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We propose helical topological superconductivity away from the Fermi surface in three-dimensional
time-reversal-symmetric odd-parity multiband superconductors. In these systems, pairing between
electrons originating from different bands is responsible for the corresponding topological phase transition.
Consequently, a pair of helical topological Dirac surface states emerges at finite excitation energies. These
helical Dirac surface states are tunable in energy by chemical potential and strength of band splitting. They
are protected by time-reversal symmetry combined with crystalline twofold rotation symmetry. We suggest
concrete materials in which this phenomenon could be observed.
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Introduction.—The search for intrinsic topological
superconductors has been an active research area in the
condensed matter community for many years [1–5]. In
weakly interacting systems, the essential ingredient for
intrinsic topological phase transitions (TPTs) is a weak
attractive electron-electron interaction appearing close to
the Fermi surface. This results in particular bulk properties
including topological superconducting gaps [6–18],
possibly with nodes [19–28]. Because of particle-hole
symmetry, the bulk-boundary correspondence allows for
emergent Majorana boundary states protected by band
topology.
Finite energy (FE) Cooper pairing is a particular type of

pairing that can happen away from the Fermi surface
[29–37]. It arises from multiband effects in superconduc-
tors [38–55]. Dips in the density of states at FEs is a
particular spectral feature of such pairing found in hybrid
structures based on the superconducting proximity effect of
NbSe2 in the topological insulators BiSbTe1.25Se1.75 [56]
and Bi2Se3 [57]. In this Letter, we show that TPTs can be
exclusively induced by FE Cooper pairing emerging from
time-reversal-symmetric odd-parity multiband super-
conductors. The interplay of spin-orbit coupling and
electron-phonon interaction allows for the formation of
unconventional FE Cooper pairing with topologically non-
trivial order. Bulk band crossings are partially gapped out in
momentum space at FEs due to odd-parity supercon-
ductivity. This leads to TPTs as evidenced by helical
topological Dirac surface states at finite excitation energies.

Such surface states are composed of electrons and holes
with different magnetic quantum numbers. They are dis-
tinct from conventional Majorana boundary states due to
broken particle-hole symmetry away from the Fermi
energy. The helical Dirac points are (i) protected topologi-
cally by time-reversal T̂ symmetry combined with crystal-
line twofold rotation as we specify below, and (ii) tunable in
energy by chemical potential and strength of band splitting.
To observe FE Cooper pairing, the normal state should

have at least two energy bands with the same sign of
curvature close to the Fermi energy. The bands need to have
different effective masses. Therefore, our results are rel-
evant for a broad range of multiband superconductors as we
elaborate on here.
To capture the underlying physics, we develop a theory

for generic superconducting multiband systems with four-
valued local degrees of freedom. For concreteness, we work
with a model Hamiltonian describing the band structure of
electrons with effective angular momentum j ¼ 3=2 near
the Fermi energy. However, the formalism is not restricted
to this particular choice of angular momentum quantum
numbers.
Model.—We start with the Luttinger-Kohn Hamiltonian

Ĥk ¼ αjkj2 þ βðk · JÞ2 − μ, which describes j ¼ 3=2
electrons within the Γ8 bands [24,58–60]. The kinetic,
symmetric spin-orbit-coupling, and chemical potential
terms are parameterized by α, β, and μ, respectively. k ¼
ðkx; ky; kzÞ is the three-dimensional (3D) momentum and
J ¼ ðĴx; Ĵy; ĴzÞ are the 4 × 4 spin matrices in the j ¼ 3=2
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formalism. The normal state has a pair of doubly degen-
erate quadratic energy bands given by Eþ

k ¼ ðαþ
9β=4Þjkj2 − μ and E−

k ¼ ðαþ β=4Þjkj2 − μ. The chemical
potential μ should fulfill jμj < NℏωD, where ωD is the
Debye frequency and N ¼ 1.25þ α=β is a material de-
pendent number. While Ĥk preserves O(3) symmetry, our
predictions are generic and can be applied to systems with
relevant point group symmetry in the normal state [61].
The superconducting properties of the system can

be captured by the Bogoliubov–de Gennes (BdG)
Hamiltonian

ĤðkÞ ¼
�
Ĥk Δ̂k

Δ̂†
k −ĤT

−k

�
; ð1Þ

where Ĥk is the inversion-symmetric normal part and Δ̂k is
a 4 × 4 pairing matrix describing pairing of electrons with
four-valued degrees of freedom. Generally, the explicit
form of Δ̂k depends on the basis of the system. For
concreteness, we focus on systems with cubic point group
Oh. In this case, Δ̂k can be expanded into irreducible tensor
operators of irreducible representations (irreps) of Oh
[34,63–65].
Topology at finite energies.—The prerequisite for TPTs

away from the Fermi energy is that the Eþ
k electron and

−E−
k hole bands cross each other. These band crossings

become anti-crossings in the presence of odd-parity FE
Cooper pairing as we explain in detail in the Supplemental
Material [62]. For concreteness, we consider the A2u

