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We present a comprehensive theory for Bogoliubov Fermi surfaces in inversion-symmetric superconductors
which break time-reversal symmetry. A requirement for such a gap structure is that the electrons posses internal
degrees of freedom apart from the spin (e.g., orbital or sublattice indices), which permits a nontrivial internal
structure of the Cooper pairs. In a pairing state that breaks time-reversal symmetry, the Cooper pairs are
generically polarized in the internal degrees of freedom, in analogy to spin-polarized pairing in a nonunitary
triplet superconductor. We show that this polarization can be quantified in terms of the time-reversal-odd part
of the gap product, i.e., the matrix product of the pairing potential with its Hermitian conjugate. This product is
essential for the appearance of Bogoliubov Fermi surfaces and their topological protection by a Z2 invariant.
After studying the appearance of Bogoliubov Fermi surfaces in a generic two-band model, we proceed to
examine two specific cases: a cubic material with a j = 3/2 total-angular-momentum degree of freedom and
a hexagonal material with distinct orbital and spin degrees of freedom. For these model systems, we show
that the polarized pairing generates a magnetization of the low-energy states. We additionally calculate the
surface spectra associated with these pairing states and demonstrate that the Bogoliubov Fermi surfaces are
characterized by additional topological indices. Finally, we discuss the extension of phenomenological theories
of superconductors to include Bogoliubov Fermi surfaces, and identify the time-reversal-odd polarization of the
Cooper pairs as a composite order parameter, which is intertwined with superconductivity.
DOI: 10.1103/PhysRevB.98.224509

I. INTRODUCTION

A common view of multiband superconductivity is that
the superconducting state is qualitatively like a single-band
superconductor [1,2] but with a momentum-dependent gap,
which in particular can take on different values on different
Fermi-surface sheets [3]. However, motivated in part by developments in topological materials [4–8], it has recently been
realized that the internal electronic degrees of freedom (i.e.,
orbital or sublattice) that give rise to the multiband structure
can also appear in the Cooper pair wave function. Pairing
states involving a nontrivial dependence on these internal degrees of freedom, which we refer to as “internally anisotropic”
states, have been proposed for many multiband systems, such
as the iron-based superconductors [9–15], nematic superconductivity in Cux Bi2 Se3 [16,17], j = 3/2 pairing in cubic
materials motivated by the half-Heusler compounds [18–28]
and antiperovskites [29], and j = 5/2 pairing and topological
superconductivity in UPt3 [30–32]. These pairing states have
also attracted attention as a way to generate odd-frequency
pairing [33–35] and an intrinsic ac Hall conductivity that
is responsible for the polar magneto-optical Kerr effect in
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superconductors with broken time-reversal symmetry (TRS)
[36,37].
Despite this interest, an unambiguous example of an internally anisotropic pairing state has yet to be established. A
key problem is that in most of the cases mentioned above,
pairing states with trivial and nontrivial dependence on the
internal degrees of freedom can have qualitatively the same
low-energy excitation spectra. The most accessible experimental probes of unconventional superconductivity, which
are sensitive only to the nodal structure of the excitation
gap, thus cannot distinguish between trivial and nontrivial
pairing. Indeed, the proposed experimental signatures of these
exotic pairing states are quite subtle, e.g., enhanced robustness
against disorder [38], high-energy anomalies in the density of
states [34], the existence of the polar Kerr effect [36,37], and
exotic domain structures [12]. Recently, we have shown that
in one important case the consideration of internal electronic
degrees of freedom leads to a unique signature in the gap
structure: in clean, inversion-symmetric (even-parity) superconductors that spontaneously break TRS, the superconducting state is either fully gapped or has topologically protected
Bogoliubov Fermi surfaces [19]. In the single-band case, the
corresponding superconducting state would not have Bogoliubov Fermi surfaces but rather exhibit point or line nodes
[1,2]. In the multiband case, these nodes are replaced by twodimensional Fermi surfaces by the inclusion of the internal
electronic degrees of freedom. We note that Bogoliubov Fermi
surfaces have been discussed for other superconductivity and
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superfluid systems, to which our theory does not apply. In
particular, they have been proposed in strong-coupling superconductors [39], in superconductors and superfluids in which
TRS is broken through an external effective magnetic field
[40,41], and in superconductors and superfluids which break
both TRS and inversion symmetry (IS) [20,42,43].
Candidates for superconductors that break TRS have been
experimentally identified through muon-spin-rotation and
polar-Kerr-effect measurements, and include UPt 3 [44,45],
Th-doped UBe13 [46], PrOs4 Sb12 [47,48], Sr 2 RuO4 [49,50],
URu2 Si2 [51], SrPtAs [52], and Bi/Ni bilayers [53]. In addition, theory has predicted additional possibilities such as
graphene [54,55], twisted bilayer graphene [56,57], the halfHeusler compound YPtBi [18], water-intercalated sodium
cobaltate Nax CoO2 · yH2 O [58,59], Cu-doped TiSe2 [60],
and monolayer transition-metal dichalcogenides [61]. In all
these cases, multiple bands either cross or come close to the
Fermi surface, thus meeting the conditions for a pairing state
with Bogoliubov Fermi surfaces. The neutral quasiparticles
forming the Bogoliubov Fermi surface lead to a nonzero
density of states at the Fermi energy, which is expected to
produce detectable contributions to, e.g., the heat capacity
and the thermal conductivity. Intriguingly, both URu2 Si2 [62]
and Th-doped UBe13 [63] have been reported to display a
significant residual density of states: although this has been
explained by impurity scattering, it is also consistent with the
presence of Bogoliubov Fermi surfaces.
In this paper, we present a comprehensive theory for the
origins and properties of Bogoliubov Fermi surfaces. We
first develop a general theory for electrons with four-valued
internal degrees of freedom. Our theory is not restricted to
a specific physical origin of these degrees of freedom; they
could, for example, be total-angular-momentum states or a
combination of a two-valued spin and a two-valued orbital
degree of freedom. The normal state is assumed to be invariant under time reversal and inversion so that the spectrum
generically has two doubly degenerate bands. We consider
a generic, inversion-symmetric (even-parity) superconducting
state that preserves IS but may break TRS. Using this theory,
we establish the following results. (i) The gap is nonunitary.
We define a time-reversal-odd gap product that describes the
contribution to nonunitary pairing that is needed to understand
the origin of the Bogoliubov Fermi surfaces. (ii) The spectrum
of the Bogoliubov-de Gennes (BdG) Hamiltonian contains
Bogoliubov Fermi surfaces when TRS is broken. (iii) These
Bogoliubov Fermi surfaces are topologically protected by a
Z2 invariant, which we give in terms of a Pfaffian. (iv) In an
effective low-energy single-band model, the superconductor
generates a pseudomagnetic field that is closely linked to
the time-reversal-odd gap product. This pseudomagnetic field
inflates point and line nodes into Bogoliubov Fermi surfaces.
We then apply this generic theory to two specific models:
first, we consider cubic materials with j = 3/2 electronic
degrees of freedom, which can appear in the vicinity of the 
point in the Brillouin zone. In particular, we specify the pseudomagnetic fields and the associated magnetization, the structure and topology of the Bogoliubov Fermi surfaces, and
the surface states that appear in the possible TRS-breaking
(TRSB) superconducting states. Second, we consider hexagonal superconductors in which the internal electronic degrees

of freedom stem from a two-valued spin and a two-valued
orbital degree of freedom. We then turn back to a more general
discussion, elucidating the topological invariants associated
with Bogoliubov Fermi surfaces, using the cubic j = 3/2
system to illustrate the results. We conclude by proposing a
phenomenological Landau theory in which the magnetic and
orbital order appear as an emergent composite order parameter. We speculate that the composite order could be present
even if the primary superconducting order is absent, providing
an example for intertwined order parameters [37,64,65].
II. GENERAL THEORY

In this section, we examine the appearance of Bogoliubov
Fermi surfaces in a generic model of a fermionic system with
four internal degrees of freedom that is invariant under time
reversal and inversion. This model includes such important
cases as the 8 bands of cubic materials with spin-orbit coupling [66] and the dxz -dyz two-orbital models of the pnictides
[67] and Sr 2 RuO4 [36]. Our aim here is to reveal general
features of TRSB pairing states in a multiband system of
minimal complexity. After introducing the model, we proceed
in Sec. II A to define the time-reversal-odd part of the gap
product as a measure of the polarization of a TRSB pairing
state. We then prove that this gap product is essential for
the appearance of Bogoliubov Fermi surfaces in Sec. II B,
before concluding our general discussion in Sec. II C with
the derivation of a low-energy effective theory for the pairing.
We note that although many candidate systems involve more
than four internal degrees of freedom (e.g., other orbitals that
contribute to the Fermi surfaces), including this complication
does not qualitatively alter our conclusions. This follows most
directly from the effective low-energy theory developed in
Sec. II C.
The general form of the BdG Hamiltonian reads
H =

1 †
 Hk k ,
2 k k

(1)

†

where k = (ckT , c−k )T is a Nambu spinor, ck is a four
component spinor encoding the internal degrees of freedom,
and the coefficient matrix is


(k)
H0 (k)
.
(2)
Hk =
† (k) −H0T (−k)
The normal-state Hamiltonian H0 (k) can be written as
H0 (k) = (k,0 − μ) 14 + k · γ ,

(3)

where 14 is the 4 × 4 unit matrix and γ =
(γ 1 , γ 2 , γ 3 , γ 4 , γ 5 ) is the vector of the five anticommuting
Euclidean Dirac matrices. The real functions k,0 and
k = (k,1 , k,2 , k,3 , k,4 , k,5 ) are the coefficients of these
matrices and μ is the chemical potential. We make the
simplifying assumption that IS P acts trivially on the internal
degrees of freedom so that the coefficients in Eq. (3) are even
functions of momentum. Time reversal is implemented by
T = KUT , where K is complex conjugation and the unitary
part can be chosen, without loss of generality, as UT = γ 1 γ 2 .
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The invariance of the normal-state Hamiltonian under time
reversal then implies that γ 1 and γ 2 are both imaginary, and
the other three matrices are real.
The normal-state Hamiltonian in Eq. (3) has the doubly
degenerate eigenvalues Ek,± − μ, where
Ek,± = k,0 ± |k | .

(4)

Due to the presence of IS and TRS, we can distinguish the
two states corresponding to each eigenvalue by a pseudospin
index s = ±1. The pseudospin-s state |k, ±, s in the ± band
at momentum k then transforms as
P |k, ±, s = |−k, ±, s,

(5)

T |k, ±, s = −s |−k, ±, −s .

