Tutorial Theory of Superconductivity Winter Semester 2019/20
Prof. Dr. C. Timm Problem set 4

In-class problem
Problem 1

We define Cooper-pair creation and annihilation operators

| B |
Pi "= CpCg s

Pk ‘= C*k,ickT'

(a) Show that the commutators

peort]s [Pore]s  [Phopi]
vanish for k' # k.
(b) Evaluate pi and (pL)Q.
(c) Evaluate the commutator [p,, p;f(] Thereby, show that for the same k the pair operators do not satisfy
the bosonic commutation relation. Interpret the results.
(d) Show that the BCS ground state can be written as

[Uos) o [ [ explaxpl) [0).
K

Relate the coefficients oy to the amplitudes ux and vy introduced in the lecture.

(e) Evaluate
(Upcs| pq [YBes)-

Homework (due January 28, 2020)
Problem 2
Consider the BCS Hamiltonian in the form

Hpcs = Z &x cfwckg — Z Ay c_k, 1 Ckt — Z Ax (:}L(Tcik’i + const,
ko k k

where the gap function can be written as

Ak = |Ak| €i¢k.
Obtain the time derivative of the number operator ny; := CLTCM in the Heisenberg picture from the
Heisenberg equation
dnk¢ 7
= — |Hpcs, Nkt -
i N [Hecs, Nkt

Compare the result to the derivative of Hgcg with respect to the phase of the gap, 0Hpcs/90dk. (The
results for n_k | are analogous.) What does the result suggest with regard to canonically conjugate
variables?

(Please turn over)



Problem 3

The Hubbard model with negative U, i.e., with a local attractive interaction, serves as a simple model
for a superconductor. The purpose of this problem is for you to work through a solvable case, which is
also of high relevance. The Hamiltonian reads

H=-— Ztij C;rngU + Z UCITCiTC;‘r¢Cil

ijo i
with U < 0. Note that the chemical potential term —p ), clocig has been absorbed into the hopping
term.

(a) Derive the Hamiltonian H in momentum space, with the normal-state dispersion described by .
You cannot hope to obtain &k explicitly since the hopping amplitudes t;; are not given! Decouple the

interaction term in mean-field approximation under the assumption that <CLTCJLk’ ) and (c_k jcxr) are
non-zero, while all other averages of products of two fermionic operators vanish. Introduce

U
A= N k/ {cw 1aet)-

A is independent of k by construction. Derive the resulting mean-field Hamiltonian Hgcs.

(b) Express Hpcg in terms of the new operators 7, _, 71107 which are defined by the Bogoliubov trans-
formation

Ckt = Uk Vit + vk 'VT_kyw

CT_k,J, = —vy Yt T Uy 'VT_k7¢-

(c) Show that the new operators v, , 'yla satisfy the fermionic anticommutation relations if

luge | + |ok|? = 1.

(d) Determine how ux and vk have to be chosen to make Hgcg diagonal in v, and 71];0’

(e) Derive the energy spectrum of the Bogoliubov quasiparticles.