(p-wave septet) pairing given by Δ̂k ¼ Δðk · T̂ÞR̂, where

Δ is the pairing strength, R̂ ¼ eiπĴy is the fermionic anti-
symmetry factor, and T̂i¼fĴi; Ĵ2iþ1− Ĵ2iþ2g with iþ 1 ¼ y
if i ¼ x, etc., cyclically [60,63]. Note that p-wave septet
pairing has been argued to be the favorable pairing
symmetry in systems with cubic symmetry [60,66,79].
Although we focus on this specific pairing channel, our
qualitative results are general. They apply to several odd-
parity pairing channels summarized in Table. I.
Without loss of generality, we illustrate our predictions

for the [001] direction (i.e., kx ¼ ky ¼ 0). We observe in
Fig. 1(a) that the bulk bands, i.e., electron Eþ

kz
and hole

−E−
kz

branches, do not touch each other for μ ¼ −5.7Δ
close to kz ¼ π away from the Fermi surface. In this case,
the system exhibits a topologically trivial phase. Increasing
slightly the Fermi energy to μ ¼ −5.5Δ, this makes the two
bands touch each other. For μ ¼ −5.2Δ, the presence
of FE pairing, i.e., pairing between electrons with different
magnetic quantum numbers (jmjj ¼ 3=2 with jmjj ¼ 1=2),

TABLE I. TPTs at FEs in p-wave pairing channels distin-
guished by cubic irreps (first column) and their components
(second column). The direction of TPTs is denoted in the third
column. The last column indicates the FE pairing potential
responsible for TPTs. The pairing matrices for the given irreps
are given in the Supplemental Material [62,80].

Oh k Δ̂þ−
k ¼ Δ×

Eu Eð2Þ
u

ð0; 0; kzÞ kzτ̂0
T2u Tð1Þ

2u
ð0; 0; kzÞ kzτ̂z

Tð2Þ
2u

ð0; ky; 0Þ kyτ̂x

Tð3Þ
2u

ðkx; 0; 0Þ ikxτ̂x
A2u ðkx; 0; 0Þ −kxτ̂0

ð0; ky; 0Þ −ikyτ̂z
ð0; 0; kzÞ kzτ̂0

T2u Tð1Þ
2u

ð0; 0; kzÞ kzτ̂z
ð�k;�k; 0Þ kð�τ̂0 � iτ̂zÞ

Tð2Þ
2u

ðkx; 0; 0Þ kxτ̂x
ð0;�k;�kÞ kðτ̂y � τ̂z=3Þ

Tð3Þ
2u

ð0; ky; 0Þ kyτ̂x
ð�k; 0;�kÞ kð�τ̂0=3 − iτ̂yÞ

FIG. 1. (a) BdG energy spectra along the [001] direction for
three different values of the chemical potential. Solid (dashed)
lines depict twofold degenerate particle (hole) bands. Decoupled
energy bands are plotted with distinct colors (blue and black) due
to ĈP symmetry. In the third panel, the fade gray lines denote
Δ ¼ 0. (b) Spectrum versus μ for a (001) slab with 80 layers. The
color bar indicates the inverse participation ratio [82]. The gray
and blue colors represent bulk states, and red color denotes edge
states. (c) Topological phase diagram induced by FE pairing.
Region III (II) indicates that the helical Dirac points are located
(coexist with) within the low energy gap (bulk states). (d) Topo-
logical invariant corresponding to panel (b). A2u pairing is
responsible for superconductivity in all panels. Other parameters
are β ¼ 0.3α, α ¼ −Δ and k0 ¼ a−1 with a being the lattice
constant in corresponding tight-binding calculations.