(6)

Although the pseudospin basis only needs to satisfy these two
criteria, it is nevertheless often possible to choose the basis
such that the pseudospin index transforms like a true spin 1/2
under the symmetries of the lattice, a so-called manifestly covariant Bloch basis (MCBB) [68]. In Appendix A, we present
choices of MCBBs for the two model systems considered in
the rest of the paper. We note, however, that the analysis in
this section requires only that Eqs. (5) and (6) are satisfied.
Topologically stable Bogoliubov Fermi surfaces only appear for inversion-symmetric superconducting states. The
pairing potential consistent with this has the general form
(k) = ηk,0 UT + ηk · γ UT ,

(7)

and ηk =
where the pairing amplitudes ηk,0
(ηk,1 , ηk,2 , ηk,3 , ηk,4 , ηk,5 ) are even functions of momentum.
The first term in Eq. (7) describes standard pairing between
time-reversed states. This we call “internally isotropic”
pairing to describe how the underlying electronic degrees of
freedom are paired. The second term describes pairing in the
five “internally anisotropic” channels, where the electronic
degrees of freedom in the Cooper pair do not generally
come from Kramers partners. In general, these pairing states
transform nontrivially under lattice symmetries due to their
dependence on the internal degrees of freedom. The pairing
potential breaks TRS if the coefficients ηk,0 and ηk cannot be
chosen as real, up to a common and momentum-independent
phase factor.
Expressed in the pseudospin basis where the
annihilation operator has the spinor form c̃kT =


1
†
2
2
2
2
˜
˜
(|ψk,+ | + |ψk,− | ) + |ψk,I | + |dk | 1
(k) (k) =
2

1
(|ψk,+ |2 − |ψk,− |2 )s0 + (idk × dk∗ + 2 Im(ψk,I dk∗ )) · s
+ 2
∗
∗
∗
+ ψk,+
ψk,I )s0 − i(ψk,+
dk + ψk,− dk∗ ) · s
(ψk,− ψk,I

(ck,+,↑ , ck,+,↓ , ck,−,↑ , ck,−,↓ ), the pairing Hamiltonian reads


(ψk,I s0 + idk · s) isy
ψk,+ isy
˜
,
(k) =
(ψk,I s0 − idk · s) isy
ψk,− isy
(8)
where s = (sx , sy , sz ) is the vector of Pauli matrices and s0
is the unit matrix in pseudospin space and all functions in
the matrix are even in momentum. The intraband pseudospinsinglet pairing potentials on the diagonal have the basisindependent form
k · ηk
ψk,± = ηk,0 ±
.
(9)
|k |
The off-diagonal blocks describe unconventional interband
pairing, with both pseudospin singlet and triplet potentials,
ψk,I and dk , respectively. While the form of the interband
pairing potentials depends on the choice of pseudospin basis
in each band, these potentials must satisfy
|ψk,I |2 + |dk |2 = |
ηk |2 −

|k · ηk |2
.
|k |2

(10)

The interband terms involve only the internally anisotropic
pairing channels, as the pairing of time-reversed partners in
the conventional state (i.e., the internally isotropic pairing)
implies a purely intraband potential. Note that the sign change
between the pseudospin triplet potentials in the off-diagonal
blocks of Eq. (8) is required by fermionic antisymmetry; the
factor of i ensures that dk is a real vector in the case of a
time-reversal-symmetric pairing state.
A. Nonunitary pairing and time-reversal-odd gap product

The presence of the five internally anisotropic pairing
channels in our model generically implies that the pairing is
nonunitary. That is, the product (k)† (k) is not proportional to the unit matrix, but is instead given by
∗
(k)† (k) = (|ηk,0 |2 + |
ηk |2 )14 + 2 Re(ηk,0
ηk ) · γ

∗
+
2i Im(ηk,n ηk,m
) γ nγ m .
(11)
n>m>0

The first term on the right-hand side represents the unitary
part of the gap product, while the next two terms constitute the
nonunitary part. The first of these appears when pairing occurs
in both the internally isotropic and internally anisotropic
pairing channels and does not require the breaking of any
symmetry. The second nonunitary term is only present in a
TRSB state with a nontrivial phase difference between at least
two internally anisotropic channels. As we shall see below,
only the latter term is relevant for the appearance of the
Bogoliubov Fermi surfaces. For later reference, we also give
the gap product in the pseudospin basis,

∗
∗
∗
(ψk,+ ψk,I
+ ψk,−
ψk,I )s0 + i(ψk,+ dk∗ + ψk,−
dk ) · s
1
(|ψk,− |2
2

− |ψk,+ |2 )s0 + (idk × dk∗ − 2 Im(ψk,I dk∗ )) · s


.
(12)
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The diagonal blocks of the nonunitary part will play an
important role later, in particular the terms involving the
pseudospin vector s. Since these terms only depend on the
interband pairing potentials in Eq. (8), they arise from the last
term in Eq. (11) and hence require TRSB pairing in different
internally anisotropic channels.
To gain insight into the physical meaning of the nonunitary
gap and its relation to broken TRS, we briefly review the
more familiar case of nonunitary pairing in a single band of
spin-1/2 electrons [2]. Here it is customary to write the gap
function as k = (ψk + dk · σ ) iσy , where ψk is the singlet
pairing potential, dk describes triplet pairing, and σ is the
vector of spin Pauli matrices. The gap product is then

transforms as
†

∗
+ ηk∗ · γ ) UT .
(k) → T (k) ≡ UT ∗ (−k)UT = (ηk,0

(16)
Similarly, under time reversal the gap product transforms as
†

(17)
This justifies the following time-reversal-odd gap product as a
measure of broken TRS:
†

(k)† (k) − T (k)T (k)
ηk∗ · γ ) − (
ηk∗ · γ )(
ηk · γ )
= (
ηk · γ )(

∗
∗
(ηk,n ηk,m
− ηk,n
ηk,m ) γ n γ m ,
=

†

k k = (|ψk |2 + |dk |2 ) σ0 + 2 Re(ψk dk∗ ) · σ
+ i (dk × dk∗ ) · σ .

(13)

The presence of either of the last two terms indicates a
nonunitary gap, which requires the breaking of IS or TRS,
respectively. The presence of the nonunitary part of the gap
product indicates a nonzero value of the spin polarization
†
Tr (k σ k ) of the pairing state at k. This spin polarization
has two contributions, one that breaks TRS and one that does
not. The latter is a consequence of broken IS and typically the
associated spin polarization is already present in the normal
state [69]. The spin polarization due to broken TRS does
not exist in the normal state but appears spontaneously in
the TRSB superconducting state and is usually taken as the
defining characteristic of nonunitary pairing [2]. Below we
will define a time-reversal-odd gap product that isolates this
contribution, refining the meaning of nonunitary pairing.
Returning to our four-component system, the nonunitary
part of the gap product in Eq. (11) can be similarly interpreted as a polarization of the internal degrees of freedom in the pairing state. Moreover, the terms proportional
to the pseudospin Pauli matrices in the diagonal blocks of
Eq. (12) may also be interpreted as the pseudospin polarization Tr [† (k)Pk,± šPk,± (k)] of the pairing state in the ±
band, where Pk,± are projection operators on the normal-state
Hilbert space which project onto the ± bands at momentum k
and


s 0
š ≡
.
(14)
0 s
We thus expect a nonvanishing pseudospin polarization of
the low-energy states in our model. As in the single-band
case discussed above, there will be a contribution to this
pseudospin polarization that is due solely to the spontaneous
breaking of TRS in the superconducting state. In the next
paragraph, we discuss how to identify its origin.
To link more closely to broken TRS, it is useful to refine the
notion of the nonunitary portion of the gap product and define
a time-reversal-odd gap product. The time-reversal operator
expressed in the Nambu basis is T = Kτ0 ⊗ UT , where τ0 is
the unit matrix in particle-hole space. Time reversal operates
as
Hk → (τ0 ⊗

∗
UT )H−k
(τ0

†

⊗ UT ) .

(15)

From this expression, the form of the gap function, and UT =
γ 1 γ 2 , we find the key and natural result that the gap function

†

(k)† (k) → UT ∗ (−k)T (−k)UT = T (k)T (k) .

(18)

n,m>0

which yields the time-reversal-odd contribution to Eq. (11).
Applying the same analysis to the gap function k = (ψk +
dk · σ ) iσy of the single-band model, the time-reversal-odd
gap product is
†

k k − σy ∗−k T−k σy = 2i (dk × dk∗ ) · σ ,

(19)

yielding the term that is usually taken to define a nonunitary superconductor [2]. Finally, if the time-reversal-odd gap
product is calculated for the gap function expressed in the
pseudospin basis, Eq. (8), then the terms proportional to the
pseudospin Pauli matrices in the diagonal blocks of Eq. (12)
are the only terms that remain in these blocks. As mentioned
earlier, these terms play a central role in the effective lowenergy model.
B. Bogoliubov Fermi surfaces

In this section, we prove that a generic TRSB state possesses Bogoliubov Fermi surfaces. Our strategy utilizes the
existence of the Pfaffian of the BdG Hamiltonian in Eq. (2)
due to the presence of particle-hole and inversion symmetries:
since the Pfaffian is a continuous function of momentum, a
change in its sign indicates the presence of a Bogoliubov
Fermi surface. We show that the condition under which this
occurs is equivalent to the one ensuring a nonzero timereversal-odd gap product.
The BdG Hamiltonian in Eq. (2) possesses both particlehole symmetry C and IS P . Particle-hole symmetry dictates
that
†

∗
UC H−k
UC = −Hk ,

(20)

where the unitary part is UC = τx ⊗ 14 and τi are the Pauli
matrices in particle-hole space. Inversion acts as
†

UP H−k UP = Hk ,

(21)

where UP = τ0 ⊗ 14 . The product of these symmetries thus
gives
†

UCP Hk∗ UCP = −Hk ,

(22)

where UCP = UC UP∗ = τx ⊗ 14 . It hence follows that
(CP )2 = +1. The existence of this CP symmetry and the
property that it squares to unity guarantees that the BdG
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Hamiltonian can be unitarily transformed into an antisymmetric matrix [19]. For example, defining
H̃k = Hk † ,
where


1 1
= √
2 i


1
⊗ 14 ,
−i

(23)

(24)

we find that H̃kT = −H̃k . We can then evaluate the Pfaffian of
this matrix, which is given in compact form by
P (k) = Pf H̃k = (  k ,  k  − ηk , η∗k )2 + 4 |  k , ηk |2
+ ηk , ηk  η∗k , η∗k  − ηk , η∗k 2 ,

(25)

where we adopt the “six-vector” notation
 k = (k,0 −μ, k ) ,

ηk = (ηk,0 , ηk ),

(26)


and define a, b = a0 b0 − a · b.
Prior to examining the Pfaffian of Eq. (25), it is useful to
consider the case of a single-band model to highlight the new
physics that result from Eq. (25). In particular, for a singleband system that is inversion and time-reversal invariant in
the normal state and retains IS in the superconducting state,
the BdG Hamiltonian takes the usual pseudospin-singlet form


ψ (k) iσ2
ξ0 (k) σ0
.
(27)
Hk =
−ψ ∗ (k) iσ2 −ξ0 (k) σ0
Using the same arguments leading to Eq. (25), the Pfaffian for
Eq. (27) is simply
Pf Hk = ξ02 (k) + |ψ (k)|2 .

(28)

Notice that this expression is always nonnegative and only
vanishes when (i) k is on the Fermi surface, where ξ0 (k) =
0, and (ii) the gap vanishes, ψ (k) = 0. Since zeros of the
Pfaffian give the zeros of the excitation spectrum, these two
conditions immediately imply that Bogoliubov Fermi surfaces
generically do not appear in single-band systems, where only
point and line nodes are expected [2].
In general, Hamiltonians with (CP )2 = +1 can possess Fermi surfaces with a nontrivial Z2 topological charge
[19,70,71]. That is, they are stable against any CP -preserving
perturbation. The Z2 invariant is defined in Ref. [19] in terms
of the Pfaffian in Eq. (25) as
(−1)l = sgn [P (k− )P (k+ )],

(29)

where k− (k+ ) refers to momenta inside (outside) the Fermi
surface, which is characterized by P (k) = 0. Fermi surfaces
with l = 1 are topologically nontrivial, as there must necessarily be a surface of zeros of the Pfaffian separating regions
where it has opposite sign. In contrast, Fermi surfaces with
l = 0 are not topologically protected and can be removed by
a CP -preserving perturbation.
One easily sees from Eq. (25) that the Pfaffian is always nonnegative in the absence of superconductivity, i.e.,
 This reflects the fact that the normal-state
for ηk = (0, 0).
Fermi surfaces, given by the zeros of  k ,  k  = Ek,+ Ek,− ,
can be gapped out by the superconductivity, which preserves
IS and particle-hole symmetry. Superconducting states which
preserve TRS, where one can choose a gauge such that

ηk = η∗k , also yield a nonnegative Pfaffian, as the last line of
Eq. (25) then vanishes. Since the Pfaffian is defined locally
in momentum space, this argument also holds for any TRSB
state defined by a single momentum-dependent phase, i.e.,
where the pairing satisfies ηk = ηrk eiφk with ηrk entirely real.
Also, note that when the superconductor is time-reversal
invariant the nodes generally do not lie on the Fermi surface, in contrast to the single-band case. This follows by
observing that for momenta on the Fermi surface  k ,  k  =
Ek,+ Ek,− = 0 so that P (k) = | ηk , η∗k |2 + 4|  k , ηk |2  0.
The position of nodes can therefore change as the parameters
in the Hamiltonian are changed, allowing for the possibility
of annihilating nodes, which has been argued to be relevant to
monolayer FeSe [13–15].
The last term of the Pfaffian is only nonzero if there is
pairing in multiple superconducting channels with nontrivial
phase difference between them. Writing the pairing potential
in each channel as ηk,n = |ηk,n | eiφk,n , the last line of Eq. (25)
is then
ηk , ηk  η∗k , η∗k  − ηk , η∗k 2

=4
|ηk,0 |2 |ηk,n |2 sin2 (φk,0 − φk,n )
n>0

−4



|ηk,n |2 |ηk,m |2 sin2 (φk,n − φk,m ) .

