Tutorial Theory of Superconductivity Winter Semester 2017/18

Prof. Dr. C. Timm Solution for problem set 4

Problem 3
(a) We start from the Hubbard Hamiltonian

H=— Z tijCIUng +U annu.
i
The Fourier-transformed Hamiltonian reads (see lecture notes on many-particle theory)
i v P
H = Z&kacchka + N Z CltqtCk/ —q) Ok L Ckt
ko kk'q
With the BCS mean-field approximation we get

U
H~ ngcfmckg + v Z (<0L+q¢cl’—q¢>ck’¢CkT + CL+chL,7q¢<ck,¢ck¢)
ko kk'q

- <01T<+q¢cfcuq¢><ck'wm>> :

The term <CL+qT0L7q¢><Ck' 1Cke) gives a constant, which we neglect. Furthermore, we use (¢ jckr) =
0_k k' {C_k|ckt), which gives

U
HBCS = E ékclgcko‘ + V g (<Cik’TCIc’\L>ka~LCkT + ctk’TCI{’J,<c*k~LCkT>)
ko kk’

= Z (gkCLTCkT + gkchCM — A*c—klckT — ACT—k’?CL’i) .
k

(b) Inserting the Bogoliubov transformation into the BCS Hamiltonian, we obtain

Hpcs = Z [fk(uf{YltT + v v—k)) (Ut + ’Uk'Yiki)
K

+ &k (oKt + Uiﬁiki)(—kalT + UukV-k})

- A*(—Uk%iT + uky-k)) (UK Ykt + Uk'YT,ki)

— Alurdy + vy (—vioa + uia’ )

= 7£T71k¢(2§kuzvk + A*vi — Aup?)

+ Yok et (—26cuivf + Avg? — A*ud)

+ et (Eclael® = [vael?) + A% vy + Avgu)

+ o e (G = [o?) + A% v + Avug) |-

(¢) We know that
{CL,ﬁ Ck’o”} = 5kk’ 50'0'/ .
For the ~ operators, we have
Vit = UCkt — Ukciku
'yiki = UpCit + ukciki.
Then,
T _ T o * _ T _ 2 2
Viers Vet [ = | UkCier — VkCokely UicCht — UkClye ¢ = Juxe|” + [

Thus if |uk|? + |vk|? = 1 holds the fermionic anticommutation relation for the v follows.



Note that the equation is satisfied for
0 . .0
|uk| = cosa = cos 5 and |vg| =sina = sin o,

where the notation with half angles will prove useful later.

(d) Hpcs is diagonal if
26 u vy + Avp? — A*ui = 0. (1)

We write the complex gap amplitude as A = |A[e?®. The solutions for uy and vy then take the form
, 0 . 0
ux = €%/2 cos 3 and v = €'/?sin 3

Equation (1) then becomes
&k sinf — |Alcosf = 0.

The solutions read

cos@zgik and sinﬁzﬁ
VIAR + & VIAR + &
as well as
cosf = — Sk and sinf = — A

VAR + & VIAR+&

These two solutions only differ in an overall sign of all v operators, which is irrelevant. We take the first
solution, for which we obtain

6 1 Sk
lug|? = cos? = = = [ 14+ —=——
202\ VIAP+&

and

0
2 _ g 2— e
|vk|® = sin 5

| —

1— 571‘
VIAP + &
(e) Insertion into the BCS Hamiltonian gives

Hpcs = Y Moo [Ecuscl® = [onc]?) + A% vgeune + Avuiy]

ko
= Z ’Ylta’Vka (& cosf + |Alsind) = Z Ek'ylnvka
ko ko

so that the dispersion is Ex = /& + |A?