PHYSICAL REVIEW LETTERS 132, 266201 (2024)

266201-2



opens a band gap indicating a TPT. This TPT is accom-
panied by the emergence of helical topological surface
states. To illustrate the appearance of helical surface states
(HSSs), the spectrum of a finite system is depicted in
Fig. 1(b) [81]. The localized fourfold degenerate HSSs are
marked by red indicating large inverse participation ratio
(IPR) [82]. They emerge within the range of Fermi energies
μ=Δ∈ ½−5.5; 0�, in which a nonzero topological invariant,
see Fig. 1(d), can be found. We describe below how the
topological invariant is defined. Generally, when the
energy bands have downward (upward) curvature, i.e.,
sgnðαÞ ¼ sgnðβÞ ¼ −ðþÞ1, the topological phase occurs in
the range μ=Δ∈ ½μc; 0� ð½0; μc�Þ with the critical value
μc ¼ 4αþ 5β. The analysis of the spectrum along other
directions reveals that these HSSs are helical topological
Dirac points occurring at finite excitation energies as shown
in Fig. 2. Notably, the helical surface points do not
hybridize with the bulk states due to the combination of
time-reversal and twofold rotation symmetries [83].
According to the topological phase diagram, depicted in

the plane of ðμ=α; β=αÞ in Fig. 1(c), the FE Cooper pairing
in odd-parity multiband superconductors is intrinsically
topological (regions II and III) within a certain range of
Fermi energies.
Theory for topological phase transition.—The nontrivial

topology at FEs originates from unconventional pairing of
FE electrons. To understand the underlying mechanism, we
project the BdG Hamiltonian onto the doubly degenerate
eigenspinors of the normal state V̂�

k as the pseudospin

basis. In this basis, the interband representation of the BdG
Hamiltonian becomes

Ĥ ðkÞ ¼
�

Ĥþ−
k Δ̂intra

k

ðΔ̂intra
k Þ† Ĥ−þ

k

�
; ð2Þ

where Ĥþ−
k and Ĥ−þ

k denote the interband parts of the BdG
Hamiltonian and Δ̂intra

k describes intraband pairing at the
Fermi energy. The subblock matrices in Eq. (2) can be
written as

Ĥþ−
k ¼

�
Eþ
k Δ̂þ−

k

ðΔ̂þ−
k Þ† −E−

k

�
; Δ̂intra

k ¼
�

0 Δ̂þþ
k

ðΔ̂−−
k Þ† 0

�
; ð3Þ

where Δ̂νν0
k with ν; ν0 ∈ fþ;−g denotes the pairing potential

projected onto the normal state bands defined by
Δ̂νν0

k ¼ V̂ν†
k Δ̂kðV̂ν0†

−kÞT , where ν ≠ ν0 (ν ¼ ν0) indicates inter-
(intra-) band pairing between electrons having different
(identical) magnetic quantum numbers in magnitude. In our
model, the most convenient way to explain TPTs at FEs is
to make Ĥ ðkÞ block diagonal. Thus, TPTs occur in
directions in momentum space where the odd-parity inter-
band pairing is finite, whereas the intraband pairing
vanishes (nodes at the Fermi energy), i.e., Δ̂νν0

k ≠ 0 and
Δ̂intra

k ¼ 0. These conditions are satisfied, particularly for
the A2u pairing, when time-reversal symmetry combines
with a twofold rotation around the h110i direction.
This combination is expressed as ĈT ¼ T̂Ĉ2;xþy yielding
Ĉ2
T ¼ 1 [62,64,98–104]. Consequently, the point nodes

emerge at the Fermi energy accompanied by non-
vanishing interband pairing along the h001i direction. In
this case, Eq. (2) becomes block diagonal and Ĥνν0

k is further
reducible. To block diagonalize Ĥνν0

k , we define a general
rotation symmetry operator in interband basis

D̂nðθ; ϵÞ≡ diagðeiθ=2ðn·τ̂Þ; ϵe−iθ=2ðn·τ̂Þ�Þ; ð4Þ

where θ is the rotation angle about an arbitrary unit vector
n. The vector of Pauli matrices in pseudospin basis is τ̂ ¼
ðτ̂x; τ̂y; τ̂zÞ and ϵ ¼ �1 stands for two unitarily equivalent
representations. Along the TPT directions, the supercon-
ducting Hamiltonian of each block preserves a two-fold
rotation by θ ¼ π, i.e., ½D̂nðπ; ϵÞ; Ĥνν0

k � ¼ 0. This allows us
to label the corresponding energy bands by the sign �
corresponding to the eigenvalues λ ¼ �i of D̂nðπ; ϵÞ. This
operation satisfies the property D̂2

nðπ; ϵÞ ¼ −1̂ [105]. Ĥνν0
k

can be reduced to two independent subblock matrices in the
eigenspaces of D̂nðπ; ϵÞ. The corresponding similarity
transformation is Û†Ĥνν0