(30)

n>m>0

The first term on the right-hand side shows that coexisting
internally isotropic and internally anisotropic channels always
give a nonnegative contribution to the Pfaffian. In contrast,
coexisting internally anisotropic channels give a nonpositive
contribution, which is strictly negative if the relative phase
differences between the unconventional channels break TRS.
This is the only way to obtain a negative Pfaffian and thus
topologically stable Bogoliubov Fermi surfaces. It is also
equivalent to the presence of a nonvanishing time-reversalodd gap product in Eq. (18), and thus to a nonvanishing
pseudospin polarization.
We now explicitly demonstrate that the Pfaffian can be
negative and hence that Bogoliubov Fermi surfaces exist. To
simplify the discussion, we consider a TRSB state that only
involves the internally ansiotropic pairing channels. Nodes are
expected to occur on the normal-state Fermi surface where
the intraband pairing potential vanishes, i.e., where k · ηk =
0, see Eq. (9). If ηk is real up to an overall phase factor,
which corresponds to the time-reversal-symmetric case, this
equation describes a surface in the Brillouin zone. On the
other hand, if ηk has irreducible real and imaginary parts,
corresponding to the TRSB case, this equation generically
decomposes into two independent real equations and thus
describes a line. Restricting ourselves to momenta where this
condition is satisfied, the Pfaffian has the simpler form
ηk |2 )2
P (k) = (Ek,+ Ek,− + |

−4
|ηk,n |2 |ηk,m |2 sin2 (φk,n − φk,m ).

(31)

n>m>0

The product Ek,+ Ek,− changes sign on the normal-state Fermi
surface. For sufficiently small |
ηk |, it is therefore possible to
find a point in momentum space close to the normal-state
Fermi surface, where the first term in Eq. (31) vanishes. The
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Pfaffian will then be negative if the second line is nonzero,
which is always true for a nonunitary TRSB state as long as
ηk = 0. That is, the node must arise from the projection of
the internally anisotropic states onto the Fermi surface, and
not be intrinsic to the internally ansiotropic pairing potentials
ηk themselves. Since far away from the Fermi surface the
product Ek,+ Ek,− should dominate over the terms involving
the gap, there will also be a region in the Brillouin zone
where the Pfaffian is positive. We thus deduce the existence
of a topologically stable Bogoliubov Fermi surface forming
the boundary between the regions of positive and negative
Pfaffian.

with the correction term
1
†
H τz Hk,I
δHk,− = −
2|k | k,I

δk,− s0 + δhk,− · s
=
0

(36)
where

δhk,−

†

−1
G−1
− (k, ω) = ω − Hk,− − Hk,I (ω − Hk,+ ) Hk,I ,

(32)

where Hk,± and Hk,I are blocks of the BdG Hamiltonian
transformed into the pseudospin basis,


Hk,+ Hk,I
H̃ =
.
(33)
†
Hk,I Hk,−
Note that Hk,I describes the interband coupling due to superconductivity in the internally anisotropic channels.
To lowest order in the pairing potential, an effective model
is obtained by ignoring the last term in Eq. (32), which simply
gives the projection of the Hamiltonian onto the low-energy
states. This describes pseudospin-singlet pairing in a doubly
degenerate single band and does not yield the Bogoliubov
Fermi surfaces. To obtain the leading correction to the projected Hamiltonian, we analyze the last term in Eq. (32). Since
we are interested in the low-energy states in the − band, we
follow the argument of Ref. [26] and approximate ω ≈ 0 in
this term. Furthermore, as the + band is assumed to lie far
from the Fermi surface, we can ignore the effect of the pairing
on its dispersion, i.e., we can write Hk,+ ≈ (Ek,+ − μ) s0 τz ,
where τz is a Pauli matrix in Nambu space. Using the fact that
Ek,− ≈ μ close to the Fermi surface of the − band, we hence
make the replacement
(ω − Hk,+ )−1 ≈ (Ek,− − Ek,+ )−1 s0 τz = −

1
s0 τz .
2|k |

=−

eff
= Hk,− + δHk,− ,
Hk,−

(35)

Tr [† (k)Pk,− šPk,− (k)]
.
4 |k |

(37)

(38)

The term δk,− modifies the dispersion and is always present
when there is interband pairing. The term δhk,− · s is more
interesting: it describes an effective “pseudomagnetic” field,
which is proportional to the pseudospin polarization of the
band states in a nonunitary state. It is hence only present
in TRSB states where the unconventional channels have
nontrivial relative phase differences. It directly leads to the
appearance of Bogoliubov Fermi surfaces, as can be seen in
the eigenvalue spectrum of the low-energy effective model,
±|δhk,− | ±

(Ek,− + δk,− − μ)2 + |ψk,− |2 ,

(39)

where the two ± signs are chosen independently. If the pseudomagnetic field is nonzero at a node of the intraband pairing
potential ψk,− , the dispersion is split and shifted to finite
energies, leading to Bogoliubov Fermi surfaces. Since δhk,− is
proportional to the product of the internally anisotropic pairing potentials, it is therefore necessary that these potentials
are nonzero at the node, consistent with the condition found
above that the node is due to the projection into the low-energy
states.
We note that the modification of the normal-state dispersion by δk,− can have a nontrivial effect on the electronic
structure of the superconducting state even when TRS is not
broken. Specifically, as also discussed above for the general
theory, line nodes arising from the projection of the pairing
potential onto the band basis, i.e., for which k · ηk = 0 but
ηk = 0, are shifted off the normal-state Fermi surface by
δk,− , so that they instead occur on the surface defined by
Ek,− + δk,− = μ, allowing for pairs of nodes to annihilate
[13–15].
Finally, we note that it is straightforward to add additional
bands using the perturbative approach developed in this section. Assuming that band α crosses the Fermi surface, the
effective low-energy Hamiltonian (35) then becomes

†
(Ek,α − Ek,i )−1 Hk,iα τz Hk,iα ,
(40)
Hkeff = Hk,α +
i =α

(34)
Inserting this into Eq. (32), we obtain the effective Hamiltonian

|ψk,I |2 + |dk |2
,
2 |k |
idk × dk∗ − 2 Im(ψk,I dk∗ )
=
2 |k |

δk,− =

C. Effective low-energy model

Further insight into the appearance of Bogoliubov Fermi
surfaces can be obtained from an effective single-band model
valid for the states close to the normal-state Fermi surface. In
deriving this model, we make the weak-coupling assumption
that, on the Fermi surface of each band, the direct energy
gap separating the two bands is much larger than the pairing
potential, i.e., |Ek,+ − Ek,− | = 2|k |
max(|ηk,0 |, |
ηk |).
Without loss of generality, we assume that the − band
intersects the Fermi energy. The Green function G− (k, ω) of
the states in the − band satisfies


0
,
−δk,− s0 − δhk,− · sT

where Ek,j is the normal-state dispersion of band j, Hk,j is
the projection of the BdG Hamiltonian into the band j , and
the last term is the multiband generalization of the correction
term in Eq. (36). Compared to the previous expression, we
have replaced Hk,I by Hk,iα which represents the interband
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coupling between the band α for which the low-energy theory
has been found and the other bands labeled by the index i.
This demonstrates that our results are qualitatively unchanged
when additional bands are included.
III. CUBIC SUPERCONDUCTORS

In this section, we consider superconductivity in the 8
bands of a cubic system as the first concrete example of the
generic model studied above. Here, the four internal degrees
of freedom of the electrons reflect their total angular momentum j = 3/2, which arises from the strong atomic spin-orbit
coupling. We present a tight-binding generalization of the
Luttinger-Kohn model of the 8 bands for the point group
Oh [66]. Our strategy is to take the simplest nontrivial model
that is consistent with the imposed symmetries. In this spirit,
we restrict ourselves to nearest-neighbor hopping on the fcc
lattice and only consider local Cooper pairing. We determine
the Bogoliubov Fermi surfaces and examine the associated
nonunitary gap structure both in the j = 3/2 basis and in the
pseudospin basis near the Fermi surface.
The j = 3/2 effective spin of the electrons in the cubic
superconductor implies that the Nambu spinor in Eq. (1) is
†
k = (ckT , c−k )T , where ckT = (ck,3/2 , ck,1/2 , ck,−1/2 , ck,−3/2 ).
The diagonal, normal block of the BdG Hamiltonian reads

H0 (k) = −4t1
cos kν cos kν+1


+ 4t3

A1g :
T2g :

sin kν sin kν+1 (Jν Jν+1 + Jν+1 Jν ) − μ ,

Eg :

(Jx Jy + Jy Jx ),

(42)

γ2 =

√1
3

(Jy Jz + Jz Jy ),

(43)

1
3

(45)

2Jz2 − Jx2 − Jy2 .

(46)

part of the time-reversal
0
0
1
0

0
−1
0
0

⎞
1
0⎟
⎟
⎟.
0⎠
0

 s = UT ,

(47)

(49)

yz =

√1
3

(Jy Jz + Jz Jy ) UT ,

(50)

xz =

√1
3

(Jz Jx + Jx Jz ) UT ,

(51)

xy =

√1
3

(Jx Jy + Jy Jx ) UT ,

(52)

2Jz2 − Jx2 − Jy2 UT ,

(53)

3z2 −r 2 =
x 2 −y 2 =

(41)

√1
3

γ5 =

Jx2 − Jy2 ,

in terms of the six matrices

ν

γ1 =

√1
3

(44)

r

2
cos kν cos kν+1 Jν+2

where Jν , ν = x, y, z, are the standard 4 × 4 spin-3/2 matrices, ν + 1 and ν + 2 are understood as cyclic shift operations
on {x, y, z}, and we henceforth suppress 4 × 4 unit matrices.
The lattice orientation and unit of length are chosen such
that R = (0, 0, 0)T is a lattice point and its nearest neighbors
are (1, 1, 0)T , (−1, 1, 0)T , etc. Note that the Hamiltonian
Eq. (41) can be obtained from the one considered in Ref. [20]
for half-Heusler compounds by omitting terms that are odd
under inversion and thus forbidden for the point group Oh .
The remainder of this section closely follows Ref. [20].
For the numerical evaluations in this section, we take t1 =
−0.918 eV, t2 = 0.760 eV, t3 = −0.253 eV (these are the
same values as in Refs. [18,20]), and μ = −0.880 eV. For
these values, one of the two bands meeting at the quadratic
band-touching point 8 curves upwards and one curves downwards. Both bands are twofold spin degenerate. The chemical
potential lies 0.5 eV below the band-touching point, corresponding to strong hole doping. The resulting relatively large
normal-state Fermi sea is advantageous for real-space calculations but our results are qualitatively unchanged for smaller
negative μ. The Hamiltonian in Eq. (41) can be brought into
the general form introduced in Sec. II with the mapping [72]

γ4 =

(Jx Jz + Jz Jx ),

It is straightforward to verify that the normal-state Hamilto †
nian k ck H0 (k)ck is invariant under Oh and time reversal.
The off-diagonal, superconducting block in Eq. (2) describes local, on-site, pairing and can be expanded as [18–
26,28]

=
r  r
(48)

ν



√1
3

This correctly gives the unitary
operator
⎛
0
⎜ 0
⎜
UT = γ 1 γ 2 = ⎜
⎝ 0
−1

ν

− 4t2

γ3 =

1
3
√1
3

Jx2 − Jy2 UT ,

(54)

which belong to the irreps indicated in the first column. In
Eq. (48), s describes Cooper pairs with total angular momentum J = 0 (singlet), whereas the other five matrices give
Cooper pairs with J = 2 (quintet) [18–26,28]. In the context
of the general model, the five quintet channels correspond to
the internally anisotropic states, whereas the singlet channel
is internally isotropic. All six pairing matrices are even under
time reversal so that the pairing state preserves TRS if and
only if all amplitudes 0r are real or more generally have the
same complex phase.
A. TRSB pairing states

