| > 0.
The product is thus a polynomial of order My + M; — 1 > 0.
Using p1 = ny + m{ (ta, we obtain polynomials in 27 i, of
order Mo+ My — 1.If Mo+ M; —1=0and p= 1,7 =0

. ,O,mlyzm_l, .

fo.ny, ....npsmooug—1s - sMp12u, —2n, +1,0, . ..
= (=17 2121 21
ﬂ(f,nlz AAAAA 7[571=0 ! 2 r

X (2“0 _ 2”0 + 1)}71[)A2/10—2n0+l - (2/~'Lp—l _ l)mp—l.Zp.p,l—l(zup_l _ 2)7’!,}—1.2#”,]—2 . lm,;—l_lu,,,]—Zn,,,]+l .
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is fixed and we obtain a nonzero result. If My + M; — 1 =0
and p > 2, we can perform the sum over nlz. However, only

the factor (—1)”12 depends on rrlz and f vanishes.

If My + M; — 1 > 1, we necessarily have X,, > 2. Then,
we only have to consider p > 2 and there exists a sum over
7{. As before, the zero-order term in the polynomial in 27 u,
cancels and the other terms only survive for 77 = 1. The
result is a polynomial in 2, of order My + M; — 1 > 1 with
the zero-order term missing. Canceling a factor 2u, with
the denominator, we obtain a polynomial in 2u, of order
My + M, — 2 > 0, which we combine with the following term
to give a polynomial of order My + M| + M, — 2 > 0. Analo-
gously to the above, if My + My + M, —2 > Oand p = 2, we
obtain a nonzero result, whereas for My + M; + M, —2 > 0
and p > 3 we get f =0.1If Mo+ M, + M, —2 > 1, which
requires X,, > 3, we iterate these steps.

We obtain f = 0 if there exists an integer i < p with

My+M+---+M —i=0. (C2)
We obtain f # 0 if this condition is not satisfied and
Mo+M+---+M,—p=%,—p=0. (C3)

This implies that My > 1, Mo+ M, —1 > 1, My + M; —
1+ M, —1 > 1, etc., and thus

Mo+Mi+---+M;—i>1 (C4)

for all i < p. Finally, if Mo+ M +---+ M, —p =3, —
p < 0, there must exist an i < p such that condition (C2) is
satisfied and we obtain f = 0.

We draw some conclusions for the case of nonzero
leth Em = p. Since M0+M] —1+~"+Mp_| —1 > 1
andMy+ My —1+---+ M, —1=0,wefind M, = 0.This
implies that Mo + M, —1+---+ M,_; — 1 = 1. Since fur-
ther Mo+ M —1+---+M,_,— 12> 1, we conclude that
M,_; < 1. By iteration we find that M; < p —1i.

The next goal is to find the nonzero values of f for all cases
with X,, = p. For p = 0, we have found f(n¢;0,...,0) = 1.
For p > 1, we already know that m o, 1 =mp2,, 2=
-+ =m, 1 = 0is required for a nonzero result. Equation (80)
then assumes the form

,0)

1 p—1 z
: —1)7
z : ]_[l=0 ( ) (ZMO _ l)mO.zuo—l(zuo _ 2)m0~2u0*2 .

(C5)

The factors following the fraction contain exactly p factors of the form 2u; — v = 2(n; + n/niy1 + nfnf niwa + ) — v with

ief0,...,p—1}andv € {1,...,2n; — 1}, where for m;, > 2 we count m;,, factors. We rewrite this product as H,‘;&(Z;Lik — W),
where we assume, without loss of generality, 0 <ip <i; < -+ <ipoy < p—1land v <y if iy =ip and k < k'. Then the
condition My + M+ ---+ M; —i > 1 fori < p implies i; < k for all k. Thus, we have

X‘: ﬁ = i = w0

f(n()snls .
Hzp:l 2k

L0) = (=1

S Rp O 2u0—1s - -

z 7 zZ _gi=
n§af .. mp =0 1=0

=: fp(no,ni, ....np3io,it, ... ,ip—15V0,V1, ..., Vp_1), (C6)

where the subscript in fp refers to the number of factors 2j4;, — vy in the numerator.
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By adding and subtracting a constant, we can write for any j € {0, ...

fpmo,ny, ... npsio,it, ... ip_15V0,V1, .

—j—o) fp—1(no, ....npsio, ..o yij1,0 41, -

The second term on the right-hand side contains fp,l, which
has 3,, = p — 1 factors 2u;, — vy in the numerator. We have
shown above that, for ¥,, < p, the term f vanishes. Thus, only
the first term remains and we find that f = £, » does not depend
on v; for any j. Thus, we can replace v; by 2(n;; + n;;41 +
-+ +n;) (recall that i; < j for all j) without changing the
value of f. We obtain

Spmo.ny, .. npsiosdt, ..o lp_15V0,V1, -+ - Vp_1)

1 p—1 ]
2 e

p—1 VA
tmo 2(niy + 7 i1 — nig = niy — - — )
> .
H,‘=1 2pi

= (=D

(C¥)

The factor for k = 0 in the numerator contains iy = ip = 0
and thus reads 2(no + 7f 11 — no) = 27 1. In the factor for
k = 1 we have to distinguish the two cases i} = 0,1. Fori; =
0, the corresponding factor in the numerator reads as 2(ng +
rfm —ng —ny) =2xfn + wfmwf s — ny). This factor is

.. a"'p—l) = fp(l’lo, ..

.,ip_l; Vo, .-
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,p — 1} and any real number c,

<slp—15V0, - V1)

.,Up_l).

.,I/lp;i(),.. V1,6, V40, ..

Vi1, Vigd, .. (C7)

multiplied by 7 from the k = 0 factor. Since (77)* = 7/,
we can drop the 7 in the k =1 factor and write it as
2(n + wfus —ny) = 2xf . If instead iy = 1, the k=1
factor reads 2(ny + {2 — n1) = 2w (2. We thus obtain the
same result in both cases.

For larger k, the factor in the numerator reads as
z zZ_Z z
2ny + 7w i1+ T T ket
—Nj, — Nyl — - — NE). (C9)

Since this factor is multiplied by 7, . .. ,w{ | from the factors
for j < k, we can drop all yer with j < k and obtain simply
277 tis1. We finally find

fp(no,m,...,np;io,il,...,i,,_l;vo,vl,...,v[,_l)
1 p—1 p—1 7
2 [ Trzo 270 it
=(=17? _1)% 2 Ak=0 Tk R
=(~1) Z ZZZ ]_[( 1) T
Ty LT ,...,np71=01=0 =
=D’ (=P = 1. (C10)

We have shown that the coefficients f for ¥,, = p vanish if
condition (C2) is satisfied and equal unity otherwise.
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