k Û ¼ diagðĥνν0k;−; ĥ
νν0
k;þÞ, where Û is

the unitary matrix defined by the eigenvectors of D̂nðπ; ϵÞ.
Then, ĥνν

0
k;λ becomes

FIG. 2. Spectra of a slab with (001) surfaces as a functions of ky
indicating (a) topologically trivial phase, (b) topological phase
transition, and (c) topological phase at FEs. The thickness is 200
layers. (d) 3D energy dispersion versus kx and ky. (e) Helical
surface cones at positive and negative energies related by particle-
hole symmetry. (d),(e) Yellow arrows indicate left- (right-)
handed spin texture in the upper (lower) cone. E0 ¼ 0.1Δ and
other parameters are the same as in Fig. 1.
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ĥνν
0

k;λ ¼
�−Eν0

k ðδνν0k;λÞ�
δνν

0
k;λ Eν

k

�
; ð5Þ

where δνν
0

k;λ is the FE pairing represented in the eigen-

basis of D̂nðπ; ϵÞ [106]. Eventually, the transformed BdG
Hamiltonian, Eq. (2), decouples into four 2 × 2 subblocks,

Ĥ 0ðkÞ ¼ diagðĥþ−
k;þ; ĥ

þ−
k;−; ĥ

−þ
k;þ; ĥ

−þ
k;−Þ: ð6Þ

Note that Ĥ 0ðkÞ illustrates the decoupling of the
double degeneracy of states. For the A2u pairing channel,
this is achieved through the mirror reflection symmetry
ĈP ¼ P̂Ĉ2;xþy, where P̂ is inversion symmetry, yielding
Ĉ2
P ¼ −1 [see Fig. 1(a)].
The topological properties at FEs are encoded in the

subblocks of Ĥ 0ðkÞ. Generically, when the pairing term in
ĥνν

0
k;λ is odd in momentum, the FE bulk band gaps between

electron and hole branches cross or anticross at the parity-
invariant momenta. This happens through the tuning of the
normal state parameters, i.e., ðα; β; μÞ, and leads to a
topologically nontrivial phase as described below.
The topological classification of our 3D model in class

DIII is captured by a Z topological index at low energies
[67–71,107]. We are, however, interested in a different type
of topological classification at finite excitation energies.
This classification is based on the sum of four Z2 indices
stemming form a quantization of the Berry phase defined
for each block presented in Eq. (6). Note that ĥþ−

k;− is

essentially a replica of ĥþ−
k;þ, owing to the presence of

D̂nðπ; ϵÞ symmetry. Additionally, ĥ−þk;� represent the par-

ticle-hole counterparts of ĥþ−
k;�. Therefore, the decoupled

sectors in Eq. (6) are topologically identical. The topo-
logical invariant is given by Z ¼ P

λνν0 N
νν0
λ with Z2 index

Nνν0
λ ¼ ð1=πÞ Hc dk · ihuνν0k;λj∇kjuνν0k;λi, where juνν0k;λi is the

eigenspinor of ĥνν
0

k;λ associated with the lower energy band
[108–111]. In the topological phase, Nνν0

λ is quantized due
to parity symmetry implied by τ̂zĥ

νν0
k;λτ̂

−1
z ¼ ĥνν

0
−k;λ. We

obtain analytically that ĥνν
0

k;λ is topologically nontrivial with
Nνν0

λ ¼ 1, when μ=Δ∈ ½μc; 0�ð½0; μc�Þ for sgnðαÞ ¼
sgnðβÞ ¼ −ðþÞ1. The topological phase diagram in
Fig. 1(c) illustrates this analysis [112]. The topological
index becomes a net value of Z ¼ 4 indicating the
emergence of two pairs of helical Dirac states on the
surface of superconductor, cf. Fig. 2(e). One helical pair
appears at positive excitation energy while the other pair
emerges at negative excitation energy [113].
2D surface states.—The HSSs disperse linearly in the

vicinity of the Γ point of the 2D surface Brillouin zone as
illustrated in Figs. 2(c) and 2(d). At larger momenta, the
surface dispersion connects to the bulk states. This is due to
the intraband pairing at the Fermi energy, i.e., Δ̂intra

k . It is

finite for nonvanishing kx or ky. Hence, Ĥ
0ðkÞ is no longer

block diagonal. This lifts the twofold degeneracy except at
the Dirac points, which is the reason for the emergence of
helical Dirac surface cones at FEs.
To gain insight into the dispersion of the HSSs, we

consider an open surface perpendicular to the z direction
and derive an effective Hamiltonian for the HSSs near
the Dirac points. We consider kx and ky small and
decompose the BdG Hamiltonian as ĤðkÞ ¼ Ĥð0; 0; kzÞþ
δĤðkx; ky; 0Þ. First, we derive the Dirac point energy at
kx ¼ ky ¼ 0. At this point, Ĥð0; 0; kzÞ becomes block

diagonal. This leads to Ĥ 0ð0; 0; kzÞ ¼ diagðĥþ−
kz;þ; ĥ

þ−
kz;−;