In a weak-coupling theory, the stable pairing state can be
obtained by minimizing the free energy of the interacting
system within a BCS-like mean-field approximation. We do
not pursue this approach here but instead utilize symmetry
arguments to determine allowed pairing states. Below a transition temperature Tc , one or more of the amplitudes r in
Eq. (48) assume nonzero values. By symmetry, the critical
temperatures for amplitudes belonging to the same irrep coincide. Hence, below Tc , one generically expects only a single
amplitude or several amplitudes belonging to the same irrep
to be nonzero. For amplitudes belonging to different irreps to
be nonzero, multiple transitions are required. This is possible
if the corresponding pairing interactions are comparable [23].
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TABLE I. Pairing states that break TRS. The first column specifies the irrep according to which the pairing states transform. Each list in
the second column contains all ordering vectors h or l that are related to one another by point-group operations or time reversal and thus have
the same free energy. The free energy is also invariant under multiplication of all components by the same arbitrary phase factor eiα , expressing
the broken global U(1) symmetry in the superconducting state. The last column specifies the symmetry broken by the pairing state, i.e., the
degeneracy of the equilibrium state.
irrep
Eg
T2g
T2g

ordering vector

degeneracy

h = (1, ±i ) [73]
l = (1, ±i, 0), (0, 1, ±i ), (±i, 0, 1)
l = (1, ω±1 , ω∓1 ), (1, ω±1 , ω±2 ), (1, ω±2 , ω±1 ), (1, ω±2 , ω∓2 ), ω = eiπ/3

U(1) × Z2
U(1) × Z6
U(1) × Z8

In this section, we present the Bogoliubov Fermi surfaces
and the pseudomagnetic field acting on the low-energy states
for various TRSB combinations of the quintet pairing potentials. The corresponding surface states are discussed in the
following subsection. For illustration, we take large numerical
values of the gap amplitude since this leads to sizable Bogoliubov Fermi surfaces. Our qualitative results concerning the
Fermi surface topology and the pseudomagnetic field do not
depend on the specific gap amplitude.

expected along the (111) and equivalent directions in the
single-band case. The pockets and the whole quasiparticle
band structure do not break any lattice symmetries. The only
broken discrete symmetry is TRS.
The time-reversal-odd gap product for the TRSB Eg state
is given by

1. E g pairing

This represents an octopolar magnetic order parameter and
belongs to the irrep A2g . It is interesting to note that this order
parameter also appears in the context of frustrated magnetism
on the pyrochlore lattice, where it describes all-in-all-out
(AIAO) magnetic order of spins at the four corners of the
elementary tetrahedra. The term appears in the single-particle
mean-field Hamiltonian of the j = 3/2 electron bands [74–
76]. The octopolar structure is clearly seen in the pseudomagnetic field in Fig. 1(b).
Although the pseudospin is not related in a simple way
to the true spin, the pseudomagnetic field will generally be
accompanied by a polarization of the physical spin since TRS
is broken. We here define the magnetization as the expectation value of the total angular momentum J. In the current
theory, the magnetization contribution from states close to the
normal-state Fermi surface at momentum k has the compo-

For pairing restricted to states from the Eg irrep, the
general potential reads
 = 0 (h3z2 −r 2 3z2 −r 2 + hx 2 −y 2 x 2 −y 2 )

(55)

so that the pairing state is characterized by the ordering
vector h = (h3z2 −r 2 , hx 2 −y 2 ). A Landau analysis [1,2,18] gives
h = (1, 0), (0, 1), and (1, i) as possible equilibrium solutions
as well as symmetry-related vectors h obtained by applying
point-group operations or time reversal. Since 3z2 −r 2 and
x 2 −y 2 cannot be mapped into each other by any point-group
symmetry, the pairing states h = (1, 0) and (0,1) do not generically have the same free energy [1,2,23]. The state with h =
(1, i) breaks TRS. There are two symmetry partners, which
are listed in Table I. As shown in Fig. 1(a), this state possesses
Bogoliubov Fermi surfaces, replacing the eight point nodes

8
†
† − T T = √ 20 (Jx Jy Jz + Jz Jy Jx ) .
3

(56)

FIG. 1. Low-energy structure of the TRSB Eg pairing state with h = (1, i ). (a) Bogoliubov Fermi surfaces (opaque orange) in comparison
to the normal-state Fermi surface (semi-transparent). A gap amplitude of 0 = 0.2 eV has been used. (b) Pseudomagnetic field acting on the
states at the Fermi surface due to the nonunitary pairing state. Note that the orientation is basis dependent and corresponds to our choice of the
MCBB defined in Appendix A. (c) Magnetization of the states at the Fermi surface arising from the pseudomagnetic field.
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FIG. 2. Low-energy structure of the TRSB T2g pairing states with l = (1, i, 0) [(a)–(c)] and l = (1, e2π i/3 , e−2π i/3 ) [(d)–(f)]. [(a) and (d)]
Bogoliubov Fermi surfaces (opaque orange) in comparison to the normal-state Fermi surface (semi-transparent). [(b) and (e)] Pseudomagnetic
field acting on the states at the Fermi surface. Note that the orientation is basis dependent and corresponds to our choice of the MCBB defined
in Appendix A. [(c) and (f)] Magnetization of the states at the Fermi surface arising from the pseudomagnetic field. For (a) and (d), a gap
amplitude of 0 = 0.2 eV has been used.

nents
mk,μ = −

1
|vk,− |

δhk,− · Tr (Pk,− šPk,− Jμ ) .

(57)

The derivation is relegated to Appendix B. Note that mk,μ
is independent of the specific choice of the pseudospin basis since both δhk,− and š are transformed simultaneously
when going from one basis to another. The magnetization
is plotted in Fig. 1(c) and the octopolar structure is again
readily apparent. The octopolar magnetic order implies that
there is no overall magnetization in this state. Note that a
pseudomagnetic field does not necessarily imply a magnetization at a given momentum: although δhk,− is nonzero in
the planes kμ = 0, μ = x, y, z, the magnetization vanishes in
these directions.

pairing states correspond to l = (1, i, 0) (chiral state) and
l = (1, e2πi/3 , e−2πi/3 ) (cyclic state). The symmetry partners
of these states are listed in Table I. Since xz , yz , and xy
can be transformed into one another by rotations contained in
Oh , these TRSB states are sixfold and eightfold degenerate,
respectively.
We first examine the chiral state, which was previously
discussed in Ref. [19]. The line node in the kx ky plane and
the point nodes on the kz axis for the single-band model are
inflated into toroidal and spheroidal pockets, respectively, as
shown in Fig. 2(a). As evidenced by the Bogoliubov Fermi
surfaces, the gap is nonunitary and the time-reversal-odd gap
product is
†

† − T T =

2. T2g pairing

The general from of a pairing potential involving only
states from the T2g irrep is
 = 0 (lyz yz + lxz xz + lxy xy ) .

(58)

The pairing states in the T2g sector are characterized
by different vectors l = (lyz , lxz , lxy ). A Landau analysis
[1,2,18] shows that the possible equilibrium solutions are
l = (1, 0, 0), (1, 1, 1), (1, i, 0), and l = (1, e2πi/3 , e−2πi/3 ),
as well as symmetry-related vectors l. The two distinct TRSB

4 2
 7Jz − 4Jz3 .
3 0

(59)

The gap product belongs to the irrep T1g (of which the spin
operators Jν are irreducible tensor operators), and involves
both dipolar (∝ Jz ) and octopolar (∝ Jz3 ) contributions. Intriguingly, these appear in precisely the same combination as
the order parameter of two-in-two-out order on the elementary
tetrahedra of the pyrochlore lattice, which is associated with
a polarization along the z axis. The two-in-two-out condition
constitutes the ice rule and leads to interesting spin-ice (SI)
physics [75,76].

224509-9

BRYDON, AGTERBERG, MENKE, AND TIMM

PHYSICAL REVIEW B 98, 224509 (2018)

The time-reversal-odd gap product for the cyclic state l =
(1, ωa , ωb ) reads

π (a − b)
πb
4
†
x̂ + sin
ŷ
† − T T = − 20 sin
3
3
3

πa
− sin
ẑ · (7J − 4J3 ),
(60)
3

FIG. 3. Small-gap form of the Bogoliubov Fermi surfaces
(opaque orange) of the cyclic TRSB T2g pairing state with l =
(1, e2π i/3 , e−2π i/3 ) in comparison to the normal-state Fermi surface
(semi-transparent). We have chosen the gap amplitude 0 = 0.05 eV
for this plot. For larger gap amplitudes, the eight Bogoliubov Fermi
surfaces merge into two, as shown in Fig. 2(d).

The pseudomagnetic field of the low-energy states is shown
in Fig. 2(b); although it displays a complicated vortexlike
structure, an overall polarization in the z direction is apparent, consistent with the dipole nature of the nonunitary part.
The physical magnetization, presented in Fig. 2(c), clearly
shows a net moment along the z axis. Interestingly, the
pseudomagnetic field in the vicinity of the toroidal Bogoliubov Fermi surface gives a negligible magnetization. The
symmetry-related l = (0, 1, i) and l = (i, 0, 1) states have
a similar nodal (magnetic) structure, but with the point
nodes (magnetization) oriented along the x and y axis,
respectively.
In a single-band system, the cyclic state l = (1, ωa , ωb )
with ω = eiπ/3 , see Table I, has point nodes along the three
crystal axes, and two additional point nodes along the direction (−1)a+b x̂ + (−1)b ŷ + (−1)a ẑ, which remains a threefold rotational axis. However, instead of the expected eight
Bogoliubov Fermi surfaces, Fig. 2(d) only shows two. This
results from the merging of the Bogoliubov Fermi surfaces
originating from the point nodes along the [111] direction with
the surfaces from the three nearest nodes along the crystal
axes. Despite choosing the same gap magnitude in all figures,
the merging of the Fermi surfaces is not seen in the Eg or
chiral T2g states for two reasons: first, the pairing state in
the cyclic T2g state has three instead of two components,
and hence the pseudomagnetic field has larger magnitude
near the point nodes. Second, the would-be point nodes are
relatively close together in momentum space and the superconducting gap between them remains significantly smaller
than the gap far from the nodes. Choosing a smaller gap
amplitude results in disconnected Bogoliubov Fermi surfaces:
multiplying 0 by a factor of 1/4 gives the nodal surfaces
shown in Fig. 3. This is convenient, as we will later want
to exhibit surface states between the projections of inflated
nodes.

where J3 is the vector (Jx3 , Jy3 , Jz3 ). Again, the nonunitary
part has the same form as a magnetic order parameter on
the pyrochlore lattice, in this case a spin-ice variant with
magnetization along the threefold rotation axis. In Ref. [75],
this is referred to as three-in-one-out (3I1O) order. For the
case of l = (1, ω2 , ω−2 ), a net pseudomagnetic field along
the threefold rotation axis is clearly visible in Fig. 2(e), in
addition to a complicated field texture. Plotting the physical
magnetization in Fig. 2(f), the existence of a net magnetic
moment along the [111] direction is evident.
3. Mixed pairing

The cases considered so far exhaust the essentially different TRSB pairing states that belong to a single irrep of Oh . As
noted above, pairing amplitudes from different irreps may coexist if the corresponding pairing interactions are comparable
[23]. An important example of such a state is provided by
 = 0 (x 2 −y 2 + ixy ),

(61)

which mixes the Eg and T2g irreps. Projected into the band
states close to the zone center, this realizes a (kx + iky )2 -wave
state. In contrast to the pure-irrep states for Oh , the singleband version supports point nodes with quadratic dispersion
in the directions along the normal-state Fermi surface [2,23],
so-called double Weyl points. Such nodal structures can appear
for pure-irrep pairing in other points groups, e.g., for D6h as
discussed below. The underlying point group is not essential
for the topological properties of the states or the structure of
the Bogoliubov Fermi surfaces, which are shown in Fig. 4(a).
For the same value for the gap amplitude as in Figs. 1 and 2,
we find much larger inflated nodes. The large nodal surfaces
reflect the quadratic dispersion of the double Weyl points of
the projected gap along the normal-state Fermi surface: since
the dispersion is quadratic, a pseudomagnetic field of the same
order as for the other cases leads to a much larger inflated
node. The dimensions of the Bogoliubov Fermi surfaces can
be estimated as follows [19]: In the direction perpendicular
to the normal-state Fermi surface, the quasiparticle dispersion
is proportional to vF δk⊥ , where δk⊥ is the distance from the
Fermi surface. Since the pseudomagnetic field is proportional
to |0 |2 , it follows that the size of the inflated nodes in the
perpendicular direction scales as δk⊥ ∼ |0 |2 . In the directions along the normal-state Fermi surface, the quasiparticle
dispersion for a single-Weyl node (relevant for pure-irrep
pairing) is proportional to |0 | δk , where δk is the distance
along the Fermi surface. Comparing this to the pseudomagnetic field proportional to |0 |2 , we find that the size of the
inflated nodes along the normal-state Fermi surface scales as
δk ∼ |0 |. In the present case of a quadratic point node,
however, the energy in the parallel direction is proportional
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FIG. 4. Low-energy structure of the TRSB mixed Eg -T2g pairing state of Eq. (61). (a) Bogoliubov Fermi surfaces (opaque orange) in
comparison to the normal-state Fermi surface (semitransparent). A gap amplitude of 0 = 0.2 eV has been used. (b) Pseudomagnetic field
acting on the states at the Fermi surface due to the nonunitary pairing state. Note that the orientation is basis dependent and corresponds to our
choice of the MCBB defined in Appendix A. (c) Magnetization of the states at the Fermi surface arising from the pseudomagnetic field.

to |0 | (δk )2 so that the size of the inflated nodes scales as
δk ∼ |0 |1/2 .
The mixed-irrep state is nonunitary and has the timereversal-odd gap product
†

† − T T =

2 2
 13Jz − 4Jz3 .
3 0

surfaces. The plots would of course be identical for directions
related by point-group symmetries; this will not be the case for
some of the superconducting states since these break lattice
symmetries. Note that the k1 and k2 axes for the (100) surface
are rotated by 45◦ relative to the cubic ky and kz axes.