ĥ−þkz;þ; ĥ
−þ
kz;−Þ, which is identical to Eq. (6). We consider a

semi-infinite system in the half space z ≥ 0 with open
boundary conditions. Therefore, kz is no longer conserved
and we treat the z direction in real space, where the
momentum operator is −i∂z. The eigenvalue equation for
each subblock reads ĥνν

0
−i∂z;λΦ̂ðξ; zÞ ¼ EDPΦ̂ðξ; zÞ, where

ν; ν0 ∈ fþ;−g and Φ̂ðξ; zÞ ¼ ðu; vÞT expðξzÞ is the trial
eigenspinor of the Dirac point with ξ being its penetration
length. juj2 (jvj2) are probability weights for electron (hole)
bands having different band indices. We derive the energy
of the helical topological Dirac surface points induced by
unconventional FE pairing as

EDP ¼ �μ
m −m0

mþm0 ; ð7Þ

where m ¼ αþ β=4 and m0 ¼ αþ 9β=4 are the masses for
the normal state bands. Notably, the Dirac points are
tunable in energy by chemical potential μ and spin-orbit-
coupling strength m −m0 ¼ −2β [114].
Projecting the BdG Hamiltonian onto the basis of surface

states results in an effective Hamiltonian for the FE helical
topological surface states of the form [62]

Ĥðkx; kyÞ ¼ ðEDP − ς1k2
jjÞσ̂0 þ ς2ðkyσ̂x − kxσ̂yÞ; ð8Þ

where k2
k ¼ k2x þ k2y, and ς1ð2Þ is the group velocity of the

HSSs. To leading order, the HSSs exhibit the Dirac
dispersion E� ≈ EDP � ς2jkkj. In the limit, where either
μ or m −m0 vanishes, the Dirac points shift to zero energy.
Then, the FE helical topological surface states become
dispersive helical Majorana modes [1–5]. In this case, ĥþ−

kz;�
(ĥ−þkz;�) resembles an ordinary p-wave superconducting
Hamiltonian [115]. However, for finite μ and m −m0,
topological HSSs emerge at FE.
To identify a proper material to observe this phenome-

non, certain conditions need to be satisfied. In the normal
state: (i) relevant energy bands should have the same signs
of curvature close to the Fermi energy, i.e., both curving
downward or upward, (ii) time-reversal symmetry and
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twofold rotation should both be present. In the super-
conducting state: (i) pairing potential should be of odd-
parity type, (ii) nodes should be present in the BdG
spectrum at the Fermi energy such as in UTe2 [116],
(iii) nonvanishing pairing at FEs should be allowed.
Candidates are antiperovskite oxides Sr3−xSnO [117] and
half-Heusler materials RPdBi with R∈ fY;Dy;Tb; Smg
[72,118]. Specifically, weakly hole-doped YPdBi is a
promising material to observe unconventional FE Cooper
pairing [72,119]. In the Supplemental Material [62], we
combine density functional theory [73–76] and analytical
model analysis to estimate the magnitude of FE pairing in
holed-doped YPdBi [37,62,77]. We obtain an energy range
of ΔE ≈ 7.7–46.2 μeV. Notably, an energy resolution
below 8 μeV at operating temperatures of 10 mK is
possible via state-of-the-art STM and transport experiments
in dilution refrigerators [78]. Hence, FE Cooper pairing
should be observable in hole-doped YPdBi.
In addition to the materials mentioned above, hybrid

structures such as BiSbTe1.25Se1.75=NbSe2 [56,120],
and Bi2Te3=NbSe2 [120,121], and X=SBi with
S∈ fYPt;LuPdg [60,66,79], and X∈ fSi;Geg are suitable
candidates for FE pairing. The excitations in Si, Ge [122],
and SBi [60,66] have j ¼ 3=2 character near the Fermi
energy with suitable curvature. The pairing order parameter
in SBi is believed to have p-wave septet symmetry [66,79].
Therefore, the superconducting proximity effect of SBi to
Si or Ge should induce FE pairing signaled by the
emergence of HSSs.
Conclusions.—We have shown that helical topological

superconducting pairing emerges in multiband time-reversal-
symmetric odd-parity superconductors due to unconventional
pairing away from the Fermi energy. This leads to the
appearance of tunable helical topological Dirac surface states
at FEs. They are topologically protected against perturbations
due to combination of time-reversal and twofold rotation
symmetries [62]. Promising experimental probes are (spin-
polarized) angle-resolved photoemission [123–131] and
scanning tunneling spectroscopies [132–142].
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