(62)

This belongs to the T1g irrep and resembles the nonunitary
part for the chiral T2g state. In contrast to the nonunitary part
of the pure-irrep TRSB state, Eq. (62) does not have a straightforward interpretation in terms of magnetically ordered states
of the pyrochlore lattice. The pseudomagnetic field associated
with the mixed-irrep pairing state is shown in Fig. 4(b). It
displays pronounced vortexlike structures similar to those of
the chiral T2g state. The physical magnetization presented in
Fig. 4(c) evidences a net moment along the z axis.
B. Surface states

Surface states are studied by diagonalizing the BdG
Hamiltonian (2) implemented on a real-space slab of finite
thickness. We will consider (111) and (100) surfaces, as
well as their symmetry partners. The slabs preserve translation symmetry in two directions so that the Hamiltonian can be block diagonalized by Fourier transformation
in these directions. Each block has the dimension 8W ×
8W , where W is the number of layers in the slab. The
wave vector parallel
to the surfaces
√
√ is written as k =
k1 (1, −1, 0)T / 2 + k2 (1, √
1, −2)T / 6 for the √(111) case
and as k = k1 (0, 1, 1)T / 2 + k2 (0, −1, 1)T / 2 for the
(100) case. More details can be found in Ref. [20].
In the following, we study the surface states of the TRSB
states with Bogoliubov Fermi surfaces introduced above. The
model system possesses surface states even in the normal
phase [77], which form bands that emanate from the quadratic
band-touching point. They are analogous to the surface bands
in noncentrosymmetric half-Heusler materials [20,78,79], except that they are twofold spin degenerate due to the IS in
point group Oh . For later comparison with the superconducting states, the dispersion of the surface band closest to the
Fermi energy is shown in Fig. 5 for the (111) and (100)

FIG. 5. Dispersion of the surface bands in the normal state for
(a) the (111) surface and (b) the (100) surface, for a thickness of
W = 1000. The projection of the bulk Fermi sea is shown in gray.
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FIG. 6. Dispersion of the surface bands in the Eg pairing state
with h = (1, i ) for the (111) surface. The thickness is W = 1000.
Only a close-up of the region of the normal-state Fermi sea is shown.
The spectrum at each momentum is symmetric, the color refers to
the absolute value of the corresponding two energies ±(k1 , k2 ). The
projections of the Bogoliubov Fermi pockets are shown in gray. In
the white regions, no surface states are found.

The surface bands in Fig. 5 cross the Fermi energy, seen as
smooth changes from blue through black to red, i.e., there are
one-dimensional Fermi lines of surface states. These Fermi
lines are not protected; the surface bands can be continuously
deformed so that they do not cross the Fermi energy. Their
presence is nevertheless interesting since it allows us to study
their fate when superconductivity sets in.
We first consider the Eg state with h = (1, i). The surface
dispersion for the (111) surface is shown in Fig. 6, which
should be compared to Fig. 5(a) for the normal state. We
clearly see the projections of the eight equivalent spheroidal
Fermi pockets, where the two in the [111] and [1̄1̄1̄] directions
are projected on top of each other. In addition, there are arcs of
zero-energy surface states connecting the other six projected
pockets. Since the spectrum at each (k1 , k2 ) consists of pairs
±(k1 , k2 ), two dispersive surface bands with opposite velocities cross at each arc. An analysis of the corresponding
states shows that the two bands consist of states localized
at opposite surfaces. Hence there are two arcs originating
from each of the outer pockets at each surface. The associated
velocities are found to point in the same direction for the two
arcs at the same surface, i.e., they have the same chirality.
The two arcs per surface are in agreement with the pockets
having Chern numbers ±2, see Sec. V A below. For the central
two pockets, no arcs are present, consistent with their Chern
numbers adding up to zero.
Next, we turn to the chiral T2g pairing state with l =
(1, i, 0). The chosen gap amplitude is the same as for the
Eg state. Figure 7 shows the surface dispersion for the (100)
surface. The plot should be compared to Fig. 5(b) for the
normal state. The surface bands originating from the normal
state survive but their Fermi lines are mostly gapped out and
replaced by valleys at nonzero energy. Instead, the surface
bands develop new nodal lines, which are seen as closed,

FIG. 7. (a) Dispersion of the surface bands in the chiral T2g
pairing state with l = (1, i, 0) for the (100) surface. The thickness
is W = 1000. (b) Close-up of the central region of (a), where in the
normal state the Fermi sea would be found. The spectrum at each
momentum is symmetric, the color refers to the absolute value of
the corresponding two energies ±(k1 , k2 ). The projections of the
Bogoliubov Fermi pockets are shown in gray. In the white regions,
no surface states are found.

black loops in Fig. 7. These lines are not topologically protected and hence their existence and shape depends on details
of the model. The projections of the two spheroidal and the
toroidal Fermi pockets, see Fig. 2(a), are also clearly visible
in Fig. 7. In addition, each projected spheroidal pocket is
connected to the projected toroidal pocket by two Fermi arcs,
in agreement with Chern numbers of ±2 for the spheroidal
pockets. The two arcs localized at the same surface have the
same chirality, as expected. The arcs can also be understood
in terms of twofold degenerate arcs as found by Tamura et al.
[80] for a single-band model, which are split into two by the
pseudomagnetic field [19]. As we will see, the toroidal pocket
has Chern number 0 and thus does not impose the presence of
any arcs. However, its large projection is in the way of the arcs
from the spheroidal pockets. There are four arcs connected
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FIG. 8. Dispersion of the surface bands in the chiral T2g pairing
state with l = (1, i, 0) as in Fig. 7(b), but for the (001) surface.

to the projection of the toroidal pocket, with their chirality
summing to zero.
Figure 7 shows the projection of the inflated line node on
edge. Since line nodes in other topological superconductors,
namely noncentrosymmetric ones that preserve TRS, are accompanied by flat surface bands [8,81–85], one might ask
whether the same is true here. To check this, we plot in Fig. 8
the surface dispersion for the (001) surface. The projection
of the inflated line node is clearly visible as the rounded
gray square. Obviously, there is no flat band delimited by
the projected node. Indeed, a flat band is not expected since
the inflated line node is protected by nontrivial Pfaffians in
each mirror-parity sector, as discussed further in Sec. V B.
These Pfaffians are only defined in the mirror-invariant kz =
0 plane. The nature of line nodes in noncentrosymmetric
superconductors with TRS is different: they are protected by
winding numbers calculated along closed loops around the
node. The argument for the existence of flat bands relies on the
deformation of these loops into straight lines perpendicular to
the surface [8,85]. Such a construction is not possible for the
present case of nodes protected by a mirror symmetry.
The cyclic T2g pairing state with l = (1, e2πi/3 , e−2πi/3 )
only has inflated point nodes. We consider the (11̄1)
surface here. This is equivalent to the (111) surface
for l = (1, eπi/3 , e−πi/3 ). The (111) surface for l =
(1, e2πi/3 , e−2πi/3 ) is less instructive since two of the Fermi
pockets are projected on top of each other. The dispersion of
surface states is shown in Fig. 9 for the smaller gap amplitude
0 = 0.05 eV, for which the Bogoliubov Fermi pockets are
separated. The Fermi pockets are shown in Fig. 3 above. The
projections of the eight Fermi pockets are clearly visible in
Fig. 9. Note that the two at the larger distance from the center
are inequivalent to the other six. All pockets are connected by
Fermi arcs in pairs. There are two arcs associated with each
pocket, as expected for Chern numbers of ±2.
Finally, we consider the mixed-irrep pairing state of
Eq. (61). The surface dispersion for the (100) surface is shown
in Fig. 10. The edge-on projections of the large Bogoliubov
Fermi pockets are clearly visible. Four arcs emanate from

FIG. 9. Dispersion of the surface bands in the cyclic T2g pairing
state with l = (1, e2π i/3 , e−2π i/3 ) for the (11̄1) surface. The thickness
is W = 1000. Only a close-up of the region of the normal-state Fermi
sea is shown. The spectrum at each momentum is symmetric, the
color refers to the absolute value of the corresponding two energies
±(k1 , k2 ). The projections of the Bogoliubov Fermi pockets are
shown in gray. In the white regions, no surface states are found.

each of them, unlike for the inflated point nodes encountered
so far. It is natural to attribute the doubled number of arcs to
the double-Weyl nature of the original point nodes. Four arcs
would be consistent with Chern numbers Ch1 = ±4. We will
see in Sec. V A that this is indeed the correct explanation.

FIG. 10. Dispersion of the surface bands in the mixed Eg -T2g
pairing state for the (100) surface. The thickness is W = 1000. Only
a close-up of the region of the normal-state Fermi sea is shown.
The spectrum at each momentum is symmetric, the color refers to
the absolute value of the corresponding two energies ±(k1 , k2 ).
The projections of the Bogoliubov Fermi pockets are shown in gray.
In the white regions, no surface states are found.
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IV. HEXAGONAL SUPERCONDUCTORS

In the context of unconventional superconductivity, the
j = 3/2 description of the 8 bands in a cubic system is
rather unfamiliar. Pairing of four-component fermions is more
commonly encounted when the low-energy electron states
have well-defined orbital and spin degrees of freedom, as in
Sr 2 RuO4 or the iron-pnictide superconductors. To show how
our analysis works for such a case, we consider the example
of a hypothetical hexagonal superconductor with point group

D6h , where the low-energy electron states arise from orbitals
belonging to the two-dimensional irrep E1g . Selecting orbitals
from a two-dimensional irrep ensures that both orbitals will
have equal weight at the Fermi surface, and therefore represents a more generic origin of the four-component fermions
as compared to the accidental near-degeneracy of two orbitals
from different irreps. Choosing orbitals which belong to one
of the three other two-dimensional irreps does not introduce
qualitatively new physics.

The normal-state block of the BdG Hamiltonian (2) reads
√




3ky
kx
H0 (k) = 00 − (txy + txyz cos kz ) cos kx + 2 cos cos
− tz cos kz − μ χ0 ⊗ σ0
2
2
√




3ky
kx


+ 23 − (txy + txyz cos kz ) cos kx + 2 cos cos
− tz cos kz χ2 ⊗ σ3
2
2
√
√



√
3ky
3ky
kx
kx
inter
inter
χ3 ⊗ σ0 − 3 sin sin
χ1 ⊗ σ0
− txy + txyz cos kz
cos kx − cos cos
2
2
2
2
√
√



√
3ky
3ky
kx
kx
kx
− 2 tsoc sin kz 2 cos
+ cos
sin χ2 ⊗ σ1 + 3 cos sin
χ2 ⊗ σ2 ,
2
2
2
2
2

(63)

where σμ and χμ are Pauli matrices describing the spin and
the orbital degree of freedom, respectively. This tight-binding
model includes nearest-neighbor hopping in the xy plane and
normal to the plane and also next-nearest-neighbor hopping
out of plane. We note that the third line describes orbitally
nontrivial hopping, while the second and fourth lines describe
spin-orbit coupling. Their matrix structure is determined by
the transformation properties of the orbitals under pointgroup operations. The momentum-dependent prefactors are
constrained by the periodicity in reciprocal space and by
H0 (k) having to transform trivially, i.e., according to the irrep
A1g .
The fundamental difference of the normal-state band structure of the hexagonal model compared to the cubic case
is that there is no symmetry-protected band-touching point
at k = 0 since the double group D6h does not have any
four-dimensional irreps [86]. The five nontrivial Kronecker
products appearing in Eq. (63) are a representation of the
Euclidean Dirac matrices. We can set

00 = 6.625 eV, 23 = 5.3 eV, tz = 1.5 eV, txy = 0.667 eV,


= 0.8 eV, txyz
= 0.133 eV,
txyz = −0.333 eV, tz = 2 eV, txy
inter
inter
txy = 0.462 eV, txyz = −0.231 eV, tsoc = −0.231 eV, and
μ = 3.300 eV, yielding an ellipsoidal Fermi surface for the −
states at the zone center.
The local pairing is described in terms of the six matrices

γ 1 = χ2 ⊗ σ3 ,

(64)

γ 2 = χ2 ⊗ σ1 ,

(65)

γ 3 = χ2 ⊗ σ2 ,

(66)

γ 4 = χ1 ⊗ σ0 ,

(67)

The labeling of the matrices reflects the form of the gap when
projected onto the states near the zone center: the A1g states
are s-wave-like, whereas the E1g and the E2g states resemble
(kx kz , ky kz ) waves and (kx2 − ky2 , kx ky ) waves, respectively.
The unconventional A1g state and the E1g states represent
orbital-singlet spin-triplet pairing, whereas the E2g states
involve orbital-triplet spin-singlet pairing.

γ 5 = χ3 ⊗ σ0

(68)

E1g :

E2g :

 s = UT ,

(70)

s  = (χ2 ⊗ σ3 ) UT ,

(71)

xz = (χ2 ⊗ σ1 ) UT ,

(72)

yz = (χ2 ⊗ σ2 ) UT ,

(73)

x 2 −y 2 = (χ3 ⊗ σ0 ) UT ,

(74)

xy = (χ1 ⊗ σ0 ) UT .

(75)

A. TRSB pairing

Restricting ourselves to pure-irrep pairing, two TRSB pairing states are allowed in our model:

so that the unitary part of the time-reversal operator is
UT = γ 1 γ 2 = χ0 ⊗ iσ2 .

A1g :

(69)

The orbital degree of freedom is therefore invariant under time reversal. For the numerical calculations, we take
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(76)

E2g = 0 (x 2 −y 2 + ixy ) .

(77)
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FIG. 11. Low-energy structure of the TRSB E1g [(a)–(c)] and E2g [(d)–(f)] pairing states. [(a) and (d)] Bogoliubov Fermi surfaces (opaque
orange) in comparison to the normal-state Fermi surface (semitransparent). [(b) and (e)] Pseudomagnetic field acting on the states at the
Fermi surface. Note that the orientation is basis dependent and corresponds to our choice of the MCBB defined in Appendix A. [(c) and (f)]
Magnetization of the states at the Fermi surface arising from the pseudomagnetic field. For (a) and (d), a gap amplitude of 0 = 0.02 eV has
been used.

The single-band analog of the E1g state is a kz (kx + iky )wave state [1,2], similar to the chiral T2g state of the cubic
superconductor. It is thus expected to have line nodes in the
kz = 0 plane and point nodes on the kz axis. In the single-band
limit, the nodal structure of the E2g pairing resembles the
(kx + iky )2 -wave state [1,2], with double Weyl points on the
kz axis. In the two-band system considered here, these nodes
are inflated into Bogoliubov Fermi surfaces, which are shown
in Figs. 11(a) and 11(d). The Fermi surfaces are similar to the
corresponding chiral T2g and mixed-irrep states, respectively,
for the Oh point group. Since for the E2g state the single-band
variant has a double Weyl point, the mechanism explained in
Sec. III A 3 leads to large inflated nodes in the multiband case.
For this reason, a small gap amplitude has been chosen for
Fig. 11.
An interesting distinction between the two states is provided by the time-reversal-odd gap product:
†

†

†

†

E1g E1g − T ,E1g T ,E1g = 420 χ0 ⊗ σ3 ,
E2g E2g − T ,E2g T ,E2g = 420 χ2 ⊗ σ0 .

(78)
(79)

Although in both cases this product belongs to the irrep A2g ,
for the E1g case it represents a purely magnetic order, whereas
in the E2g case it corresponds to chiral orbital order. This

reflects the spin- and orbital-triplet nature of these pairing
states, respectively.
The pseudomagnetic field is shown in Figs. 11(b) and
11(e). Remarkably, the two states have almost identical δhk,− ,
albeit with opposite sign, although their nodal structure and
spin-orbital character are quite different. From this, we obtain
the physical magnetization in analogy to the cubic case,

mk,μ = −

1
|vk,− |

δhk,− · Tr Pk,− šPk,− χ0 ⊗ σμ .

(80)

As expected from the pseudomagnetic field, the physical magnetization is also very similar: in both cases an almost uniform
magnetization across the Fermi surface is observed with net
moment along the z axis, but with opposite sign. Although
such a polarization is not surprising for the E1g state in view
of the explicitly magnetic form of the time-reversal-odd gap
product, it is less obvious for the E2g state, for which the
time-reversal-odd gap product corresponds to orbital order.
The origin of the magnetization in the latter case is the strong
spin-orbit coupling, in particular the term in the second line
of Eq. (63), which converts the orbital polarization into a spin
polarization.
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V. TOPOLOGICAL INVARIANTS

The Bogoliubov Fermi pockets are protected by a Z2
invariant, which we have identified as the relative sign of the
Pfaffian of the unitarily transformed BdG Hamiltonian on the
two sides of the Fermi surface [19]. For a single band, pairing
states with the same symmetries as the ones discussed above
have point and line nodes that are protected by topological
invariants. Specifically, the point nodes have nonzero Chern
numbers, while the line node for the chiral T2g state with
l = (1, i, 0) is protected by a mirror symmetry [6,7,87,88].
It is natural to ask whether these invariants survive in the
multiband case, where the nodes are inflated into Bogoliubov
Fermi surfaces. In the following, we illustrate our general
considerations using the example provided by the j = 3/2
pairing states of the cubic superconductor discussed above.
A. Chern invariant

For CP symmetry satisfying (CP )2 = +1, point nodes
have a 2Z invariant, which is given by the first Chern number
for a closed surface S surrounding the node [71]. This Chern
number is given by [7,88–90]

1 
d 2 s(k) · [∇k × An (k)],
(81)
Ch1 =
2π n occ. S
FIG. 12. Dispersion of the surface bands at the (010) surface for
the TRSB (a) E1g and (b) E2g states. The thickness of the slab is
W = 3000. Only a close-up of the region of the normal-state Fermi
sea is shown. The spectrum at each momentum is symmetric, the
color refers to the absolute value of the corresponding two energies
±(k1 , k2 ). The projections of the Bogoliubov Fermi pockets are
shown in gray. In the white regions, no surface states are found. The
white region in the center of (b) is probably an artifact of the finite
thickness.

B. Surface states

We next consider the surface states at the (010) surface, i.e.,
the one normal to the ky axis. We do not find surface bands
in the normal state. This is expected since the normal-state
surface bands for the cubic model originate from the topologically nontrivial band-touching point at k = 0, which does
not exist for the D6h point group. Figure 12 shows the surface
dispersion for the E1g and E2g pairing states. Surface bands
only appear where the normal-state Fermi sea has been gapped
out, which is consistent with the absence of surface bands in
the normal state. For E1g pairing, two Fermi arcs emanate
from each of the two spheroidal Fermi pockets, consistent
with Chern number Ch1 = ±2. Note that the Fermi pockets
are so thin that they are essentially invisible if viewed from
the edge. For the E2g case, we find that the localization length
of surface states becomes very large for k1 approaching zero
so that for small k1 they become indistinguishable from bulk
states even for the large thickness of W = 3000 used here. The
white region in the center of Fig. 12(b) is thus expected to be
at least partially an artifact of the finite thickness. There are
four arcs emanating from each inflated node, consistent with
the Chern numbers Ch1 = ±4.

where d 2 s(k) is a vectorial surface element in momentum
space and An (k) is the Berry connection for the nth band,
An (k) = i un (k)|∇k |un (k),

(82)

in terms of the Bloch states |un (k). The sum in Eq. (81)
is over the occupied bands. Note that Eq. (81) only holds if
the occupied bands are nondegenerate on S [7], which is the
case here since TRS is broken. It is worth emphasizing that
this is not a classification of nodal points but rather of closed
surfaces S in momentum space for which the gap does not
close anywhere on S. A nonzero Chern number guarantees
that the gap closes somewhere in the enclosed volume but this
need not happen at a single point.
Following Berry [91], one can rewrite the Chern number as
a Kubo-type expression,

i 
Ch1 =
d 2 s(k)
2π n occ. m=n S
·

un (k)|(∇k H)|um (k) × um (k)|(∇k H)|un (k)
,
(Ekn − Ekm )2
(83)

where Ekn is the eigenenergy of the Bloch state |un (k).
This form is useful for the numerical evaluation since it is
independent of the choice of phases of the Bloch states. With
this, the eight spheroidal Fermi pockets for the Eg state with
h = (1, i), shown in Fig. 1(a), have Ch1 = ±2. The sign of
Ch1 for neighboring pockets is opposite.
The surfaces enclosing the upper (lower) spheroidal Fermi
pocket for the chiral T2g state, shown in Fig. 2(a), are found
to have Chern number Ch1 = −2 (+2). Surfaces enclosing
the whole toroidal pocket have Ch1 = 0. For the cyclic T2g
state, shown in Fig. 3, there are two distinct classes of inflated
point nodes. Their Chern numbers of Ch1 = ±2 are indicated
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The BdG Hamiltonian satisfies mirror symmetry in the xy
plane:
Uσ z H(kx , ky , −kz ) Uσ† z = H(kx , ky , kz ),
with
Uσ z


 iπJz
0
ie
= τ0 ⊗ σ0 ⊗ σz ,
=
0 −i e−iπJz

(84)

(85)

where the first factor in the Kronecker product refers to
Nambu space and the other two to spin-3/2 space [92]. In the
kz = 0 plane, this is a symmetry at fixed momentum. Hence,
it is possible to block diagonalize H(kx , ky , 0):


0
H+ (kx , ky )
,
(86)
H(kx , ky , 0) →
0
H− (kx , ky )
FIG. 13. Schematic of the locations and Chern numbers of
the inflated point nodes for the cyclic T2g pairing state with l =
(1, e2π i/3 , e−2π i/3 ) and sufficiently small pairing amplitude. Compare
Fig. 3.

in Fig. 13. The Chern numbers of the three pockets on the
cubic axes and next to one of the pockets at a corner are
equal to each other but opposite to the one of the pocket at
the corner. Hence the Chern numbers of the four Bogoliubov
Fermi pockets that merge for larger pairing amplitudes add
up to ±4, which are thus the values for the large pockets of
complicated shape shown in Fig. 2(d).
Finally, in the mixed-irrep x 2 −y 2 + ixy state, the large
upper (lower) pocket seen in Fig. 4(a) has Chern number
Ch1 = +4 (−4). Our results for the Chern numbers of the
inflated point nodes are consistent with the Berry curvature
obtained in Ref. [23].
In summary, the spheroidal pockets for all considered pairing states are protected by Chern invariants, in agreement with
a recent analysis by Bzdušek and Sigrist [88]. Consequently,
the pockets can shrink to points but not vanish unless they
annihilate pairwise. There is no corresponding protection of
the toroidal pocket for the chiral T2g state. The Chern numbers
are all even, as expected for CP -symmetric superconductors
[71]. They are also consistent with the observed number of
Fermi arcs of surface states, namely two for pockets with
Ch1 = ±2 and four in the case of Ch1 = ±4.
We thus find that the inflated point nodes (spheroidal pockets) are protected by two distinct invariants: an even Chern
number and a Pfaffian [19,70,71]. Bzdušek and Sigrist [88]
have recently formulated a comprehensive theory of nodal
points, lines, and surfaces protected by two invariants, which
they have dubbed “multiply charged nodes.”

B. Additional Pfaffians

Neither the Altland-Zirnbauer class D nor CP symmetry
squaring to +1 leads to invariants protecting line nodes in
three dimensions [71]. Hence lattice symmetries are required
for constructing an invariant for the line node in the singleband version of the chiral T2g state. In the following, we
show that this also holds for the toroidal Fermi pocket in the
multiband case.

where H± (kx , ky ) belongs to mirror eigenvalue ±1 of Uσ z .
Since Uσ z is already diagonal in our basis, only a reordering of
rows and columns is required to bring H(kx , ky , 0) into blockdiagonal form.
As discussed in Sec. II B, the BdG Hamiltonian can be
transformed into an antisymmetric matrix H̃(k) with the
unitary matrix  of Eq. (24). Since  commutes with Uσ z , 
also maps the block-diagonal form of the kz = 0 Hamiltonian
into a block-diagonal antisymmetric matrix


0
H̃+ (kx , ky )
.
(87)
0
H̃− (kx , ky )
We can now calculate the Pfaffians of H̃± (kx , ky ) separately:
Pf H̃+ (kx , ky ) =  k ,  k ,

(88)

Pf H̃− (kx , ky ) =  k ,  k  + 420 ,

(89)

where k = (kx , ky , 0). The full Pfaffian in Eq. (25) can be
decomposed into a product of two Pfaffians in the kx ky plane,
P (kx , ky , 0) = Pf H̃(kx , ky , 0)
= Pf H̃+ (kx , ky ) Pf H̃− (kx , ky ) .

(90)

For each mirror sector, we find zero-energy states wherever
the corresponding Pfaffian changes sign. These sign changes
generically define closed lines in the kx ky plane. Since the two
Pfaffians change their sign at different (kx , ky ), the lines do
not coincide; they correspond to the two intersections of the
toroidal Fermi pocket with the kx ky plane. We conclude that
these two intersections are separately protected by Z2 invariants, namely the relative signs of the two Pfaffians Pf H̃± (k).
This implies that the toroidal pocket cannot be transformed
into several spheroidal pockets, or a string of sausages, by
symmetry-preserving changes of the Hamiltonian. However,
it is possible to shrink the inner edge to a point and annihilate
it, which transforms the toroidal pocket into a spheroidal one.
Then, the outer edge could also be contracted to a point and
annihilated, which would gap out the whole pocket. This is
possible since it is not protected by a nonzero Chern number.
An analogous argument can be made based on twofold
rotation symmetry about the z axis. The symmetry can be
expressed as
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with the same matrix Uσ z . This is a symmetry at fixed momentum for kx = ky = 0, i.e., on the kz axis. Also here we find
separate Pfaffians protecting the two intersections of the kz
axis with each of the spheroidal Fermi pockets. The spheroidal
pockets are thus triply protected—by a Chern number and by
two Pfaffians.
VI. PHENOMENOLOGICAL THEORY

The physics underlying Bogoliubov Fermi surfaces can be
included in an intuitive extension of the usual Landau freeenergy functional [2] to the TRSB pairing states considered
here. Specifically, we have seen how the pseudomagnetic
field responsible for inflating the point and line nodes into
Bogoliubov Fermi surfaces is related to the projection of the
nonunitary part of the gap product into the low-energy states:
the time-reversal-odd part of the nonunitary gap product corresponds to a magnetic order parameter and the pseudospin
polarization of the low-energy states results in a corresponding physical magnetization. Thus the expectation value of the
magnetic order parameter is nonzero in the TRSB nonunitary
superconducting states. As shown in Sec. II, this is directly
responsible for the appearance of the Bogoliubov Fermi surfaces.
The induced magnetic order can be included in the
Landau expansion of the free energy as a subdominant order
parameter. For example, in the case of Eg pairing in the cubic
superconductor, the expansion reads
FEg = α |h|2 + β1 |h|4 + β2 |h × h∗ |2
+ αAIAO ϕ 2 + iκAIAO ẑ · (h × h∗ ) ϕ,

(92)

where we refine our notation for the vector order parameter as
h = 0 h = h3z2 −r 2 x̂ + hx 2 −y 2 ŷ, so as to be able to define the
cross product. The choice β2 < 0 stabilizes the TRSB pairing
state. The first line corresponds to the free energy of the purely
superconducting state, while the second describes the coupling between the pairing and the magnetic order parameter ϕ,
which, following the correspondence to the pyrochlore lattice,
we designate as the AIAO order. For the AIAO order to be
subdominant, we require αAIAO > 0. It can then only appear
if ẑ · (h × h∗ ) is nonzero, as is realized in the TRSB state.
Although the term coupling the TRSB Eg pairing and the
AIAO order is generally allowed on symmetry grounds, the
coupling a nonzero constant κAIAO is necessary for the TRSB
state to support Bogoliubov Fermi surfaces.
Similarly, the free energy of the T2g states is

|ln |2 |lm |2
FT2g = α |l|2 + β1 |l|4 + β2 |l · l|2 + β3
n>m
∗

+ αSI |M| + iκSI (l × l ) · M,
2

(93)

where l = 0 l is the vector order parameter. In the first line,
the condition 0 < β3 < 4β2 stabilizes the chiral state, whereas
the cyclic state requires that β3 < 0 < β2 [2]; all other choices
yield a time-reversal-symmetric pairing state. The second line
describes the coupling to the subdominant magnetic order
parameter M, which we call the SI order, again referencing the
magnetic phases of the pyrochlore lattice. A nonzero coupling
constant κSI indicates that a TRSB superconducting state will
develop Bogoliubov Fermi surfaces. We note that when all

components of the induced SI order parameter are nonzero
(as in the case of the cyclic state), an additional AIAO order
is generally present due to particle-hole asymmetry in the
normal-state dispersion [75]. This AIAO state will be of order
60 , however, and is therefore negligible in the weak-coupling
limit.
The case for the hexagonal superconductor is analogous,
but illustrates an interesting interplay between the magnetic
and orbital orders. For example, in the case of the E2g pairing,
we can expand the free energy as
FE2g = α|r|2 + β1 |r|4 + β2 |r × r ∗ |2 + αM M 2 + αO O 2
+ αMO MO + iκO ẑ · (r × r ∗ ) O,

(94)

where r = x 2 −y 2 x̂ + xy ŷ is the vector order parameter of
the superconducting state. As for the E1g irrep of the cubic
superconductor, the TRSB state r ± = 0 (1, ±i) is stabilized
by β2 < 0. On the second line, M and O represent the magnetic and orbital orders, respectively. Note that since M and
O belong to the same irrep (A2g ), a bilinear coupling between
the two is allowed on symmetry grounds, and is in general
nonzero due to the spin-orbit-coupling term proportional to
χ2 ⊗ σ3 in the normal-state Hamiltonian Eq. (63). Finally, in
the last line we have the coupling between the superconducting and orbital orders. When the superconducting state breaks
TRS, the induced orbital order in turn induces a magnetization
via the bilinear term in the second line.
The examples discussed above illustrate an important concept in the theory of “intertwined” orders [64,65]: a multidimensional “primary” order, here represented by the vector
order parameters of the superconducting states, can combine
to form a “composite” order, in this case the nonunitary part of
the gap product. A concrete example of this in a related system
was recently given in [37], where a nonunitary chiral d-wave
superconducting state on the honeycomb lattice was shown
to generate a loop current order. Since the composite and
the primary orders break different symmetries, in principle
these orders can appear at different temperatures. This raises
the intriguing possibility that the induced magnetic or orbital
order preempts the superconductivity.
VII. SUMMARY AND CONCLUSIONS

In this paper, we have presented a general theory of
Bogoliubov Fermi surfaces, which generically appear in
multiband inversion-symmetric (even-parity) superconducting states with spontanously broken TRS. We have focused on
the case of electrons with four-valued internal degrees of freedom. Our results do not depend on any specific origin of these
degrees of freedom. Moreover, the generalization to a larger
number of internal degrees of freedom is straightforward.
The fourfold internal degree of freedom allows for exotic
internally anisotropic pairing states. Even for an s-wave
momentum-independent pairing potentials, these states can
transform nontrivially under lattice symmetries due to the
dependence on the internal degrees of freedom. We have
shown that this typically implies that the pairing potential
is nonunitary, but nonunitarity alone is not sufficient for
the existence of Bogoliubov Fermi surfaces. Rather, a timereversal-odd part of the nonunitary gap product is required,
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as we have discussed in detail. The Bogoliubov Fermi surfaces are topologically protected by a Z2 invariant, which
we have given explicitly in terms of the Pfaffian of the BdG
Hamiltonian transformed into antisymmetric form [19]. The
physics can be understood based on an effective low-energy
single-band model. In this model, TRSB superconductivity
generates a pseudomagnetic field that is closely linked to
the time-reversal-odd gap product. The pseudomagnetic field
inflates point and line nodes into Bogoliubov Fermi surfaces.
The Bogoliubov Fermi surfaces originating from inflated
point nodes retain their topological protection by nonzero
Chern numbers, providing an example for multiply protected
nodes [88]. In addition, at high-symmetry planes and lines
in the Brillouin zone, additional topological invariants can be
constructed in terms of Pfaffians. These invariants further restrict the possible deformations of Bogoliubov Fermi surfaces
by changing the Hamiltonian without breaking symmetries,
as we have discussed. Furthermore, we have constructed a
phenomenological Landau theory, which includes the magnetic order that is induced by the pseudomagnetic field in the
TRSB superconducting state. Intriguingly, in this formulation,
the magnetic order may appear as a composite order parameter based on fluctuations of the primary superconducting
order parameter, constituting an example of intertwined orders
[37,64,65].
Our general findings have been illustrated for two specific
models: a cubic system of electrons with total angular momentum j = 3/2, which generically appear close to the 8
band-touching point, and a hexagonal superconductor with
internal spin and orbital degrees of freedom. For each model,
we have shown the Bogoliubov Fermi surfaces in the TRSB
superconducting states expected from symmetry analysis and
Landau theory. We have also obtained the pseudomagnetic
field and the physical magnetization of the low-energy quasiparticles. Moreover, we have plotted the dispersion of surface
states, which exhibit Fermi arcs consistent with the Chern
numbers 0, ±2, ±4 of the Fermi pockets. The hexagonal
model is particularly interesting because one of its pure-irrep
TRSB pairing states show double Weyl points in the singleband limit, which become inflated into comparatively large
Bogoliubov Fermi pockets.
In this work, we have restricted ourselves to systems
with IS, which ensures the existence of the Pfaffian and
hence the topological protection of Bogoliubov Fermi surfaces. Such Fermi surfaces can also be present in noncentrosymmetric superconductors, however, but they no longer
possess topological stability, i.e., they can be removed by a
symmetry-preserving perturbation of the Hamiltonian. Such
“accidental” Bogoliubov Fermi surfaces have been proposed
for an analog of the chiral T2g state in YPtBi [20]. Although
recent penetration-depth measurements indicate a gap with
line nodes [27], a small residual density of states due to
Bogoliubov Fermi surfaces is not ruled out.
As the next steps, it is necessary to work out detailed
experimental signatures of the Bogoliubov Fermi surfaces.
Experiments probing the finite density of states at the Fermi
energy and the magnetization of low-energy quasiparticles
are most promising. For example, the magnetization could
lead to a magneto-optical Kerr effect. The magneto-optical
Kerr effect has been observed in a number of heavy Fermion

superconductors [44,48,51], suggesting that this class of materials represents an ideal class to search for Bogoliubov Fermi
surfaces. One promising candidate is URu2 Si2 , for which the
finite-field normal state to superconducting transition is first
order at low temperatures [62]. This suggests a pseudospin
singlet pairing state. In addition, URu2 Si2 exhibits a finite
polar Kerr signal in the superconducting state [51] and there is
evidence for a residual density of states in zero-field thermal
conductivity data [62]. Prior to the theoretical prediction of
Bogoliubov Fermi surfaces, this residual density of states has
been interpreted as a consequence of impurity scattering [62].
Our theory suggests that it is worthwhile to experimentally
revisit this interpretation. A second promising candidate material is thoriated UBe13 , which is also observed to break
TRS [46]. In this material, specific-heat measurements reveal
a residual density of states that can be reversibly changed
by more than a factor of two through the application of
pressure [63]. This suggests that this residual density states
is intrinsic and not a consequence of impurity scattering.
Bogoliubov Fermi surfaces provides a natural explanation for
this observation and it would be of interest to experimentally
revisit this material as well.
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APPENDIX A: PSEUDOSPIN BASIS

The presence of TRS T and IS P in the normal-state
Hamiltonian allows us to label the doubly degenerate eigenstates by a pseudospin index s. The pseudospin basis represents a manifestly covariant Bloch basis (MCBB) if the
pseudospin index can be chosen so as to transform like a
spin 1/2 under the symmetries of the lattice. We can define
an MCBB as follows. Let φk,±,s be the orthonormalized
four-component eigenvectors of the normal-state Hamiltonian
H0 (k) to eigenvalues Ek,± , i.e.,
H0 (k)φk,±,s = Ek,± φk,±,s .

(A1)

Consider a symmetry operation g of the point group such that
Ug H0 (k)Ug† = H0 (gk),

(A2)

where Ug is the unitary matrix for the symmetry operation in
the four-component basis. The eigenvectors φk,±,s define an
MCBB if the matrix with columns composed of these vectors,
k = (φk,+,↑ , φk,+,↓ , φk,−,↑ , φk,−,↓ ),

(A3)

satisfies
†

gk Ug k = s0 ⊗ ug ,

(A4)

where ug is the equivalent symmetry operation for a spin-1/2
system.
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where we use the short-hand notation

1. Cubic superconductor

The MCBB adopted to obtain the plots of the pseudomagnetic field for the superconducting states of the cubic model is
defined by the eigenvectors of the normal-state Hamiltonian
in Eq. (41),
⎞
⎛
−ie−iφ sin θ cos ζ −ξ
2
⎟
⎜
⎟
−i cos ζ +ξ
+ cos θ sin ζ −ξ
1 ⎜
2
2 ⎟
⎜
(A5)
ψk,+,↑ = √ ⎜
⎟,
ζ −ξ
−iφ
2 ⎝ −ie sin θ sin 2
⎠
−i sin ζ +ξ
+ cos θ cos ζ −ξ
2
2⎞
⎛
ζ −ξ
i sin ζ +ξ
+
cos
θ
cos
2
2
⎟
⎜
⎟
−ieiφ sin θ sin ζ −ξ
1 ⎜
2
⎟,
(A6)
ψk,+,↓ = √ ⎜
⎜
ζ +ξ
ζ −ξ ⎟
2 ⎝i cos 2 + cos θ sin 2 ⎠
−ieiφ sin θ cos ζ −ξ
2
⎞
⎛
−ie−iφ sin θ cos ζ +ξ
2
⎟
⎜
⎟
i cos ζ −ξ
− cos θ sin ζ +ξ
1 ⎜
2
2 ⎟
⎜
ψk,−,↑ = √ ⎜
(A7)
⎟,
ζ +ξ
−iφ
ie sin θ sin 2
2⎝
⎠
−i sin ζ −ξ
+ cos θ cos ζ +ξ
2
2 ⎞
⎛
ζ −ξ
i sin 2 + cos θ cos ζ +ξ
2
⎟
⎜
⎟
ieiφ sin θ sin ζ +ξ
1 ⎜
2
⎟,
(A8)
ψk,−,↓ = √ ⎜
⎜
ζ −ξ
ζ +ξ ⎟
2 ⎝−i cos 2 − cos θ sin 2 ⎠
−ieiφ sin θ cos ζ +ξ
2
where the angles are defined as
k,yz
φ = arctan
,
k,xz
θ = arctan
ξ = arctan

ζ = arctan

2
2
k,yz
+ k,xz

k,xy

(A9)

(A10)

,

k,3z2 −r 2
,
k,x 2 −y 2
2
2
k,x
2 −y 2 + k,3z2 −r 2
2
2
2
k,yz
+ k,xz
+ k,xy

(A11)

,

(A12)

and k,μ is the coefficient of the matrix γμ defined in
Eqs. (42)–(46) in the Hamiltonian Eq. (41). It can be verified
that one or more of these angles are ill defined along the
[100] and [111] and symmetry-related directions, where the
pseudospin-1/2 description breaks down. Along these highsymmetry directions n̂hs , the Hamiltonian commutes with
n̂hs · J so that the eigenstates transform under rotations like
j = 3/2 particles. Away from these directions, however, cubic
anisotropy lowers the symmetry of the eigenstates, permitting
a pseudospin-1/2 description.
Expressed in the MCBB defined above, the interband pairing potentials, i.e., ψk,I and dk in Eq. (8), have the compact
forms
ψk,I = [
ηk,Eg × ˆk,Eg ] · ez ,
(A13)
dk = ηk,T2g × ˆk,T2g −
+

|k,Eg |
(
ηk,T2g · ˆk,T2g )ˆk,T2g
|k |

1
(
ηk,Eg · ˆk,Eg )k,T2g ,
|k |

(A14)

v = (v3z2 −r 2 , vx 2 −y 2 , vxy , vxz , vyz ),

(A15)

vEg = v3z2 −r 2 ex + vx 2 −y 2 ey ,

(A16)

vT2g = vxy ex + vxz ey + vyz ez ,

(A17)

v̂ = v/|
v|

(A18)

and v is either  or η.
2. Hexagonal superconductor

The MCBB adopted to obtain the plots of the pseudomagnetic field for the superconducting states of the hexagonal
model is defined by the eigenvectors of the normal-state
Hamiltonian in Eq. (63),
⎞
⎛
e−iφ cos ζ2 cos ξ2 + eiθ sin ξ2
⎟
⎜
ζ
ξ
ξ
⎟
1 ⎜ sin 2 sin 2 − eiθ cos 2
⎟,
(A19)
ψk,+,↑ = √ ⎜
⎜
ζ
ξ
ξ ⎟
−iφ
iθ
2 ⎝ie cos 2 cos 2 − e sin 2 ⎠
i sin ζ2 sin ξ2 + eiθ cos ξ2
⎛
⎞
sin ζ2 e−iθ cos ξ2 − sin ξ2
⎜ iφ
⎟
e cos ζ2 e−iθ sin ξ2 + cos ξ2 ⎟
1 ⎜
⎜
⎟,
(A20)
ψk,+,↓ = √ ⎜
2 ⎝ i sin ζ2 e−iθ cos ξ2 + sin ξ2 ⎟
⎠
ieiφ cos ζ2 e−iθ sin ξ2 − cos ξ2
⎞
⎛
e−iφ cos ζ2 sin ξ2 − eiθ cos ξ2
⎟
⎜
1 ⎜ − sin ζ2 cos ξ2 + eiθ sin ξ2 ⎟
⎟,
ψk,−,↑ = √ ⎜
(A21)
ζ
ξ
ξ ⎟
−iφ
iθ
2⎜
⎝ie cos 2 sin 2 + e cos 2 ⎠
i sin ζ2 eiθ sin ξ2 − cos ξ2
⎛
⎞
sin ζ2 cos ξ2 + e−iθ sin ξ2
1 ⎜ eiφ cos ζ2 sin ξ2 − e−iθ cos ξ2 ⎟
⎟, (A22)
ψk,−,↓ = √ ⎜
ζ
ξ
ξ
−iθ
⎠
2 ⎝ i sin 2 e sin 2 − cos 2
ζ
ξ
ξ
iφ
−iθ
−ie cos 2 sin 2 + e cos 2
where the angles are defined as
k,22
φ = arctan
,
k,21
k,10
θ = arctan
,
k,30
ξ = arctan

ζ = arctan

(A23)
(A24)

2
2
k,21
+ k,22
2
2
k,10
+ k,30

(A25)

,

2
2
2
2
k,10
+ k,30
+ k,21
+ k,22

k,23

,

(A26)

and k,μν is the coefficient of the matrix χμ ⊗ σν in Eq. (63).
Similarly to the cubic superconductor, the pseudospin description breaks down along six- and threefold rotation axes.
The E1g orbitals transform under these rotations as if they
have angular momentum Lz = ±1. Combining this with the
spin degrees of freedom, one can therefore construct states
with an effective total angular momentum jz = ±3/2, in
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addition to jz = ±1/2 states. Away from these lines, however,
the hexagonal crystal anisotropy quenches the orbital angular
momentum, and so a pseudospin-1/2 description is possible.
2
|k |2 − k,23

ψk,I =

ηk,23 +

k,23 ηk,E1g · k,E1g + ηk,E2g · k,E2g
,
|k |
| |2 −  2
k

([k,E2g × k,E1g ] · ez )



k,23

ηk,E1g · ˆk,E1g
ηk,E2g · ˆk,E2g
−
|k,E2g |
|k,E1g |

(A27)



− (k,E2g · k,E1g )([
ηk,E1g × ˆk,E1g ] · ez ),
2
|k |2 − k,23


ηk,E1g · ˆk,E1g
k,E2g · k,E1g
ηk,E2g · ˆk,E2g
−
+ ([ˆk,E2g × ˆk,E1g ] · ez )([
=
ηk,E1g × ˆk,E1g ] · ez ),
|k,E2g |
|k,E1g |
| |2 −  2

dk,x =

dk,y

|k |

Expressed in the MCBB defined above, the interband pairing potentials, i.e., ψk,I and dk in Eq. (8), have the compact
forms

k

(A29)

k,23

dk,z = ηk,E2g · ˆk,E2g ,

(A30)

where we use the short-hand notation
v = (v23 , v21 , v22 , v30 , v10 ),

expression then reads
(A31)

vE1g = v21 ex + v22 ey ,

(A32)

vE2g = v30 ex + v10 ey ,

(A33)

v̂ = v/|
v |,

(A34)

and v is either  or η.
APPENDIX B: PHYSICAL MAGNETIZATION

In this appendix, we derive Eq. (57) for the contribution to the physical magnetization due to states close to the
normal-state Fermi surface at momentum k. We start from the
expectation value J of angular momentum in the − band
state at k. The − band is split by the pseudomagnetic field
δhk,− . J is the expectation value in the lower-energy state
resulting from this splitting, which according to Eq. (36) is the
state with pseudospin antiparallel to δhk,− . This state reads
|ψk,−  = sin

(A28)

θ
θ
|k, −, ↑ − eiφ cos |k, −, ↓,
2
2

(B1)

where θ and φ are the spherical coordinates describing the
direction of δhk,− . The expectation value is then, in components,


θ
θ
−iφ
ψk,− |Jμ |ψk,−  = k, −, ↑| sin + k, −, ↓| e cos
2
2


θ
θ
× Jμ sin |k, −, ↑−eiφ cos |k, −, ↓
2
2


iφ
−e sin θ
1  1 − cos θ
=
2 ss  −e−iφ sin θ 1 + cos θ ss 
× k, −, s|Jμ |k, −, s   .

ψk,− |Jμ |ψk,−  = −

(B3)
 k,− is the unit vector in the direction of the pseudowhere δh
magnetic field. With the help of the 4 × 4 pseudospin operator
š, see Eq. (14), we can rewrite the matrix element as
ψk,− |Jμ |ψk,− 
1 
=−
δhk,− · k, −, s|šT |k, −, s   k, −, s|Jμ |k, −, s  
2 ss 
=−

1
δhk,− · k, −, s  |š|k, −, s k, −, s|Jμ |k, −, s  
2 ss 

1 
= − δh
k,− · Tr Pk,− šPk,− Jμ .
2

(B4)

One can show that the result satisfies | ψk,− |J|ψk,− |  3/2,
as expected.
To obtain the contribution to the magnetization from
states in the vicinity of k at the Fermi surface, we sum
ψk+δq,− |Jμ |ψk+δq,−  over δq, where δq is orthogonal to the
Fermi surface at k. The sum is only over those momenta for
which the lower-energy state of the pseudospin-split-band is
occupied and the upper state is empty. The energy shifts due
to the pseudomagnetic field are ±|δhk+δq,− |, see Eq. (36). For
weak pairing, we can neglect the dependence of δhk+δq,− and
ψk+δq,− |Jμ |ψk+δq,−  on δq. Then we simply have to multiply
ψk,− |Jμ |ψk,−  by the width 2qmax of the momentum shell
within which only one band is occupied, where qmax satisfies
qmax |vk,− | = |δhk,− | .

(B5)

Here, vk,− = ∂Ek,− /∂k is the Fermi velocity. The contribution to the physical magnetization then reads

(B2)

The contribution from the unit matrix s0 in pseudospin space
vanishes due to P T symmetry of the normal state. The

1 
(δhk,− · sT )ss  k, −, s|Jμ |k, −, s   ,
2 ss 

mk,μ = −
which is Eq. (57).
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